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Compound interest

If you have money, you may decide to invest it to earn
interest. The interest can be paid in many different ways.

If the interest is paid more frequently than one per year and
the interest is not withdrawn, there is a benefit to the inventor
since the interest earns interest. This effect is called
compounding. Banks offer accounts that differ both in
interest rates and in compounding methods. Some offer
interest compounded annually, some quarterly, and other daily.
Some even offer continuous compounding.

What is the difference between a bank account advertising 8%
compounded annually and the one offering 8% compounded
quarterly?

Assume we deposit $1000, find the balance B after t years
(assume that the interest will not be withdrawn).
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Compound interest

After one year:

Annual compounding: B = 1000(1.08) = 1080,

Quarterly compounding: B = 1000(1.02)4 = 1082.43.

The interest after one year is 8% for the annual compounding,
and 8.243% for the quarterly compounding.

We call this interest Effective annual rate. That means the
effective annual rate tells you exactly how much interest the
investment really pays.

We call the 8% the nominal rate (nominal means ”in name
only”).
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Using the Effective Annual Yield

Problem 1. Which is better: Bank X paying 8% annual rate
compounded monthly, and Bank Y offering a 7.9% annual
rate compounded daily?

For Bank X : B = 1000(1.006667)12 = 1083.00 after 1 year.

For Bank Y : B = 1000(1.0002164)365 = 1082.18 after 1 year.

The effective annual rate of Bank X is 8.3%, and of Bank Y
is 8.218%.

Extra question: Write an expression for the balance in each
bank after t years.
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Using the Effective Annual Yield

If interest at an annual rate of r is compounded n times a year, i.e.
r/n times of the current balance is added n times a year, then,
with an initial deposit P, the balance t years later is

B = P
(

1 +
r

n

)nt
.
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Increasing the Frequency of Compounding: Continuous
Compounding

Find the effective annual rate for a 7% annual rate
compounded

1000 times a year

10,000 times a year(
1 +

0.07

1000

)1000

≈?
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Increasing the Frequency of Compounding: Continuous
Compounding

Problem 2. Find the effective annual rate for a 7% annual
rate compounded

1000 times a year
10,000 times a year(

1 +
0.07

1000

)1000

≈ 1.0725056.
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Increasing the Frequency of Compounding: Continuous
Compounding

Q: What happens if we compound more often still?

A: The effective annual rate increases, but not increase
indefinitely. It tends to a finite value.(
1 + 0.07

n

)n ≈ 1.0725082 when n is large.

The values 1.0725082 is an upper bound that is approached
as the frequency of compounding increase.

When the effective annual rate is at this upper bound, we say
that the interest is being compounded continuously.
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Number e

If interest of an annual rate 1 is compounded n times a year.
Assume that we deposit of 1 million dollars, then the balance
after 1 year is (

1 +
1

n

)n

Increase the frequency of compounding, i.e. increase n, this
balance tends to an upper bound ≈ 2.71828.

The upper bound is called Euler constant, denoted by e.(
1 +

0.07

n

)n

≈ 1.0725082 ≈ e0.07

If P is deposited at an annual rate 7% compounded
continuously, the balance B after t year is B = P(e0.07)t .
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Number e

Definition

If the interest on an initial deposit P is compounded continuously
at an annual rate r , the balance t years alter can be calculated
using the formula

B = Pert .
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Natural Logarithm

Definition

The natural logarithm of x , written by ln x , is the power of e
needed to get x . In the other word,

ln x = c means ec = x .

The natural logarithm is sometimes written by loge x .

Examples:

ln e3 = 3 since 3 is the power of e needed to give e3.

ln(1/e) = −1

ln 5 = 1.6094

ln(−4) =?
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Properties of the Natural Logarithm

ln(AB) = lnA + lnB

ln(A
B ) = lnA− lnB

ln(Ax) = x lnA

ln(ex) = x

e ln x = x
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Properties of the Natural Logarithm
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Solving equation using logarithms

Find x such that 4x = 12.

Take natural logarithm of both sides: ln(4x) = ln 12.

x ln 4 = ln 12.

x = ln 12
ln 4

x ≈ 1.79248
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Solving equation using logarithms

Problem 3. Return the example about Nevada population:
P = 2.020(1.036)t , where t is the number of years since 2000.
When the population of Nevada reaches 5 millions?

2.020(1.036)t = 5

(1.036)t = 5
2.020 .

t ln(1.036) = ln
(

5
2.020

)
t = ln(5/2.020)

ln(1.036) = 25.627 years

Compound interest, number e and natural logarithm



Solving equation using logarithms

Problem 3. Return the example about Nevada population:
P = 2.020(1.036)t , where t is the number of years since 2000.
When the population of Nevada reaches 5 millions?

2.020(1.036)t = 5

(1.036)t = 5
2.020 .

t ln(1.036) = ln
(

5
2.020

)
t = ln(5/2.020)

ln(1.036) = 25.627 years

Compound interest, number e and natural logarithm



Solving equation using logarithms

Problem 3. Return the example about Nevada population:
P = 2.020(1.036)t , where t is the number of years since 2000.
When the population of Nevada reaches 5 millions?

2.020(1.036)t = 5

(1.036)t = 5
2.020 .

t ln(1.036) = ln
(

5
2.020

)

t = ln(5/2.020)
ln(1.036) = 25.627 years

Compound interest, number e and natural logarithm



Solving equation using logarithms

Problem 3. Return the example about Nevada population:
P = 2.020(1.036)t , where t is the number of years since 2000.
When the population of Nevada reaches 5 millions?

2.020(1.036)t = 5

(1.036)t = 5
2.020 .

t ln(1.036) = ln
(

5
2.020

)
t = ln(5/2.020)

ln(1.036) = 25.627 years

Compound interest, number e and natural logarithm



Solving equation using logarithms

Problem 4. Find t such that 12 = 5e3t .
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Exponential function with base e

Definition

Writing a = ek , where k = ln a, any exponential function can be
written in two forms

P = P0a
t or P = P0e

kt .

If a > 1, we have exponential growth; if 0 < a < 1, we have
exponential decay.

If k > 0, we have exponential growth; if k < 0, we have
exponential decay.

k is called the continuous growth or continuous decay.
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Exponential function with base e

Convert the function P = 1000e0.4t to the form P = P0a
t .

Convert the function P = 200(2.3)t to the form P = P0e
kt .
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Function P = e0.5x
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Function P = 5e−0.2x
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