[Lecture Note 6]
Center Manifold Theorem

Let ¢ be a nonhyperbolic fixed point of a diffeomorphism f in R¢. Let J =
Df(q), and denote

o' =o(J)N{lz] <1},0¢=0a(J)N{|z| =1}, and o“ =0c(J)N{|z| > 1}

the set of stable eigenvalues, center eigenvalues, unstable eigenvalues, respec-
tively, of the linearizatoin D f(7). Let

c®=0"Uc% and ¢ =0c°Uc".

Definition 1. Let G be a nonhyperbolic fixed point of a diffeomorphism f in R?
and 3 be any constant satisfying

1 < f < min{|c"|}.
The center-stable manifold of the fixed point q for f is
We ={p:{B7"f"(p) — q]}>2, is a bounded sequence}.

Theorem 1 (Center-Stable Manifold Theorem). Let ¢ be a nonhyperbolic fixed
point of a diffeomorphism f in R? with splitting R? = E°* x E*. Then a sufficiently
small || f — D f(q)||, implies W< is independent of any two different choices in [5.
Also, W is the graph of a C* function ¢,, : K¢ — E*

W = graph(¢y),
and the tangent space of W at the fixed point is the center-stable eigenspace
T;We = E.

Furthermore, if f € C*(R?), 1 < k < oo, then ¢, € C*(E* EY), and if f €
CHYR?), then ¢, € C1(E EY).

Proof. Let A\; = max{|c®|} = 1 and Ay = min{|o¥|} > 1. Then [\, A9] is
a pseudo-hyperbolic split for .J. In addition, the condition \;* = 1 < X, holds
automatically for any £ > 1. Hence, the result follows from the \-Left Manifold
Theorem. L]

Definition 2. Let ¢ be a nonhyperbolic fixed point of a diffeomorphism f in R?
and o be any constant satisfying

max{|c’|} <a < 1.
The center-unstable manifold of the fixed point q is

W ={p:{a"[f"(p) — 4]}y is a bounded sequence}.
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By applying Theorem 1 to f~! we obtain the following result.

Theorem 2 (Center-Unstable Manifold Theorem). Let ¢ be a nonhyperbolic fixed
point of a diffeomorphism f in R? with splitting R? = E* x E“. Then a sufficiently
small || f — Df(q)||, implies W is independent of any two different choices in
a. Also, W€ is the graph of a C*! function ¢, : E* — E*

W = graph(¢),
and the tangent space of W at the fixed point is the center-unstable eigenspace
T;W™ = E™.

Furthermore, if f € C*(RY), 1 < k < oo, then ¢, € CH(E“ E®), and if f €
CrkL(RY), then ¢, € CFH(E™, E®).

Theorem 3 (Local Center-stable and Local Center-unstable Manifold Theorem).
Let q be a nonhyperbolic fixed point of a diffeomorphism f in R? and let E,
K<, K%, E* be the center-stable, center-unstable, stable, unstable eigenspace,
respectively, at q for the linearization D f(q). Then there is a small neighborhood
N,.(q) and two differentiable functions ¢,, : N,(q)NE* — E, ¢5 : N,.(7)NE®™ —
[E°, so that the local center-stable and local center-unstable manifolds

I/Vﬁi(q_) = graph(¢u), Mfl?é(@ = graph(gbs)
satisfy the following properties
(l ) T/es

o contains all bounded forward orbits in N,.

(ii) W contains all bounded backward orbits in N,.

loc
(iii) They are locally invariant, i.e., f(W{ )N N, C Wi, f~YWi, )N N, C
Wi, i=cs, cu

(iv) T Wes

loc
Moreover, if f is C*, 1 < k < oo, then both ¢, and ¢4 are C*, and if f is C*!,
then both ¢, and ¢4 are C*'.

Proof. Modify the map f by a C*° cut-off function p.(p — q) to f — f(p) =
Df(@p+ pr(p—q)(f(p) — Df(q)p). Then for sufficiently small r, Theorems 1
and 2 can be applied to the modified map to obtain the maps ¢,, ¢s. Restrict both
to the neighborhood N,.(g), then the results follow from the theorems. [

g ]ECS’ TqWCu g ECU.

loc

By applying the theorem above we obtain

Theorem 4 (Local Center Manifold Theorem). Let § be a nonsingular fixed point
of a continuously differentiable map f in R and let E*, E¢, E* be the stable,
center, unstable eigenspace, respectively, at q for the linearization D f(q). Then
there is a small neighborhood N,(q) and a differentiable function ¢, : N,.(q) N
E¢ — E* x E% so that the local center manifold

I/Vlgc((j) = graph(¢su)

satisfies the following properties



(i) Wi contains all orbits bounded in both forward and backward directions
in N,.

(ii) Every point not from W _ escapes N,(q) in either forward or backward
iteration.

(iii) It is locally invariant, f(W¢, )N N, CW¢_, fH(WE) NN, CWE, .

(iv) T,We, = Ee,
Moreover; if f is C*, 1 < k < oo, then ¢, is C*, and if f is O™, then ¢, is C*1.
Proof. Let W&, = graph(¢,) and W = graph(¢s) be alocal center-stable man-

loc
ifold and a local center-unstable manifold, respectively, by the previous theorem.

Define
I/I/'l(éc — CS m cu

loc loc*

Then property (i) through (iii) follow immediately. To show the existence of ¢,
and (iv), let p = (z,y, 2) be a coordinate system for the splitting R? = E* x ¢ x
E". Then a point (z,y, z) € W, iff it satisfies the equations below

{rzos

which in turn is equivalent to F'(z,y, z) = (Fy, F»)(z,y, z) = 0 with

Fi(z,y,2) =2 — ¢s(y,2), and Fyp(x,y,z) = 2z — du(x,y).
Obviously, the fixed point, g ~ (0,0, 0), is a solution, F'(0,0,0) = 0. Also,

(D

D F(0,0,0) =1

the identity matrix in R%+de = Es x B¢, because D¢, (0,0) = 0 and D¢,(0,0) =
0. Therefore, by the Implicit Function Theorem, equation (1), i.e. F'(z,y, z) = 0,
can be solved locally as a function ¢, : N, NE¢ — E® x [E*, making r smaller if
necessary, so that (z, z) = ¢g,(y) and

Wige = graph(¢s.)
follows. It can be directly checked that ¢, (0) = (0,0) and
D¢, (0) =0

by IFT since D,F(0,0,0) = 0, showing property (iv). Last, that f is C*, or
CHl 1 < k < oo, implies ¢,, ¢ are C*, or C¥!, which in turn by IFT implies
¢su is OF, or C*1. This completes the proof. O

The conclusion is all interesting dynamics near a nonhyperbolic fixed point of
a diffeomorphism takes place on a center manifold.

Local center manifolds are not unique in general (see Fig.1), but the center
manifold dynamics is in the sense that the dynamics on any two local center man-
ifolds are smoothly conjugate. Specifically, we have the following theorem.
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Theorem 5 (Uniqueness of Center Manifold Dynamics for Flow 1). Let ¢ = 0 be
a nonhyperbolic equilibrium point of the differential equation

&= Az + h(z)

where x € R? h(0) = 0, Dh(0) = 0, and h is C*™V1 k > 0. Let f be the
time-1 map of the solution, f(x) = (1, x) where p(t, ) is the solution of the
equation with initial condition ¢(0,x0) = xo. Let W _,, Wi, be two local
center manifolds of G for f. Then there is an open neighborhood V of q and a C*
invertible map v : Wig ., NV — Wg o NV so that

fok(p)=ro f(p)

Jorallp € W, , NV solongas f(p) € Wi, NV.

0 X

Figure 1. The phase diagram for the system
of differential equations 2’ = 22, iy = —v.
Every red curve on the left coupled with the
right z-axis is a local center manifold of the
time-1 map of the solution operator at the
fixed point 0. There are infinitely many lo-

cal center manifolds of the origin.
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