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Plane partitions
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Plane partitions as stacks of unit cubes

6 4 2 1
32 1 0
2 1 0 0
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MacMahon's Theorem

Theorem (MacMahon ~1900)

Hq(a) Hg(b) He(c) Hg(a + b + )
Hq(a+ b)Hg(b+ c)Hg(c +a) ’

Z g™l = PPq(a, b, c) =

s

where the sum is taken over all plane partitions 7 fitting in an a x b x ¢
box, and |r| is the volume of 7.

Definition:
o ginteger [ng:=1+qg+¢*+...+q" !
e g-factorial [n]4! = [1]4]2]4 - - - [n]q,
e g-hyperfactorial Hg(n) = [0]g![1]4!. .. [n — 1]4!.
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Lozenge tilings
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@ A lozenge (or unit rhombus) is the union of two adjacent unit
equilateral triangles.

@ A lozenge tiling of a region R on the triangular lattice is a covering
of the region by lozenges, such that there are no gaps or overlaps.
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Lozenge tilings
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@ A lozenge (or unit rhombus) is the union of two adjacent unit
equilateral triangles.

@ A lozenge tiling of a region R on the triangular lattice is a covering
of the region by lozenges, such that there are no gaps or overlaps.
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Plane partitions as stacks of unit cubes, as lozenge tilings

6 4 2 1
32 1 0
2 1 0 0
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MacMahon's Theorem revisited

Theorem (MacMahon's Theorem for
H(a)H(b) H(c)H(a + b+ ¢)
H(a+ b)H(b+ c)H(c+a)’

where T(R) denotes the number of lozenge tilings of the region R.

T(Hex(a, b, c)) = PP(a, b, c) =
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Symmetric Plane Partition

@ There are 10 symmetry classes of plane partitions
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Symmetric Plane Partition

@ There are 10 symmetry classes of plane partitions

@ Each corresponds to a symmetry class of lozenge tilings of a hexagon
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Symmetric Plane Partition

@ There are 10 symmetry classes of plane partitions
@ Each corresponds to a symmetry class of lozenge tilings of a hexagon

@ Each is enumerated by a simple product formula
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Cyclically Symmetric Plane Partition

Cyclically symmetric plane partitions correspond to lozenge tilings
invariant under 120° rotations.
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Cyclically Symmetric Plane Partition

Cyclically symmetric plane partitions correspond to lozenge tilings
invariant under 120° rotations.

Conjecture (I.G. Macdonald)

3(2i+j—1) 1 — g3liti+k—1)

i 1- g%t 1- g
Zq"—n qs, 11 % 11 %

i 9 1<i<j<a 1<i<j,k<a
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Macdonald’'s Conjecture

Conjecture (I.G. Macdonald)

3(2i+j—1) 1— q3(i+j+k—1)

T 1_q -t 1_q
qu\—n = 1l —gemy 1l =

pivi 1<i<j§a 1<i<j,k<a

@ George Andrews (1980) found a determinant for the generating
function
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Macdonald’'s Conjecture

Conjecture (I.G. Macdonald)

3(2i+j—1) 1— q3(i+j+k—1)

T 1_q -t 1_q
qu\—n = 1l —gemy 1l =

pivi 1<i<j§a 1<i<j,k<a

@ George Andrews (1980) found a determinant for the generating
function

o George Andrews verified for g =1
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Macdonald’'s Conjecture

Conjecture (I.G. Macdonald)

1— q -1 1— q3(2i+j—1) 1— q3(i+j+k—1)
[m| — -1 -4 -
Z 9 H g2 H 1— p@i+i-2) H 1 g3UHitk—2)

i=1 1<i<j<a 1<i<j,k<a

@ George Andrews (1980) found a determinant for the generating
function

o George Andrews verified for g =1
@ Mills—Robbins—Rumsey (1982) evaluated Andrews’ determinant
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Cyclically Symmetric Tilings of Cored Hexagons -

a+m

@ Ciucu—Krattenthaler (2000): Formula for cyclically symmetric tilings
of a cored-hexagon

@ Krattenthaler (2006): Bijection between cyclically symmetric tilings

of a cored-hexagon with hole of size 2 and descending plane
partitions.
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Cyclically Symmetric Tilings of Cored Hexagons
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@ Ciucu—Krattenthaler (2000): Formula for cyclically symmetric tilings
of a cored-hexagon

@ Krattenthaler (2006): Bijection between cyclically symmetric tilings
of a cored-hexagon with hole of size 2 and descending plane
partitions.
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Cyclically Symmetric Tilings of Hexagons with Four Holes:
Type |

t+x+3a

Hey(a, x)
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Cyclically Symmetric Tilings of Hexagons with Four Holes:
Type Il
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t+x+3a
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Explicit Formula: Type |

1 H £ (2x + 62+ 2i)i[2x + 6a + 4i + 1)1

P
1(x,y,2,a) = oyiz ()i[2x + 6a + 2i + 1]i—1

« H Z+ Nyta—2it1(x +y + 2z + 23 + 2i)2y12a—si42
( )y y+2z+2i— 1)y+2.a 4i43

li[ (x+3i —2)y—ip1(x + 3y +2i — 1)1
=t (2z + 20)y12a—aiv1(x +y + z+2a+ i)yta—zit1

Pochhammer symbol (x),:

x(x+1)...(x+n—-1) if n>0;
_ )1 if n=0;
(X)n = 1
(x—1(x=2)...(x+n)

if n<0.
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Explicit Formula: Type |

1 H (2x—|—6a—|—2i) [2x 4+ 62+ 4i + 1]i—1

P
1(x,y,2,a) = otz i)i[2x + 6a + 2i + 1]i—1

y H Z+ DNyta—2it1(X +y + 2z + 23+ 2i)2y12a—si42
( )y y +2z+2i — 1)y+2a 4i4+3

li[ (x+3i —2)y—ip1(x + 3y +2i — 1)1
1 (2z + 21)y120—aivi(x +y +z+2a+ i)yta_2it1

‘Skipping' Pochhammer symbol [x],:

x(x+2)(x+4)...(x+2(n—1)) ifn>0;
1 if n=0;
1

(x=2)(x—4)...(x+2n)

[x]n =
if n<0.
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Explicit Formula: Type |

[x + 3yla(x + 2y + z + 2a),
2y +9)[x + 3y +2z+2a+ 1],

Ps(x,y,z,a) =

y+z

H (2x +6a+2i —2);_1[2x + 6a+ 4i — 1];
(i)i[2X+ 6a+ 2i — 1],'_1

i=1

y H Z+i)yta 2,+1(X +y+2z+2a+2i — 1)2y120-4it3
)y(y +2z42i — 1)y+2374l+3

a

H (x+3i—2),—i(x+3y+2i—1)i1
(2z + 2i)yq2a—stiti(x +y +z+2a+ i —1)yrasito’
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Explicit Formula: Type |

1 [x+y+2z+2a+1], [T (x + 3y +6i — 3)sssi
a+z — -t
s ety +2a-1ly 3, 460 2)

Fi(x,y,z,a) =

o H l'(x+3a+l—3)'(2x+6a+21—4) (x+3a+2i—2)i(2x+6a+3i—4)
Py (x +3a+2i — 2)!(2i)!
a—1
< [JOc+3i —2)yia(x+y + 22+ 2a+ 2i)oy 125 4i
i=1
« ﬁ [2’ + 3]2 l(X +3a+3i — 5)2y+z a—4i+5
3 + i + 1 z 1( )a+1[2l + 3]3 2[2X + 6a + 6/ — 7]z+2y—4i+3 '

i=1
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Explicit Formula: Type |

Fx(x,y,z,a) = ! HL 3 J(X+31_2)3y AR
2 Y, 2y(a+2)+2a+z+1 1_[ (X+3y—6l)
M(x+3a+i—D(2x+6a+2i)i(x+3a+2i)i(x+3a+3i
I
(x + 3a+2i)!(2i)!

i=1
H [2i + 3]z ix+y+2a+2i—1)yrosiva(x+y + 2z 4+ 23+ 2i)2y42a—4i+3
3 + i+ 2)2 1( )a+2[2l + 3]3 1[2X +6a+ 6/ — 1]2y+z 4i4+2 ’
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Enumeration for Type |

Theorem (L.—Rohatgi 2017)

For non-negative integers y, t, a, x

CS(Haer1,y(2a,2x)) =
2P (x +1,y,t —y,a)Pa(x + 1y, t — y,a),
CS(H2t,y(2aa 2X)) =
2Py (x +1,y,t —y —1,a)Pa(x + 1,y t — y, a),
CS(Hart1,y(2a+1,2x)) =
P (x+ Ly, t—y,a+ 1)R(x+1,y,t —y,a),
CS(Haty(2a+1,2x)) =
PR (x+ 1y, t—y —La+ )R(x+1y,t—y,a)

When the middle hole has odd side, the number of tilings is not round.
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Enumeration for Type Il

Theorem (L.—Rohatgi 2017)

Assume that y, t, a, x are non-negative integers. Then

CS(Hort1,y(2a, 2x))
=2 E (x4 1,y —1,t—y+2,a)E(x+1,y,t —y + 1,a),
CS(Har,y(2a,2x))
=" E(x4+1,y—1,t—y+1,a)E(x+1,y,t —y+1,a),
CS(Hari1,(2a,2x + 1))
=M e (x4 2y — 1, t—y+2a)E(x+1,y,t —y+1,a),
CS(Hae,y(2a,2x + 1))
=" E(x4+2,y—1,t—y+1,a)E(x+1,y,t —y+1,a).

v

When the satellite holes have odd side, the number of tilings is not round.
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Proof (Sketched)

t+x+3a

CS(H2t+1,y(2a, 2X)) =

2Py (x +1,y, t —y,a)Pa(x + 1y, t — v, a)

[} = = E
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Proof (Sketched)

NASY

S(Hars1,(2a,2x)) = C5(G)
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Proof (Sketched)

(b)

(@)

M(Ob(G))

CS(G)=

CS(Hort1,9(2a, 2x))
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Proof (Sketched)

Lemma (Ciucu's Factorization Theorem)

M(G) = 2" M(GT)M(G™).
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Proof (Sketched)

G+

(a) (b)

CS(Hars1,/(2a,2x)) = CS(G) = M(Ob(G))
= 25 M(Ob(G)")M(0b(G)™)
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Proof (Sketched)

(2)

VIAVAVAVAVAVAAVAVAVAVAVAVAVAVAV
N\ NN NN NN NN

©)

CS(Hars1,/(2a,2x)) = CS(G) = M(Ob(G))
= 2KM(0b(G)T)M(0b(G)™)
=2KT(RT)T(R)
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Proof (Sketched)

x+y+z+3a-1

For any non-negative integers x,y, z, a

T(Rxy.2(2)) = Pi(x,y,2,2) (1)
T(Rxy.2(a)) = Pa(x,y,2,3) (2)
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Proof (Sketched)

x+y+z+3a-1

For any non-negative integers x,y, z, a

T(Rx,y,Z(a)): Pl(X7y7zv a) (3)
T(Rxy.2(a)) = Pax,y, 2, 3) (4)
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Kuo Condensation

Theorem (Kuo 2004)

Let R be a region on triangular lattice with #/ = #<7 + 1. Let
u,v,w,s be four unit triangles appearing in a cyclic order on the
boundary of R, such that u,v,w = A’'s and s = <7. Then

T(R—{v}) T(R—{u,w,s}) =T(R —{u}) T(R —{v, w,s})
+T(R—{w}) T(R —{u,v,s}).
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Proof (Sketched)

VAVAVAVAVAVAVAVAVAVAVAVAVAVAVAV

X+y+z+3a-1

Figure: How to apply Kuo condensation
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Create a Recurrence

x+y+z+3a-1 x+y+z+3a-1

T(R={v}) = T(Rxt3,y.2(a — 1))
T(R—{u,w,s}) = T(Rxy.2-1(a))
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Create a Recurrence

x+y+z+3a-1 x+y+z+3a-l

T(R—{u}) = T(Rxy.2(a))
T(R—{v,w,s}) = T(Ret3y,-—1(a—1))
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Create a Recurrence

x+y+z+3a-1 x+y+z+3a-1

T(R={u}) = T(Rxy+1..(a = 1))
T(R—{v,w,s}) = T(Ray3y-12-1(3))
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Create a Recurrence

Theorem (Kuo 2004)

Let R be a region on triangular lattice with #/A = #<7 + 1. Let
u,v,w,s be four unit triangles appearing in a cyclic order on the
boundary of R, such that u,v,w = A’'s and s = <7. Then

T(R—{v})T(R—{u,w,s}) =T(R—{u}) T(R—{v,w,s})
+T(R—{w}) T(R—{u,v,s}).

T(Rxt3y.2(a = 1)) T(Ray.2-1(3)) = T(Ry 2(2)) T(Rav3y z-1(a — 1))
T(Rayt1.2(2 = 1)) T(Rut3,y-1,2-1(3))-

+
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Create a Recurrence

T(Rxt3,y,2(a = 1)) T(Rx,y,z-1(3)) = T(Rx,y,2(3)) T(Rx+3,y,2-1(a — 1))
+ T(Ruy+1,2(a = 1)) T(Rutzy-1,2-1(2))-

e Pi(x,y,z,a) satisfies the same recurrence
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Create a Recurrence

T(Rxt3,y,2(a = 1)) T(Rx,y,z-1(3)) = T(Rx,y,2(3)) T(Rx+3,y,2-1(a — 1))
+ T(Ruy+1,2(a = 1)) T(Rutzy-1,2-1(2))-

e Pi(x,y,z,a) satisfies the same recurrence
@ The identity follows by induction
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Open questions

e Why is CS(#H;,,(a, x)) not round when x is odd?
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Open questions

e Why is CS(#H;,,(a, x)) not round when x is odd?
e Why is CS(H.,(a,x)) not round when 2 is odd?

[} = = E
Tri Lai Cyclically Symmetric Tilings of Hexagons with Four Holes

12N Ge



Open questions

e Why is CS(H:,(a, x)) not round when x is odd?
e Why is CS(#.,(a, x)) not round when a is odd?
@ The whole numbers of tilings of H,,(a,x) and H, ,(a, x) ?
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The end

Thank you!

Email: t1ai3@unl.edu
Website: http://www.math.unl.edu/~tlai3/
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Explicit Formula: Type Il

2x—|—21 )i[2x + 4i + 1];—1
Ei(x,y,z,a) = 2y+z 1H

Nil2x 4+ 2i +1];-1

”ﬁl (2x + 6a + 20)i[2x + 62+ 4i + 1];_1

(i),’[2X +6a+2i + 1],'_1

i=1
ﬁ (Z + i)y+a—2i+1(2X + 3}/ +2z+4a+2i — 3)y+2a—4i+1
i1 (2i)y—1(y + 2z +2i = 1)y125-4i+2

y H (x+a+i)yra2i(2x+3y+3a+3i—3).;
L(xty+z4+2a+i—1)ya0i(2x+ 32430
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Explicit Formula: Type Il

1 (x+a) o (x +2[3] + [ 551 ] + 2+ 2a),

Eox,y,2,2) = 2ty 4222418 (x+y+a—1)(x+y+z+2a—1),

2 (2x 4 2i — 2)i_1[2x + 4i — 1];
<11 (Nil2x + 2i — 1)1

i=1
y+z—1

H (2X—|—6a—|—21—2), 1[2x + 62 + 4i — 1];
(Ni[2x + 62+ 2i — 1]i—1

(2x +3y +3a—3)s[2x +2[3] + 4[5 + 2z +4a+ 1],
[2x +4y + 2z +4a—3|,[2x + 42— 2| 21| + I]LilJ

« H Z+ )yta—2i+1(2x + 3y + 2z + 4a+ 2/ — 3)y420—4it1
2’)y—1(y +2z+2i — 1)y+2a—4l+2

y ﬁ (x +a+i)ysa—2i(2x + 3y +3a+3i — 3)._;
Tx+ty+z+2a+i—1)a2i(2x+3a+3i)ai’
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Explicit Formula: Type Il

Ex(x, 2k, 7, a) = 2L P Il 13115 ) —amz—2kt1

y Zk*ﬁ”z (x4 i — 2)1(2x + 2i — 2);(x + 2i — 1);(2x + 3i — 2)
_~ (x +2i — 1)1(2i)!

|—a§1-| "a;Z

x [ 2x+6k+2f(a+i—1) = Upaosipa—1 | ] (x+ 3k + f(
i=1 i=1
122

X H [2x + 6k +2z +4a+4i — 5] 2| s s5ipa(x + 3k +2z+2a+
i=1

3]
x [ [[2x + 6k + 2z + 42+ 4i — 3] =1 4y gia(x + 3k + 2+ 22+
i=1
X
i=1

2k +2i — 1], a-2ip1(k + i) z4a—2i41
(Dorooirt[2X + 4k + 23+ 2 — 3lossii(x + 4k 1 2 + 2

(7)

wihara £V — 21Xt | 4 X And
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Explicit Formula: Type Il

E3(Xv)/7zv a)

E4(X7}/7273) = K(X y.z a)v

where
K(x,2k,z,a) =kt +1o5 -1

T2 (2x + 60 — B) [TL 3 (x + 3k + 32+ 3i —

=1 z
[T (2x + 6k +6[3) + 61 — 5) T 1 (x4 3k + 3| 2f
(10)

z+1

and
K(x,2k +1,z,a) =2k+13]+13)

} T 2 0x 16/ — 5) [T (x + 3k + 3+ 3
T2 (2x + 6k + 6] 251 | + 6/ — 5) [T 75 (x +- 3k +

(11)
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