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CHAPTER 4

Hyperbolic Dehn surgery
A hyperbolic structure for the complement of the figure-eight knot was constructed in 3.1. This structure was in fact chosen to be complete. The reader may
wish to verify this by constructing a horospherical realization of the torus which is
the link of the ideal vertex. Similarly, the hyperbolic structure for the Whitehead
link complement and the Borromean rings complement constructed in 3.3 and 3.4 are
complete.
There is actually a good deal of freedom in the construction of hyperbolic structures for such manifolds, although most of the resulting structures are not complete.
We shall first analyze the figure-eight knot complement. To do this, we need an
understanding of the possible shapes of ideal tetrahedra.
4.1. Ideal tetrahedra in H 3 .
The link L(v) of an ideal vertex v of an oriented ideal tetrahedron T (which by
definition is the set of rays in the tetrahedron through that vertex) is a Euclidean
triangle, well-defined up to orientation-preserving similarity. It is concretely realized
as the intersection with T of a horosphere about v. The triangle L(v) actually
determines T up to congruence. To see this, picture T in the upper half-space model
and arrange it so that v is the point at infinity. The other three vertices of T form
a triangle in E 2 which is in the same similarity class as L(v). Consequently, if two
tetrahedra T and T 0 have vertices v and v 0 with L(v) similar to L(v 0 ), then T 0 can
be transformed to T by a Euclidean similarity which preserves the plane bounding
upper half-space. Such a similarity is a hyperbolic isometry.
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It follows that T is determined by the three dihedral angles α, β and γ of edges
incident to the ideal vertex v, and that α + β − γ = π. Using similar relations
among angles coming from the other three vertices, we can determine the other three
dihedral angles:

4.3

Thus, dihedral angles of opposite edges are equal, and the oriented similarity class
of L(v) does not depend on the choice of a vertex v!
A geometric explanation of this phenomenon can be given as follows. Any two
non-intersecting and non-parallel lines in H 3 admit a unique common perpendicular.
Construct the three common perpendiculars s, t and u to pairs of opposite edges of
T . Rotation of π about s, for instance, preserves the edges orthogonal to s, hence
preserves the four ideal vertices of T , so it preserves the entire figure. It follows that
s, t and u meet in a point and that they are pairwise orthogonal. The rotations of π
about these three axes are the three non-trivial elements of z2 ⊕ z2 acting as a group
of symmetries of T .
46
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4.4

In order to parametrize Euclidean triangles up to similarity, it is convenient to
regard E 2 as C . To each vertex v of a triangle ∆(t, u, v) we associate the ratio
(t − v)
= z(v)
(u − v)
of the sides adjacent to v. The vertices must be labelled in a clockwise order, so that
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Im z(v) > 0. Alternatively, arrange the triangle by a similarity so that v is at 0
and u at 1; then t is at z(v). The other two vertices have invariants
z(t)

=

4.1.1.
z(u) =

z(v)−1
z(v)
1
.
1−z(v)

Denoting the three invariants z1 , z2 , z3 in clockwise order, with any starting point, we
have the identities
4.1.2.

4.5

z1 z2 z3 = −1
1 − z1 + z1 z2 = 0

We can now translate this to a parametrization of ideal tetrahedra. Each edge
e is labelled with a complex number z(e), opposite edges have the same label, and
the three distinct invariants satisfy 4.1.2 (provided the ordering is correct.) Any zi
determines the other two, via 4.1.2.

4.2. Gluing consistency conditions.
Suppose that M is a three-manifold obtained by gluing tetrahedra Ti , . . . , Tj and
then deleting the vertices, and let K be the complex which includes the vertices.
Any realization of T1 , . . . , Tj as ideal hyperbolic tetrahedra determines a hyperbolic structure on (M − (1 − skeleton)), since any two ideal triangles are congruent.
Such a congruence is uniquely determined by the correspondence between the vertices. (This fact may be visualized concretely from the subdivision of an ideal triangle
by its altitudes.)
48
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The condition for the hyperbolic structure on (M − (1 − skeleton)) to give a
hyperbolic structure on M itself is that its developing map, in a neighborhood of each
edge, should come from a local homeomorphism of M itself. In particular, the sum
of the dihedral angles of the edges e1 , . . . , ek must be 2π. Even when this condition
is satisfied, though, the holonomy going around an edge of M might be a non-trivial
translation along the edge. To pin down the precise condition, note that for each ideal
vertex v, the hyperbolic structure on M − (1 − skeleton) gives a similarity structure
to L(v) − (0 − skeleton). The hyperbolic structure extends over an edge e of M if and
only if the similarity structure extends over the corresponding point in L(v), where
v is an endpoint of e. Equivalently, the similarity classes of triangles determined by
z(e1 ), . . . , z(ek ) must have representatives which can be arranged neatly around a
point in the plane:

4.7

The algebraic condition is
4.2.1.

z(e1 ) · z(e2 ) · · · · · z(ek ) = 1.

This equation should actually be interpreted to be an equation in the universal
cover C̃ ∗ , so that solutions such as
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are ruled out. In other words, the auxiliary condition
4.2.2.

arg z1 + · · · + arg zk = 2π

must also be satisfied, where 0 < arg zi ≤ π.

4.3. Hyperbolic structure on the figure-eight knot complement.
Consider two hyperbolic tetrahedra to be identified to give the figure eight knot
complement:

50
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4.9

We read off the gluing consistency conditions for the two edges:
(6−→)z12 z2 w12 w2 = 1

(6 6 −→)z32 z2 w32 w2 = 1.

From 4.1.2, note that the product of these two equations,
(z1 z2 z3 )2 (w1 w2 w3 )2 = 1
is automatically satisfied. Writing z = z1 , and w = w1 , and substituting the expressions from 4.1.1 into (6−→), we obtain the equivalent gluing condition,
4.3.1.

z(z − 1) w(w − 1) = 1.
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We may solve for z in terms of w by using the quadratic formula.
p
1 ± 1 + 4/w(w − 1)
4.3.2.
z=
2
We are searching only for geometric solutions
Im(z) > 0

Im(w) > 0

so that the two tetrahedra are non-degenerate and positively oriented. For each
value of w, there is at most one solution for z with Im(z) > 0. Such a solution exists
provided that the discriminant 1 + 4/w(w − 1) is not positive real. Solutions are
therefore parametrized by w in this region of C :

4.10

√
√
Note that the original solution given in 3.1 corresponds to w = z = 3 −1 = 12 + 23 i.
The link L of the single ideal vertex has a triangulation which can be calculated
from the gluing diagram:

4.11
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Now let us compute the derivative of the holonomy of the similarity structure on
L. To do this, regard directed edges of the triangulation as vectors. The ratio of any
two vectors in the same triangle is known in terms of z or w. Multiplying appropriate
ratios, we obtain the derivative of the holonomy:
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4.12

H 0 (x) = z12 (w2 w3 )2 = ( wz )2
H 0 (y) = wz31 = w(1 − z).
Observe that if M is to be complete, then H 0(x) = H 0 (y) = 1, so z = w. From
4.3.1, (z(z − 1))2 = 1. Since z(z − 1) < 0, this
√ means z(z − 1) = −1, so that the only
possibility is the original solution w = z = 3 −1.
4.4. The completion of hyperbolic three-manifolds obtained from ideal
polyhedra.
Let M be any hyperbolic manifold obtained by gluing polyhedra with some vertices at infinity, and let K be the complex obtained by including the ideal vertices.
The completion M̄ is obtained by completing a deleted neighborhood N(v) of each
ideal vertex v in k, and gluing these completed neighborhoods N̄(v) to M.
The developing map for the hyperbolic structure on N(v) may be readily understood in terms of the developing map for the similarity structure on L(v). To do this,
choose coordinates so that v is the point at infinity in the upper half-space model.
The developing images of corners of polyhedra near v are “chimneys” above some
polygon in the developing image of L(v) on C (where C is regarded as the boundary
of upper half-space.) If M is not complete near v, we change coordinates if necessary
by a translation of R 3 so that the developing image of L(v) is C − 0. The holonomy
for N(v) now consists of similarities of R 3 which leave invariant the z-axis and the
x − y plane (C ). Replacing N(v) by a smaller neighborhood, we may assume that
the developing image of I of N(v) is a solid cone, minus the z-axis.
54
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The completion of I is clearly the solid cone, obtained by adjoining the z-axis to
I. It follows easily that the completion of
]
(v) = I˜
N

is also obtained by adjoining a single copy of the z-axis.
The projection
]
p:N
(v) → N(v)

extends to a surjective map p̄ between the completions. [p̄ exists because p does not
increase distances. p̄ is surjective because a Cauchy sequence can be replaced by a
Cauchy path, which lifts to Ñ(v).] Every orbit of the holonomy action of π1 N(v)
on the z-axis is identified to a single point. This action is given by
H(α) : (0, 0, z) 7→ |H 0 (α)| · (0, 0, z)
where the first H(α) is the hyperbolic holonomy and the second is the holonomy of
L(v). There are two cases:
Case 1. The group of moduli {|H 0(α)|} is dense in R + . Then the completion of
N(v) is the one-point compactification.
Case 2. The group of moduli {|H 0(α)|} is a cyclic group. Then the completion

N(v)
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¯ (v)/H, and it is obtained
is topologically a manifold which is the quotient space Ñ
by adjoining a circle to N(v). Let α1 ∈ π1 (L(v)) be a generator for the kernel of
α 7→ |H 0 (α)| and let 1 < |H 0(α2 )| generate the image, so that α1 and α2 generate
π1 (L(v)) = Z ⊕ Z. Then the added circle in

N(v)
cross-section of N̄(v)

has length log |H 0(α2 )|. A
perpendicular to the added circle
is a cone Cθ , obtained by taking a two-dimensional hyperbolic sector Sθ of angle θ,
[0 < θ < ∞] and identifying the two bounding rays:

4.15

It is easy to make sense of this even when θ > 2π. The cone angle θ is the argument
of the element H̃ 0 (α2 ) ∈ C̃ ∗ . In the special case θ = 2π, Cθ is non-singular, so

N(v)
is a hyperbolic manifold. N(v) may be seen directly in this special case, as the solid
cone I ∪ (z − axis) modulo H.
4.5. The generalized Dehn surgery invariant.
Consider any three-manifold M which is the interior of a compact manifold M̂
whose boundary components P1 , . . . , Pk are tori. For each i, choose generators ai , bi
for π1 (Pi ). If M is identified with the complement of an open tubular neighborhood
of a link L in S 3 , there is a standard way to do this, so that ai is a meridian (it
bounds a disk in the solid torus around the corresponding component of L) and bi is
56
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a longitude (it is homologous to zero in the complement of this solid torus in S 3 ). In
this case we will call the generators mi and li .
We will use the notation M(α1 ,β1 ),... ,(αk ,βk ) to denote the manifold obtained by
gluing solid tori to M so that a meridian in the i-th solid torus goes to αi , ai + βi bi .
If an ordered pair (αi , βi ) is replaced by the symbol ∞, this means that nothing is
glued in near the i-th torus. Thus, M = M∞,... ,∞ .
These notions can be refined and extended in the case M has a hyperbolic structure whose completion M̄ is of the type described in 4.4. (In other words, if M is
not complete near Pi , the developing map for some deleted neighborhood Ni of Pi
should be a covering of the deleted neighborhood I of radius r about a line in H 3 .)
˜ with holonomy H̃. The group of
The developing map D of Ni can be lifted to I,
isometries of I˜ is R ⊕ R , parametrized by (translation distance, angle of rotation);
this parametrization is well-defined up to sign.

4.16

Definition 4.5.1. The generalized Dehn surgery invariants (αi , βi ) for M̄ are
solutions to the equations
αi H̃(ai ) + βi H̃(bi ) = (rotation by ± 2π),
(or, (αi , βi ) = ∞ if M is complete near Pi ).
Note that (αi , βi ) is unique, up to multiplication by −1, since when M is not
complete near Pi , the holonomy H̃ : π1 (Ni) → R ⊕ R is injective. We will say that
M̄ is a hyperbolic structure for
M(α1 ,β1),... ,(αk ,βk ) .
If all (αi , βi ) happen to be primitive elements of Z ⊕ Z, then M̄ is the topological manifold M(α1 ,β1 ),... ,(αk ,βk ) with a non-singular hyperbolic structure, so that our extended
definition is compatible with the original. If each ratio αi /βi is the rational number
pi /qi in lowest terms, then M̄ is topologically the manifold M(p1 ,q1),... ,(pk ,qk ) . The hyperbolic structure, however, has singularities at the component circles of M̄ −M with
cone angles of 2π(pi /αi ) [since the holonomy H̃ of the primitive element pi ai + qi bi
in π1 (Pi ) is a pure rotation of angle 2π(pi /αi )].
There is also a topological interpretation in case the (αi , βi ) ∈ Z ⊕ Z, although
they may not be primitive. In this case, all the cone angles are of the form 2π/ni ,
where each ni is an integer. Any branched cover of M̄ which has branching index
ni around the i-th circle of M̄ − M has a non-singular hyperbolic structure induced
from M̄ .
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4.6. Dehn surgery on the figure-eight knot.
For each value of w in the region R of C shown on p. 4.10, the associated hyperbolic
structure on S 3 −K, where K is the figure-eight knot, has some Dehn surgery invariant
d(w) = ±(µ(w), λ(w)). The function d is a continuous map from R to the one-point
compactification R 2 / ± 1 of R 2 with vectors v identified to −v. Every primitive
element (p, q) of Z ⊕ Z which lies in the image d(R) describes a closed manifold
(S 3 − K)(p,q) which possesses a hyperbolic structure.
Actually, the map d can be lifted to a map d˜ : R → R̂ 2 , by using the fact that
the sign of a rotation of
(H 3 ^
− z-axis)
is well-defined. (See §4.4. The extra information actually comes from the orientation
of the z-axis determined by the direction in which the corners of tetrahedra wrap
˜
around it). d˜ is defined by the equation d(w)
= (µ, λ) where

4.18

µH̃(m) + λH̃ 2 (l) = (a rotation by +2π)
˜
In order to compute the image d(R),
we need first to express the generators l and
m for π1 (P ) in terms of the previous generators x and y on p. 4.11. Referring to
page 6, we see that a meridian which only intersects two two-cells can be constructed
in a small neighborhood of K. The only generator of π1 (L(v)) (see p. 4.11) which
intersects only two one-cells is ±y, so we may choose m = y. Here is a cheap way to
see what l is. The figure-eight knot can be arranged (passing through the point at
infinity) so that it is invariant by the map v 7→ −v of R̂ 3 = S 3 .

This map can be made an isometry of the complete hyperbolic structure constructed
for S 3 − K. (This can be seen directly; it also follows immediately from Mostow’s
Theorem, . . . ). This hyperbolic isometry induces an isometry of the Euclidean
structure on L(v) which takes m to m and l to −l. Hence, a geodesic representing l
must be orthogonal to a geodesic representing m, so from the diagram on the bottom
of p. 4.11 we deduce that the curve l = +x + 2y is a longitude. (Alternatively, it is
not hard to compute m and l directly).
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From p. 4.12, we have
4.6.1.

H(m) = w(1 − z)
H(l) = z 2 (1 − z)2

The behavior of the map d˜ near the boundary of R is not hard to determine.
For instance, when w is near the ray Im(w) = 0, Re(w) > 1, then z is near the ray
Im(z) = 0, Re(z) < 0. The arguments of H̃(m) and H̃(l)
are easily computed by
√
3
analytic continuation from the complete case w = z = −1 (when the arguments
are 0) to be
arg H̃(m) = 0 arg H̃(l) ≈ ±2π.
Consequently, (µ, λ) is near the line λ = +1. As w → 1 we see from the equation
z(1 − z) w(1 − w) = 1
that
|z|2 · |w| → 1
so (µ, λ) must approach the line µ+4λ = 0. Similarly, as w → +∞, then |z| |w|2 → 1,
so (µ, λ) must approach the line µ − 4λ = 0. Then the map d˜ extends continuously
to send the line segment
1, +∞
to the line segment

4.20

(−4, +1), (+4, +1).
There is an involution τ of the region R obtained by interchanging the solutions
z and w of the equation z(l − z) w(l − w) = 1. Note that this involution takes H(m)
˜ w) = −d(w).
˜
to 1/H(m) = H(−m) and H(l) to H(−l). Therefore d(τ
It follows that
˜
d extends continuously to send the line segment
−∞, 0
to the line segment
(+4, −1), (−4, −1).
When |w| is large and 0 < arg(w) < π/2, then |z| is small and
arg(z) ≈ π − 2 arg(w).
Thus arg H̃(m) ≈ arg w, arg H̃(l) ≈ 2π − 4 arg w so µ arg w + λ(2π − 4 arg w) = 2π.
By considering |H(m)| and |H(l)|, we have also µ − 4λ ≈ 0, so (µ, λ) ≈ (4, 1).
There is another involution σ of R which takes w to
1−w
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˜
˜
(and z to 1 − z). From 4.6.1 we conclude that if d(w)
= (µ, λ), then d(σw)
= (µ, −λ).
˜
With this information, we know the boundary behavior of d except when w or τ w is
near the ray r described by
Re(w) = 12 ,

Im(w) ≥

√

15
2

i.

The image of the two sides of this ray is not so neatly described, but it does not
represent a true boundary for the family of hyperbolic structures on S 3 − K, as w
crosses r from right to left, for instance, z crosses the real line in the interval (0, 12 ).
For a while, a hyperbolic structure can be constructed from the positively oriented
simplex determined by w and the negatively oriented simplex determined by z, by
cutting the z-simplex into pieces which are subtracted from the w-simplex to leave a
polyhedron P . P is then identified to give a hyperbolic structure for S 3 − K.
For this reason, we give only a rough sketch of the boundary behavior of d˜ near
r or τ (r):
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Since the image of d˜ in R̂ 2 does not contain the origin, and since d˜ sends a curve
winding once around the boundary of R to the curve abcd in R̂ 2 , it follows that the
˜
image of d(R)
contains the exterior of this curve.
In particular

4.22

Theorem 4.7. Every manifold obtained by Dehn surgery along the figure-eight
knot K has a hyperbolic structure, except the six manifolds:
(S 3 − K)(µ,λ) = (S 3 − K)(±µ,±λ)
where (µ, λ) is (1, 0), (0, 1), (1, 1), (2, 1), (3, 1) or (4, 1).
The equation
(S 3 − K)(α,β) = (S 3 − K(−α,β)
follows from the existence of an orientation reversing homeomorphism of S 3 − K.
I first became interested in studying these examples by the beautiful ideas of
Jørgensen (compare Jørgensen, “Compact three-manifolds of constant negative curvature fibering over the circle,” Annals 106 (1977) 61-72). He found the hyperbolic
structures corresponding to the ray µ = 0, λ > 1, and in particular, the integer and
half-integer (!) points along this ray, which determine discrete groups.
The statement of the theorem is meant to suggest, but not imply, the true fact
that the six exceptions do not have hyperbolic structures. Note that at least
S 3 = (S 3 − K)(1,0)
does not admit a hyperbolic structure (since π1 (S 3 ) is finite). We shall arrive at
an understanding of the other five exceptions by studying the way the hyperbolic
structures are degenerating as (µ, λ) tends to the line segment
(−4, 1), (4, 1).
4.8. Degeneration of hyperbolic structures.
Definition 4.8.1. A codimension-k foliation of an n-manifold M is a G-structure, on M, where G is the pseudogroup of local homeomorphisms of R n−k × R k which
have the local form
φ(x, y) = (f (x, y), g(y)).
In other words, G takes horizontal (n − k)-planes to horizontal (n − k)-planes.
These horizontal planes piece together in M as (n − k)-submanifolds, called the
leaves of the foliation. M, like a book without its cover, is a disjoint union of its
leaves.
For any pseudogroup H of local homeomorphisms of some k-manifold N k , the
notion of a codimension-k foliation can be refined:
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Definition 4.8.2. An H-foliation of a manifold M n is a G-structure for M n ,
where G is the pseudogroup of local homeomorphisms of R n−k × N k which have the
local form
φ(x, y) = (f (x, y), g(y))
with g ∈ H.
If H is the pseudogroup of local isometries of hyperbolic k-space, then an Hfoliation shall, naturally, be called a codimension-k hyperbolic foliation. A hyperbolic
foliation determines a hyperbolic structure for each k-manifold transverse to its leaves.
When w tends in the region R ⊂ C to a point R − [0, 1], the w-simplex and the
z-simplex are both flattening out, and in the limit they are flat:

4.24

If we regard these flat simplices as projections of nondegenerate simplices A and B
(with vertices deleted), this determines codimension-2 foliations on A and B, whose
leaves are preimages of points in the flat simplices:

4.25
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A and B glue together (in a unique way, given the combinatorial pattern) to
yield a hyperbolic foliation on S 3 − K. You should satisfy yourself that the gluing
consistency conditions for the hyperbolic foliation near an edge result as the limiting
case of the gluing conditions for the family of squashing hyperbolic structures.
The notation of the developing map extends in a straightforward way to the case
of an H-foliation on a manifold M, when H is the set of restrictions of a group J of
real analytic diffeomorphisms of N k ; it is a map
D : M̃ n → N k .
Note that D is not a local homeomorphism, but rather a local projection map, or a
submersion. The holonomy
H : π1 (M) → J
is defined, as before, by the equation
D ◦ Tα = H(α) ◦ D.
Here is the generalization of proposition 3.6 to H-foliations. For simplicity, assume
that the foliation is differentiable:
Proposition 4.8.1. If J is transitive and if the isotropy subgroups Jx are compact, then the developing map for any H-foliation F of a closed manifold M is a
fibration
D : M̃ n → N k .
Proof. Choose a plane field τ k transverse to F (so that τ is a complementary
subspace to the tangent space to the leaves of F , called T F, at each point). Let h
be an invariant Riemannian metric on N k and let g be any Riemannian metric on
M. Note that there is an upper bound K for the difference between the g-length of
a nonzero vector in τ and the k-length of its local projection to N k .
Define a horizontal path in M̃ to be any path whose tangent vector always lies
in τ . Let α : [0, 1] → N be any differentiable path, and let α̃0 be any point in
the preimage D−1 (α0 ). Consider the problem of lifting α to a horizontal path in M̃
beginning at α̃0 . Whenever this has been done for a closed interval (such as [0, 0]),
it can be obviously extended to an open neighborhood. When it has been done for
an open interval, the horizontal lift α̃ is a Cauchy path in M̃ , so it converges. Hence,
by “topological induction”, α has a (unique) global horizontal lift beginning at α̃0 .
Using horizontal lifts of the radii of disks in N, local trivializations for D : M̃ → N
are obtained, showing that D is a fibration.
Definition. An

H-foliation is complete if the developing map is a fibration.
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