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Theorem (Cutkosky-Herzog-Trung (1999), Kodiyalam (2000),

Trung-Wang (2005))

Let R be a standard graded k-algebra, let | C R be a
homogeneous ideal and let M be a finitely generated graded
R-module. Then reg(l9M) is asymptotically a linear function in
q, i.e., there exist a and b such that for g > 0,

reg(IM) = aq + b.
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® B, (M) = dimg Torf(M, k),
~ study the support SuppG(Tor (M, k)).



Problem

Leth,...,Is be G-graded homogeneous ideal in R, and let M
be a finitely generated G-graded R-module. Investigate the
asymptotic behavior of Suppg(Tor ([ ... [5M, k)) as
t=(t,...,ts) € NS gets large.
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@ li=(Fi1,...,Fir).

@ S=AR[T;;|1<i<s,1<j<r]is Gx Z°-graded
polynomial extension of R, where degg, ;s(a) =
(degG(a)v 0) Vae Ra dengZS(Ti,/) = (degG(FiJ7 ei)'

@ MR is a finitely generated G x Z°-graded module over S,

and
I J5M = (MR) (s 1y = (MR) Gt

@ For a finitely generated G x ZS-graded module M over S,
study
Torf (Mgt k).
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Approach to the problem

o If F, is a G x Z°-graded complex of free S-modules, then
for 6 € 75,

Hi((Fe)gxs ®r K) = Hi(Fe ®R K)Gxs-

e IfF, is a G x ZS-graded free resolution of M, then (Fq)gys
is a G-graded free resolution of Mg.s. Hence

Tor (Mgxs, k) = Hi(Fe ®g k) Gxs-

where F, ®p k is viewed as a G x Z*°-graded complex of
free modules over B = K[T; j].
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@ Thereis anatural map S — R ~ @,y /' (t171) - - - [5(ts7s)
o LetT; = @, , S(—0, —¢)’ be the ith module of F.

® Hi((Fo)axs @R K)y = Hi(EY ®g k)5, where

}F[”] @S —n,—0) ,’7;_@[/:,» ) @k B(— )]ﬁ%,z.
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Q Forallt=(ty,...,ts) € NS, Torf([lr ... [ M, k), = O if
nEDi+ by +- + Is7s.

@ There exists a subset A, C A, such that
Torf ([ - 1M, k), ity 45 7 O fort >0 andn € A,
and Torf (I - [ M, K) ity 41105 = O fort > 0 and
n g AL

© For any 4, the function

F Rt t
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is polynomial in the t;s for t > 0.

Whieldon proved a similar result in the graded case.
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@ Recall: study Suppg,zs(Hi(Fe @5 k)) where F, ®5 K is
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@ Study, in general, the support of G x ZS-graded modules
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Definition

A subset E C @G is said to be if E forms a
basis for a free submonoid of G.




General case

Theorem

Let A be a finitely generated abelian group, let

B =kK[Ty,...,T/] be a A-graded polynomial ring, and let M be
a finitely generated A-graded B-module. LetT = {deg,(T;)}.
Then there exist a finite collection of elements 6, € A and linear
independent subsets E, C I such that

Suppa (M) = (% + (Ep)),
p

where (Ep) denotes the free submonoid of A generated by Ep.

<




General case

Example

Let B = k[x, y] with deg(x) = 4 and deg(y) = 7, and let
M = B/(x) & B/(y) ~ kly] @ k[x]. Then

Supp; (M) ={4a+7b| a b e Z}.

Independent subsets of {4,7} are {4} and {7}.




General case

® /i =(Fix,....fi,) where degg(Fi)) = 7ij.
ol = {’Y/,j}f:r



General case

® /i =(Fix,....fi,) where degg(Fi)) = 7ij.
ol = {’Y/,j}f:r

Theorem

For ¢ > 0, there exist a finite collection of elements (5f, €@ a
finite collection of integers tf; ;» and a finite collection of linearly
independent non-empty tuples Ef; ; € T'j, such that if

t > maxp{t;;} for alli then

Suppg(Torf (/' -+ [EM, k)) =

m
¢ ¢ ¢
=J %+ U C1-Epy ++-+Cs.Ep5).
p=1 IEL ;I
CiEZo " leil=t—t5 ;




Stanley Decomposition

Definition
Let A be a finitely generated abelian group, let
B =K[Ty,...,T/] be a A-graded polynomial ring, and let M be
a finitely generated A-graded B-module. A

of M is a finite decomposition of k-vector
spaces of the form

m
M = P uik|Z],
i=1

where u;s are A-graded homogeneous elements in M, Z;s are
subsets of the variables { T+, ..., T,}, and ujk[Z;] denotes the
k-subspace of M generated by elements of the form u;N with
N being a monomial in the polynomial ring k[Zj].
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Definition
Let A be a finitely generated abelian group, let
B =K[Ty,...,T/] be a A-graded polynomial ring, and let M be
a finitely generated A-graded B-module. A

of M is a finite decomposition of k-vector
spaces of the form

m
M = P uik[Z],
i=1

where u;s are A-graded homogeneous elements in M, Z;s are
subsets of the variables { T+, ..., T,}, and ujk[Z;] denotes the
k-subspace of M generated by elements of the form u;N with
N being a monomial in the polynomial ring k[Zj].

@ Let / be a monomial ideal in B. Then a Stanley
decomposition of B// exists.
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