Homework Assignment 2, Problem 17a
Let ¢ = p(z,¢) be a smooth function such that
©(xo,0) = 0.
Find a perturbation expansion up to O(g2?) for the solution x to the equation
p(z,e) =0,
where ¢ < 1.

Method 1
Start with the Taylor expansion of ¢(x,¢) about (zg,0):

0= p(z,¢)
= ¢(20,0) + ¢z (20,0)(z — T0) + Ye (w0, 0)e
1 1
+ §prm(x07 O)(l‘ - 330)2 + prs(x(b O)($ - 330)5 + 55066(3707 0)62 + R($7€)7 (1)

where R(z,¢) is the remainder. Drop the remainder, set
T =x0 + 316 + T26° + O(°),

and
¢(0,0) =0,
in (1). We get
0 = @ (z0,0)(z1 + 226%) + @ (0, 0)e
+ %gpm(xo, 0)(z16 + 26%)? + (20, 0) (216 + 228%)e + %gogg(xo, 0)e? + O(e?)
= |02 (w0, 0)21 + (20, 0)]e

1 1
©2(20,0)29 + = Prr(T0,0)27 + 0re (w0, 0)21 + = Pee (20, 0) | €2

* 2 2
+0(e%).
Match powers of €. We get the equations
) : 22 (@0, 0)1 + (20, 0) = 0,
and
2 1 2 1
O(e?) : P2 (20,0)22 + =0 (20, 0)T] + Pre(T0,0)T1 + 5 Pec(20,0) = 0.
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From these equations we see that the solvability condition is

gOm(ili'o, 0) 7& 0. (2)
From the O(g) equation,
Pe (IE(), 0)
T = -7 3
' w0 )

Plug this into the O(¢?) equation and solve for

Ty = — @xm(ﬂﬁo, O)ZE% + 290m5($07 O>x1 + SDEE('TO» O) (4)
2p.(x0,0) ’

where z; is given by (3).

Method 2
The Implicit Function theorem asserts that if condition (2) is met then the equation
o(x,e) =0

defines a function x = x(e) whose graph (in the ze-plane) passes through the point (zg, 0).
The perturbation expansion

T = o+ T16 + 082 + 0(53),

is simply the second-degree Taylor polynomial (with remainder) for z(¢) about ¢ = 0.
Thus

1
r1 =2'(0) and =zp= 593”(0).
To compute z1, differentiate the equation

p(x(e),e) =0
with respect to e and solve for z':

2'(e) = M, (5)

Now set € = 0 to get
Pe(0,0)
- (6)
Pz (IL’(), 0)
which agrees with (3). To complete the solution, differentiate (5) with respect to € and set
e =0. We get

r1 =2'(0) =

1

ra = 2/(0) = - P (20,0)2F + 2052 (20, 0)21 + (20, 0)

20, (x0,0) ’

where x; is given by (6). This agrees with (4). Note that in both approaches to the
problem, the solvabilty condition on the derivatives is

vz (xg,0) # 0.

(7)




