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EXERCISES 1.4

1.4 Exponential Functions 35

annual interest rate expressed as a decimal), and ¢ is time in years. To predict the amount in
the account in 2004, after four years have elapsed, we take ¢+ = 4 and calculate

y(4) = 100 80'055(4)
100 e0.22

= 124.61. Nearest cent using calculator

This compares with $123.88 in the account when the interest is compounded annually
from Example 1. [

EXAMPLE 4  Laboratory experiments indicate that some atoms emit a part of their
mass as radiation, with the remainder of the atom re-forming to make an atom of some
new element. For example, radioactive carbon-14 decays into nitrogen; radium eventually
decays into lead. If y is the number of radioactive nuclei present at time zero, the number
still present at any later time ¢ will be

y=ye ", r > 0.

The number r is called the decay rate of the radioactive substance. (We will see how this
formula is obtained in Section 6.5.) For carbon-14, the decay rate has been determined ex-
perimentally to be about » = 1.2 X 10~* when ¢ is measured in years. Predict the percent
of carbon-14 present after 866 years have elapsed.

Solution  If we start with an amount yg of carbon-14 nuclei, after 866 years we are left
with the amount

W(866) = yq £ (~12X107)(866)
~ (0.901)y0. Calculator evaluation

That is, after 866 years, we are left with about 90% of the original amount of carbon-14, so
about 10% of the original nuclei have decayed. In Example 6 in the next section, you will
see how to find the number of years required for half of the radioactive nuclei present in a
sample to decay (called the Aalf-life of the substance). [ ]

You may wonder why we use the family of functions y = e* for different values of the con-
stant k instead of the general exponential functions y = a*. In the next section, we show
that the exponential function a* is equal to e for an appropriate value of k. So the formula
y = e covers the entire range of possibilities, and we will see that it is easier to use.

In Exercises 1-6, sketch the given curves together in the appropriate In each of Exercises 7-10, sketch the shifted exponential curves.
coordinate plane and label each curve with its equation.

Ly=2y=4y=37%y= (/55
Ly=3y=8y=27%y=(1/4"
3.y=2"%andy = —2 4, y=3T"andy = -3
S.y=¢"andy = 1/e* . 6. y=—e*andy = —¢

7.y=2~-landy =27 -1
8. y=3+2andy=37+2
9. y=1—-—¢e’andy=1—¢7*
10. y=—1—-¢€fandy = -1 — ¢~
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36 Chapter 1: Functions

Use the laws of exponents to simplify the expressions in Exercises
11-20.

11. 16*-167'7 12, 9'3.91/6
.442 35/3
13. Zﬁ 14. W
15. (25'8)° 16. (13V2)V22
17. 2V3.7V3 18. (V3)"2-(V12)"2

3

2 \* Ve \?
19. {—= 20, | —

V2 ,
Find the domain and range for each of the functions in Exercises

21-24.

2. 1) = J: . 22. g(t) = cos(e™)

23. g(f) = V1 + 37 M. f6) =
il -4

In Exercises 25-28, use graphs to find approximate solutions.

2x

26. ¢ = 4
28. 3 — 27 =

25,2 =5
27.3-05=0

In Exercises 29-36, use an exponential model and a graphing calcula-
tor to estimate the answer in each problem.

29. Population growth The population of Knoxville is 500,000 and
is increasing at the rate of 3.75% each year. Approximately when
will the population reach 1 million?

30. Population growth The population of Silver Run in the year
1890 was 6250. Assume the population increased at a rate of
2.75% per year.

1.5

31.

32.
33.
34.
35,

36.

Inverse Functions and Logarithms

a. Estimate the population in 1915 and 1940.

b. Approximately when did the population reach 50,0007

Radioactive decay The half-life of phosphorus-32 is about ]

14 days. There are 6.6 grams present initially. 4

a. Express the amount of phosphorus-32 remaining as a function 1
of time 7. ]

b. When will there be 1 gram remaining?

If John invests $2300 in a savings account with a 6% interest rate ;
compounded annually, how long will it take until John’s account }
has a balance of $4150? » ;
Doubling your money Determine how much time is required ~
for an investment to double in value if interest is earned at the rate
of 6.25% compounded annually. ;
Tripling your money Determine how much time is required for
an investment to triple in value if interest is earned at the rate of }
5.75% compounded continuously.
Cholera bacteria Suppose that a colony of bacteria starts with }
1 bacterium and doubles in number every half hour. How many }
bacteria will the colony contain at the end of 24 hr? ;
Eliminating a disease Suppose that in any given year the num-
ber of cases of a disease is reduced by 20%. If there are 10,000 9
cases today, how many years will it take ;
a. to reduce the number of cases to 1000?

b. to eliminate the disease; that is, to reduce the number of cases 1
to less than 1? '

A function that undoes, or inverts, the effect of a function f is called the inverse of f. [ ]

Many common functions, though not all, are paired with an inverse. In this section we |
present the natural logarithmic function y = In x as the inverse of the exponential function
y = €%, and we also give examples of several inverse trigonometric functions.

One-to-One Functions

A function is a rule for which each value from its range is the output for at least one ele- ]
ment in its domain. Some functions assign the same range value to more than one element

in the domain. The function f(x) = x? assigns the same value, 1, to both of the numbers 1 ]

—1 and +1; the sines of /3 and 27/3 are both V/3/2. Other functions assume no value |
in their range more than once. The square roots and cubes of different numbers are always




