
Math 970 Homework

Due: (Fill in the date!)

1. Show that if f :X → Y is a function, then the inverse image of subsets of Y satisfies:

(a) f−1(
⋃

i∈I

Ui) =
⋃

i∈I

f−1(Ui)

(b) f−1(
⋂

j∈J

Vj) =
⋂

j∈J

f−1(Vj)

(c) f−1(Y \ B) = X \ f−1(B)

2. With notation as in problem # 1, show, by contrast, that some of the corresponding
results for the image of subsets of X do not hold in general. Under what conditions
of the function f would each property that fails actually hold true?

3. Show that if f :(X, d) → (Y, d′) is a function between metric spaces which satisfies, for
some K ∈ R, d′(f(x), f(y)) ≤ K · d(x, y) for all x, y ∈ X , then f is continuous. In
particular, if f decreases distances, then f is continuous.

4. Show that the metrics d1 and d2 on R
n satisfy

d2(�x, �y) ≤ d1(�x, �y) ≤ n·max{|x1 − y1|, . . . |xn − yn|} ≤ n · d2(�x, �y)
Conclude that d1 and d2 give the same open sets for R

n .

5. Show that if (X, d) is a metric space, then (X, d̄), where
d̄(x, y) = min{d(x, y), 1}

is also a metric space, with the same open sets as (X, d) .
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