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Abstract

In this paper we prove that the union Y of the second infinitesimal neighbourhoods of n generic
points in P? is minimally generated for n # 2,3, 5, i.e., the maps o} : H(Zy(k))QH’(Op2(1)) —
H(Fy(k+1)) are of maximal rank. This, together with the maximality of the Hilbert function,
gives the graded Betti numbers for the ideal.

(© 2003 Published by Elsevier B.V.

MSC: 14F05; 13D02; 14C99

0. Introduction

It is still an open problem to determine the dimension of a vector space /; of
homogeneous polynomials of degree d vanishing with their derivatives of order < m;
at n generic points P; of a projective space, even in the case of the projective plane
P? = P2 (here we always work on an algebraically closed field x of characteristic 0),
or in the so called “homogeneous case” m; = --- =my,,.

In other words, it is still unknown what is the Hilbert function of the scheme defined
by the homogeneous ideal Iy = ®ql;, where I, = pi" N--- N py and each p; is the
ideal of a point P; € P2, even for a generic choice of the points P;. The scheme Y is
usually called a scheme of “fat points” (we will call the scheme associated to p!" an
“m-fat point”).

Only partial results are known, e.g. when n < 10, (see [17]), when m;=---=m, < 20
(see [7,8]), or when max {my,...,m,} <4 (see [15,21,28]). Moreover, the Hilbert
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function of Y is asymptotically known (see [1]), and it confirms the conjecture stated
in [15,17,22]. Results for high values of the m;’s can be found in [10] and [4].

Here we are interested in another problem, on the same line of thought: which are
the degrees of a minimal set of generators for the ideal /y? Since Y is 0-dimensional
of codimension 2, this is the same as asking which are the graded Betti numbers of a
minimal free resolution of the ideal Iy. Such resolutions are known when n < 8, for all
m;’s, see [11], and for n < 9 and m;=- - -=m,, see [18]. Other cases are treated in [12].

B. Harbourne has conjectured (in [18]) that for all » > 9 and all m=m;=---=m, all
the multiplication maps: oy : Iy ®(k[x0, X1,X2])1 — Ii41 (or, equivalently: oy : HO(Sy(k))
® H(Op2(1)) — H'(Fy(k + 1)), where #y is the ideal sheaf associated to Iy), have
maximal rank, in other words, the degree k part of the ideal generates, by multiplication
with linear forms, as much as possible of the degree &k + 1 part. If ¥ has maximal
Hilbert function, this amounts to saying that the ideal Iy has the same “good resolution”
as the ideal of a scheme of n( ’”2“) generic (reduced) points; it has been conjectured
that any set of ¢ generic points in " has a very simple resolution (Minimal Resolution
Conjecture, see [27]).

The MRC has been proved for » =2,3,4 (any number of points) and for particular
values of ¢, 7, e.g. see [2,3,6,13,14,27,30]; or for any » and #> 0 (see [23]), but the MRC
has also been proved to be false in all its generality in [9], where counterexamples
were described.

For the case of fat points see also [19].

The second author proved Harbourne’s conjecture for m = 2 in [26], showing that
the only exception to rank maximality of the o;’s are for n =2, and to the MRC for
n=2,5 (in those cases Y does not have maximal Hilbert function). In this paper we
prove the same kind of result for m = 3 (see Theorem 1.1 and Remark 1.7); here the
exceptions are for n =2,3,5: cases 2,5 are as in [26], while the situation for n =3 is
different; here Y has maximal Hilbert function, but the presence of a fixed component
in the initial degree o of Iy implies that g, is not of maximal rank.

As in [24] and [26], we work in P(Q) (where Q@ = Qp2) instead of working only in
P?; an essential tool to construct the induction procedure which we use in the proof
of Theorem 1.1 is “la methode d’Horace différentiel”, as developed in [1], which we
extend here so that it works also for points in P(Q) which are not generic but every
two of them lie on a fiber.

The statement of the theorem, the general setting and the reduction to an induc-
tion procedure are explained in Section 1. The extension of “la methode d’Horace
différentiel” is in Section 2, while the general induction is in Section 3 and the initial
cases are in Sections 4 and 5.

1. The main result

1.0. Notations. Let P;,...,P, be generic points of P?; in the following Y = Y(n)
will denote the 0-dimensional scheme with support on the P;’s defined by the ideal
I=p}N---Np) where p; is the homogeneous (prime) ideal of the point P; in
K[x0,x1,%2].
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In the following we set Q := Qp..
What we want to prove is the following:

1.1. Theorem. Let Py,...,P, and Y=Y (n) be as above. Then if n # 2,3,5 the natural
maps

or :HY(Iy(k)) @ H(Op2(1)) — HY(Iy(k + 1))
have maximal rank for each k.

The theorem follows by Propositions 1.6 and 3.9 (see also Definition 1.4).

Notice that we are interested in those values of k for which #2°(.#y(k)) > 0, otherwise
gy is trivially injective, and we know (see [21]) that for n # 2,5 the scheme Y has
maximal Hilbert function, i.e. that A°(#y(k))h'(#y(k)) = 0 (in other words, when
h(Fy(k)) >0, Y imposes 6n independent conditions to curves of degree k, since
each triple point has length 6).

For any projective scheme Z C P’, let «(Z) = min{k | °(F(k)) > 0}, i.e. «(Z)
is the initial degree of Iz; when Z is 0O-dimensional and has maximal Hilbert func-
tion, it is well known that /; is generated at most in degrees a(Z),a(Z) + 1 (by
Castelnuovo-Mumford lemma, see [29], o is surjective for all £ > o(Z), while o is
trivially injective (it is the 0-map) for all £ < a(Z)). Hence there is only one possible
“critical” value of k, namely k = a(Z).

Now we introduce the following invariant:

k+1)(k+2)

v:v(Y(n)):min{kz 1| >

—6n > O} .
in other words, v is the smallest & for which the restriction map:

pi: HO(Op2(k)) — H'(Oyy(k))

can be surjective; if n £ 2,5, since Y(n) is of maximal rank, v is actually the smallest
k for which py is onto, and o= v except when H(I y(,)(v)) = H'(F y(n)(v)) = 0.

Since Y (n) is of maximal rank, the map o;=0;(Y(n)) :HO(]y(H)(k))®H0(@[pz(l)) —
H(s v(my)(k + 1)) is trivially injective for all £ < v(Y(n)), and o is surjective for all
kzuv(Y(n))+ 1.

Let us give an outline of the proof of Theorem 1.1 before going into all its details.
A natural way to study the maps o4 is to look at the exact sequence obtained by
tensoring the Euler sequence 0 — Q — Opa(—1) @ H'(Op2(1)) — Op2 — 0 by the
ideal sheaf #y(k + 1), and then taking its cohomology sequence:

0—H'QUk+1)® Iy) — HNIy(k)) @ H(Op:(1)) 2 HY (I y(k + 1))
—H' (Qk+1)® Iy) = H (Iy(k)) @ H(Op2(1))
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where H'(#y(k))=0 when k =v=u(Y(n)), since in our assumptions Y has maximal
Hilbert function.

If we were able to find for each Y = Y(n) a scheme 7 such that its ideal sheaf .#7
satisfies:

HQu+1)®I)=H' (Qu+1)® 77)=0

and such that either ¥y C Sy (iie. T C Y), or Iy C Jy (ie. Y C T), we would
be done, since the first inclusion would imply H%(Q(v + 1) ® .#y) =0 (Y imposes
more conditions to the global sections of (v + 1)), while the second would imply
H'(Q + 1) ® #y) = 0 (the conditions imposed by Y are independent since those
imposed by T are).

Notice that #°(Q(k + 1)) = k(k + 2), so the idea is, for each k, to look for a T
imposing exactly k(k + 2) independent conditions to the global sections of Q(k + 1).
The first attempt in order to find such a T could be to try with schemes made by
generic 3-fat points and one point with a suitable multiple structure contained in a
3-fat point, so that such scheme can either contain or be contained in our Y. Note that,
since 2 is a rank 2 locally free sheaf, the degree of 7' should be k(k +2)/2 and each
triple point imposes 12 conditions to the global sections of Q(k + 1). Hence consider:

1.2. Definition. For every k > 0, let g(k) and r(k) be the integers such that:
R(Q(k 4 1)) = k(k 4 2) = 12q(k) + r(k), with 0 < r(k) < 11.

So the candidate for 7 should be given by a scheme of ¢(k) 3-fat points plus a
structure of degree r(k)/2 on a (g(k)-+ 1)th point. Unfortunately, this is impossible for
trivial reasons: for k£ odd, k(k + 2) is odd too.

The way around this inconvenience is as follows: instead of working in P? with
the rank 2 bundle Q(k), we shall work in the threefold X = P(Q), with the invertible
sheaf &, = Ox(1) ® n*Op2(k), where m:X = P(Q) — P? is the canonical projection.
We define a scheme T'(k) in X of type T(k)=n"'(Y(q(k)))U Txy, where Y(q(k)) is
given by g(k) generic 3-fat points in P? and 7, is a O-dimensional scheme in X of
degree r(k), which has support on 7~ '(Py)+1), the preimage of another point in P?.

Now let us get to the tools in order to prove our result. If we set k = 6¢ + 1,
0 <t <5, and consider ¢(k) and » =r(k) as in 1.2, we get Table 1.

Table 1

k q(k) (k)
6t 32+t 0
6t+1 362+ 2t 3
6r+2 312 + 3t 8
6t+3 322 41+ 1 3
6t +4 32 +5t+2 0
6t+5 32 +6t+2 11




A. Gimigliano, M. IdalJournal of Pure and Applied Algebra 187 (2004) 99128 103

Hence the values that we have to consider for »(k) are only 0,3,8,11. Now let us
define the schemes T'(k) C X = P(Q) we were talking about:

1.3. Definition. We will set:
T(k)=n""(Y(q(k)) U Trp),

where Pi,...,Pyk), Pyi)+1 are generic points in P2 and T.y C X, the remainder

scheme, is a 0-dimensional scheme of degree r(k); if r(k) # 0, T,(x) = 1 U 12, where

N1, 12 have support on two distinct points 4,B in the fiber F = n_'(Pq(k)H) and

n;, i = 1,2, is contained in a section of ('y(1), hence length (1, N F) = 1. If we

consider affine coordinates {x, y,z} in an affine chart of X containing 7(k), we may

suppose F = {x=y =0}, 4=(0,0,0) and B=(0,0,1); T, is defined as follows:
Ty = 0;

T3 is made by the simple point 7y =4 € F' and a double structure 1, on B € F, given
by an ideal of type (x, 1%,z — 1);

Ty is made by two 4-ple structures #;, 7, of the same type, and we have the two
following possibilities: either the #,’s are given by ideals of type (x%,1%,2), (x, 2,
z — 1), or by ideals of type (x*,xy, %, z), (x3,xy, 1%,z — 1);

Ty, is such that i, is a 5-ple structure on 4 given by an ideal of type (x°,x%y, y?,z2),
and 1, is given by an ideal of type (x3,x%y, y*x, 3,z — 1).

We recall that: m.(8r ® .7 ,-1(y)) = Qk)® Iy, and T.(Egjn-1(r)) = Qk)|y (e.g, see
[25, Lemma 2.1]); hence HO(6x @ S -1(yy) = HY(Q(k) ® Sy) and HO(Ejn-1(y)) =
HO(Q(K)|y)-

1.4. Definition. In the following, for £ > 0, “B(k)” will denote the statement:
“The scheme T'(k) satisfies H(&1 ® Friy) =07
Notice that B(k) is equivalent to saying that the restriction map p is an isomorphism,

where

0— H(Ek1 ® 1)) — H(Ers1) L H(Exinry)

S HY (1 © Iry) — H (Exi)

in fact B(k) implies that p is injective, but A%(&ry1) = h°(Q(k + 1)) = k(k + 2), and
also

R (Eniri) = h(Erst |1 (viquo) + h(Erstlry,)

=h2(Q(k + Dlyy) + r(k) = 12q(k) + r(k) = k(k + 2),

hence p is bijective.

This implies also that H'(&41 ® F1x)) =0, since h!(&i1) =h"(Q(k +1))=0 for
k>0 (e.g. see [20] ex.IIL.8.1 and ex.II.8.4).

The following proposition will show that the proof of our main result reduces to
proving suitable statements B(k).
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1.5. Proposition. Let n,k be positive integers and let Y = Y(n). If B(k) holds,
we have:

(i) when n > q(k), oy is injective for Y;

(i1) when n < q(k) and n # 2,5, oy is surjective for Y.

Proof. (i) Since n > g(k), we have
T(k)=n""(Y(q(k) U Ty S ' (Y),

so we get the exact sequence (where .7 ;) .1y is the ideal sheaf of T'(k) in 7~ '(Y)):
0= &1 @I vy = 1 @Ity — Ei1 @ I ry,n—1(v) — 0

from which, since H°(&, ®Irry)=0, we get H(& ® I p1(y)) = HYQUk+1)®
Jy)=0, ie. that g} is injective for Y.
(ii) Since n < g(k), we have

nN(Y) S T(k) =n " (Y(q(k)) U T
and the exact sequence:
0= Skt @ Irh)y = Eiy1 @ In—1(v) = Eki1 @ Iy, 16) — 0
from which, since h%(&i1 @ Ir(ky) =h' (Exs1 @ Iry) =0, we get
W Eri1 @ I 1) = h(Eki1 © I vy 1)
=h(Er1 @ Ory) — K (61 ® Opr(yy)
— 12q(k) + r(k) — 12n,
hence A°(Q(k + 1)@ Fy) = KA Ersr @ Fr(y)) = 12q(k) + r(k) — 12n=k(k +2) — 12n.

On the other hand, n < ¢g(k), so an easy computation shows that 6n < (kzz). Since
Y has maximal Hilbert function, we have

k+2 k+3
30 Iy(k)) — B(Fy(k +1))=3 ) —6n | — ) —6n

=k(k+2)— 12n.

Hence A°(Qk + 1) ® £y) = 30(Iy(k)) — hi°(Fy(k + 1)), so that the map o} is
surjective. [

1.6. Proposition. If B(k) holds for k = 10, then Theorem 1.1 holds.

Proof. Let n be a fixed integer > 10; since ¢(10) = 10, there exists w such that
gw—1) <n < g(w), with w > 11. Since by assumption B(w — 1) is true, a,,— (Y (n))
is injective (Proposition 1.5), hence g4(Y(n)) is injective too for all £ <w — 1.

Moreover, B(k) is true for all £ > w, hence o;(Y(n)) is surjective for k > w
(Proposition 1.5).
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Finally B(10) true implies that g;(Y(10)) is surjective for k£ > 10, since ¢(10)=10;
then, »(10)=0 says that ¢,9(Y(10)) is also injective, so that a4(¥(10)) is injective for
all £ < 10. Since [18] proves Theorem 1.1 for n < 9, this completes the proof. [

1.7. Remark. Recall that, when n # 2,3 or 5, the resolution of ¥ = Y(n) is equal to
the resolution of 6n general points, namely, if o =a(Y), and d = (“+2> 6n, then

2) -
0— O3 (—a—2) & O (—a— 1)
— O (Lo~ e 0 (—a) — Sy — 0

where {a}" = max{a,0}.

In case n=2,3 or 5, the resolution of the ideal sheaf .#y is actually different from
the one above (see [5]). Namely:

n=2 0— O0p:(=7)B Op2(—6) B Opz(—5) — Op2(—6) & Op2(—5) ® Upa(—4)
B Op2(—3) — Iy — 0.

n = 3. Notice that in this case Y = Y(3) does have maximal Hilbert function; the
resolution is:

0 — O3:(=7) ® O3:(—6) — O3:(—6) ® O3(—5) — Iy — 0.

n=>5 0— 0:(=9)® 03:(—8) — O3(—8) ® U3:(—7)
BUp2(—6) — Iy — 0.

2. Horace différential for Qp.

2.1. Notations. If 4 is a closed subscheme of P? or, respectively, of X = P(Q), .#4
will denote .# 4 p> or, respectively, . x.

Let U be an open subset in P2 such that QuEE®G EXGX20y;let Y CU
be a closed subscheme of U. We set:

Y = '\(W)NPE), Y =a'(Y)NPG), Y:=vuy”
(hence 7 gives isomorphisms Y’ &= Y = Y"),

2.2. Lemma. Let Y be a 0-dimensional scheme in P2, then H'(6r @ I ,-1(y)) =
Ho(éak ®Iy).

Proof. That is obvious if Y is reduced, since &% is Upi(1) on the fibers F, F = p!
and Y consists of 2 points on each point of Y.
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In general we have:
0— efn—l(y) — .¢); - ’ﬂf,n*‘(Y) — 0.
By tensoring with & and taking cohomology, we get:
0= HY6k @ I po1yy) = HU(E® I p) = HN(E @Iy ay) — - -

It is enough to prove H(&; ® Iy a-1vy) = 0.
One has:

Erlr1vy = Ox(D|z-10v) @ T Opa (k)| r-10y) = Opcg)yH(1).

Moreover 1= 1(Y)=P(Q|y) (e.g. see proof of Lemma 2.1 in [25] and [16], 9.7.9 and
9.7.6), while Q|y = OF*; hence

HYEx @ I 5 1o1(ry) = H(Opiq), (1) © I3 paln)

and P(Qly) = P! x Y.

Let us consider now the projection ¢: P! x ¥ — P!, One has: ¥ = ¢~ '(2 pts), and
Opo)y (1) = ¢" Opi (1).

So we only have to prove H(g*Opi(1) ® J 4-12pts)) = 0. This follows easily from
the fact that: 7 x P' = Proj(A[ty, #1]), where Y = Spec4, and @p/li(l) :q*cﬂpli. Ol

2.3. Notations. Following [1], we give the following definition:
In the algebra of formal functions k[[x, y]], where x = (x1,...,x4_1), a vertically
graded (with respect to y) ideal is an ideal of the form:

]:]0 @Ily@ @Ln—l)jm*l EB(ym)

where for i =0,...,m — 1, I; C k[[x]] is an ideal.

Let O be a smooth d-dimensional integral scheme, let K be a smooth irreducible
divisor on Q. We say that Z C Q is a vertically graded subscheme of Q with base K
and support z € K if Z is a 0-dimensional scheme with support in the point z such that
there is a regular system of parameters (X, y) at z such that y =0 is a local equation
for K and the ideal of Z in @Q,Z = k[[x, y]] is vertically graded.

Let Zy,...,Z, C Q be vertically graded subschemes with base K and support z;; let
pi = 0 be a fixed integer for i=1,...,r.

Let Res¥'(Z:) C O and Tr'(Z;) C K be the closed subschemes defined, respectively,
by the ideals:

I restizy = 7+ Iz IRTHIR,
jTrgi(Zi) =(Iz: j[’?) ® Uk.
In Resy' (Z;) we take away from Z; the (p; + 1)th “slice”, in Tr{'(Z;) we consider only

the (p; + 1)th “slice” (see Example 2.4 and picture, where the jth “row” of Z is the
scheme corresponding to /;_1).
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We notice that for p; =0 we get the usual trace and residual schemes: 7rg(Z;) and
ResK(Z[).
Finally, if p=(p1,....,p,)eEN" and Z=2Z,U--- U Z,, we set:

T(2):=Tr (Z))U---UTrE(Z,), ResS(Z):=Rest'(Z\)U...URes{ (Z,).
2.4. Example. Let (in P?), Iz, = (x*,x*y,x)*, %), Ix =(») and p, = 1; then,
IRes[[:f(Z,) = (x3)x2yaxy29 y3) + ((x3ax2)’:x)’za y3) : yZ)y = (x3:xy: yz)a

Lnigy = (.52 y,xy%, 5%) 1) ® K[E;SV]] = (X0, ) ® % = ().
Resll((Z)
i ]
1
I -
b L @
1 1 K 1

2.5. Notations. Let C be a smooth conic in P2, and H =n~'(C) C X = P(Q).

Let W C X be a 0-dimensional closed subscheme and let 7rW and ResW be the
trace and the residue of W with respect to H.

Let Si,...,S,,Ry,...,R, be 0-dimensional irreducible subschemes of P2 and S=S;U
---US, and R=R,; U---UR,, such that:

(1) S[ gR,‘, i= 1,...,]’1;

(2) R; has support on C and is vertically graded with base C;

(3) The supports of S and R are generic in their respective Hilbert schemes.
Ifp=(pi,...,pu) and q=(p1,..., Pn, P1,---, Pu) ONC has:

TP(R) = Ty (R);  Res™(R) = Resh(R).
The main result in this section is:

2.6. Proposition. With the previous notations, consider a scheme W U S C P(Q); if

@) HI pingion ® Ekli) =0 and
(b) HO(‘ﬁReSWUReS'}_[(Ié) ® éak(_H)) =0,
then
HSI 5 ® ) =0.
2.7. Remark. This proposition would follow directly from Proposition 9.1 in [1] if the

supports of § and R were generic in X, respectively in H; but S! and S/ lie on a fiber
of m, as well as R} and R/. By semicontinuity, this is not a problem for the support
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of R, since the vanishing of the cohomology in assumption (a) implies the generic
vanishing required in [1, 9.1, assumption 1].

The idea of the proof of Proposition 2.6 is to mimic the proof of [1, 9.1]. If we
were working in P?, we would move the support of each R; along the germ of a curve
C;, transverse to the conic C, in order to get the thesis on §. In P(Q), for each j, we
move “with the same speed” the points R}, R/ along Cj, C}, respectively; C} and C}'
are two “copies” of C; in n~!(C), see Notations 2.1.

We need a technical lemma, which extends Proposition 8.2 in [1]. With this aim we
premit some notations (the same as in [1]):

2.8. Notations. For i=1,...,/, with /=2n, let B) =k[[x;, y;]] be the algebra of formal
functions in d variables where xX; = (x;1,...,X;4—1) and let
19=1" 1"y @ 15y o ()

be a vertically graded ideal in B().

For j=1,...,n, let y; be the x-algebra isomorphisms defined as follows:

Y k(X5 il = Kl[Xjans Yisalls X5 = Xjun, Vi Viga

We assume U = (V).
Let

T=1D x...x 1D D ...« BD_p
Let x[[t]] = «[[t1,...,4]] and let I; in B[[t]] be the product of the ideals
1 =1 @ KON — ) © - @ 4y [T — 1) @ (s — t)™).

Let y = (y1,...,y1) and for any linear subspace V C B, let Vieg,) = {vE€Blvy €V},
Since y is not a zero-divisor, we get a residual exact sequence:

0— Vres(y) -V - V/Vﬂ(Y)HO
2.9. Lemma. Let V C B be a «-linear finite-dimensional subspace. Suppose that for
i=1,...,1, with |=2n, there exist non-negative integers p;, with p;.,=p;, j=1,...,n,
such that the following two conditions are satisfied:
1. the canonical map
VIV O (y) — el Q)15 x - x w[[x /15
is injective.
2. the canonical map
Vres(y) - B/J
is injective, where J =JM x .. x JO and

JO=1P 1yl yPr eIl e eIyt e orh).

i — i m;—
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Then the canonical map @¢: V®x[[t]] — B[[t]]/I; in injective for t in an open subset
with non-empty intersection with D={(z1,...,z)) € Al |z;,=z;, j=1,...,n} = A"

Proof. This proof is a slight modification of the proof of [1, Proposition 8.2]; the
statement there is that ¢¢ is generically injective, hence the only difference in our
statement is that we point out that in our case the open set where injectivity holds
intersects D.

Notice that, as it has been done in [1], here too it is possible to assume that the
pi’s are positive, so we set lem(py,..., p;) = r;p;, hence r; =rj .

The key tool in the proof is the semicontinuity of ¢, and the fact that the canonical
map ¢,:V, — BJ[[t]]/I; obtained by formal base change v :x[[t1,...,4]] — x[[t]],
t; — t", is injective, where V; is the image of V ® x[[f,...,4]] in V & k[[¢]], and I,
is the image of I; in B[[¢]].

Since ¢; is injective (see [1]), there is an u € k such that ¢, is 1-1. Since k¥ =K,
we can find uy,...,u, €x such that u}' = =u =u. We set u;., =u;, j=1,...,n
and u = (uy,...,uy,uy,...,uy,), so that ¢, is injective.

Let D={(t1,...,t;) € A!| tin=t, j=1,...,n} = A"; then ue€ D, and by semicon-
tinuity there is an open subset U of D such that ¢ is injective for te U. [

Proof of Proposition 2.6. Here d =3. For j=1,...,n let x;, y; be local coordinates in
P2 at R; (y;=0 is the local equation for C). Let (x;1,X;2, ;) and (Xjn 1,Xj45.2> Vjtn)
be local coordinates at R;, R;’ , Tespectively; we can assume X; | =X;jin1 =Xj, Vj = Vj4n
and that x;,,x;4, > are local coordinates along the fiber.

Let C; be a curve which meets C transversally at R;; let ¢; be a local parameter for
S; on C;. Above, in P(Q), we can assume that #; is a local parameter for both the
points S}, S/" (on C} and, respectively, on C}').

We can assume W N R = (), hence H' Iy @ ) — (I @ Ex)y = Ox, —
@X,X Vx € SuppR. We can view R as an embedding of Spec(B/I), see notations 2.8,
into X. This allows us to choose ¥ =H(.#;y ® &) in Lemma 2.9, and hypotheses (a)
and (b) of our statement give hypotheses (1) and (2) of 2.9. Then the result follows
by noting that ker ¢¢ =2 HO(JWU§ ® &1 ). We refer to [1, Section 9] for details. [

3. Proof of the main result

3.1. Notations. We introduce now some notations that will allow us to express our-
selves as if we were working in P2, while our environment is actually P(Q).

Let ¥ be a 0-dimensional scheme of P? with support at a point P. We have defined
Y in 2.1; if Y is vertically graded with base a smooth conic C with local equation
y =0, then Y’ and Y” are vertically graded with base H = n~'(C); let x, y be local
coordinates at P.

If Iy = (x", y), we will denote ¥ by (k). In the general case we will denote ¥ by

as

, where Tr},f:(aj).

ao



110 A. Gimigliano, M. IdalJournal of Pure and Applied Algebra 187 (2004) 99128

For example:

]y IY

2
) 2, 5%)

y
1
3 xp, %) < 1 ) (x.3?)

(x, ¥y

N =
N———

(3, %2, 3%) 2 (x, y)?

7N VRS /N | ~
w N W =
~— S~

IfY is a (;), we will say that Y is “a (;) scheme over C”. Moreover, if h,[,€ N,

we will use, for example, the notation “/ (;) + l(;)” to denote the union of 4
schemes of type (;) and / schemes of type (;) Finally we write, for example,

“h (;) schemes general over P2 to mean a union of 4 schemes of type ( ;), whose

projection in P? is general.

Moreover, if 4, a; and b;, i=1,...,m are positive integers such that sz = E:”:l a;b;,
we will not distinguish between (4) and Z:":] a;(b;). We are allowed to do that since
the role of these schemes boils down only to the vanishing of the global sections of a
twist of Q restricted to the conic C, hence it is only their length over C which matters.

3.2. Definition. Let b,c,d, e, f,r, k be integers > 0; with Z(b,c,d,e, f,r, k) we denote
a 0-dimensional subscheme of X, union of:

(o) rose)(3)
b +c(l)+d +e over C, and
2 3 3

1
/|2 |+ 7. general over P?,
3

with following assumptions:

0) 2b+c+3d+3e<2k 0<d+e<l,

(i 23b+c+4d+5e+6f)+r=k(k+2) (ie.length(Z(b,c,d,e, f,r.k))=h"(&rs1))

2 r=0o0r r=8 if k is even; r =3 or »r =11 if k is odd (i.e., » is one of the
possible remainders in 1.2).

Notice that condition (0); means “not too much stuff over C”, since h0(§k+1| )=
hO(Q(k+1)|c)=4k, see [26]. Moreover, condition (1), implies that ((k(k+2)—7)/2)—
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(3b+c+4d+5e) = 0(mod 6), and f:é(((k(k‘i’Z)*r)/2)7(3b+0+4d+56)), that is,
f is known if b,c,d, e, 1,k are (suitably) given, so we can write f = f(b,c,d,e,r, k).
Also recall that the scheme 7, has been defined in 1.3: it is uniquely defined for

r=0,3,11, while it can be a (g) or a (;) scheme for » = 8.
The set
(k) = {(b,e.d,e, f,r,k) €N | (0, (1), (2) hold for (b,c,d,e, f,r,k)}

is called the set of admissible values for a given k; hence, a scheme Z(b,c,d, e, f,r, k) is
defined if and only if the 7-ple (b,c,d, e, f,r, k) is admissible, that is, if (b,c,d, e, f,r, k)
€ oA (k).

Soon we shall also need the following integers > 0:

g=g9g(b,c,d,e,r,k), h=hb,cd,erk),
i=i(b,c,d,er k), defined by the relations :

G 3g+2h+i=2k—2b—c—3d—3¢, 0<h+i<l,

i.e. g,h and i measure, modulo 3, what is missing over C in order to annihilate all the
sections of H(&.1|w).

3.3. Proposition. For cach Z = Z(b,c.d.e, f,r.k), k>8, and (b,c.d.e, f.r.k) #
(0,0,0,0, 6, 8, 8) there exists a scheme Z' =Z(b',c',d’,e, f',r,k — 2) such that if
HY &1 ® I7) =0, then H' &y @ I7)=0.
More precisely,
b=g, =b+d+2, d=h =i f=f-g-—h—i

we will say that “Z' comes from Z in one step”, or that “Z' comes from one step
before”.

Proof. The idea of the proof is to specialize Z to a scheme W U S (where part of
the f (%) points of Z have been specialized over C) and then apply Proposition 2.6

in order to get ho(gk+1 ® S yug) = 0, from which Ho(c«?kH ® J7) =0 follows by
semicontinuity.
More precisely, since by forthcoming Lemma 3.4 f >g + h + i, we specialize

g schemes of type ( é) over C, and we apply Proposition 2.6 (recall also Notations
2.5) with:

W union of b(;) +c(1)+d<;) +e(§) +g<é) over C, and of (f — g —
h—1i) (é) + T, general over P?; and with

R:Rlz(é) and pi=1,if h=1and i=0 (in this case q=(1,1), r4(R) = (2),
and Res(},(lé): <;) ); R=R, = (%) and py=2,if h=0and i=1 (in this case
q=(2.2), T (R) = (1), and Resy(R) = (3) );

R=0, if h=0andi=0.
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We say that we have done an HD (Horace différentiel) step, with the HD trace and
the HD residue defined by:

TP 7 .= Try W U Tri(R) = b(2) + (1) + d(3) + e(3)

+9(3) 4+ h(2) +i(1) over C;

Res'™Z := Resy W U Res(R),

where Resy W is b(1)+d(1)+e(2)+g (;) over C union with (f—g—h—1i) (é)+Tr

general over P2, and Res},(R) = h (;) +i (g) (over C).
For sake of brevity, we will express all this also with the following table (in the
first column, “c.n.0.C” means “conditions needed over C”):

c.n.o.C What we have over C What we “add” over C Residue not over C

1 1
2k b(;>+c([l]) q(Z) (fghi)(2)+Tr
(2] 3] 3
| 5 1 (1
(1)) (o)
[ 3 3

The Tr/"PZ is given by the numbers in square brackets in the 2nd and 3rd column,
while the Res”PZ is obtained by the 2nd, 3rd and 4th columns eliminating the part in
the square brackets.

Since condition (3); holds for Z, that is, 2b+c+3d +3e+3g+2h+i=2k, by Lemma
2.2 and by [26, (1.2)iv] one has HO(jTrHDZ’H ® &r+1)n) = 0; hence Proposition 2.6.
(together with semicontinuity) gives H°(#; ® &x41) =0, provided that H(.f p,um; &
Ek—1)=0.

Soset ' =g, ' =b+d+2e,d =h, e =i, f'=f—g—h—i, and Z' =Res'PZ; 7'
is a scheme Z(¥',c,d', e, f',r,k —2) provided that conditions (0);_2,(1)x—2,(2)r_2 of
Definition 3.1 hold for these integers; hence we will be done if those conditions hold.

Condition (2);_, for Z’ follows immediately from condition (2); for Z.

Condition (1);_, for Z’ also holds, since (1), for Z gives length(Z)=k(k +2); we
have seen that 26 + ¢ + 3d + 3e + 3g + 2h + i =2k, that is, length(Tr''°Z) =2(2k); so
we get length(Res"P7) = length(Z) — length(Tr'PZ) = k(k + 2) — 4k = k(k — 2).

Condition (0);_, for Z’ is 0 < d’' + ¢’ <1, that is, 0 < h+i < 1, which is true by
relations (3); for Z, together with 25’ + ¢’ + 3d’ + 3¢’ < 2k — 4, that is,

32g+b+d+2e+3h+3i) <32k —4). (%)
Since 3g =2k —2b —c —3d —3e — 2h — i (by (3); for Z), (x) is equivalent to

—b—2c—3d+5h+7i <2k —12, ()
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but —b —2¢c —3d <0, and 5k + 7i <7, hence (xx) is true if 2k — 12 > 7, that is, for
all £ > 10.

If k=9, (xx) becomes —b — 2c¢ — 3d + 5h + 7i < 6, and this may fail only for
b=c=d=h=0, i =1; relation (3); in this case gives 3g + 1 = 18 — 3e, which is
impossible (just read it mod 3).

If £ =38, (¥*) becomes —b —2c¢ —3d +5h+7i < 4. If h+i=0 this is always true.

Ifh+i=1and b=c=d =0, (xx) is false; in this case, r =0 or r =8, and e =0
or e =1; condition (1); for Z (i.e. (k(k+2)—7r)/2—3b+c+4d+ 5¢)=0(mod6))
allows us to exclude (r,e) =(0,0),(0,1),(8,1). The remaining case »r =8, e =0 is
possible, but it gives f =6, i.e. we are in the exceptional case (0,0,0,0,6,8,8) that
the statement excludes.

Now assume 2 +i=1, —b —2c —3d < 0; (%x) is always true if h=1, i =0, and
itisalsotrueif h=0,i=1and b>=3,orc>=2,0ord>0,orb>0and ¢c>0.

So the remaining cases are: (b,c,d, h,i) € {(0,1,0,0,1),(1,0,0,0,1),(2,0,0,0,1)}; in
all three cases, relation (3); for Z gives: 3g+1=16 —2b — ¢ — 3e which is impossible
(read it mod3). O

34. Lemma. If k > 8, Z(b,c,d,e, f,r, k) satisfies the condition:
fZzg+h+i (*)

Proof. Condition (1); and (3); give:

1 2) -

f=- (k(k+)r—(3b+c+4d+5e)),
6 2

j_ k=2 —c3d-3e—2h-i

3
hence () becomes:
kK* — 6k > r—2b—2c —4d — 2e + 4h + 8i.

Now —2b—2c¢—4d —2e <0, and 4h+8i < 8, while »r < 8 if k is even, and » < 11
if k is odd, so in order to have (x) it is enough to have

k? — 6k — 16 > 0 if k is even, which is true for £ > 8, and

k% — 6k — 19 = 0 if k is odd, which is true for k > 9. O

3.5. Lemma. If Z = Z(b,c,d,e, f,r,k) comes from one step before, the following
relation holds:

(4% 3b+2c+2d+e<2k+5.

Proof. If Z = Z(b,c,d,e, f,r,k) comes from Z" = Z(b",c",d",e", f",r,k + 2), by
Proposition 3.3 one has:

b:g//, c:b//+d//+26//, d:h//, e:i//, f':f'//_g//_h//_l-/l. (O)
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Relation (3)gy2: 39" + 20" +i" =2k +4 — (20" +2d" + 4¢") — " —d"” + ¢” hence
gives:

3b+2c+2d+e=2k+4—-c" —d" +e" <2k +5. (00)
|

3.6. Lemma. If Z = Z(b,c,d,e, f,r,k) comes from two steps before, the following
relation holds:

(5% 6b+c+ad+2e=2k—4, if c=0, then 6b+4d +2e =2k — 1.

Proof. Assume Z = Z(b,c,d, e, f,r,k) comes from Z" = Z(b",c",d",e", ", r,k + 2),
which at its turn comes from one step before.

We have (see (o) and (oo) in proof of Lemma 3.5) 0" =c—d" —2¢", " =2k+4—
3b—2¢—2d —e—d" +¢". Substituting in (4)i42: 30" +2¢" +2d" +e” <2(k+2)+5,
we get:

6b+c+4d +2e =2k —1—-3d" — 3¢ =2k — 4;

moreover, d”+e” =1 implies ¢ > 1, hence if ¢=0, then 2k —1—-3d" —3e¢"=2k—1. [

3.7. Lemma. If Z = Z(b,c,d,e, f,r,k) comes from three steps before, the following
relation holds:

(6) 3b+2d +e<4c+4.

Proof. Assume Z = Z(b,c,d, e, f,r,k) comes from Z" = Z(b",c",d",e", ", r,k + 2),
which at its turn comes from two steps before.

We have (see (o) and (oo) in proof of Lemma 3.5) b’ =c —d" —2e", ¢ =2k +
4—3b—2c—2d —e—d" +¢"; substituting in (5)2: 6" + " +4d" + 2" = 2k, we
get: 3b+2d +e<4+4c—3d" —9¢" <4c+4. O

3.8. Remark. Let k > 5; if (b,c,d, e, f,r, k) € o/ (k) satisfies (5); and (6), then ¢ # 0.
In fact, if c=0, (5); and (6); give: 2k — 1 < 2(3b+ 2d + e) < 8, that is, 2k < 9.

3.9. Proposition. For all k > 10, B(k) is true.

Proof. First of all, notice that the schemes T'(k) of Section 1 are the schemes
Z(0,0,0,0, g(k), r(k), k). In the following we denote by B(b,c,d,e, f,r, k) the state-
ment:

(b,c,d,e, fir,k) € A (k), and H(Exs1 ® Izpedie,f.rk)) =0,

hence B(k) is B(0,0,0,0,q(k),r(k),k).

In Sections 4 and 5 (see 4.4, 5.1 and 5.2) we will prove that, if k =6 or k =
7, B(b,c,d,e, f,r k) is true when (b,c,d, e, f,r, k) satisfies (4);, (5); and (6);, or when
Z(b,c,d,e, f,r k) comes in two steps from one of the following schemes: 77(10), 7(11).
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The last fact, together with Proposition 3.3, says that B(10) and B(11) are true; the
first means (Lemmata 3.5, 3.6, and 3.7) that, if k=6 or k =7, B(b,c,d,e, f,r,k) is
true for all Z(b,c,d,e, f,r,k) coming from (at least) three steps before (and maybe
for some others).

Now we prove B(b,c,d,e, f,r,k) for k > 12 by induction on k. Assume that the
statement is true for k; then, by Proposition 3.3, it is true for k£ +2, hence it is enough
to prove the initial cases B(b,c,d,e, f,r,12) and B(b,c,d,e, f,r,13).

For B(b,c,d,e, f,r,13) it is enough to apply 3 times Proposition 3.3, and to use the
fact that B(b,c,d,e, f,r,7) is true for all Z(b,c,d,e, f,r,7) coming from three steps
before.

For B(b,c,d,e, f,r,12) we do the same. This is possible since the only exception,
(0,0,0,0,6,8,8), does not come from two steps before by Remark 3.6. [

4. Initial cases for & even

We set #(6) := {(b,c.d,e, f,r,6)€ /(6)](b,c.d,e, f,r,6) satisfies conditions (4)s,
(5)¢ and (6)s}. In this section we wish to prove that H(&7 @ I 2bc.d,e, f.r,6)) = 0
for (b,c,d,e, f,r,6)€ (6), and also for Z(b,c,d,e, f,r,6) coming from 7(10) in two
steps.

We recall that &(6) is the set of (b,c,d, e, f,r,6) such that ¢ # 0 (see Remark 3.8)
and such that the following hold:

0) 2b+c+3d+3e<12, 0<d+e<],

()¢ 2(B3b+c+4d+5e+6f)+r =48,

(2 r=0orr=38,

(4)s 3b+2c+2d+e<17,

(5) O6b+c+4d+2e>=8,

(6)s 3b—4c+2d+e<4

Then it is elementary, but tedious, to check that

7(6)=1{(0,7,0,1,2,0,6),(1,3,0,0,3,0,6),(1,4,0,1,2,0,6),(1,5,1,0,2,0,6),
(2,1,0,1,2,0,6),(2,2,1,0,2,0,6),(3,3,0,0,2,0,6),(0,4,1,0,2,8,6),
(0,8,0,0,2,8,6),(1,1,1,0,2,8,6),(1,5,0,0,2,8,6),(1,6,0,1, 1,8, 6),
(2,2,0,0,2,8,6),(2,3,0,1,1,8,6),(2,4,1,0,1,8,6),(4,2,0,0,1,8,6)}.

On the other hand, it is immediate to see, using Proposition 3.3, that if Z(b,c,d,e,
f,r,6) comes from 7(10)=2(0,0,0,0,10,0,10) in two steps, then (b,c,d,e, f,r,6)=
(0,7,0,1,2,0,6), which already belongs to .¥(6).
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So let (b,c,d,e, f,r,6) € F(6); in the following we prove, by techniques and nota-
tions analogous to the ones in the proof of Proposition 3.3, that H%(&7® .7 Z(b,ed,e, f,1,6))
=0.

4.1. Proposition. Let (b,c,d,e, f,r,6)€ F(6), let g,h,i =0 be defined as before by
relation (3)s, and assume:

(x) f=g9+h+i
(xx) 1< f+i<3, if r=8,f+i=4, if r=0.

Then, H'(&7 ® I zp.c.d.e. f.r,6)) = 0.

Proof. We do the same HD step as in the general case (see proof of Proposition 3.3),
described by the following table:

cn.o.C What we have over C What we “add” over C

1 1 [1]

1 1 2 ,
12 b<[2]>+c([1])+d([3]>+e<[3]> gl 2 | +nl12|+il| 2
[3] 3 3

Condition (x) assures that this can be done. Hence, exactly as in the general case, the
proposition is true provided that the HD residue Z’, consisting of b(1)+d(1)+e(2)+

g (;) +h (;) +i (g) over C, and of 7, general over P2, satisfies H(&5s ®.#,)=0.

We set a := %length(Z’ NH)=b+d+2e+2g+3h+3i. As in proof of Proposition
3.3, Condition (1), is automatically satisfied by the integers of Z’, that is, we have:

a+(g+h+2i):b+d+2e+3g+4h+5i:127g,

hence, since by (x) f+i=g+ h+2i, by (xx) we get:

if r=0,a=8and g+ h+2i=4,
if r=85<a<7and g+h+2i=8—a.

Recall that if » =0,7, =0, and if » =8, we have the choice between T, = (;) or

T, = (g)

Now we do another HD step, “adding” on C respectively:

¢ if r=0,a=8 and ¢g-+h+2i=4,

[1]
(3 ifr=8, a=7 and g+h+2i=1,
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2
<[2]> ifr=8 a=6 and g+h+2i=2,

1
<[3]> ifr=8, a=5 and g¢g+h+2i=3,

Since a plus the length of the T#/P of the scheme we have just added is 8, then by
Lemma 2.2 and by [26] (1.2)iv) one has H(S gy ® Es11) = 0.

Moreover, since g + & + 2i plus the length of the Res”? of the scheme we have
added is 4, then by the remark below H°(F g, s, @ &3) =0, hence Proposition 2.6
gives HY( S, ® &5)=0. [

4.2. Remark. If M is a 0-dimensional curvilinear scheme of length 4 contained in a
smooth conic C C P?, then H%(&3 ®-#,;)=0. This follows by Lemma 2.2 and [26] (see
proof of A(4) in 2.2 there, for M reduced; the proof holds also for M non reduced).

4.3. Corollary. Let (b,c,d,e, f,r,6)€ S (6) with r =8 or (b,c,d,e, f,r,6) = (1,3,
0,0,3,0,6); then, H'(67 ® I z(p.c.d.e. f,r,6)) = 0.

Proof. Just check that (x) and () of Proposition 4.1 hold.
4.4. Propostion. Let (b,c,d,e, f,r,6) € F(6); then, H'(67 ® I 76 c.d.e. f.r6)) = 0.

Proof. Since Corollary 4.3 holds, we are only left to prove the remaining cases:

(0,7,0,1,2,0,6),(1,4,0,1,2,0,6),(1,5,1,0,2,0,6),(2,1,0,1,2,0,6),
(2,2,1,0,2,0,6),(3,3,0,0,2,0,6).

We prove each case separately, and the proofs are described by tables, accord-
ing to the conventions used in the proof of Proposition 3.3. Each table consists of
two lines, that is, of two Horace steps; since in each case, denoting by M the HD
residue of the last step, M consists of a 0-dimensional curvilinear scheme of P? of
length 4 contained in a smooth conic, we are done since H(&3 @ #,;) = 0 (see
Remark 4.2).

In every proof we use either the conic C or another conic C’ meeting C transversally
at four points. In the latter case, we will always set 4 := C N C’, and the notations
()4 mean that the support of the scheme is over 4.

. . 1 .
Notice that a scheme ( ;) over C will appear as a scheme ( 1 ) when viewed
A 2 4

over C’, and analogously a scheme (g) over C will appear as a scheme ( 2 )
A 2 4

over C'.
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Case (0,7,0,1,2,0,6):

c.n.o.C What we have over C

What we “add” over C

Residue not
over C

2
12 7([1])+< )
[3]
2
8 ([2])+2< >
[3]

(1]

Case (1,4,0,1,2,0,6):

c.n.o.C’ What we have over C’ What we “add” over C’ Residue not
over C’
1
1
12 + 1 2 2(1) over C
21/,
21/,
1
+2([1Da+2 | 2
(3]
1
8 ([1Da + +2 ([1D4 (1) over C
21/, [2]

Case (1,5,1,0,2,0,6):

c.n.o.C What we have over C

What we “add” over C

Residue not
over C

1 1
12 < >+s<m>+<
2] [3]
2
8 ([1]>+([11)+2< >
[3]
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Case (2,1,0,1,2,0,6):

c.n.o.C’ What we have over C’ What we “add” over C’ Residue
not over C’
1 1
1
12 2] 2 | +2 +] 2 (1) over C
21/,
[3] 21/,

1 1
8 2 < ) +2([]4 + ( > (1) over C
2] 21/,

Case (2,2,1,0,2,0,6):

c.n.o.C’  What we have over C’ What we “add” over C’ Residue not
over C’
1 1
1 1
12 1|+ opa+2]| 2 over C
21/, 2
1/, 31

(), () ()
8 + (14 +2
1/, [2] 21/,

Case (3,3,0,0,2,0,6):

c.n.o.C’ What we have What we “add” over C’ Residue not over C’
over C’

1 1
12 2< ) +2([1ha+2 | 2 ( >+(1)0verC
21/, 2

(3]

1 1
8 2([11)a +2 < > < > (1) over C
(2] 21/,

5. Initial cases for & odd

In order to complete the induction for & odd, we should prove all the initial cases
with k=7, i.e. that H%(.# ;@6&7%)=0 for all the admissible schemes Z=Z(b,c.,d, e, f,r,7).
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Recall that “Z is admissible” means:

(07 2b+c+3d+3e<14, d+e<l,
(1), 12f =63 —r —36b — 6¢ — 24d — 30e,

2); r=3 or r=11
On the other hand, Lemmata 3.5, 3.6, 3.7 and Remark 3.8 show that if Z is needed
for the induction in order to prove H%(.# z» @&11)=0, for k > 13 and some admissible

scheme Z”, then we have also:

(4); 3b+2c+2d+e< 19,
(5)7  6b+c+4d +2e > 10,

(6) 3b+2d+e<4c+4.

Again, it is elementary, but tedious, to check that the (b,c,d,e, f,r,7)’s satisfying
(0)7,(1)7,(2)7,(4)7,(5)7,(6)7 are the elements of the following set:

7(7)=1{(0,8,1,0,3,3,7),(1,4,0,1,3,3,7),(1,5,1,0,3,3,7),(2,1,0,1,3,3,7),
(2,2,1,0,3,3,7),(2,6,0,0,3,3,7),(3,3,0,0,3,3,7),(3,4,0,1,2,3,7),
(1,1,1,0,3,11,7),(0,9,0,1,2,11,7),(1,5,0,0,3,11,7),(1,6,0,1,2,11,7),
(1,7,1,0,2,11,7),(2,2,0,0,3,11,7),(2,3,0,1,2,11,7),(2,4,1,0,2, 11, 7),
(3,5,0,0,2,11,7),(4,2,0,0,2,11,7),(4,3,0,1,1,11,7)}.

Moreover, a straightforward computation (see Proposition 3.3) shows that if
Z(b,c,d,e, f,r,7) comes from T'(11) in two steps, then (b,c,d,e, f,r,7)=(0,9,0,1,2,
11,7), which already belongs to (7).

In the following Lemmata 5.1, 5.2 we prove that H (&3 @ I Zb.ede, for,7)) = 0 for
all (b,c,d,e, f,r,7)e (7).

5.1. Lemma. Let (b,c,d,e, f,r,7)€ S(7) with r=3; then, H'(&3 ®I z(b.c.doe, f.r,7))=0.

Proof. The following table, in the manner of what we did in Section 3, illustrates a
procedure that gives the required proof in almost all cases with » = 3.
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In the second step we set w=f —g—h—i—g —h —1i.

cn.o.C What we have What we “add” Residue not
over C over C over C
1 1 1
14 b<1> d<1> 2 h| 2 % h—i| 2
+eo+ g + —g—h—i
[2] [3]
[3] 3 3
1
5 [1]
+e +il| 2 +T3
(3]
3
b+d+2 :
+d+2+yg
10 g 2 |+ |12 wl2 |+
1 2
+h< >+,-< ) ) 3 3
[3] [3]
(1]
+i'| 2
3
h+2i+ ’< : >
g+h+2i+g
[2] !
6 T3 wl 2

() ) |
+h +i
[3] (3]

This procedure is possible whenever:

(t) in the first step: f>g+h+1,
(#) in the second step: b+ d + 2e+ 2g + 3h + 3i < 10;
and we will set

10— (b+d+2e+2g+3h+3i)=3g +2h +7,
where ¢/, 1',i" > 0, with ' +i’ < 1.
Then we require that there are no more 3-fat points left in the last step, i.e. w =0,
in other words:
#H g+W+i=f—g—h—i

Notice that (##), with the requirement ¢’,4’,i’ > 0, implies (}).
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In the third step, we need:
() g+h+2i+29 +30 +3i/=5

so that, specializing 75 over C (i.e. specializing the support of the projection n(73) on
C) in such a way that 1, (see Definition 1.3) is not tangent to H =n~'(C), we get
six conditions over C and the residue R is given by ¢’ + 4’ + 2i’ points over C plus
the residual of T3, i.e. a point 7€ H = n~!(C). Since at each step, relative to &1,
the length of the residual scheme is 4°(&,_1), we know that the length of this residual
scheme R is 3 = h°(&,), so R=T UP, where Pc C C P2,

Hence the last step is proving that H%(&, ® .#z) = 0; this is statement A(1) in [26,
Lemma 2.2].

So this proof works whenever (#), (##) and (1) hold; it is immediate to check that
these conditions are satisfied except for (b,c¢,d,e, f,3,7)=(0,8,1,0,3,3,7).

In this case we proceed with an ad hoc construction as follows (the specialization
of T3 in the last step and the conclusion are as in the general case):

Case (0,8,1,0,3,3,7):

c.n.o.C What we have over C What we “add” over C Residue not
over C
| (1] 1 1
14 8([1 2 2 2 T
([])+<[3]> + | [2] + 73
3 3 3
1
10 ([1])+<1>+<2> 2 T-
3
(3] [3]
(3]
1
6 1 2 T:
([ + ])+<[2]> 3
O

5.2. Lemma. Let (b,c,d,e, f,r,7)€ S (7) with r = 11; then, H'(63 ® I zb.c.d.e. f.r.7))
=0.

Proof. We are unfortunately obliged to give specific procedures for each case in #(7)
with » =11. o
We will always write ( é ) for 77, with obvious meaning, see its description in
3

Section 1. In every proof we can use either the conic C or C and another conic C’;
in the latter case we will always set A = C N C’, as in 5.1. In all cases the last step
is as in 5.1, general case, and the last residue will always be of type (1/0) + (1), i.e.
TUP, where Te H=n""(C) and P C C P2, as required.
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Case (0,9,0,1,2,11,7):

Needed over Already on that conic

What we “add” over

which conic that conic
1
14 C 9([1]) + < ’ > [2]
over
[3]
3
. 1/0 1
10 over C ([2]) + < 3 > 2 + | [2]
(3] 03] 3
6 over C

o (1) (0
+ +
3] (2]

Case (1,5,0,0,3,11,7):

Needed over
which conic

Already on that conic

What we “add” over that conic

14 over C

1
+ 5([1
o

10 over C’

6 over C’

e (3)(5)
+ +
), @

1 [
2 2 + 2
[3] 3
1 1 1/0
(14 +2 -+ 2 + 2
! <[2] )A
21/, \sl

Case (1,6,0,1,2,11,7):

Needed over Already on that conic

What we “add” over

which conic that conic
1
14 C <1>+6([1])+<2> 2
over
[2] [3]
[3]
. 1/0 1
10 over C ([1D) + (2D + < , > 2 + 1 [2]
[2] 3] 3
6 over C

o (o) ()
[3] (2]
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Case (1,7,1,0,2,11,7):

Needed over which conic Already on that conic What we “add” over that conic
1
1 1
14 over C + 7([1]) + [2]
[2] (3]
3
1/0 1
1
10 over C ([1D + ([1]) + 2 |+ | (2]
(3]
(3] 3
1 1/0
6 over C ([17) + +
(3] [2]
Case (2,2,0,0,3,11,7):
Needed over which conic Already on that conic What we “add” over that conic

1

1
14 over C’ 2 < ) +((IDa+3] 2
21/,
(3]
1/0
1
10 over C (1) +2([1D4 2 < ) + 2
1),
[3]
() (&)
6 over C 2([11a +
2] 21/,
Case (2,3,0,1,2,11,7):
Needed over Already on that conic What we “add” over that conic
which conic
1 1/0
1
14 over C’ 2 < ) +(MMDa+2 2 |+ 2
21/,
[3] (3]
1
(o) ()
10 over C’ 2([1])4 + 2 + 2
(2] (2]
21/,
1
6 over C 2([1D) + ( > 2([1D4
21/,

Notice that for the last step it remains a (1/0) over C’ and a (1) over C.
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Case (2,4,1,0,2,11,7):

Needed over which conic Already on that conic What we “add” over that conic
1
1 1
14 over C 2 ( > +4([1]) + < > 2
(2] (3]
(3]
| 1 1/0
10 over C 2([1]) + ([1D + <[2] > 21|+ 2
3 [3]

6 C ([1])+<1 >+<1/0>
over
[3] (2]

Case (3,5,0,0,2,11,7):

Needed over which conic Already on that conic What we “add” over that conic
| 1
14 over C 3 + 5([1]) 2
<[2] )

[3]

| 1 1/0

10 over C 3([1D) + <[2]> 21 | + 2

3 [3]

over

Case (4,2,0,0,2,11,7):

Needed over which conic Already on that conic What we “add” over that conic
| 1 1/0
14 over C’ 4 <[2]> w1 2 |+l 2
4o\B) [3]
1 1
10 over C 3[(MDa+ | 1 +2([1]) 2
21/, B3]
1/0 1
6 over C’ (2Da +
2] 21/,
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Here in the second step we made a collision of a ( ;) over C' on a (1), so we got

a (;) over C’, which is a (i) over C. The residue of such a scheme is a ({)
4 4 4
over C, which in turn gives a (2)4 over C’ in the last step.

Case (4,3,0,1,1,11,7):

Needed over which conic Already on that conic What we “add” over that conic
1 2
14 over C 4 +3([1]) +
(2] (3]
1 1/0
10 over C’ 4([1)4 2 [+1] 2

[3] [3]

1 1/0
6 over I ( > + ( ) (2D 4
[2] (2]

In the last step we specialize C’ to a conic I' which is tangent to C in one point,
so that 4 is of type 2(1) 4 (2) over both C and I', and we can specialize the residue
(2) over C to (2)4 over I'.

Case (1,1,1,0,3,11,7):

Needed over Already on that conic What we “add” over that conic
which conic
1 1
1 1
14 over C < > +([1D) + < > 21 2 |+ | [2]
(2] (3]
[3] 3
1 1/0
1
10 over C’ [ha+ | 1 +2 < > +1 2
21/,
21/, 3]
1 1/0
6 over C’ 2([1D4 + < > + < > ([
m/, \m2
]
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