Homework of MATH 939

Links to the homework sets:

g

Homework 1
1. Consider the logistic map z,,+1 = fa(z,) = 4 Az, (1 — x,,). Outline the steps to find period-2 points for the map. Let
0 < 71 < g2 be the period-2 points. Prove for 3/4 < XA <1 §2(A) € [0, 1] and g2 is monotone increasing in A.

2. Let f be a continuous map on the unit interval. Prove that if there is an interval [a, b] C [0, 1] such that f([a, b]) 2 [a, b],
then there is a subinterval I C [a, b] so that f(I) = [a, b].

3. Let0 <a <b<c<1and f be acontinuous map on the unit interval. Prove that if f(a) = ¢, f(c) = b, f(b) = a,
then f has a period-k point for every k > 1.

Homework 2

1. Let T be the tent map on [0, 1], and let o(x) and I, s, be defined as in lecture. Prove the following:

[

. o(z0) = 50818 ... = o(fF(20)) = SkSkr1---Sn .-
2. Iso...sn = [so...sn,_1 N (fn)il(lsn)'

3. 1 = [so...snL ) ISU...S,LR and ‘Iso...sn| = (1/2)n+1

S0---Sn
4. Isy.s, NIg s # O iff s =s) forallk =0,1,...,n.
5. f™*! is monotone increasing on Isy.. s, < Ns,..s, = e€ven, where ng, s, is the number of Rsin {so,..., S, }.

2. Let B = {0, 1} be the binary symbol set. Define §(s,t) = 0if s =t and 0(s,t) = 1if s # t for s,t € B. Show that J is
a metric on B.

3. Let So = {s = s081... : s; € B} be the set of all binary sequences. Define

- 0 75 ;
d(s,s') = Z (;sz), for s, s’ € Ss.
i=0

Show that d is a metric in S5.
Homework 3

1. Let T'(x) be the tent map with slope 3 from the unit interval I = [0,1]to R: T'(z) = 32,0 < x < 1/2 and T'(x) =
31—2),0<x<1/2. LetC={zel: f"(x)el, foralln=0,1,2,....}.

a. Prove that C is the Cantor mid-third set, i.e., it is closed, uncountable, containing no intervals, and every point of C'
is a limit point of C'.

b. Prove that the dynamics (7', C) is topologically conjugate to the shift dynamics (¢, S2) on 2-symbols.

c. Let C¢ =TI\ C, the complement of C. Show that C* is the sum of countable disjoint intervals and the total length is
|C¢| = 1.



2. Let f be the piecewise function as below

22, 0<z<1/2
flx)=19 3/4—z, 1/2<x<3/4
x—3/4, 3/4<z<1

Find the piecewise density function for the natural measure of f. Show work.

Homework 4

1. Let C°(R, R) be the set of all uniformly continuous and bounded functions in R. and let ||f||o = supg |f(x)|. Prove
that || f||o defines a norm for C° and that C¥ with the norm is a Banach space.

2. Let C1(R, R) be the set of all differentiable functions for which both the functions and their derivatives are uniformly
continuous and bounded in R. Let ||f||1 = supg(|f(z)| + |f’(z)|). Prove that ||f||; defines a norm for C'* and that C*!
with the norm is a Banach space. (Hint: Use the fundamental theorem of calculus to show that f is differentiable with
derivative f' = h if and only if f(x) = f(zo) + [, h(t)dt.)

3. Let A be ann x n invertible matrix and B be an m x m matrix. Let g € C°(R",R™) := X and define T : X — X by
T(g)(x) = Bg(A~tx),ie. T(g) = Bogo A%

a. Prove that T'is in L(X, X), the Banach space of all bounded linear maps from X to X and ||T'|| < || B]||.
b. Prove that T is differentiable in g and that [D,T]h = B o ho A, alinear map from X to X.
c. Let T* =T oT---oT be the kth iterate of T in composition. Prove that T*(g)(z) = B*g(A~"x).



