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=
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=
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=
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α
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/.\^GJI
1KDS/?#R&(6X/?#:� $:GM# &J5c/RT 125^GH1 B DE#!D�B D lPDE#%U 125:� B /.`PI
D �~�]`  "��& D�`.\^GM@

‖b−Ax‖2 + α ‖x‖2

@A�:G%`!&�1�/ 125:� @wDE#c�%GP 7&3yR& 1��CB (
ATA+ αI

)
x = ATb,T 5:�! "�

I
D & 125c� D�`e�C#H1KD�1�y B GH12 �D � * k #:� $:GM# &�5:/]T

125c� $(/Z� � $PDL�!#�1 B GH12 �D �
ATA+αI

D & GM@zT GKyc& #:/?#JI
& D�#:U?\M@�GP * � 5c�C "����/7 "�M6X125c� �P "/?>+@A�CB 5�GR& G \+#!D /.\:�
&�/p@ \�1KDS/p# * _ 5^GH1 &J5c/p\+@ ` T � `M/ GM>C/p\H1

α?
� 5CD & D &

/?#:� /�� 125:� B /a o� � \M#%`7G+B �C#H1 G+@ } G+#%` DE#�12 �D�U.\CDE#%U �
�P "/?>+@A�CB & /!� DE#(9:�! ;&<� 125c�]/7 y * q��21 0 & G+#�G+@zyRl�� /?#:�
/�� /?\+ & D�B �+@A� & yc& 1��!B & ��/a D�#]&�DLU?5H1H6O&jGKy

[
1 1
1 1

] [
x1
x2

]
=

[
1
1

]

8�8



8�#(9^G� �DwGM>+@zyJ6X/?\+ DE#+�+\H1 `7G�1 G ��/a 125c� DE#(9:�C ;&�� �P "/p>�I
@A�!B 6

(1,1),
5^GR& �C W o/a DE# D�1H6 &jGKy T � 5^G(9:�

(1 +

δ1,1 + δ2)
��/7 `aGH1 G D�#]& 1��:G%` * q��21

δ = δ1 + δ2.� 5:�  "�]U?\M@�GP �D l��]` & yc& 1��!B >C�]$�/pB ��&
[

2 + α 2
2 2 + α

] [
x1
x2

]
=

[
2 + δ
2 + δ

]
= (2+δ)

[
1
1

]

T 5CDL$�5 5�GR& \M#CD /?\c� &�/p@ \�1KDS/p#
[
x1
x2

]
=

[
2 + α 2

2 2 + α

]−1

(2+δ)

[
1
1

]
=

2 + δ

4 + α

[
1
1

]

k >]&<�! 9%� 125^GH1 Du�v125c� DE#+�+\H1 �! W "/7 
δ
T �! "�

0,
G+@ @cT �

T /p\M@ ` 5�G(9:� 1�/ `M/ D & @ �21
α→ 0

G+#%` T � T /p\+@ ` UM�21
125c� 9^G+@ DL` &</p@ \�1KDS/?# 1

2(1,1).
Y \�1 UZDu9:�C# 125�G�1 125:�

DE#M�+\�1 �! W "/7 ~D & #c/�1 l��! "/g6]1 G+i:D�#:U 125:� @ D�B D�1 GR&
α→ 0U Du9%�H& \R& G T /7 ;&<� GM�+�P "/ �MDEB G�1KDS/p# 1�/ G &�/p@ \�1KDS/p#

125�G+# T � T /p\+@ ` /�125c�C T D &<� Ue��1 > y $�5:/Z/e&�DE#%U
α ≈

2δ.

� 5:�! "� GP "� B GM#(y /?\c��& 1KDS/?#R& 5:�! "�+6 � * U * 6 5:/]T `M/
T � i^#c/RT DE# Ue�C#c�C �GM@ T 5�G�1 125:� >C�H& 1 $�5:/ZD�$�� /!�
 o�RU.\+@LG� �D lRG�1KDS/p# ��G� �GMB �21��! D &(6 Du� G+#�y � � 5CD & GM#%`
/^125:�! D &�&�\:�H& T /p\+@ ` >C� 125:� &J\M> � �R$�1 B G�1 1��! /�� G
$�/p\M ;&<� DE# DE#�9%�! ;&<� 125:�(/7 y *

8 4



� 
 ! 	 � & � 
�� � _ � Ue��1 125CD & ��/7 �  "�]� � ��/a �%G:$!5 ��� ���
� � � � ��� ��� �� "/?>+@A�!B * _ � $:GM#+#c/�1 5:/?�C� 1�/ 5^G(9:�
&�1 G+>CDE@ D�1�y ��/7 �125:� \+#M "�RU.\+@LGP �D l��R` �� "/?>+@A�!B

Kx = y,��9:�C# Du�
K−1 D & T �!@ @g`M� � #c�R` } GM@ 125:/p\:U?5 & 1 GM>CDE@ D�1�y

5�G+�M�C�C#]& DE# &</?B � $:G]&<��& ��* h /]T ��9%�! V6 T � 5^G(9:�
1�/ @ /Z/pi 1�/ DE# ��#CD�1�� ` D�B �!#R&�DS/p#�G+@ � ��G+B �+@A�H& &J\:$!5
G]& /p\M ����G+B �+@A� � } /?�C�C [G�1�/7 

K
D & DE#�1��]U? �GH1KDL/?# � 6

T 5:�! "� D�1 $:GM# >C� &J5c/RT # 125^GH1
K−1 } ` DAtv�! "�!#�1KD GJI

1KDS/?# � � �eD & 13& >+\H1 D & #:/^1 $�/p#H1KDE#+\:/?\R&(6��J9:�!# 125:/?\%U?5

K
D & * N��C�]$�D �X$cG+@ @zyJ6PT � 5�G(9:�

K : C[0,1]→ C[0,1]9CD G 125:�  W\+@A�
Kf(x) =

∫ x
0 f(y) dy

D & G /p#:� In1�/PI /p#c�
� \+#:$21KDS/p# * F �:GR&J\M "� &�D l�� > y 125c� &�\+� #:/7 WB '

‖f‖ = sup
0≤x≤1

|f(x)|

&�/ 125^G�1 125c� , $�@A/e&<�!#:�H&�& - /��
f(x)

G+#:`
g(x)

D & `M� I
1��! WB DE#:�]` >Ky 125:� #+\+B >C�! 

‖f − g‖ .
� 5:�!# /p#c� $:GM#

&�5:/]T 125^G�1 125c� /?�C�C [G�1�/7 
K

D & $�/p#H1KDE#+\:/?\R& DE# 125:�
&��C#]&<� 125^GH1 Du�

f(x)
GM#%`

g(x)
GP "� $�@ /C&<�M6 125c�C# &�/

GP "�
Kf(x)

GM#%`
Kg(x).

8 




q��21
R = K(C[0,1]),

125:�  �GM#%Ue� /��
K.

� 5:�!#
K−1 : R→ C[0,1]

D & G+@�&</ /p#:� In1�/PI /p#c� * Y \�1 D�1 D &
#c/�1 $�/p#H1KDE#+\:/?\R& * ��/a $(/?#R&�DL`e�C �125:� � \M#%$�1KDL/?#

gε(x) = ε sin

(
x

ε2

)
,

T 5:�! "�
ε > 0.

_ � 5�G(9:�
‖gε‖ = ‖gε − 0‖ ≤ ε

* Ng/
��/a &JB G+@ @

ε, gε(x)
D & $�@A/e&<� 1�/ 125c� l��! "/ � \M#%$�1KDL/?# *

���21H6

K−1gε(x) = gε(x)
′ =

ε

ε2
cos

(
x

ε2

)
=

1

ε
cos

(
x

ε2

)

&�/ 125^G�1 ∥∥∥K−1gε
∥∥∥ = 1

ε

6�&�/ 125^G�1
K−1gε

>C�]$�/pB ��&
�WG� �  "/?B l��! "/ G]&

ε → 0.
h �C#:$(�

K−1 D & #c/�1 G
$�/p#H1KDE#+\:/?\R& /?�C�! �G�1�/7 *

� 5:�H&<� $cG+@ $�\+@LG�1KDS/?#R&  �G!D &<� G /?\:�H& 1KDS/p#a' h /]T `M/ T �
,  "�RU.\+@LGP �D l�� - 125:� `ZDutv�! "�C#H1KD G�1KDS/p# /p�C�! �G�1�/7 � � 5c�C o�
D & G � D�i�5:/?#:/!9  "�]U?\M@�GP �D lcGH1KDL/?#a6 >M\�1 T � T GM#�1 1�/
&�5:/]T G+#:/^125:�! �&</?B �2T 5�G�1�&�DEB �+@A�C G+�M�� "/aG%$�5a6]T 5CDL$�5
#!DL$(�!@zy DE@ @ \R& 12 [G�1��H& 125c� �Jtv�]$213& /!� #:/ZD & y `7G�1 G *

N�\M�+�C/C&<� T � $:GM# &jG+B �+@A� � } � � GH1 ��/?\�G+@ @zy &J��G%$��R`
#c/.`M�H&

xk = kh, k = 0,1, . . . , n
GM#%`

h = 1/n.
8 �



k ��$�/p\M ;&<� 125:�! "� D & #c/0D &<� DE# 125:� `aGH1 Ga6+&</ DE#R& 1��:G%`
/��
Fk = F (xk),

T � UM�21
Fk+δk

T D�125 �:G%$�5
|δk| ≤ δ,& G y * _ ��0�@ @�\R&�� $��C#H1��C o�R` `ZDutv�C o�C#:$(�H& 1�/ G+�M�� "/ �HI

DEB G�1�� 125:� `M�! �Du9�GH1KDA9:� 9�GM@ \c��&
F ′k = F ′(xk), k =

1, . . . , n− 1.
_ � i�#:/]T �  "/pB $cG+@ $�\+@ \R& 125^G�1

Fk+1 − Fk−1

2h
= F ′k +O(h2)

h �C "� ,
O(t)

- B �:G+#R&  o/p\%U.5+@zy , G /?\^GM#�1KD�1�y #:/ >CDLUPI
Ue�C a125^G+# G $�/p#]& 1 G+#H1 B \M@z1KDE�M@ � /��

t
��/a .&�\ � $�DS�!#�12@zy

&�B GM@ @
t
* - _ 5^GH1 T � � 	�� � � ��� � $:GM@ $!\M@�GH1�� D &

F̂ ′k =

(
Fk+1 + δk+1

)
− (Fk−1 + δk−1)

2h

=
Fk+1 − Fk−1

2h
+
δk+1 − δk−1

2h

= F ′k +O(h2) +O(
δ

h
)

� 5CDE#+i /��
h
/7 
n

GR& 125:�  "�]U?\M@�GP �D lcGH1KDL/?# �^GP �G+B ��1��! 
}  o�R$cG+@ @ 125�G�1

h = 1/n)
* 8�# 125:� DL`M�:G+@ T /7 W@ ` /��

� ��G%$�1 `aG�1 G G+#%` $cG+@ $�\+@LG�1KDS/?#R&(6 T � T /?\+@ ` &�DEB �+@zy
@A�21

h→ 0
1�/ /p>�1 G!DE# ��9:�C >C��1 1��! G+#]& T �! ;& *

8 �



8�# 125c� DEB �C�! ���]$21  "�:G+@ T /a W@ `~6P125c� $cG+@ $�\+@LG�1��]` 1��C �B
&�5:/]T & $!@A�:G� W@zy 125^GH1 D�1 D & #:/^1 T D &�� 1�/ @A��1

h → 0DE# 125c� & Du12\�G�1KDS/p# /!� G #:/?#Rl��! "/ & G+B �+@ DE#%U �! W "/7 
δ.� GH125:�! MT � &J5:/?\+@ ` 12 y 1�/ >�G+@LG+#:$(� 125:� �! W "/7 +1��C WB &

DE# &J\%$�5 G T GKy 125^G�1 125:� 125:�(/a "�21KDL$:GM@a�! W "/7 
O(h2)�P "�]`M/?B DE#^GH1���& * _ � B DLU.5�1 12 y

O(h2) ≥ O(δh),T 5CDL$�5 &J\:U+UM�H& 13& ��/a v&�/pB � $�/p#]& 1 G+#H1
c,

125�G�1
h2 ≥

cδ
h ,

125^G�1 D &(6
h ≥ (cδ)1/3 .

� 5CD & D & G �WG+B DE@wD GP @A�H&�&</p#
DE# �!@A�CB �!#�1 GP y #+\MB �! �DL$:GM@:G+#�G+@zyc& D & T 5:�!# /?#:� 12 yc&
1�/ G%$($�/p\+#H1 ��/7 125c� D�B �^G:$21 /!� � #CD�1�� �P "�]$�D &�DS/p#
$cG+@ $�\+@LG�1KDS/?#R& /p# #M\+B �C �D�$cG+@7`ZDutv�C o�C#H1KDwGH1KDS/p# *

k � $�/p\+ m&<�+6 125:�! "� GP "� /�125c�C GM�+�P "/�G:$!5c��& * k #:�
9:�! y \R&<��� \M@MDL`M�:G D & 1�/ G+�+�P "/ �MDEB G�1��!@zy DE#�1��! W�C/?@�GH1��
125c� `aGH1 G T Du125 &�/pB � &</7 �1 /!� &JB /0/�125 $!\M 9%� } @ D�i �
G &J�+@ DE#:� � G+#:` 125c�C# `ZDutv�C "�!#�1KD GH1�� 125:� &JB /Z/�125
$�\+ �9%� * x 9:�! y $�5^GP WB D�#:U �P "��&��C#H1 G�1KDS/p# $�/pB �^GP �I
DE#:U $(�!#�1��! "�]` `ZDutv�! "�C#:$(�H& GM#%` #�G�12\+ [G+@ $!\M>CDL$ &��+@ DE#:�H&
T GR& UZDu9:�C# DE# G  "�]$(�!#�1 x B �C �D�$cG+# F G�125 F /p#H125+@zyJ6
9:/p@ )c{e| 6 yJ�%GP f7{+{p)�* 8�#�1��! "�H& 1KDE#%U?@zy �!#:/?\%U.5a6 G
$cGP "�J� \+@ GM#^G+@zyR&�D & UZDu9:��& 125:� &jG+B � &</7 �1 /!� @A/RT �C 
>!/p\+#:`C& /?# & 1��!� &�D l��

h
GR& T � &jGjT G+>C/�9%� *
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q � ,v� � � � f ' x = = qM8 , x � 8 k rvN � k Y 8 k q.k - �
F k s � q N

� � � ! � # ! � 	�� � � ' 
 � � � 	 �$' &

N�\M�+�C/C&<� G `. W\%U D & DE#�12 "/.`.\%$��R` DE#�1�/ 125:� >+@A/0/.`
&�12 "�%GMB /7 G B �21 G+>!/p@ D�1�� D & GM@  o�%G:`�y DE# 125c� >+@A/0/.`
&�12 "�%GMB 6+GM#%` D & 125:�!#%$�� � ��$�5^GM#%UM�]` T D�125 GM# /a "UaG+#
T D�125CDE# 125:� >C/.`^y 125+ "/?\%U.5 >C/p\M#%`ZDE#:U B �!B >P �G+#c��& *
_ ��0 @ @CG]&�&J\+B � 125^GH1 125:� � �P$�5^G+#:UM�  �G�1��H& >!��1WT �(�C#
125c��&�� 1WT / @A/.$cG+@A�H& G� "� �� "/?�C/7 �1KDS/p#^GM@ 1�/ 125:� &</?\+ $��
/�� B ��1 GM>C/p@ D�1�� >C�^DE#:U 12 �G+#]&J�C/7 �1��]` G%$� "/C&�&�125:� B �!B I
>P �GM#:�H& G+#:` 125^GH1 125c�  [G�1�� $(/Z� � $PDL�!#�13& G� o� #c/p#�I
#c�RU7G�1KDu9:� $�/p#]& 1 G+#H13& * h �C o� D & G &4$�5:�!B GH1KDL$ ��/7 
125c� G%$�1KDL/?# }

t
D & 1KDEB � � '

a

b(1) (2)

Blood Organ

c

i (t)
2i (t)1

8 �



_ � GP "� DE#�1��! "��&�1��R` DE# 125c� $(/?#%$��C#H12 �G�1KDS/p#]&
xi(t)

/!�
125c� B �21 G+>C/?@wD�1�� DE# �%G:$!5 $(/?B ��G� �12B �!#�1

i.
} r /^1���'

9:/p@ \MB �H& 5^G�9%� >C�(�C# DE#:$(/7 W�C/7 �G�1��]` DE#�1�/ 125c�  �GH1��
#M\+B >C�! ;&(6ZT 5CDL$�5 G� "� 	.���"	.����� � ��� ���"�  [G�1��H& /!� � ��I
$�5^GM#%Ue� *E� � 5c��&�� � \+#:$21KDS/?#R& G� "� UM/!9:�! W#:�]` > y G
` Dut��! "�!#�1KD G+@ ��/?\�G�1KDS/p# /�� 125:� ��/7 WB } 8 0 B G+�M�C�!#%`PI
DE#:U 125c� /?��1KDS/p#�G+@~DE#+�M\�1 DE# �^GP "�!#�125:�H&<�H& *E�
[
x1(t)
x2(t)

]′
=

[
−(a+ c) b

a −b

] [
x1(t)
x2(t)

](
+

[
i1(t)
i2(t)

])

� 5CD & D & GM# � ��G+B �+@A� /!� G , $(/?B ��G� 12B �!#�1 B /.`e�C@ * -
k #c� $(/?\+@ ` DEB G%U D�#c� B /a "� $�/pB �^GP �12B �C#H13&(6 B /7 "�
125�G+# /p#:� `? W\:U /7 B �21 G+>C/?@ Du1�� \+#%`e�C $�/p#]&�DL`M�! �GJI
1KDS/?# G+#:` DE#+�M\�13& DE#�1�/ &</pB � /!�~125c� $�/pB �^GP �12B �C#H13&
125�G�1 T /p\M@ ` #:/�1 >!�  "�!�P "��&��C#H1 G�1��]` >Ky  �GH1�� $(/0���"I
�~$�DS�!#�13&(6 >+\H1 >Ky DE#M�+\�1 � \+#:$21KDS/p#]& *
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� 	�
 !�
 � 	 ��� ��	�� � 	 # % ! � 
 # '�� 
 � 	 �$' & �
x(t)′ =

Ax(t) +Bw(t)

• x(t) = (x1(t), x2(t))
D & 125:� � ' ��% 	 � ��' � � ��� �


 � 	 � *

• y(t) =
[
1 0

] [ x1(t)
x2(t)

]
= Cx(t)

D &�125:� 	 � 
 �
% � 
 � � ��� 
 � 	 � *

• C
D & 125:� 	 ��
.% � 
 � !$# %$& � ��� # !�
 � �( *

• w(t) = (u1(t), u2(t))
D & G ��' 
 	�� � 	 ��
 � 	 & &('��

� �$% � 
 � *

• u(t) =

[
1 0
0 1

] [
i1(t)
i2(t)

]
= Bw(t)

D & 125:� � � �

% � 
 � � ��� 
 � 	 � *

• B
D & 125:� � �$% ��
 ��� � 
 � � 	 ��
 � 	 � # !�
 � �( *
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_ D�125 G+@ @ /!�?125CD & #:/�1 GH1KDS/p#a6%125c� UM/!9:�! W#CDE#%U `�y+#^GMB I
DL$J& /�� 125!D & $�/pB �^GP �12B �C#H1 B /.`e�C@:$:GM# >C� UZDu9:�C# GR&

x′(t) = Ax(t) +Bw(t)

� � � ' � 
 %�� 	
	 & ' # � - Du9%�!# 125c� B /.`M�!@E6 $�/pB �+\H1��
125c� D�#M�+\H1 � \M#%$�1KDL/?#

u(t) = Bw(t)
GM#%` /p\�12�M\�1

� \+#:$21KDS/p#
y(t) = Cx(t).

� ����' � ��' � � 	
	$&(' # � - Du9%�!# 125:� DE#+�+\H13& GM#%` /p\�1 I
�M\�13&(6 $�/pB �+\�1�� 125:� B GH12 �D �

A.

r�/�1��+' � 5CD & DE#�9%�! ;&<� �P "/p>M@ �!B D & G &J�C�]$�D GM@ &</a 1
/�� ��G� [G+B ��1��! �DL`M�!#�1KD �X$cG�1KDS/p# �P "/p>M@ �!B 6+T 5c�C o� 125:�
��G� [G+B ��1��! ;& G� o� $(/?#R& 1 GM#�13& * � 5:� UM/aG+@�D & 1�/  "�:G+@ @zy
DL`e�C#H1KDA��y 125:�!B } G�1 @A�%G]& 1 D�# �P �DE#%$PDE�+@A� � 6�&</ &Ji%DE�  "�]UPI
\M@LG� �D lcGH1KDS/p# �^GP �GMB �21��C m&(6 #:�:GP W> y &</p@ \�1KDS/?#R&(6 ��1�$ *
8 � i�#:/]T @A�]`+UM� /�� 125c� DE#M�+\�13& G+#%` /p\H12�+\H13& D & &J\ � I
$PDS�C#H1 1�/ $�/pB �+\H1�� 125c� ��G� �GMB �21��! ;& � ���+@ DL$�D�12@zy } D�#
�P �DE#%$PDE�+@A� � 6~T � &jG y 125c� &3yc&�1��CB D & � �$' � 
 ��� ! 	 & ' *

4 




q��21 0 & � �!GMB DE#:� /p\M �� ��G+B �+@A� } T D�125:/?\�1 DE#+�+\H13& � DE#
`e��1 G!DE@XG+#:` &��]� Du� T � $cG+# `e��& D�U.# GM# � ���C�! �DEB �!#�1
125�G�1 5c�C@ �R& \]& DL`e�C#H1KDA��y 125c� &3yR& 1��!B * h �C "� /p\M 
& yc& 1��!B D &

[
x1(t)
x2(t)

]′
=

[
−(a+ c) b

a −b

] [
x1(t)
x2(t)

]
.

GM#%` /p\M /p\H12�+\H1 � \+#:$21KDS/?# D &

y(t) =
[
1 0

] [ x1(t)
x2(t)

]
= x1(t).

_ � $cG+@ $�\+@LG�1�� 125:� $�5^GP �G%$�1��! �D & 1KDL$ �C/p@zy+#:/?B D G+@ /!�
A

G]&

p(s) =

∣∣∣∣∣
−(a+ c)− s b

a −b− s

∣∣∣∣∣

= s2 + (a+ b+ c)s+ bc
T 5CDL$�5 5�GR& ` D &4$! �D�B DE#^GM#�1

(a+ b+ c)2 − 4cb = (b− c)2 + a2 + 2a(b+ c).
� 5CD & 1��C@ @�& \R& 125^G�1 125c� �^DLUe�C#�9�GM@ \c��& /!�

A
G� o�  "� I

�!�%GH1��R` Du�
b = c

G+#:`
a = 0,

G+#:` /^125:�! �T D &<� 125:��y
GP "�  "�:G+@.GM#%` `ZD & 1KDE#%$�1 *
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Yv����/7 "� T � GM#^G+@zyRl�� 125:� � �!GMB �M@ �H&(6 T � `M� � #:� G
�$!�
 ! % 	 � ��
 1�/ >C� G+#(y &4$cG+@LGP $�/pB �C/p#c�C#H1 /!� 125:�
/?\�12�M\�1 9%�]$21�/7 /7 v125c�  "�H&J�C/?#R&<� 9:�]$21�/7 G�1 G ��G� �I
1KDL$�\+@LGP 1KDEB � * _ � T DE@ @ G+@ T G yR& $(/?\+#�1 125:� �  ;&�1
1KDEB � /!� B �%G]&J\+ "�!B �C#H1 GR&

t = 0.
� 5+\]&(6 ��/a � �HI

GMB �M@A�+6ODu� yH/?\ 5�G(9:� DE#CD�1KD G+@e$�/p#:`ZD�1KDS/p#R& ��/7 125c�  "��I
&��C/p#]&<� � \+#:$21KDS/p# /!� /p\M � �!GMB �M@ � &3yc&�1��CB 6 125c�C#
yJ/?\ 5^G(9:� G+@  "�:G%`�y 1WT / `aGH1 G �C/ZD�#H13& * Y � _ 6 T �
B G+i � #c/ � 
�� � � � �0GR&�&�\+B ��1KDS/p#]& GM>C/p\H1 i^#c/RT @A�R`MUM�
/�� DE#!Du1KD GM@ $�/p#%` D�1KDL/?#R& ��/a 125:�  o��&J�!/p#R&�� � \+#:$21KDS/p#
/�� /p\+ B /0`M�!@ * _ 5^GH1 T � T GM#�1 1�/ i^#:/]T D & T 5^G�1
`7G�1 G �C/ZDE#�13&(60Du��G+#�yJ6aGP "� &J\ � $�DS�!#�1 1�/ DL`M�!#�1KDu��y 125:�
 [G�1�� �^GP �GMB �21��C m& /!� 125CD & �P "/p>M@A�CB *

� !���' ) � } ���!�C�%GH1��R`  "/0/^13& � 8�# 125!D & $:G]&<� T � GR& I
&�\+B � 125^G�1 T � i�#:/]T G �P �DS/a �D7125�G�1 125:�  "/0/^13& GP "�
 o�C�C�:G�1��]`X6 D * � * 6

a = 0
G+#:`

b = c.
8�# 125!D & $cGR&�� T �

i�#:/]T 125^GH1 125:� /p#+@zy �^DLUM�!#(9^G+@ \c� 1�/ 125c� &3yR& 1��!B
D & UZDu9:�C# >Ky

λ2 + 2cλ+ c2 = 0,
&</

λ = −c.
� 5c�

Ue�C#c�C [G+@7&</?@ \H1KDS/p# 1�/ 125c� & yc& 1��!B D &

x1(t) = d1cte
−ct + d2e

−ct

x2(t) = d1e
−ct

4 4



k \M ��  ;& 1�`7G�1 G �C/0DE#�1�/.$($�\+ ;& GH1
t = 0,

&jGKy
x1(0) =

x
(0)
1 ,

&</ T � Ue��1
d2 = x

(0)
1 .

8�� T � 1 GM� 125c� /p\�1 I
�M\�13& GH1 1WT / @LG�1��! 1KDEB ��&(6 &jGKy

t1
G+#%`

t2,
T � UM�21

1�T / #:/p#M@ D�#c�%GP ��/?\�G�1KDS/p#]& DE#
d1

G+#:`
c
125�G�1 $cG+#

>!� &�/p@z9%�]` >Ky G r���T 1�/p#10w& B ��125c/.` * 8 � /?#:� /!�
/?\+ v`aGH1 G �C/0DE#H13& D & #:/^1 G+# /?\�12�M\�1H6 >+\H1 G+# DE#!Du1KD GM@
$�/p#:`ZD�1KDS/p#76 &jGKy

x2(0) = x
(0)
2 ,

125:�!# T � DEB B �]`ZDzI
GH1��C@zy /?>�1 GCDE# 125^GH1

d1 = y0
G+#:` /?#:� B /7 "� /?\�12�+\H1

x
(1)
1 = x1(t1)

T DE@ @ U DA9:� \]& �!#:/?\%U.5 DE#���/7 WB GH1KDS/p#
1�/ &</p@z9:� ��/7 $ * � 5+\]& T � #c�]�]` 125M "�]� } G�1 @A�:GR& 1 � �
`7G�1 G �!/0DE#�13& 1�/ DL`M�!#�1KDu�[y 125:� ��G� [G+B ��1��! ;& \M#CD /?\c�C@zy *

� *�� * _ 5(y , GH1 @A�%G]& 1 - � � 5c� �P "/?>+@A�CB D & G @ D�1 12@A�
12 �D�$�i%DS�! 125�G+# D�1 G+�M�C�:G� ;&(' /?#:� $cG+# UM�21 125:� & G+B �
9^G+@ \c�

x1(t)
GH1 1�T / &��C��G� �GH1�� 1KDEB ��&�60yCDL�!@ `ZDE#%U 125:�

& G+B � ��/?\�G�1KDS/p#]& D�# 125:� 9^GP �D G+>+@A�
x = ct.

x $�/pB I
B /p#  "�!B �]`�y D & 1�/ &jG+B �+@A� B GM#(y `aGH1 G �C/ZDE#�13&(6
125c�C# � #%` 9�GM@ \:�H& /!� 125:� �^GP �GMB �21��C m& 125�G�1 B DE#CDzI
B D l�� 125:� &J\+B /!�?& /?\^GP "�H& /!�  "�H&�DL`?\�G+@�& ∥∥∥∥x1(tk)− x(k)1

∥∥∥∥
2

 o��&J\M@ 1KD�#:U �  "/?B �%G:$!5 `7G�1 G �C/ZDE#�1 } � � � 
 � � � � � ���
� �
� � ��� � B ��125c/.` � G:`+` G  "�]U?\M@�GP �D lcGH1KDL/?# 1��! WB 1�/
Ue��1 125:� 
 ��� � ����� ��� � � �.��� � �
� � ��� � B ��125c/.` *E� 8�#
GM#(y $cGR&<�M6.125CD & & yc& 1��!B D & �����
� � � 	 � �"� � *
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� !���' � * } s D & 1KDE#%$�1  "�:G+@7 o/0/�13& � h �C "� 125:� Ue�C#c�C �GM@
&�/p@ \�1KDS/p# D &

x1(t) = d11e
λ1t + d12e

λ2t

x2(t) = d21e
λ1t + d22e

λ2t

T 5:�! "�
λ1, λ2

GP "� 125:� �^DLUM�!#(9^G+@ \c��& /��
A.

_ � G+@�&</
5�G(9:� 125^GH1

λ1λ2 = bc

λ1 + λ2 = −(a+ b+ c)
&�/ 125^GH1 >C/�125

λ1, λ2
GP "� #:/p#�I �C/C&�D�1KDA9:� * � 5M\R&(6

��/p\M Z/?\�12�M\�13&�&J5c/p\+@ ` &J\ � $(� 1�/ `M�21��C WB DE#:�
d11, λ1, d12GM#%`

λ2.
� 5+\R&

x1(t)
D & `M�21��! WB DE#c�R` DE# �P �DE#%$PD I

�M@A� GM#%` G+@ @M� \+ �125c�C /p\H12�+\�13& G%`M` #c/�125CDE#:U 1�/ /p\M 
i�#:/]T @A�]`+UM� >+\H1 $�/p# �  WB G�1KDS/p# /!�Z125c� ��/a WB /!�

x1(t).� 5CD & DE#���/7 WB GH1KDS/p# $(/?B �H& $!@A/e&�� 1�/ `e��1��! WB D�#!DE#%U
125c� $��(/ � $�DS�!#�13& /��

A
D�# 9eDS�2T /!� 125:� GM>C/!9:� 1WT /

��/?\�G�1KDS/p#]& * h /]T ��9:�C V6!125c��&�� ��/?\�G�1KDS/p#]& G� o� DE#]&J\(�oI
�~$�DS�!#�1 1�/ `M�21��C WB DE#:� GM@ @~125M "�(� /��

a, b, c.
� 5c�C o��I

��/a o�+6P125CD & &3yR& 1��!B D & ����� �����
� � � 	 � ����� GR& D�1 & 1 G+#:`C& �

4 �



� ' # '�� � ' � �

}4):� 8 � D�#!D�1KDwGM@7$�/p#:`ZD�1KDS/p#]& GP "� G�9�G!DE@�GM>+@A�M6 \R&�� 125:�!B
G]&�125:� �� ;& 1 1WT / `aG�1 G �C/0DE#H13& * � 5:�!# &jG+B �+@A� 125+ "�(�
B /7 "� /p\H12�+\�13& * x & GM>C/!9:�M6pT � $cG+# `M�21��C WB DE#:�

x1(t) = d11e
λ1t + d12e

λ2t

� ���+@ DL$�D�12@zy * s Dutv�C o�C#H1KDwGH1�� 125!D & &</?@ \�1KDS/p# ��/7 
x1(t)GM#%` �J9^G+@ \�G�1�� GH1

t = 0
1�/ /p>H1 GCDE#

d11λ1+d12λ2 = x′1(0) = −(a+c)x1(0)+bx2(0)� 5:� /p#M@ y 1KDEB � 125!D & �
/.\^G�1KDS/?# T /p\+@ ` #c/�1 G%`M` #c��T
DE#���/7 WB GH1KDS/p# D & T 5c�C# >C/^125

x1(0)
G+#:`

x2(0)
GP "�

lH�C "/ /a /�� &jGMB � B G%U.#CD�12\%`e� GM#%` /p�+�!/e&�D�1�� & D�U.# *
r��^D�125:�! �/!�v125c��&<� $(/?#%`ZD�1KDS/p#]& UZDu9%� �+5(yR&�DL$cG+@aDE#!Du1KD GM@
$�/p#:`ZD�1KDS/p#]& * � 5CD & T DE@ @a&</p@z9:� 125c� �P "/p>M@ �!B GM#%` DE#
125!D & $�/p#�1�� �(1H6.125:� &3yR& 1��CB D & ��������� � 	 � ��� � *

}nfa� N�G+B �+@A� 125c� /?\�12�M\�13& T D�125 DE#+�M\�1 � \+#:$21KDS/p#
u(t) = [u2(t)].

x # G+�+�P "/?�� �D GH1�� D�#M�+\H1H6 � * U * 6

u2(t) =

{
0,

��/7 
0 ≤ t < 1

1,
��/7 

1 ≤ t <∞
} /7 B /e&�1 DE#M�+\�13&�6  "�:G+@ @zy � T DE@ @�yCDS�C@ ` &J\ � $PDS�C#H1 DE#JI
��/a �B GH1KDL/?# 1�/ DL`M�!#�1KDu��y 125:� &3yR& 1��CB *
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x # ���7�C/?#:�!#�1KD G+@ -  "/]T 125 F /.`e�C@

N�\M�+�C/C&<� G �C/p�M\+@LG�1KDS/p# � \+#:$21KDS/p#
u(t)

$cG+# >C� B /.`PI
�!@A�R` >Ky 125c� � ���C/p#c�C#H1KD G+@�U. "/RT 125 @LGjT

du

dt
= ru

T 5:�! "�
r = r(t)

D & G #c/p#�I�$(/?#R& 1 GM#�1 U. "/RT 125  [G�1�� *

� � � ' � 
 % � 	 	 &(' # � - Du9:�C# 125c� B /.`e�C@E6eD * � * 6�U? "/]T 125
 [G�1�� � \+#:$21KDS/?#

r(t)
6!$(/?B �M\�1�� 125:� �C/p�M\+@LG�1KDS/p# U? "/]T 125

� \+#:$21KDS/p#
u(t).

� ����' � ��' � � 	
	$&(' # � - Du9%�!# 125:� �C/p�M\+@LG�1KDS/p# � \M#%$KI
1KDS/?#

u(t),
$�/pB �+\H1�� 125:� U. "/]T 125  �G�1�� � \+#:$21KDS/?#

r(t).

8�# 125!D & $cGR&<�M6?125:� DE#(9:�C m&<� �� "/?>+@A�!B &<�]�!B & �:GR&3y�'

r(t) =
du/dt

u
=

d

dt
lnu(t).
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Ng/ G+@ @�T � 5�G(9:� 1�/ `M/ D & 1 GMij� 125c� #�G�12\M �G+@ @A/�U
/�� 125c� `7G�1 G G+#:` ` DAtv�! "�!#�1KD G�1�� 125�G�1 � \+#:$21KDS/?# } /7 
` Dut��! "�!#�1KD G�1�� G+#%` `ZDu9CDL`M� > y 125c� � \+#:$21KDS/p# *��

_ 5�G�1 $�/p\M@ ` >C� &�DEB �+@A�! V6� �DLU?5H1��

_  o/p#%U � � /?\ i^#:/]T T 5�G�1 125:� $:GH1�$!5 D & �  "/?B
q��]$212\M "� ) ' #+\+B �! �DL$:GM@ `ZDutv�! "�C#H1KD G�1KDS/p# /�� `7G�1 G
T D�125 �C � "/a m& DE# D�1 D & B \%$�5 B /a o� `ZD � $�\+@ 1 125�G+#
D�1 &</p\M#%`!&(6 GM#%` 1 G+i:D�#:U 125:� @A/+U /�� 125:� `aGH1 G �  ;&�1
$�/p\M@ ` B GMij� 125CDE#%U!& �J9:�C# T /a ;&�� * 8 �pT � 5^G(9:� 1KDEB �M6
T ��0�@ @?5^G�9%� &</?B � � \+# T D�125 125!D & � ��G+B �+@A� @LG�1��! > y
T GKy /�� 125c� F x � q�x Y - � 8 r \+B `M�! �Du9 *
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� � ��� ' � ' % '�� �$' � 
 � 	 % � &(! 
 � 	 � � 	 � ' &

� 5:� ` DE "�R$�1 �� o/p>+@A�!B 5:�! "� D & G B /.`M�!@���/7 G �C/p��I
\M@LG�1KDS/p# `e�C#]&�D�1�y � \M#%$�1KDS/p#

v = v(x, t)
T 5:�! "�

t ≥ 0D & 1KDEB � G+#:`
x, 0 ≤ x ≤ 1

D & G &4$cG+@A�R` &�D l�� $�@�G]&�&
9^GP �D G+>+@A� * � 5!D�#Mi /!�

x
G]& G i:D�#:` /!� ��G� [G+B ��1��! 

125�G�1 /.\^G+#H1KD �~��& &</pB � $!5�G� �G:$21��! �D & 1KDL$ /!� 125:� �C/p��I
\M@LG�1KDS/p# * � /7 � ��G+B �+@A�M6

x
$(/?\+@ ` >C� G%Ue� �  "�!B �CB I

>!�C 125�G�1 T � 5^G�9%� &4$cG+@A�R`
x

&</ 125^GH1 D�# &4$:GM@A�R`
#M\+B >C�! ;&

0
D & 125:� G%UM� /�� G #c��T >C/7 W# G+#:`

1
D &

125c� @LG� "UM�H& 1 G:UM� G:$!5!DS�J9:�R` > y GM#(y B �!B >C�! /�� 125:�
�!/p�+\M@LG%$�� * x #:/^125:�! 0� ��G+B �+@A� D & 125�G�1

x
$�/p\M@ `  "�!�JI

 o��&<�!#�1 &4$cG+@A�]` &�D l�� * _ 5^G�1���9:�C p125c� $�5^GP �G%$�1��! �D & 1KDL$
/�� 125!D & �^GP �GMB �21��C n6 T � GR& &J\+B � 125^GH1 B �CB >C�! ;&
/�� 125:� �C/?�+\M@�G:$(� �� "/+U? "�H&�& & 1��%G:`ZDE@zy DE# 1KDEB � �  "/?B
$�@LGR&�& &�D l��

0
1�/ $!@LG]&�& &�D l��

1
GM#%` G+@A/?#%U 125:� T GKy

U Du9%� >!D� 125 1�/ #c��T >C/a �#R& /!� $!@LGR& & & D lH�
0

G:$]$�/7 `ZDE#%U
1�/ &</?B � $�@LGR&�& &�D l�� >CDE �125  �G�1�� � \+#:$21KDS/p# *
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� 5:� >^G]&�DL$ �^GP �G+B ��1��! � \M#%$�1KDS/p#R& ��/7 125CD & B /.`e�C@�'

• v(x, t)
D &v125:� �!/p�+\M@LG�1KDS/p# `M�!#R&�D�1�y /��vB �!B >C�! ;&

/�� 125c� &J�C�]$�DS�H& T D�125 $!@LG]&�& & D lH�
x

G�1 1KD�B �
t.

• g(x)
D & G &�D l�� `M�!�C�!#%`M�!#�1 U? "/]T 125  �G�1�� *

• µ(x)
D & G &�D l�� `M�!�C�C#:`M�!#�1 B /7 �1 G+@ D�1�y  �GH1�� *

• p(x)
D & G &�D l�� `M�!�C�!#%`e�C#H1 >CDE �125  �GH1�� *

• ψ(x)
D & 125c� DE#!Du1KD GM@!�C/p�M\+@LG�1KDS/p# `ZD & 12 �DE>+\H1KDS/p# GH1

1KDEB �
t = 0.

x >^GM@LG+#%$�� @LGKT G+#�G+@zyc& D & yCDL�!@ `C& B /.`e�C@!�
/.\^G�1KDS/?#R&]'

vt + (gv)x = −µv, 0 ≤ x ≤ 1, t ≥ 0

g(0)v(0, t) =

∫ 1

0
p(s)v(s, t) ds, t ≥ 0

v(x,0) = ψ(x), 0 ≤ x ≤ 1

4 �



� � � ' � 
 � � 	
	 & ' # � - Du9:�C#
g(x), µ(x), p(x)

G+#:`
Ψ(x),

$�/pB �+\H1�� 125:� �!/p�+\M@LG�1KDS/p# `M�!#R& Du1Wy � \+#:$21KDS/?#
v(x, t).

� ����' � ��' � � 	
	$&(' # � - Du9:�C# GM@ @ >+\H1 /?#:� /�� 125:�
� \+#:$21KDS/p#]&

g(x), µ(x), p(x)
GM#%`

Ψ(x),
GM#%` &J\CD�1 I

GM>+@A� `7G�1 G &jGMB �M@wDE#:U /!�
v(x, t),

$(/?B �M\�1�� 125c�  "� I
B GCDE#!D�#:U �^GP �G+B ��1��! � \M#%$�1KDS/p# *

� 5CD & D & /p#:UM/0DE#:U  "��&��%GP $�5 � /0DE#�12@zy T D�125 x @ � ��G+#%`7G� 
s �!#R&�DS/!9 * h �! "� D & G &jGMB �M@wDE#:U /!� T 5^GH1 T ��0 9:� `ZD & I
$�/!9:�! "�R` &</ ��GP * ���]UaGP `ZDE#:U 125c� ` DE "�R$�1 �P "/?>+@A�CB '

)�* � 9:�!# 125:� ` DE "�R$�1 �� "/?>+@A�!B D & #c/p#H12 �Du9eD G+@ * k #:�
5�GR& 1�/ `M/ G @wD�1 12@A� T /7 Wi 1�/ &J5c/RT D�1 D & G T �!@ @ I
�C/C&<�]` �P "/p>M@A�CB } D�1 D & *E�

fO* r \MB �! �DL$cG+@C$�/pB �+\H1 G�1KDS/p# /�� 125:� ` D� o�R$�1 �P "/p>�I
@A�!B D & GM@u&�/ #c/p#�12 �DA9CD G+@E6 >M\�1 T � 5^G�9%� GM# G+�JI
��G� "�!#�12@zy `e�R$��C#H1 B ��125c/.` *
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g(x) = g
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µ
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µ(x)
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v(1, t), 0 ≤

t ≤ T
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∫ x
1
µ(s) ds = g ln



u(1, 1−xg )

φ(x)


 , 0 ≤ x ≤ 1.
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q(x)
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v(x, t).
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