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O[X]

Recall we've seen d, : m;/m2 — OF is an isomorphism of vector spaces.

Consider ¢[X] = {gp : X — H O () € @;’;} :

reX

For every regular function f, there is a linear form d, f on ©,. Thus we
have df € ®[X] satisfying (df)(x) = d,f.
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Regular Differential 1-forms

An element ¢ € ®[X] is a regular differential form if each x € X has a
neighborhood U such that o[y in the k[U]-module ®[U] is generated by
elements of the form df, with f € k[U].

That is, there are f1,..., fim, 91, -.,9m € k[U] such that

olv=>_ gidf;. (1)
i=1

We denote the k[X]-module of all regular differential forms on X as
Q[X].
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Rules of Derivation

The map d : k[X] — Q[X] follows these two rules:

d(f+g) =df +dg d(fg) = fdg + gdf. (2)
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Rules of Derivation

The map d : k[X] — Q[X] follows these two rules:

d(f+g) =df +dg d(fg) = fdg + gdf. (2)

Therefore, for F' € k[X1,...,X,] and z1,..., 2, € k[X], we have
d(F(x1,...,2n)) = Y Fx,(a1,...,2,)dz;. (3)
i=1

To prove this, one can use (2) to prove d(z™) = mz™ 'dz by induction
on m. Then one can induct on n.
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Example: Q[A"]

Since the differentials d;t1,...,d.t, form a basis on the vector space
©F for any x € A", any element ¢ € ®[A"] can be written uniquely of
the form ¢ = > | ¢;dt; for k-valued functions ;.

If ¢ € Q[A"], then ¢ has a form of Y ", g;df; in a neighborhood of any
z. Applying rule (3) to fi, we get o = >_I" | h;dt; for h; € O,. Since
this expression is unique, the ; must be regular at every z € X and so
Y; € k[A™]. Thus

Q[A"] = €D k[A™dt;.
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Canonical Divisor of a Plane Curve

Let C C P? be a plane curve, and let w € Q[C]. We will define ord, (w)
as follows:

Let t € O, be a uniformizing parameter (ord,(¢) = 1). So {d,t} is a
basis for ©F. There is an f € k(C) such that w = fdt. Then
ord;(w) := ord,(f).
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Canonical Divisor of a Plane Curve

Let C C P? be a plane curve, and let w € Q[C]. We will define ord, (w)
as follows:

Let t € O, be a uniformizing parameter (ord,(¢) = 1). So {d,t} is a
basis for ©F. There is an f € k(C) such that w = fdt. Then
ord; (w) := ord;(f). To see this is well-defined, choose another

uniformizing parameter u. Then there is an h € k(C') such that
d;t = hd,u where ord,(h) = 0.
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Canonical Divisor of a Plane Curve

Let C C P? be a plane curve, and let w € Q[C]. We will define ord, (w)
as follows:

Let t € O, be a uniformizing parameter (ord,(¢) = 1). So {d,t} is a
basis for ©F. There is an f € k(C) such that w = fdt. Then
ord; (w) := ord;(f). To see this is well-defined, choose another

uniformizing parameter u. Then there is an h € k(C') such that
d;t = hd,u where ord,(h) = 0.

Can be rewritten ord,;(w) = —ord, (dt/w).

Define div(w) = ) .y ord,(w)x.
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Example: C = V(Y Z — X?)

Let C =V(YZ — X?) C P2, Then k(C) = k(z,y)/(y — x°) where
r=X/Z and y=Y/Z. Let w = dx.
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Example: C =V (Y Z — X?)

Let C =V(YZ — X?) C P2, Then k(C) = k(z,y)/(y — x°) where
r=X/Z and y=Y/Z. Let w = dx.

Let P = (a,b,c) where ¢ # 0. Then Op has uniformizing parameter
cr — a. So ordp(w) = —ordp(d(cx — a)/dx) = —ordp(c) = 0.
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Example: C =V (Y Z — X?)

Let C =V(YZ — X?) C P2, Then k(C) = k(z,y)/(y — x°) where
r=X/Z and y=Y/Z. Let w = dx.

Let P = (a,b,c) where ¢ # 0. Then Op has uniformizing parameter
cr — a. So ordp(w) = —ordp(d(cx — a)/dx) = —ordp(c) = 0.

Let @ = (0,1,0). Then Og has uniformizing parameter x/y = X/Y
since ordg(X/Y) =1—-0=1. Note x/y = 1/x and

d(1/z)  dz

der 22dx

Then ordg(w) = —ordg(—(1/z)?) = —2. Thus div(w) = —2Q.

= —1/2%
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Exterior Powers

Let V be a k-vector space. Define the " tensor power to be
T"V = V®'. Then denote TV = @), TV and AV =TV/(v @ v).

Let {v1,...,v,} be a basis for V. The r" exterior power A"V is the
k-vector space generated by exterior products of the form v;;, A--- A,
with 1 <41 < --- <4 <n. Thus, dim, A"V = (")

T

@ Foroce S, vi A--- Av, =sgn(o) (fua(l) ARER /\vg(r)) :
o Fora € A%V and B € AV, aAB = (-1)®BAac ATV,
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Regular Differential r-forms

Denote " [X] = {f : X = [[,ex A"O%: f(z) € A"O%}.

The exterior product on the ®"[X] sets is given by

(wr A ws)(x) = wr(z) Aws(x).

An element ¢ € ®"[X] is a regular differential r-form if any point z € X
has a neighborhood U such that ¢|y is generated by dfi A--- Adf,. All
regular differential r-forms on X form a k[X]-module Q" [X].
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Local Freeness

Theorem: Any nonsingular point x of an n-dimensional variety X has
a neighborhood U such that Q"[U] is a free k[U]-module of rank (7).

For any local parameters uq, ..., u, on x, we can write w € Q"[U] as

w = gduy A --- A duy,.
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Canonical Divisor

Fix x € X. For any two bases {d,u1,...,d,u,} and {d,v1,...,dv,}
on O}, there exist h;; € k[U] such that

dui = Z hijd?}j.
j=1

We have det |h;j(z)| =: J (u> (x) # 0. This is called the Jacobian.

’U1,...,’Un

Thus for w = gduy A - -+ A duy,, ord,(w) := ord,(g) is well-defined.
Therefore div(w) = ), x ord;(w) is well-defined.
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Exterior Derivative d

We have seen d : k[X] — Q![X]. Now consider d : Q}[X] — Q?[X]
given by
d(fdt) =df Adt.

Jake Kettinger (UNL) Differential Forms September 24, 2020 12 /14



Exterior Derivative d

We have seen d : k[X] — Q![X]. Now consider d : Q}[X] — Q?[X]
given by
d(fdt) =df Adt.

Indeed, we can define d : Q"[X] — Q"1[X] as
d(fdui A--- Adu,) =df Adup A--- Adu,.
Note under this definition
d(duy A --- Adu,) =dl Adug A--- Adu, = 0.

Thus d? = 0. We also get d(a A B) =da A B+ (—1)"(a AdB) where « is
an r-form.
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De Rham Cohomology

The de Rham complex is the cochain complex
d 1 d 2
0—=Ek(X)—=>Q((X)—=>QX)—---

The i*® de Rham cohomology of X Hy(X) = kerd’/im d*~1.

For example Hiy(X) 2 k is the space of constant functions on X.
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Integration

Let dim X =n, w = fdu; A --- Aduy,, and let U be open. Then

/w:/f(ul,...,un)dul---dun.
U U
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