hat

ind

nt:

1in 1

[y

the ,

XERCISES 2.2

2.2 Limit of a Function and Limit Laws 71

For the function g(x) graphed here, find the following limits or
explain why they do not exist.

b. lim g(x)
x—2

s Jim g() c. lim g(x)

. For the function () graphed here, find the following limits or ex-

plain why they do not exist.

a. tlifllz f(2) b. ;13391 f@® c. th—% §10)

s=f0
A, A1 1 t
o\ -1 0 1

. Which of the following statements about the function y = f(x)

graphed here are true, and which are false?
a. lin}) flx) exists.
X—>
b. lim f(x) = 0.
x—0
¢. lim f(x) = 1.
x—0
d. lirn1 flx) = 1.
x—
e. lirr% fx) =0.
x>
f. lim f(x) exists at every point xy in (—1, 1).
XXy

- Which of the following statements about the function y = f(x)

graphed here are true, and which are false?
a. xll_I}lz f(x) does not exist.
b. li =

lim f(x) = 2.

c. lim1 f(x) does not exist.
x—

d. lm f(x) exists at every point xgin (—1, 1).
X—>xy

e. lim f(x) exists at every point x4 in (1, 3).

X—*Xxo

y=fx®

In Exercises 5 and 6, explain why the limits do not exist.

5.

7.

10.

lim = 6. lim
x—0 [x I x> X — 1
Suppose that a function f(x) is defined for all real values of x ex-

cept x = xp. Can anything be said about the existence of
lim,—,, f(x)? Give reasons for your answer.

. Suppose that a function f(x) is defined for all x in [—1, 1]. Can

anything be said about the existence of lim,—.¢ f(x)? Give rea-
sons for your answer.

. If limy—, f(x) = 5, must f be defined at x = 17 If it is, must

f(1) = 57 Can we conclude anything about the values of f at
x = 1? Explain.

If f(1) =5, must lim,—; f(x) exist? If it does, then must
lim,—1 f(x) = 5? Can we conclude anything about lim,—.; f(x)?
Explain.

Find the limits in Exercises 11-28.

11. lim (2x + 5) 12. lim (10 — 3x)
x——=7 x—12
13. limz(—xz + 5x — 2) 14. 1im2(x3 —2x2 + 4x + 8)
x—> x>
. L - - 16. lim 3s(2s —
15 ;h—rfé 8(t =5t —17) sllgl/?, s(2s — 1)
x+3 .
17'}En>2x+6 18.}1_r315x_7
2 +2
19. lim <> 20, lim >
y=>=55—y yr>2y“+5+6
21. lim 3(2x — 1) 22. Lim (x + 3)1%%
x——1 x—>—4
23. lim (5 — y)*? 24. lim (2z — 8)!/3
y—3 z—0

25.

27.

. 3 . 5

lim —————— 26. lim ———

P03+ 1+ 1 A=>0\/5h+4 4+ 2
Vin+1-1 V5h+4-2

e O
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Find the limits in Exercises 29—46.
5

29, lim —— 30.

=5 x2 ~ 25
x2+3x— 10

31. lim ———————— 32.

x—>—5 x+5
2+r—2

33. lim ——— 34.

=1 12—
2w —4

35 I
x-in—IZ x3 + 22

36. 1

m x+ 3
x—>-3 x2 +4x + 3
¥ = Ix+ 10

x—2

2+ 342
11m2_*
==l — =2

59° + 8y?

M a_ 1c2
y=0 3y 16y

1’ — 8

lim

x—>2

37. 1 38. lim

39. lim ———— 40.

41. lim ————— 42,

Vxi+12 -4

43. lim ———F—— 44,

x—2
2-Vxt-5

x—2

45. lim ~————— 46.

x+3

x—>~3

Find the limits in Exercises 47—54.

47. lim (2sinx — 1) 48.
x—0

49. lin}) sec x 50.

x>

1 +x+ sinx

51 lim ———F—— 52.

=0 3cosx

53. lirr}) Vx + 1cosPx 54,

x>

55. Suppose lim,—p f(x) =1 and

v—2 vt — 16

. 4x — x?
lim ———

=42 — Vi
Vx2+8 -3

x+1

x—~1

lim x+2
22V/x2+5 -3
lim _.Q__
=45 - Va2 49
lim sin®x

x—0

lim tanx

x>

lin}) (x? = )2 — cosx)
x>

lin}) V1 + cos?x

X

lim, o g(x) = —5. Name the

rules in Theorem 1 that are used to accomplish steps (a), (b), and

(c) of the following calculation.

2f(x) — gl Im Q) ~ g ()

550 (fGx) + TP

lim (f(x) + 723

(a)

lim 2f(x) — lim g(x)
x—0 x—0

(lim (76 + 7))

_ 2}1_% fx) — )}l_rg})g(x)

li + lim 7)%*
(liy 169 + Jim7)

_ o) - (=5) _
(1+ 7)%3

7
4

56. Let lim—; A(x) = 5, limy—; p(x) = 1, and limes; #(x) = 2.
Name the rules in Theorem 1 that are used to accomplish steps
(), (b), and (c) of the following calculation.

V' 5h(x)

lim1 V 5h(x)

P = ) i (o9 = 707

\/ lirr= Sh(x)

(zim p))(lim*(4 ~ r9))

\ /SxIE_r’n1 h(x)
(fim o) iy 4 =l o)
_VOe s
(4 -2) 2
. Suppose lim, . f(x) = 5 and lim,—,. g(x) = —2. Find
a. lim f(x)g(x) b. lim 2f (x)g(x)
. fx)
AT
. Suppose lim, 4 f(x) = 0 and lim,—.4 g(x) = —3. Find
a. XII—IB; (g(x) + 3) b. xli_raxf(x)

© mGer e gm0

x—

c. li_rpc (f(x) + 3g(x))

. Suppose lim,; f(x) = 7 and lim,—,, g(x) = —3. Find
a, }i_rg},(f(x) + g(x) b. lim fx)-g(x)
¢. lim 4g(x) d. lim f(x)/g(x)

. Suppose that lim;——, p(x) = 4, lim,—— 7(x) = 0, and
lim,—,—5 s(x) = —3. Find
a. xirgz (p(x) + r{x) + s(x))
b. x£n32 p(x) - r(x) - s(x)
c. JCE’m_2(—4p(x) + 5r(x))/s(x)

Because of their connection with secant lines, tangents, and instanta- !
neous rates, limits of the form "
. fx+h) - fx)
m =" S

1
h1—>0 h

occur frequently in calculus. In Exercises 61-66, evaluate this Jimit

for the given value of x and function f. 4

6. f(x) =x% x=1 62. f(x) =x% x=-2

63. f(x)=3x—4, x=2 64. f(x) = 1/x, x= -2

65. f(x) = Vx, x=7 66. f(x) = V3x+1, x=0

67. If V5 — 2% =< f(x) = V5 — x2for—1 < x = 1, find
limx—->0 f(x) .

68. If2 — x* = g(x) = 2 cosx for all x, find lim, o g(x).

69. a. It can be shown that the inequalities

2 .
x xsinx
1 6 < 2 —~2cosx ;
hold for all values of x close to zero. What, if anything, does ;
this tell you about
lim —> sinx
x—0 2 — 2cosx’

Give reasons for your answer.




,ﬂb Graphy =1 = (x%/6), y = (xsinx)/(2 — 2 cosx), and
= 1 together for -2 = x = 2. Comment on the behavior of

y
the graphs as x —0.
70. a. Suppose that the inequalities
1 x 1 —cosx _1
£} — <z
2 24 %2 2

hold for values of x close to zero. (They do, as you will see in
Section 8.9.) What, if anything, does this tell you about

1 —cosx

?
2

lim

x—0 X
Give reasons for your answer.

Graph the equatlons y = (1/2) — (x¥/24),
y=(1- cosx)/x?,and y = 1/2 together for -2 < x < 2.
Comment on the behavior of the graphs as x — 0.

He.

You will find a graphing calculator useful for Exercises 71-80.

71. Let f(x) = (x* — 9)/(x + 3).
a. Make a table of the values of f at the points x = —3.1,
—3.01, —3.001, and so on as far as your calculator can go.
Then estimate lim,——3 f(x). What estimate do you arrive at if
you evaluate fatx = —2.9, —2.99, —2.999, ... instead?

b. Support your conclusions in part (a) by graphing f near
xo = —3 and using Zoom and Trace to estimate y-values on
the graph as x — —3.

¢. Find lim,—._3 f(x) algebraically, as in Example 7.
72. Letg(x) = (x2 — 2)/(x — \/5).

a. Make a table of the values of g at the points x = 1.4, 1.41,
1.414, and so on through successive decimal approximations

anta- | of \/2. Estimate lim, /3 g(x).

b. Support your conclusion in part (a) by graphing g near

xp = V2 and using Zoom and Trace to estimate y-values on
. the graph as x — V2.
limit c. Find lim,+/ g(x) algebraically.
73. Let G(x) = (x + 6)/(x* + 4x — 12).
a. Make a table of the values of Gat x = —5.9, —5.99, —5.999,
; and so on. Then estimate lim,—._¢ G(x). What estimate do

) 2= you arrive at if you evaluate Gat x = —6.1, —6.01,

—6.001,...
b.  Support your conclusions in part (a) by graphing G and using
Zoom and Trace to estimate y-values on the graph as x — —6.
¢. Find lim,—,_¢ G(x) algebraically.
74. Let h(x) = 2x — 3)/(x® — 4x + 3).

instead?

(* -

1 a. Make a table of the values of 4 at x = 2.9,2.99,2.999, and so
s | on. Then estimate lim,—.3 4(x). What estimate do you arrive
: atif you evaluate 4 at x = 3.1,3.01,3.001,...

b. Support your conclusions in part (a) by graphing 4 near
%o = 3 and using Zoom and Trace to estimate y-values on the
graph as x — 3.

instead?

75.

76.

77.

78.

79.

80.

81.

82.

2.2 Limit of a Function and Limit Laws 73

¢. Find lim,.3 h(x) algebraically.
Let f(x) = (x* — 1)/(|x| - 1).

a. Make tables of the values of f at values of x that approach
xo = —1 from above and below. Then estimate lim,—,—; f(x).

b. Support your conclusion in part (a) by graphing f near
xp = —1 and using Zoom and Trace to estimate y-values on
the graph as x — —1.

c. Find lim, ._; f(x) algebraically.
Let F(x) = (x? + 3x + 2)/(2 — |x]).

a. Make tables of values of F at values of x that approach
xo = —2 from above and below. Then estimate lim,—,—; F(x).

b. Support your conclusion in part (a) by graphing F near
x9 = —2 and using Zoom and Trace to estimate y-values on
the graph as x — —2.

c¢. Find lim,._, F(x) algebraically.

Let g(8) = (sin6)/6.

a. Make a table of the values of g at values of 6 that approach
6 = 0 from above and below. Then estimate limg—o g(6).

b. Support your conclusion in part (a) by graphing g near
00 = 0.
Let G(t) = (1 — cost)/t2.

a. Make tables of values of G at values of # that approach ¢ =
from above and below. Then estimate lim,—o G(z).

|
o

b. Support your conclusion in part (a) by graphing G near
t = 0.
Let f(x) = x/09,
a. Make tables of values of f at values of x that approach xy = 1

from above and below. Does f appear to have a limit as
x — 1 ? If so, what is it? If not, why not?

b. Support your conclusions in part (a) by graphing f near
X = 1.

Let f(x) = (3* — 1)/x.

a. Make tables of values of f at values of x that approach x,

from above and below. Does f appear to have a limit as
x — 07 If so, what is it? If not, why not?

1l
=]

b. Support your conclusions in part (a) by graphing f near

Xp = 0.
If x* =< f(x) < x? for x in [~1,1] and x% = f(x) = x* for
x < —1 and x > 1, at what points ¢ do you automatically know
lim,—,. f(x}? What can you say about the value of the limit at
these points?

Suppose that g(x) < f(x) = h(x) for all x # 2 and suppose that
lim g(x) = lim A(x) = —
x—2 x—2

Can we conclude anything about the values of f, g, and h at
x = 27 Could f(2) = 0? Could lim,—, f(x) = 0? Give reasons
for your answers.
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-5 . a. = x2 3 i i —> i
83. If lim fx) = 1, find lim f(x), 88. a Qraph h(x). - x” cos (1/x°) to estimate lim,—g A(x), zoomig
x4 X — 2 x—4 in on the origin as necessary.
b. Confirm your estimate in part (a) with a.proof,
84. Ifhmz(z—)=lf1nd Y part (2) P
2 x 1) COMPUTER EXPLORATIONS
a. lim f (x) b. xl—i»—z In Exercises 89-94, use a CAS to perform the following steps:
x)—5 a. Plot the function near the point xo being approached.
85, a. If fm 22> _ 3 find lim /(x). pout o being app
=2 X — 2 x—2 b. From your plot guess the value of the limit.
. fx) -5 . x*-16 X —x?—5x -3
b. If lim —=——= = 4, find lim f(x). 89. lim ~———= N Ty
3 _ 2 _
86. If lim 22 = 1, find o1. lim VL tx¥—1 92. lim —2?
x=0 x f( ) x—0 =3 \/y2 4 7 —~ 4
X 4
a. lim f(x) b. lim .1 —cosx o 3
x=0 = 93. xh_r}}) xsinx 94. xlgl}) 3 —3cosx

87. a. Graph g(x) = xsin(1/x) to estimate lim,—o g(x), zooming
in on the origin as necessary.

b. Confirm your estimate in part (a) with a proof.

| 23 The Precise Definition of a Limit

We now turn our attention to the precise definition of a limit. We replace vague phrases
like “gets arbitrarily close to” in the informal definition with specific conditions that cz ',.
be applied to any particular example. With a precise definition, we can prove the limi
properties given in the preceding section and establish many important limits. 4
To show that the limit of f(x) as x — xo equals the number L, we need to show that the§
gap between f(x) and L can be made “as small as we choose” if x is kept “close enough” to
xo. Let us see what this would require if we specified the size of the gap between f(x) and L3

EXAMPLE 1 Consider the function y = 2x — 1 near xo = 4. Intuitively it is clear that

y y is close to 7 when x is close to 4, so lim,—4(2x — 1) = 7. However, how close t
y=2x-1 Xo = 4 does x have to be so that y = 2x — 1 differs from 7 by, say, less than 2 units?
i Upper bound: -
! y=9 Solution ~We are asked: For what values of x is |y — 7| < 2? To find the answer we
| 9 - 3
To sty | _ first express |y — 7| in terms of x:
; wis 7P y=7l=1@x - 1) = 7| =|2x - 8]
5 :
! ) Lower bound: The question then becomes: what values of x satisfy the inequality |2x — 8] <27 To
Vs 5 find out, we solve the inequality: 1
L
7 ol x |2x — 8] <2
} 243 2<% -8<2
Restrict
to this 6 <2x <10
3I<x<S5

FIGURE 2.15 Keeping x within 1 unit of
xo = 4 will keep y within 2 units of ‘
Yo = 7 (Example 1). Keeping x within 1 unit of xo = 4 will keep y within 2 units of yo = 7 (Figure 2.15).

-1<x-4<1.




