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Composite function

Definition

The function f(g(t)) is a function of function, or composite
function, in which there is an inside function and an outside
function.

@ Use a new variable u for the inside function to express each of
the following as a composite functions:

o f(t)=m(3t+1) = f(u)=Inu
o y=5(2x2+4)2 -y =502
° P:(3x+1)+4e9x+3%P:u+4e3”



Derivative of a composite functions

@ Suppose y = f(z) and z = g(t) for some outside function f
and inside function g, where f and g are differentiable. A
small change in t, At, generates a small change in z, Az. In
turn, Az generates a small change in y, Ay. Provided At
and Az are not zero, we have
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Derivative of a composite functions

@ Suppose y = f(z) and z = g(t) for some outside function f
and inside function g, where f and g are differentiable. A
small change in t, At, generates a small change in z, Az. In
turn, Az generates a small change in y, Ay. Provided At
and Az are not zero, we have

Ay Ay Az

At Az At

d . . A
o The derivative % is the limit of the quotient A—)t/ as At gets
smaller and smaller.
... dz . . . Az
@ The derivative — is the limit of the quotient Ar as At gets
smaller and smaller.
dy . Ay
@ The derivative pre is the limit of the quotient Ay as Az gets

smaller and smaller.
o Iy _dy dz

dt = dz dt-



Chain rule

Theorem

Let y = f(z) and z = g(t) be two differentiable functions, then
the derivative of the composite function y = f(g(t)) is given by

dy dy dz

dt  dz dt’

In other word, the derivative of a composite fucntion is the
derivative of the outside function times the derivative of the inside

function: J
S (F(&(0)) = f'(g(1)) - £'(2)-




@ The amount of gas G, in gallons, consumed by a car depends
on the distance traveled, s, in miles, and s depends on the
time t, in hours. If 0.05 gallons of gas is consumed for each
mile traveled, and the car is traveling at 30 miles/hour, how
fast is gas being consumed?



@ The amount of gas G, in gallons, consumed by a car depends
on the distance traveled, s, in miles, and s depends on the
time t, in hours. If 0.05 gallons of gas is consumed for each
mile traveled, and the car is traveling at 30 miles/hour, how
fast is gas being consumed?

e Unit= gallon/hour



@ The amount of gas G, in gallons, consumed by a car depends
on the distance traveled, s, in miles, and s depends on the
time t, in hours. If 0.05 gallons of gas is consumed for each
mile traveled, and the car is traveling at 30 miles/hour, how
fast is gas being consumed?

e Unit= gallon/hour

dG
o Rate of gas consumed with respect to distance = — = 0.05

gallons/mile.



@ The amount of gas G, in gallons, consumed by a car depends
on the distance traveled, s, in miles, and s depends on the
time t, in hours. If 0.05 gallons of gas is consumed for each
mile traveled, and the car is traveling at 30 miles/hour, how
fast is gas being consumed?

e Unit= gallon/hour

dG
@ Rate of gas consumed with respect to distance = 4 = 0.05
s

gallons/mile.
. . . . . ds
@ Rate of distance increasing with respect to time = pri 30
miles/hour.



@ The amount of gas G, in gallons, consumed by a car depends
on the distance traveled, s, in miles, and s depends on the
time t, in hours. If 0.05 gallons of gas is consumed for each
mile traveled, and the car is traveling at 30 miles/hour, how
fast is gas being consumed?

e Unit= gallon/hour

dG
@ Rate of gas consumed with respect to distance = 4 = 0.05
s

gallons/mile.
d
@ Rate of distance increasing with respect to time = d—i =30
miles/hour.
dG dG ds

° Tk H 0.05 - 30 = 1.5 gallons/hour.
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(a) f(t) = In(3t + 1)
@ Write the composite form with new variable u: f(u) =Inu
where u = 3t 4 1.

@ We need to find df /dt = df /du - du/dt, so we need to find
df /du and du/dt.

e df/du=1/u and du/dt = 3.

e df /dt = df /du-du/dt = (Inu)-3 =3In(3t + 1), since
u=3t+1.






(b) y = 5(2x2 + 4)?



(c) P=(3x + 1) + 4e%+3
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Find the derivative of

e 1+ 2e%
e In(q + 49)



Find the derivative of

o 14265t

e In(q + 49)

° e—x2 +3x+1



Relative Rate of change and logarithm

The relative rate of change of a function z = f(t) to be

f'(ty 1, 1ldz
O RAET

Since
@ 1) 192

—(I
dt(nz) zdt’
we have

For any positive function f(t),

d
Relative rate of change of f(t) = %(In f(t)).




Find the relative rate of change of the exponential function
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Find the relative rate of change of the exponential function
zZ = Poekt.

o Inz = In(Pyekt) = In Py + In(eXt) = In Py + kt

o Relative rate of change of f(t) is %(Inz) = k.



@ The surface area S of a mammal, in cm?, is a functions of the
body mass, M, of the mammal, in kg, and is given by
S =1095 - M?/3. Find the relative rate of change of S with
respective to M and evaluate for human with body mass 70
kg. Interpret the answer.
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@ The surface area S of a mammal, in cm?, is a functions of the

body mass, M, of the mammal, in kg, and is given by

S =1095 - M?/3. Find the relative rate of change of S with
respective to M and evaluate for human with body mass 70
kg. Interpret the answer.

2
o InS = 1In(1095 - M?/3) = In 1095 + 3InM
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@ Relative rate of change is W(In S).
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The surface area S of a mammal, in cm?, is a functions of the body
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The surface area S of a mammal, in cm?, is a functions of the body
mass, M, of the mammal, in kg, and is given by S = 1095 - M?2/3.
Find the relative rate of change of S with respective to M and
evaluate for human with body mass 70 kg. Interpret the answer.

2
o InS = 1In(1095 - M?/3) = In 1095 + 3InM
e Relati te of ch '—(IS)—gi
elative rate of change is —(In5) = 2 - 7.
@ For human with body mass M = 70 kg, we have:

21
Relative rate of change = 370 = 0.00095 = 0.95%.



The surface area S of a mammal, in cm?, is a functions of the body
mass, M, of the mammal, in kg, and is given by S = 1095 - M?2/3.
Find the relative rate of change of S with respective to M and
evaluate for human with body mass 70 kg. Interpret the answer.

2
o InS = 1In(1095 - M?/3) = In 1095 + 3InM

. . 2 1
@ Relative rate of change is W(In S)= 3
@ For human with body mass M = 70 kg, we have:

21
Relative rate of change = 370 = 0.00095 = 0.95%.

@ The surface area of a human with body mass 70 kg increases
by about 0.95 % if the body mass increases by 1 kg.



