
May 9, 2002 MATH 428 Final Exam Spring Semester, 2002

Name: Score:

1(15pts) Consider the following optimization problem

Maximize Z = 4x1 + 3x2 + 6x3

subject to
3x1 + x2 + 3x3 ≤ 30
2x1 + 2x2 + 3x3 ≤ 40
x1 ≥ 0, x2 ≥ 0, x3 ≥ 0.

(a) Work through the simplex method (in the tabular form) step by step to find the optimal solution.

(b) Demonstrate in general terms that the coefficients of slack variables are the shadow prices for their corre-
sponding resources constraints.

2(15pts) Two political candidates plan to run commercials against each other for a congressional seat in the last few days of
campaigning. The estimated increase in vote politician 1 (expressed as a percentage of the total vote) by running
(1) TV, (2) radio, (3) newspaper commercials is given as follows.

Candidate 2
Commercials TV Radio Daily

TV 1 -1 2
Candidate 1 Radio 0 4 1

Daily 3 -2 4

However, because of the time constraint, each candidate must make her own choice before learning the opponent’s
choice.

(a) Determine the expected payoff function for player 1 given a mixed strategy for the player 2.

(b) Use the graphical method to determine the value of the game and the optimal mixed strategy for each
candidate according to the minimax criterion.

3(15pts) Oliver Trent is the credit manager for the First Investment. He is currently faced with the question of whether
to extend $100,000 credit to a potential new customer, a furniture manufacture. Oliver has 2 categories for the
credit-worthiness of a compony: poor risk and good risk, but he does not know which category fits his potential
customer. Experience indicates that 40 percent of companies similar to this furniture company are poor risk and
60 percent are good risks. If credit is extended, the expected profit for poor risks is -$15,000, and $25,000 for
good risks. Oliver is able to consult a credit-rating company for a few of $2,000 per company evaluated. For
companies whose actual credit record with the First Investment turns out to fall into each of the 2 categories, the
following table shows the percentages that were given each of the 2 possible credit evaluations by the credit-rating
company:

Actual Credit Record
Credit Evaluation Poor Good

Poor 55% 40%
Good 45% 60%

(a) Find all posterior probabilities.

(b) Draw and properly label the decision tree. Apply the backward induction procedure to find the optimal
policy.

4(10pts) Customers arrive at a fast-food restaurant with one server according to a Poisson process at a mean rate of 30
per hour. The server has just resigned, and the two candidates for the replacement are X (fast but expensive)
and Y (slow but inexpensive). Both candidates would have an exponential distribution for service times, with X
having a mean of 1.2 minutes and Y having a mean of 1.5 minutes. Restaurant revenue per month is given by
$24,000/W , where W is the expected waiting time (in minutes) of a customer in the system. If Y can be hired
for $2,500 per month, would you hire X for $5,000 per month assuming that server’s salary is paid out from the
revenue?

(Continue on Next Page ... )
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5(10pts) A company will soon be introducing a new product into a very competitive market and is currently planning its
marketing strategy. The decision has been made to introduce the product in three phases. Phase 1 will feature
making a special introductory offer to the public at a greatly reduced price to attract first-time buyers. Phase
2 will involve an intensive advertising campaign to persuade these first-time buyers to continue purchasing the
product at a regular price. It is know that another company will be introducing a new competitive product at
about the time that phase 2 will end. Therefore, phase 3 involve a follow-up advertising and promotion campaign
to try to keep the regular purchasers from switching to the competitive product.

A total of $4 million has been budgeted for this marketing campaign. The problem now is to determine how to
allocate this money most effectively to the three phases. Let m denote the initial share of the market (express
as a percentage) attained in phase 1, f2 the fraction of this market share that is retained in phase 2, f3 the
fraction of the remaining market share that is retained in phase 3. The following table gives the estimated effect
of expenditures in phase with $1 million the minimum permissible amount for phase 1 and 0 for phases 2 and 3:

Effect on
Market Share

Millions of
Dollars Expended

m f2 f3

0 – 0.2 0.3
1 20 0.4 0.5
2 30 0.5 0.6
3 40 0.6 0.7
4 50 – –

Determine how to allocate the $4 million to maximize the final share of the market for the new product.

6(10pts) A jewelry store always stocks up and have exactly three 1-carat diamonds at the end of each month. It is estimated
that the monthly demand for its 1-carat diamonds are independent, identically distributed according to

P{D = 0} =
1

10
, P{D = 1} =

2

5
, P{D = 2} =

2

5
, P{D ≥ 3} =

1

10
.

(a) Show that the expected first time when the stock will be empty is independent of the states.

(b) Assuming that the store incurs monthly financial charges of $20 for 1 diamond in stock, $38 for 2 diamonds,
and no charge for empty stock, find the long-run expected average storage cost per month.

7(15pts) Consider a single-server queueing system where some potential customers balk (refuse to enter the system). Po-
tential customers arrive according to a Poisson process with a mean rate of 4 per hour. An arriving potential
customer who finds n customers already there will balk with the following probabilities:

P{balk |n already there} =





0, if n = 0,
1/2, if n = 1,
3/4, if n = 2,
1, if n = 3,

Service times have an exponential distribution with a mean of 1 hour.

(a) Construct the rate diagram for this queueing system.

(b) Obtain the steady-state distribution of the number of customers in the system.

(c) Find the expected fraction of arriving potential customers who are lost due to balking.

8(10pts) A transition matrix P is said to be doubly stochastic if the sum over each column equals 1; that is

M∑

i=0

pij = 1, for all j.

If such a chain is irreducible, ergodic, and consists of M + 1 states, show that

πj =
1

M + 1
, for all j = 0, 1, 2, . . . ,M .

End
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