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EXAMPLE 14  Find the oblique asymptote for the graph of

2% -3
o) =557

Solution By long division, we find

2% -3
o) =55s

| 1 )
% = zx -8 + Sl §
7 49 49(7x + 4)

linear function g(x) remainder

As x — 100, the remainder, whose magnitude gives the vertical distance between thé
graphs of f and g, goes to zero, making the (slanted) line 1

=%~
FIGURE 2.41 The function in Example EWX) =3%¥ = 79
14 has an obligue asymptote.

an asymptote of the graph of f (Figure 2.41). The line ¥ = g(x) is an asymptote both to]
the right and to the left. In the next section you will see that the function f(x) grows]
arbitrarily large in absolute value as x approaches —4,/7, where the denominator becomes;
zero (Figure 2.41). L}

 EXERCISES 2.4

. Which of the following statements about the function y = f(x) . lim |, f(x) = 1 b. lim f(x) does not exist.
: x——1 x—>2
graphed here are true, and which are false?

. lim f(x) =2 d. lim f(x) =2
y x—2 x—1
L lir111+ fx) =1 f. lim1 f(x) does not exist.
x— x>
. lim f(x) = Lim_ f(x)
x—0* x—0
. lim f(x) exists at every c in the open interval (—1,1).
X—>c
L. lim f(x) exists at every c in the open interval (1, 3).
. . X—c
- Aim fG) =1 - lim f(x) =0 - lim_f(x) =0 k. lim, f(x) does not exist.
. lim f(x) = 1 d. lim f(x) = lim f(x) ¥ *
x—0 x—0 x—0*
. xh_r)rb f(x) exists f. xh_rﬂ) fx)=0 . Let f(x) = Eol e,
. lim f(x) =1 h. lim f(x) =1 2 ’ )
x—0 x—1
i Iim f(x) = 0 jo lim f(x) =2
x—1 x—2
k. lirn1 _ f(x) does not exist. 1 1in21+ fx) =0
X—>— x—>

. Which of the following statements about the function y = f(x) \3
graphed here are true, and which are false?

y

3—x x<2

y =5

a. Find lim,—y+ f(x) and lim,—o- f(x).
b. Does lim,—.; f(x) exist? If so, what is it? If not, why not?
¢. Find lim,—4- f(x) and lim,—4+ f(x).

d. Does lim,—.4 f(x) exist? If so, what is it? If not, why not?




V 5. Let f(x) =

- o v

3_x’ x<2
e _J2, x=2
4. Let f(x) =
%’ x> 2.
y
y=3x_
3
- °
X
- y 2
1 1 I 1 | I
20 2 *

a. Find limx—>2+ f(x), limx—>2' f(x) ) and f(z)'
b. Does lim,—y f(x) exist? If so, what is it? If not, why not?

¢. Find limy—-- f(x) and lim;—_;+ f(x).
d. Does lim,—_; f(x) exist? If so, what is it? If not, why not?

0, x=0

sinl x> 0.

X
y
it

5 x
0, x=<0

Y=1.1
sing, x>0

-1+

" a. Does lim, ¢+ f(x) exist? If so, what s it? If not, why not?

b. Does lim, .- f(x) exist? If so, what is it? If not, why not?
¢. Does lim, ¢ f(x) exist? If so, what is it? If not, why not?

. Letg(x) = \/);sin(l/x).
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a. Does lim,—.g+ g(x) exist? If so, what is it? If not, why not?
b. Does lim,—.¢- g(x) exist? If so, what is it? If not, why not?
¢. Does lim,—.q g(x) exist? If so, what is it? If not, hwhy not?
7. a. Graph f(x) = {X3’ x#1
0, x =1
b. Find lim,1- f(x) and lim,—+ f(x).
¢. Does lim,; f(x) exist? If so, what is it? If not, why not? |
2 i
8. a. Graph f(x) = {;, i ;‘ i i ;
b. Find lim,—+ f(x) and lim,—- f(x). '
¢. Does lim,—,; f(x) exist? If so, what is it‘? If not, why not?
Graph the functions in Exercises 9 and 10. Then answer these questions.
a. What are the domain and range of f?
b. At what points c, if any, does lim,_, f(x) exist?
¢. At what points does only the lefi-hand limit exist?
d. At what points does only the right-hand limit exist? |

V1I-x% 0=sx<1

9 flx) =<1, l=x<2
2, x = il
x, —-1=x<0, or 0<x=1 L
10. f(x) =41, x=0
0, x<-1 or x>1 ‘g

Find the limits in Exercises 11-18.
. x+ 2 . x— 1 i
. lim Y+ 12. I3
. X 2x + 5 L
13. xllﬂiz*‘(x + 1) x2 + x) i
6

. 1 x + 3—-x
o ) (55

Vi +4h+5- /5 i
h

15. lim
h—0"
. Ve—- VSR + 11k + 6
16. lim
h—0" h

[x + 2| ) [x + 2] i
b. hmz_(x + 3) 1
x—>—

17. a. lim (x + 3)
x—-27

x+2 x+2 |
_ Vaax(x-1) VG -1) it
18. a. lim ———— b. lim ———— |!
=1t |x — 1] =17 |x — 1|
Use the graph of the greatest integer function y = | x |, Figure 1.9 in N
Section 1.1, to help you find the limits in Exercises 19 and 20.
- 0 0
19. a. lim —L—J b. lim u
o3+ 0 0—>3- 0

20. a. lim (¢~ |¢]) b lim (¢ ~ |¢])

Find the limits in Exercises 21-36.

. . |
2. fim S2Y20 22. 1im 828 (4 constant) I
6—0 /29 =0 !
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lim SB35 24. i
L " 0~ sin 3k

tan 2x 2t

25. lim X 26. lim ——

x>0
X csc 2x

. : 2
27. }—HR) oS 5% 28. xl_li% 6x*(cotx)(csc 2x)

. ox+ _x*—x +si
29, lim XXX 30, lim T —X T SInx

x—0 sinxcosx x—0 2x

in(1 — cost in (sin
31. lim iu 32. lim SLDM
=0 1 — cost h—0 Sinh
sin 6 . sin5x

33. 911—13; sin 20 34. xl—lrf}) sin 4x

sin 3y cot 5
35, lim 203X 36. lim —2 0¥

+—0 sin 8x y—0 ycotdy

In Exercises 37-42, find the limit of each function (a) as x — 00 and
(b) as x—> —00. (You may wish to visualize your answer with a
graphing calculqtor or computer.)

3. f)==-13

1
2+ (1/x)
=5+ (7/x)
3-(1/x%
Find the limits in Exercises 43—50.

43. lim SN2 44,

x—00 f——00 39

39. g(x) =

41. h(x) =

. 2—t+sint ¥+ sinr
. - 46. lim ———F——
45 ,_IPPOO t+ cost 6 60 2r + 7 — Ssinr

47. lim e sinx 48. lim e cos™! (%)
x— 0 X=—>—00

1 2 —x
g-e” 50. lim —X €

49, lim RPN
x—=00 gin (1/x) — 2x

- e + e

In Exercises 51-60, find the limit of each rational function (a) as
x— 00 and (b) as x = — 00,

2x + 3 23+ 7

LI =557 B -x+x+7
x + 1 3x + 7
54. ==
%2+ 3 ) -2
7%} 1
x3 ~3x% + 6x % —4x+1
10x° + x* + 31 9t + x
57. ==
&) x® 2t +5x2 - x4+ 6
_x4
o+ 249

52. f(x) =
53. f(x) =

55. h(x) = 56. g(x) =

58. A(x) =

2% -2 +3
h(x) = 5=
3x3 + 3x% — 5x

59. 60. A(x) =
The process by which we determine limits of rational functions
applies equally well to ratios containing noninteger or negative
powers of x: divide numerator and denominator by the highest
power of x in the denominator and proceed from there. Find the lim-
its in Exercises 61-66.

2Vx + x71

x_l{ng x—17

Vs — \5/‘
.l 64. i
x—)rzloo '\/- + '\/_ xi)ngo X
% — x4 g Vx-5x+3
. lim —————— 66. lim PR
X000 185 4 304 \/y x—>-°°2.x+x/—4
. Once you know lim,—.+ f(x) and lim,—4 f(x) at an interior po o
of the domain of f, do you then know lim,—, f(x)? Give reasc
for your answer. 4

62. lim 2 Vx
x—00 9 - \/;
x4+ 4

-2 _ x—3

. If you know that lim,—. f(x) exists, can you find its value by c 1
culating lim; .+ f(x)? Give reasons for your answer. 3

. Suppose that f is an odd function of x. Does knowmg %
lim,—g+ f(x) = 3 tell you anything about lim,—.o- f(x)? lee reg
sons for your answer. v

- Suppose that f is an even function of x. Does knowing th
lim, - f(x} = 7 tell you anything about either lim,—._,- f(x) i
lim,—,_+ f(x)? Give reasons for your answer. )

. Suppose that f(x) and g(x) are polynomials in x and ,.
lim,co (f(x)/g(x)) = 2. Can you conclude anything abo
lim,— o0 (f(x)/. g(x))? Give reasons for your answer.

. Suppose that f(x) and g(x) are polynomials in x. Can the graph 0
f(x)/g(x) have an asymptote if g(x) is never zero? Give reasons 1ol
your answer. 1

73. How many horizontal asymptotes can the graph of a given ratlon
function have? Give reasons for your answer. j

74. Find hm (\/x +x— Val- x).

Use the formal definitions of limits as x — +00 to establish the l1m1
in Exercises 75 and 76. 4
75. If f has the constant value f(x) = k, then lim f&x) = k.

x>

76. If f has the constant value f(x) = &, then hm flx) = k.

77. Given € > 0, find an interval I = (5, 5 + 6) 6 > 0, such that if
x lies in /, then Vx — 5 < €. What limit is being verified an
what is its value? :

. Given€ > 0, find an interval I = (4 — §,4),8 > 0, such thatl

x lies in I, then V4 — x < e. What limit is being verified a.n
what is its value? i

Use the definitions of right-hand and left-hand limits to prove the Tim

statements in Exercises 79 and 80.

79. lim % = -1 80. lim =2 |
x—0" Ix[ x—2* ]x - 2‘

81. Greatest integer function Find (a) lim, 4+ | x| and (b}
limy—400- | x | ; then use limit definitions to verify your finding
(¢) Based on your conclusions in parts (a) and (b), can anything b b
said about lim,—.4q0| x | ? Give reasons for your answers.

x*sin(l/x), x<0

82. One-sided limits Let f(x) = {
X, x> 0.

Find (a) lim,—¢+ f(x) and (b) lim,—q- f(x); then use limit definitions w
verify your findings. (c) Based on your conclusions in parts (a) and (b3
can anything be said about lim,—.o f(x)? Give reasons for your answer]
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es a change of variable can char.lge an unfam.iliar expression 8 i 3x + 4 6 1 1\*
e whose limit we know how to find, suc.h as in Example 1'1, S. x_l)f}:loo 7% — 5 86. xl{lgo X
here we substituted 7 =1 /x when finding a limit as x —00. This 5 .
ogests a creative way to “see” limits at in.finity. Describe the proce- 87. Iimoo (3 + ;) (cos }-) -
4and use it to picture and determine limits in Exercises 83-88. o
T .1 84. lim M_ " 88. lim <% — cos %) (1 + sin %)
;xllglooxsm X r——00 1 + (l/x) x>0\ x

Infinite Limits and Vertical Asymptotes

In this section we extend the concept of limit to infinite limits, which are not limits as be-
fore, but rather an entirely new use of the term limit. Infinite limits provide useful symbols

) and language for describing the behavior of functions whose values become arbitrarily
;O;Oia?vfs: ;; high  Jarge. We continue our analysis of graphs of rational functions from the last section, using

taking x close enough  Vertical asymptotes for numerically large values of x.
to 0. No matter how . . . .
high B s, the graph Infinite Limits

Let us look again at the function f(x) = 1/x. As x — 0%, the values of f grow without
bound, eventually reaching and surpassing every positive real number. That is, given any
positive real number B, however large, the values of f become larger still (Figure 2.42).
*  Thus, f has no limit as x — 0™. It is nevertheless convenient to describe the behavior of f

No matter how by saying that f(x) approaches 0o as x — 0. We write
low —B is, the

graph goes lower.

. . 1
lim f(x) = lim - = oo
. X .
You can get as low as| ¢ —B x—0" x—0"
u want by taking
close enough to 0.

In writing this, we are not saying that the limit exists. Nor are we saying that there is a real
number 0, for there is no such number. Rather, we are saying that lim,_.q+ (1/x) does not
: e exist because 1/x becomes arbitrarily large and positive as x — Q™.

HGURE 2.42 One-sided infinite limits:

! ) As x— 07, the values of f(x) = 1/x become arbitrarily large and negative. Given any
h”}} ¥ = and Jim 3 = ~o0 negative real number —B, the values of f eventually lie below —B. (See Figure 2.42.) We write
. .1
1 = lim - = —o0,
A0S0 = Jim
y Again, we are not saying that the limit exists and equals the number — o0, There is no real

number 00 . We are describing the behavior of a function whose limit as x — 0~ does not

exist because its values become arbitrarily large and negative.

EXAMPLE 1 Find lim — —~ and lim
x—itx — 1 x—1"X —

Geometric Solution  The graph of y = 1/(x — 1) is the graph of y = 1 /x shifted 1 unit

to the right (Figure 2.43). Therefore, y = 1/(x — 1) behaves near 1 exactly the way
»y = 1/x behaves near 0:

lim —— =00  and  Iim = —0,
x—1Tx — 1 x—1" X — 1

Analytic Solution  Think about the number x — 1 and its reciprocal. As x — 17, we have

(x—=1)—0" and 1/(x—1)—>00. As x— 1", we have (x—1)—0" and
FIGURE 2.43 Near x = 1, the function 1/(x —1)—> —00. n
- V= 1/(x - 1) behaves the way the

- function y = 1/x behaves nearx = 0. 1ts EXAMPLE 2 Discuss the behavior of

- &raphis the graph of y = 1 /y shifted 1 =1 =
unit to the right (Exa:xple 1; flx) = 2 bear  x=0




