Mismatch Repair Implies Chargaff's PR2 For Nucleus DNA
Bo Deng?

Abstract: Chargaff’s second parity rule (PR2) holds empirically for most types of DNA that
along singlestrands of DNA thebase contentsareequal for complimentary bases, A =T,G =
C. A Markov chain mode is constructed to track the base evolution of any position along
template strands of DNA whose replication isequipped with mismatch repair. Under the key
assumptionsthat the mismatch error ratesprimarily depend on the complementarity and the
steric effect of the nucleotides and that the mismatch repairing process itself makes strand
recognition errors, the model shows that the steady state probabilities for the base position
to take on one of the 4 nucleotide bases are equal for complimentary bases, and that PR2 is
theresult of the law of large numbers acting on the base's steady state distribution.

Key Words: Chargaff’'s second parity rule, Watson-Crick's base pagogiplementarity, DNA
replication, mismatch repair, Markov chain, steady sta&gitution, the law of large numbers.

Introduction. Erwin Chargaff discovered in 1950 ([4]) that the amount of dbhaseA is about
the same as that of ba3eand the same holds for baGeand baseC. This parity rule played an
important role in the discovery of the structure of DNA by #&nWatson and Francis Crick in
1953 ([17]). In return, Watson-Crick’s double helical mbdéth its base paring rule —A-to-T
andG-to-C — gives a mechanistic explanation to Chargaff's compleargrarity.

Chargaff and colleagues made a surprising discovery iretieedOs ([5, 6]) that the same rule
holds even along the complementary, single strands of th& DNlecules of a common soil bac-
terium Bacillus subtilis This rule is now referred to aShargaff’s second parity ruléPR2) in
the literature. Their findings have been extended to mangraitganisms throughout the years,
leading to a recent comprehensive test by [13] which shoatsRR2 is nearly universal: It holds
for four of the five types of double stranded genomes: theeaiamucleus chromosomes, the bac-
terial nucleus chromosomes, the eukaryotic nucleus chsomes, and most double stranded viral
genomes. But it fails to hold for some organellar genomess{moticeably animal mitochondria
and plastids), single stranded viral genomes and RNA gesoifiee order of magnitude for the
PR2-compliance is astonishing — for the Human genome, famgte, it amounts to abo@k 10°
base pairs for the compliant nucleus DNA to a paritffx 10* base pairs for the non-compliant
mitochondrion DNA.

Even more surprising is the observation that PR2 cannot prieed by the Watson-Crick
DNA model; nor by pure chance; nor by chemistry because litagpurines paiA, G and, respec-
tively, the pyrimidines pail, C that are structurally similar. It is equally amazing tharthseems
to be no logical imperative from Darwin’s theory of evolutitor the immutability and pervasive-
ness of the rule. Not surprisingly, mechanistic explametiior PR2 have been sought ([8, 16, 10]),
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including the stem-loop substitution explanation ([9he base inversion and transposition expla-
nation ([1]). However, all proposed explanations to dafgyafo both PR2 genomes and non-PR2
genomes, leaving their validity and effectiveness to qaestg. Various mathematical models
were also proposed to explain the rule, but all led to a wromgliption that single strands of
any fixed length would eventually evolve to exhibit the exate after long enough time, which
is contradicted by the length-dependent property of the +d#lthe shorter the strand the greater
deviation from the parity. The last defect was noticed logg hy [11].

We will adopt in this paper a methodological view that allesaies progress in successions of
approximation. For a vast majority of genomes, we propose that the first order of mechanistic
approximation to PR2 is the mismatch repair during replecafor all nucleus DNA. As it turns
out, our result will not apply to mitochondrion DNA for whighismatch repair is not known to
exist for any organism ([15, 3]). We will assume that like @bcesses, mismatch repair itself is
not 100% error proof, and that occasionally it mistakes daate strand for a template strand. We
will then show that PR2 is the result of this regularly scHedusystematic, and imperfect process.
By this idea of progressive approximation, we envision tther less frequent and less systematic
processes — such as the stem-loop substitution, the baasiion and transposition — may count
for some secondary or more restrictive causes to PR2 genwitiesit mismatch repairs. We also
adopt the view that when other considerations are equal plsirmodel can be considered to be
the primary approximation to the solution of a problem, vihichen applied to this case implies
that mismatch repair can be considered as the primary causedcleus PR2.

The Mathematical Model. The main idea for our mathematical model is to model the misima
repair as a Markov process for each position of the temptedads. When combined with the law
of large numbers, the Markovian steady state probabilgyridbution will give rise to the length-
dependent PR2. The mathematical model of DNA replicaticth wiismatch repair assumes the
following.

Mismatch Repair Error (MRE) Moddl:

(a) DNA replication makes nucleotide mismatch errors.

(b) Atthe moment of base replication, the mismatch errouccindependent of the
nucleotide base position on the template single strand GADN

(c) The match probabilities satisfy the following assurops:

I. The match probabilities between complementary baseegual with re-
spect to the complementary pairs:

m{A — T} =m{T — A} and m{G — C} = m{C — G}

ii. The match probability of a base to its complementary selitis the same as
that of the base’s complementary to the complementary elf:its

m{A— A, orT} =m{T — A,orT} andm{G — G,orC} = m{C — G, orC}
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iii. The conditional mismatch probability of a pyrimidineits non-complementary
purine equals that of its complementary purine to the plgimen-complementary
pyrimidine:

m{A —CIA A T}=m{T — G|T 4 A}

m{G — T|G /4 C} =m{C — A|C 4 G}

(d) Mismatch repair makes strand recognition errors inddpet of complementary
bases, and as a result it make base substitution errors.

Hypothesis (a) is self-evident, which applies to all DNAthwor without mismatch repair.
Hypothesis (b) is a localized and symmetrical assumptian ¢&ach base position is as critical
or ordinary as any other base position. It should be takeretagrimary approximation of this
aspect of the replication. This means any assumption atbwlodlgnteractions along single strands
of DNA, such as the stem-loop hypothesis of [2], or codon timsibias asymmetric assumption
from [11], can be taken as secondary approximations or ciores for future refinement of the
model.

Hypotheses i,ii of (c) imply that the mismatch probabilifyacbase to itself is the same as that
of the base’s complementary to the complementary:

m{A — A} =m{T — T} and m{G — G} = m{C — C}

Alternatively, Hypothesis ii of (c) can also be stated imisrof the mismatch conditional proba-
bilities:
m{A —AA AT} =m{T - T[T A A}
m{G — G|G 4 C} =m{C — C|C 4 G}

In other words, Hypotheses i,ii of (c) are made mainly on theglementarity of bases, which
would be automatically true if DNA were a binary code in eittiee AT-pair or theGC-pair.

On the other hand, however, Hypothesis iii of (c) is made hgain the steric characteristics of
the pyrimidines and purines, i.e., whenArs T (resp.G + C) mismatch occurs, the conditional
mismatch probability betweeh—C (resp.G—T) mismatch is the same as the-G (resp.C—A)
mismatch. As a result of Hypotheses i,ii,iii of (c), the reniiag conditional mismatch probabilities
are forced to satisfy:

m{A— G|A AT} =m{T — C|T /4 A}

m{G — A|G /4 C} =m{C — T|C /A G}
More details can be found from the match/mismatch prolgldiagrams of Fig.1. We note that
hypotheses similar to (c) can also be found in the literatufe[16, 10]

What separates our model from all others is Hypothesis (d)hafigh similar assumptions
such as base inversion, inverted transposition, stem-<$odygtitution, codon position-bias were
made for other models, the precise and systematic mechsthsitnmade such operations possible
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Figure 1: MRE charts for bask and basé&s. Parameters, d denote the mismatch probabilities
m{A + T}, m{G ¢ C}, respectively, and,, e; denote the conditional mismatch probabilities.
For examplep, = m{A — C|A /4 T} = m{T — G|T 4 A} and similarly,e;, = m{G —
T|G 4 C} = m{C — A|C /4 G}.

were either not known well enough or conjectured too brodoltyall types of DNA, to which
we know by the result of [13] that PR2 does not always apply.aAssult, none is incorporated
into the current model, nor is any repairing mechanism datsine phase of replication such as
excision repair to spontaneous deamination of cytosineofrast, it appears that most types of
double-stranded chromosomes, nucleus chromosomes ioybart are equipped with mismatch
repair ([14]). More interestingly, mismatch repair in nokmndria of any organism is not known
to exist according to [15], even though other types of repg@chanisms may exist ([3]) which
do not negate the model under consideration. This distindietween DNA having or not having
mismatch repair is consistent with the applicability of Pé&2ablished in [13]. As a result of this
hypothesis, our MRE model applies only to DNA types with masoh repair satisfying these four
hypotheses.

The Result. From a modeling perspective, Hypotheses (c,d) imply thatNtRE model is a
Markov process model for any arbitrary position of any sengffand of DNA since the transition
probability at the position depends only on its current baBee Markov model is illustrated in
Fig.1, referred to as theismatch repair errochart, or MRE chart for short. Take, for example,
a nucleotideA on a template single strand of DNA as shown at the top of thecledrt. With a
probability0 < 1 — a < 1, the process correctly replicatés complementary basg, showing
down the left most branch, but incorrectly with< a < 1 probability. Of that fraction of mis-
matches, for a fraction df < b, b, each the process mismatches it wits @r aC, respectively,
with b; + by, < 1. For the remainind — (b; + b9) fraction of mismatches, af is mismatched to
the originalA. These assumptions are represented by the middle threghiesan

For organisms which proof read and repair mismatches, th& Mfart continues one level
down to the bottom branches. In such cases, Hypothesis ¢dres that they do not always
distinguish the replicative strand from the template stra60% of the time, and make strand
recognition errors independent of the replicating basegigstion. Thus, fob < ¢ < 1 fraction
of time, however insignificant or small it may be at this ppthe process mistakes the replicative
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strand for the replicating template, and proceeds to tuenotilginal baseA into a baseT if the
mismatched pair is af-A pair, with the hyphenated second base position being thel&tebase.
Similarly, with a probabilityd) < ¢ < 1 each, aG-A pair is transformed to &-C pair and aC-A
pair to aC-G pair, all changing the template ba8eto a non-complementary base. With- ¢
probability, the process correctly identifies the temp&itand, and proceeds to keep the original
baseA in the template strand when the replication is completeds particular illustration shows
the case that the original mismatch error is corrected bysa bawhich needs not to be the
case. In fact, what is only assumed and important is that thglH — ¢ probability the original
baseA is preservedalong the template strand upon replication. The replicams base along
the complementary strand may or may not be the complemebg&ay of the old base upon the
completion of the mismatch repair. That is, the most gerdgzpliction of the chart would replace
the basd by a place holdelQ, for any of the four bases.

InterchangingA and T and interchanging the parametéisb, in baseA’s MRE chart gives
rise to basd’s MRE chatrt if the replicating base at the top starts with 8ecause of Hypotheses
(c,d), all the probability distributions foF’s chart are the same as ba&'s chart except for the
conditional mismatch probabilities of Hypothesis iii(¢cjdathe consequence Eq.(1) of Hypothesis
(c), which are accounted for by interchangingandb,. The transition probabilities from baJe
are listed on the second row of the transition probabilitgrmaP below.

Similarly, the diagram on the right is ba§&#s MRE chart with probability distributions in
d, e1, es, f, which may not be respectively the sameias, , b, ¢ for A andT. In particular,c and
d are very likely not to be the same, so are fpande;. According to Hypothesis (d), we have
¢ = f. But there will be no changes to the result if we keep distinct. Also, interchanging
andC in G’s MRE chart gives rise t€'s MRE chart.

The mismatch repair charts allow us to derive the transipiababilities between bases one
replicating generation a time. More specifically, take &ie MRE chart for an example. Let
p{A — A} be the probability that a bagefrom a template strand remains Arupon replication.
Similarly, letp{A — T} be the the probability that a baddrom the template strand is substituted
by a T upon replication, and similar notation appliesptpA — G}, p{A — C}. Then these
probabilities can be tabulated from probability distribas from the MRE chart as follows:

p{A—=T} =a(l—(by+b))c

p{A — G} = abic

p{A — C} = abyc

pP{A—=At=1-p{A=T}-p{A—-GCG}-p{A—=C}=1—ac
The first expression, for example, is obtained by followirayi the top of the chart down the direct
branches leading to the substituting b@isnd multiplying all the probabilities along the branches.
The same for the transition probabilities frolto G andC respectively. The probability from

A to A can either be obtained by the formula above or by summingrababilities of theA-to-
A branches (four branches in all) of the chart. Exactly theeséabulation gives the transition
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probabilities for all other bases.
Using matrix entry notation, we denote

pi1 = p{A — A}, p1o = p{A — T}, p13 = p{A — G}, pus = p{A — C}.

That is, the row and column numbers, 1, 2, 3, 4, are in corredgrace withA, T, G, C, respec-
tively. Similar notation extends to other bases as well. Aesalt we obtain the following transition
probability matrix for our MRE model:

1 —ac a(l — (by + bs))c abyc abyc
P—ip] = a(l — (by + bs))c 1—ac absc abc
N de, f desf 1 —df d(1—(e1 +e2))f
des f dey f d(1 — (e +e))f 1 —df

What follows are standard textbook properties of transifioobability matrixes of Markov chains
(c.f.[12]).

1. Denote thenth iterate of the transition matrix by
P" = [p}).

Then we know that it is again a transition probability mawixh its entrypz(.;‘) represent-
ing the probability of a basebecoming a basgafter thenth generation of replication.

2. Because the transition matrix has all positive entries (hence is irreducible and er-
godic), by the Perron-Frobenius Theorem, the lihiit,_. pf.?) exists and the limit is

independent of the initial baselim,, ., pg-L) = wyj, satisfyingd < w; < 1 and

wy + wy + wg + wy = 1.

In terms of DNA replication with mismatch repair, probatyiliv; is the steady state
probability of finding base; at any base position of any single strand of DNA. This
means, regardless of the initial basa that position, after sufficiently many generations
of replication, the probability of finding bageat the position isv;. We denote the four
steady state probabilities by, = p{A}, wy = p{T}, w3 = p{G}, w, = p{C}.

3. The transition matrix”° has\; = 1 to be the largest eigenvalue in magnitude and it is
simple. Moreover, the steady state probability veetor [w, ws, w3, wy] is the only left
eigenvector not counting scalar multiple (or the transpdss the only right eigenvector
of eigenvalue 1 for the transpose matfk). Because of this property, we can use the
eigenvector equatiom P = w to find w explicitly as

1
o 2(a(by + ba)c+d(er +e2) f) [d(e1+ea) f, d(erte2) f, a(bi+bz)c, a(bi+bs)c],

with equal probabilitiesy; = wy, w3 = w, for complementary bases. This, to be
explained later, is the basis for the empirical law of PR2.
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Figure 2: Homo sapiens chromosome 22 genomic contigNTefl13818.1Hs22 111537:1-
17927 (from Human Genome Project) with lendth= 17,927 and ensemble frequendy;, =
(0.1993,0.2007,0.2917,0.3083). (a) In the5 — 3’ direction, the sequence of ensemble fre-
guenciesFy with length N = 1,2,..., L is generated. The convergence error sequence,
>i—atcc |[Fn(i) — Fi(i)], is plotted agains together with its best fit to the curve+ b/v/'N.

(b) The same plot except for the opposite— 5’ direction. (c) The same plot except (1) the data is
averaged over 10 runs and (2) each run is done for a randonugagram of the original sequence.

4. By the Perron-Frobenius Theorem, the remaining eigeegabf P are less than 1 in
magnitude. In this case, they can be explicitly found as:

Ao =1—a(by + by)c—d(e; +e)f
A3a=1—ac—df + La(by + b))+ d(er +e2) f) £ 1v/D, where
D = (—2ac + 2df + a(b; + by)c — d(e; + e3) f)?
+4a(by — bg)cd(ey — ea) f

It has the property that for any initial probability distwiton ¢ = [q1, g2, g3, 4] With
¢+ ¢+ g3+ g1 = 1, ¢P" converges tav at a rate no greater than the ordeifof* with

1 = maxs<;<a{|N\i|} < 1. This gives a temporal estimate for the convergence rateeto t
steady state probability at the¢h generation of replication.

We now conclude that Hypothesis (b), Property 2, and the fdarge numbers imply the empirical
PR2. More specifically, lef', {i} be the length-averaged frequency of basealled theensemble
frequencythen we must havém, .. Fr{i} = p{i} fori = A T,G,C. To see this, we borrow
a prototypical explanation from coin tossing: The steadyesprobabilities of the head and tail
of a coin can be approximated by tossing an ensemble wfany identical coins and counting
the ensemble frequencies in which case the greater the blessizel is the closer the ensemble
frequency to the steady state probability distributiondmees. In fact, according to the law of
large numbers (or the Central Limit Theorem), the convergeaate has the order d)f\/f. Fig.2
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gives a typical simulation of the convergence for a shortiigoof the Human chromosome 22.
Simulations with longer sequences are not shown here bedawgeneral the longer a sequence
the better the convergence fit becomes.

Discussion. It is interesting to note a contrast between mismatch regrair other possible or
conjectured processes such as base inversion, transpostem-loop substitution, codon position-
bias asymmetry. For organisms without mismatch repairMRE chart stops at the first or the
second branches with the template base well-entrenchéglposition. It is also important to note
that the model starts with a single stranded DNA moleculéndureplication and ends with the
completion of replication. This means that any damage oairdpat may take place before or
after replication is not a part of the model at its currentrfatation. And if such types of damages
and repairs are not as systematic and frequent as the mismegaair is, their effects may well
be some secondary corrections to the PR2. We also note th&RRB regularity or the lack of it
for genomeswithout mismatch repair is neither a confirmation nor a contradictaour model.
In other words, the underlining assumption in mismatchirepa sufficient but not a necessary
condition for PR2. Processes other than mismatch repairasayt in PR2 as well.

Past modeling attempts were not successful mathematlwadiguse all models failed to make
the critical distinction between the steady state proliggslat individual base positions and the
ensemble frequencies along whole strands of DNA molecldading to erroneous fit to the latter.
To a lesser extent, some of them failed because their prdpaseses apply to both PR2 compliant
and non-compliant genomes.

It appears that the main purpose of mismatch repair is toreafieplication fidelity. But one
can argue with an equal, perhaps even greater logical sesadhnat mismatch repair is to enforce
Watson-Crick’s base complementarity even though it mayigha template complementarity by
either transposing it or substituting it for a different &inThus, if the proposed model is correct,
implying the pervasive PR2 for nucleus DNA, then it will mithe question that is PR2 also a
genomic fidelity that needs to be preserved? In other wosd3RR2 a merely side-effect or does it
serve some functional purposes? If it is the latter, whdtesevolutionary advantage of having it?
An answer to this question may be found in the mathematicaleiaf DNA replication proposed
in [7] and it will be addressed elsewhere.

The MRE model is suitable for experimental test. More spedtiff, an experiment can start
with many identical double strands of DNA about 6,000 or miopelong (c.f. Fig.2) with an
ensemble frequency disobeying PR2. Divide them into twaugso Replicate one group by a
replicator with mismatch repair and replicate the otheugrby a replicator without mismatch re-
pair. After asufficientlylong period of time, calculate the averaged ensemble fremyugom each
group and compare. The experiment would be supportive ainibdel if the ensemble frequency
of the mismatch-repairing replicator is closer to PR2 thaat bf the null replicator. The model
can also be rejected if one can find a non-PR2 genome with rtebmepair.
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Supplemental Notesfor Review Only. A recent model by [1] concludes that the convergence rate
to PR2 is in the order ofl /L)"™ whereL is the genome length andis the number of replication.

It leads to the same wrong length-independent PR2 as paiotad [11]. For a fixedh, the length
dependent estimate is also way-off. Fig.3 shows a compabistween the case with= 1 against

the case witlm = 1/2 by the law of large numbers. The caseof 1 is much worse than = 1
when all comparing ta = 1/2.
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Figure 3: Homo sapiens chromosome 22 genomic contiiNTefl13818.1Hs22 111537:1-
17927 (from Human Genome Project) with lendth= 17,927 and ensemble frequendy;, =
(0.1993,0.2007,0.2917,0.3083). The same plot as Fig.2(c) except that contrasting fit 400/ N
is included.

Excerpt from Dr. Modrich’s reply to an inquiry of the auth&rfail, received at 1:34pm, Nov 21,
20086, [15]):

“Although yeast has a nuclear-encoded mitochondrialet@dMutS homolog (MSH1),
the disruption of which leads to mitochondrial degenergtsomammalian homolog of
MSH1 has not been identified, and to my knowledge no one hasraongly demon-
strated replication error correction by mismatch repamitochondria of any organ-
ism. We spent some time looking for such a reaction unsufidgssut then these
are all negative results.”
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