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TRANSACTIONS OF THE 
AMERICAN MATHEMATICAL SOCIETY 
Volume 331, Number 1, May 1992 

THE TRANSVERSE HOMOCLINIC DYNAMICS AND 
THEIR BIFURCATIONS AT NONHYPERBOLIC FIXED POINTS 

BO DENG 

ABSTRACT. The complete description of the dynamics of diffeomorphisms in 
a neighborhood of a transverse homoclinic orbit to a hyperbolic fixed point is 
obtained. It is topologically conjugate to a non-Bernoulli shift called {E, a}. 
We also obtain a more or less complete picture, referred to as the net weaving 
bifurcation, when the fixed point of such a system is undergoing the generic 
saddle-node bifurcation. The idea of homotopy conjugacy is naturally intro- 
duced to show that systems whose fixed points undergo the pitchfork, transcrit- 
ical, periodic doubling, and Hopf bifurcations are all homotopically conjugate 
to our shift dynamics {E, a} in a neighborhood of a transverse homoclinic 
orbit. These bifurcations are also examined in the context of the spectral de- 
composition with respect to the maximal indecomposable nonwandering sets. 

1. INTRODUCTION 

Let F: Rd - Rd, d > 2, be an invertible map and Fn(.) := F(Fn-,(.)) 
the nth iterate map of F for all n E Z. Then, by definition, the invariant set 
A(F, U) of F with respect to a given subset U c Rd is 

A(F, U):= n Fn(U) 
nEZ 

If the set U contains a fixed point q and a homoclinic orbit to the fixed point, 
y(p) := {Fn(p): n E Z}, i.e., Fn(p) -- q as n -i ?oo, then it must be the 
case that {q} U y(p) c A(F, U). Suppose F is a Cr diffeomorphism with 
r > 1. By reversing the iterate if necessary, one may always assume either 
p E Wcs- Wu or 

(1.la) p E Wcsfn Wu, 

where WCs and Wu are the standard notation for center stable manifold and 
unstable manifold respectively. However, we are not interested in the former 
case because the invariant set A must be entirely in the center stable manifold 
WcS. Indeed, in this case U does not intersect any global piece of the unstable 
manifold, thus WCs is attracting in U and all the relevant dynamics associated 
with y(p) take place in a lower dimensional manifold WCs. For this reason 
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FIGURE 1.1 

( 1. a) is referred to as the irreducible condition. Although the reducible homo- 
clinic orbits are more common, the irreducible ones do appear in applications, 
as shown by an example at the end of this paper. Furthermore, at least in the 
case where Rd = R2, the invariant set A for an irreducible orbit is far more 
complex and interesting than that of a reducible one, which is simply the ho- 
moclinic orbit y(p) together with the fixed point q . See Figure 1. 1. Therefore, 
our objective is to understand the dynamics, {A(F, U), F}, of such F and 
U, where U is a closed set and the interior, int U, contains an irreducible 
and transverse homoclinic orbit to a fixed point of hyperbolic or nonhyperbolic 
type. By transversality we mean the tangent spaces TpWcl, TpWu at p span 
the whole space 

(l.lb) TpWCs+ TpWU=Rd 

The case with hyperbolic fixed point. This problem dates back to Poincare (1899) 
who realized that the presence of homoclinic orbits extremely complicates the 
dynamical structure. It was not until 1927 that the existence of countably many 
periodic points in U had been proved by Birkhoff for the case where q is a 
hyperbolic saddle point. In this case, of course, p is always irreducible and 
WCs in the transverse condition (1.ib) is understood as the stable manifold 
WS. Thirty-six years later, Smale gave a better description by showing that 
there exist an integer P and a closed set R such that the Pth iterate FP 
on the invariant set A(FP, R) is topologically conjugate to the Bernoulli shift 
{{1, 2}z, a}. Here {1, 2}z is the space of all doubly infinite sequences of 
two symbols and the ith component (a(s))i of the image a(s) is defined as 
the (i + I)th component si+i of the preimage s = (.. S_iSoSi * *.) E {1, 2}Z* 

By topological conjugacy for two given dynamical systems {X, f}, {Y, g}, 
we mean there is a homeomorphism p: X -- Y such that g o p = p o f . 

Illustrated in Figure 1.2 are two essentially different ways to construct the so- 
called Smale horseshoe map in R2 near a homoclinic orbit. The invariant set for 
the horseshoe (a) (cf., e.g., Smale (1963), Newhouse (1974), or Guckenheimer 
and Holmes (1983)) must be in A(F, U) and contain the fixed point q as well 
as the homoclinic point p, while that for (b) (cf., e.g., Wiggins (1988)) stays far 
away from A(F, U) . However, both of them are insufficient for understanding 
either the full dynamics of {A(F, U), F} or its bifurcation. For instance, 
when the fixed point undergoes, say, a saddle-node bifurcation, in which case 
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the fixed point as well as the homoclinic orbit may disappear altogether, the 
standard hyperbolic argument for the horseshoe dynamics will fail in case (a). 
In case (b), the horseshoe is likely to persist, but it is too far away from the 
homoclinic orbit to detect the ongoing bifurcation. Moreover, neither of them 
can tell for sure the existence of periodic orbits of those periods which are not 
the multiples of the iteration P. With regard to the second question, Sil'nikov 
obtained another not so well-known picture. 

Theorem 1.1 (Sil'nikov, 1967). Let F: Rd Rd be a diffeomorphism having a 
transverse homoclinic point p to a hyperbolic fixed point q . Then, there exists 
a closed set H whose interior int H contains the homoclinic point p such that 
the induced Poincare map H: D(Fn) -* H on the invariant set Q := A(H, H) is 
topologically conjugate to the Bernoulli shift on the product space { 1, 2, ... .z 

of doubly infinite copies of the natural numbers. 

Here, by definition, the domain Ho := D(H) for the Poincare return map 
Hl consists of those points z in H that have the first return iterate ZK 
FK(z) e H for some finite integer K := K(Z). Of course, Hl(z) := ZK(Z) . The- 
oretically speaking, the set of the natural numbers may be substituted by any 
countably infinite set. In particular, however, when { 1, 2, 3, ... }z is replaced 
by S := {Ko, Ko + 1, ... }z, where Ko is the minimum iteration of points 
from Ho, i.e., Ko = min{K(z): z E Ho}, then the symbolic system becomes 
more meaningful. Indeed, as will be shown later, the domain is decomposed as 
Ho = Uk?K Hk with the property that each symbolically labelled (connected 
and closed) component Hk consists of only those points z so that K(Z) = k. 
As heuristically illustrated in Figure 1.3, the Ha'S form a collection of "hori- 
zontal strands" while their images under the Poincare return map form "vertical 
strands." We will loosely refer to this structure as the fishnet, in contrast to the 
Smale horseshoe. 

In comparison with the horseshoe (a) in Figure 1.2, however, our fishnet 
is not flawless. Some crucial points, e.g., p and q, are not in the net, not 
to mention the noncompactness of Q. Thus, to understand A(F, U) better, 
we have to include the behavior of the dynamics on the stable and unstable 
manifolds in H. To do so, let WH and WH be the connected components of 
Ws n H and Wu n H, respectively, containing the homoclinic point p. Note 
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FIGURE 1. 3 

that, as suggested by Figure 1.2, the closure of our fishnet contains precisely 
Ws~ and Wu~ as the limit set. To continue, let Q2+ c Ho be the subset of those 
points z E Hn Ws with the property that there exists an integer n (z) 0 such 
that rjk(z) E Ho are defined for all -oc < k < n - 1, and the nth iterate 
rlP(Z) E W~. That is, Z E H1-(Ws~) nnflk<n- IHr-k(H0). Thus, as a set which 
is valid for all such possible n > 0, we have 

(t.2a) a U {in (WA n ( f H Hou )) 
n>O k<n-1 

Likewise, we define 

nn () EWH .Tha is,z En-n WH n n<n-l -k (Ho).Tu,a e hc 

(1.2b) Q-:= U {H-m(WHu)f n n- (IJ))} 
m<0 k>m+1 

which is the set of those points in H whose forward iterates under 17 are all 
defined and fall into the unstable manifold WH only after some finite backward 
iterates under rl. Similarly, Q? denotes the subset of homoclinic points to q 
in H such that Ilk(z) E Ho are defined for all m + 1 < k < n - 1 for every 
z E Q? and for uniquely determined m = m(z) < 0 and n = n(z) > 0 with 
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Ijn(Z) e WH and flm(z) e WH respectively. In other words, 

(1.2c) Q U {LVm(WH) n ( IIk(HO)) n Ln(WH)} 
m<O k=m+l1 
n>O 

Notice that the subsets { Hl-(WH) n (nk<n- l l-ki(Ho))} in Q+ are mutually 
distinct for all n e Z and for each fixed n it equals the nth preimage of the 
same set WH n (fk<-l rl-k(Ho)). The same observation also applies to Q- 
and QO. In regard to these sets, Sil'nikov has also proved 

Theorem 1.2 (Sil'nikov, 1967). Assume the same condition as in Theorem 1.1. 
Then Qi, i e {+, -, O}, is in one-to-one correspondence with Ti, where 

T+:= Ull 211}{n-2,n-1} 

n>O 

T-:= U II 2, I m 
+1...}{ m+l 

m<0 

To:= U {1,2,...}{mm+1.n-1} 
m<0<n 

For the same reason as applied to Q in Theorem 1.1, the set of the natural 
numbers {1, 2, ...} can be replaced by {Ko, Ko + 1, ...} so that the Ti's 
also become dynamically meaningful. Indeed, we will adopt this alternative 
interpretation from now on. Notice that the shift dynamics is not ready to be 
introduced to these sets, nor to the Qi's by this theorem. 

Except for the expression for the closure Q of Q, the following result is 
essentially due to Sil'nikov (1967) in the context of differential equations. 

Theorem 1.3. Let F: Rd -- Rd be a cr, r > 1, diffeomorphism having a 
transverse homoclinic point p to a hyperbolic fixed point q. Then, there exist 
closed sets U and H c U satisfying y(p) u {q} c int U and p e int H so that 
the closure 

Q = Q U Q+ U Q- U no 

and 
A(F, U) = U Fn(Q) = U Fn(n) = U Fn() U {q}, 

nEZ nEZ nEZ 

where Q = A(fl, H), and Qi, i = 0, +, -, are defined as in (1.2a)-(1.2c). 

This theorem says that A(F, U) is basically generated by spreading Q 
around through the iterations of F and exactly equals the resulting invariant 
set subject only to the one-point compactification. The added point is precisely 
the fixed point q. 

Guided by this structure and the symbolic dynamics {S(KO), a} for H, 
we next derive the corresponding shift dynamical system, called {E, a}, for 
{A, F}. The construction takes three steps. First let {k > Ko} := {Ko, Ko + 
1, . .. }u{oox} denote the one-point compactification of {Ko, Ko+ 1, . .. } in the 
discrete topology, with Ko arbitrary but fixed and {k > Ko}z the correspond- 
ing doubly infinite product in the product topology. Select only the following 
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subspaces S = {Ko, Ko + 1, ...}z, T+, T,, and T?, where 

T.+ IU{s: si> Ko, i< n; sj = oo,j> n}, 
n>O 

Too := U {s: si > Ko, i > m; sj = o, j < m}, 
m<O 

T?:= U {s: si > Ko, m < i < n; sj = o, otherwise}. 
m<O<n 

Namely, T+ is obtained from T+ by augmenting all the leftward infinite se- 
quences into doubly infinite sequences with the symbol 00 added. A similar 
explanation applies to Too and T.O. Motivated by the roles of WH and WH, 
which lie in the closure of the horizontal strands and the vertical strands respec- 
tively (cf. Figure 1.3), and a reason soon to be discussed we need to distinguish 
the symbol 00 in T+ and Too as oos and oou respectively. This leads to 
(1.3) 

S+:= U{s: si> Ko,i< n; si = oos, j > n}, 
n>O 

S:= U {s: si > Ko, i > m; sj = ou, j < m}, 
m<O 

SO:= U {s:si>Ko,m<i<n;sj=oos,j>n,sj=oou,j<m}. 
m<O<n 

That is, Si is derived from T. by replacing all the leftward (rightward) infi- 
nite sequences of 00 by leftward (rightward) sequences of oou (while all the 
rightward ones by ooS). We emphasize that xs and ooU are treated as dif- 
ferent symbols throughout and the introduction of {k > Ko}z above is just a 
convenient way to describe the topology for the spaces S, S+, S-, and SO. 
The necessity of using two symbols ooS, oou instead of 00 alone may be best 
explained by the coding of the homoclinic orbit y(p) . More precisely, the split- 
ting of oou and xs at the -nth place in an. . u *. x0ss ) is necessary in 
order to distinguish points Fn(p) within the homoclinic orbit y(p). Without 
the superscripts all the homoclinic points would nonuniquely correspond to a 
single sequence. 

We further clarify the somewhat mysterious topology of SO. A typical topo- 
logical basis element Bsm so Sn for a given s e So, for example, satisfies the 
following. There may be some j with m < j < n such that sj e {0Ss, 0oU}. 
Then for such a j there exists an integer bj with the property that the basis 
element consists of those sequences s' such that either s' = si for all m < i < n 
or sl = si for all m < i < n, except for those b1 < sj < 0 with sj e {xs, 0ou} 
and sJ $ sj. 

In the second step, we will incorporate the meaning of Ko, the minimum 
returning iteration of all z e Ho, into our symbolic system S. To do so, we 
need to 'blow up' or 'shift' the symbol si according to the original dynamics F 
rather than the Poincare map. See Figure 1.4. When si :$ ooS, ooU si blows 
up into a unique string of si copies of itself: 

S0 1 ssie 
- I 
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where, consistently, the superscripts are related to the iterate of the shift map a 
starting at s??. When si= ocs or xU si = si, namely, the blow up of infinity 
is itself. 

Let S and Si denote the corresponding sets of all the blowups. Parallel to 
the structure of A(F, U), we also spread the standard blowups around by the 
shift operator and obtain UflEZas(S), UflEZan(Si) for i e {+, -, O} . 

In the third step, we treat each set of the spread blowups as a subspace of 
{k ? Ko}z depending on its topology, treating ocs and oc" as distinct symbols. 
We then equip the union 

U an(3) u U an(S+) u U as(3S) u U a(S0) 
nEZ nEZ nEZ nEZ 

with the topology generated by those of the spread blowups. It is easy to see 
that a description similar to the topology of S? above also applies to this gen- 
erated spread topology. This will be made more precise later on when to deal 
with it extensively in the proof of our main result. For the time being, notice 
that the resulting space is not necessarily compact. For instance, the sequence 

{( *OOu1 O * XOOn+l* *)}n?=l of the homoclinic orbit y(p) on the local un- 
stable manifold Wjoc does not have any limit point. Motivated by the structure 
of A(F, U) of Theorem 1.3, we now complete our construction of X(Ko) by 
taking the one-point compactification as follows: 

(1.4a) X:= U an(R) U {wF}. 
nEZ 
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Here, 

(1.4b) = s+ uSS-us?, u = +=S uS uS-uS, 
which are referred to as the standard sequences and the standard blowups re- 
spectively, and a) is the point added to the compactification that corresponds to 
the fixed point {q} and it is defined as a fixed point of the extended shift map, 
namely, a(w)) := a)w. (One may denote a) = (... oo-lIoool ...).) One may 

also easily check that 5 is sequentially compact. This is not at all surprising 
since it will be shown later that 5 and Q are homeomorphic to each other. 
Note that the dependence of I on Ko is suppressed and will be so throughout 
so long as no confusion occurs. We now have the first of our main results. 

Theorem 1.4. Assume the same conditions as in Theorem 1.3 and let U, H be 
the same closed sets as in that theorem. Then the dynamical system {A(F, U), 
F} is topologically conjugate to the extended shift dynamics {X, a}, where I = 
X(Ko) is defined as in (1.4) and Ko = min{n: In(z) e H, z e Ho}. 

To distinguish among orbits, we call a periodic orbit y 1-periodic if y n Ho 
contains only l distinct points. We now have the following important properties 
for A. 

Corollary 1.5. A(F, U) is a Cantor set (i.e., compact, perfect, totally discon- 
nected). It is chaotic in the usual sense, that is, it has 

(a) a countable infinity of periodic orbits that is dense; 
(b) an uncountable infinity of nonperiodic orbits; 
(c) a dense orbit. 

Moreover 
(d) the set of homoclinic points to q is countably infinite and is dense in A, 
(e) there exists a unique 1-periodic orbit of every period k > Ko . 

The proof of this corollary is trivial when one works with the symbolic sys- 
tem {E, a}. Among other things, the properties (d) and (e) distinguish our 
dynamics {A, F} from the horseshoe dynamics discussed in the beginning of 
this section. The I-periodic orbits of large periods behave just like the shadow 
of the homoclinic orbit. They are expected to disappear together with the ho- 
moclinic orbit whenever the fixed point is perturbed away. They also serve as a 
criterion for how many symbols are actually needed by a symbolic description 
for the perturbed system. This will be made more precise when we deal with 
the nonhyperbolic fixed point case later. As another corollary to Theorem 1.4 
we have 

Theorem 1.6. {A, F} is hyperbolic and structurally stable within the class of 
C1 diffeomorphisms having a transverse homoclinic point to a hyperbolic fixed 
point. 

The case with nonhyperbolic fixed point. Next, we consider the dynamical struc- 
ture of A,, := A(F(., a), U) for a generic one-parameter family of cr , r > 4, 
diffeomorphisms F(., a): Rd -) Rd, a e R, d > 2. F is also assumed Cr 
in both z and a. We assume that F has an irreducible and transverse homo- 
clinic point p to a nonhyperbolic fixed point q at a o . Let the closed sets 
U and H above be fixed for all the parameters below. Thus, all the definitions 
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for the Poincare map 11, its domain Ho, the subspaces Q+, Q-, QO, etc. can 
now be extended to the perturbed maps. They depend on the parameter a in 
general but the explicit dependence will be suppressed most of the time for sim- 
plicity of notation. For the necessary modification of the Qi's, we only need to 
interpret Ws, Wu in terms of the parametrically dependent WCs(a), WU(a), 
in the definitions for WH, WH and (1.2a)-(1.2c) respectively. 

In this introduction, we will only assume the fixed point to be a saddle-node 
point. That is, 

(1.5a) 1 is the only eigenvalue (counting algebraic multiplicity) of 
D,F(q, a0) on the unit circle of the complex plane. 

(1.5b) Let el and er be a left and right eigenvector of 1 respectively. 
Then e1D__F(q, ao)(er, er) :$ 0. More specifically, choose them 
in such a way that eler = 1 and e,D,,F(q, ao)(er, er) < 0. 

The family of F(., a) is said to be generic if it satisfies 

(1.5c) e1DcF(q, ao) :$ 0. More specifically, fix the direction a in such 
a way that e,DcF(q, ao) > 0. 

Under this setting, the fixed point q disappears when a < a0, locally, while two 
hyperbolic fixed points, say q+ and q , bifurcate from q when a > ao, locally. 
Let q+ be the point for which dim WqsJ = dim WqcsJ. Thus, it is necessary that 
dim WqsJ = dim Wqs . Here, WqsJ means the stable manifold of q+, etc. What 
has been described above can be obtained through the reduction of the map 
to the parametrically dependent center manifold WC(a). This has much in 
common with the spirit of Sotomayer (1974). As the last preparation, notice 
that due to the transversality condition ( 1. Ib) and the implicit function theorem 
the irreducible 'homoclinic' point p persists for all a near a0. Denote it by 
p(a). Then it is Cr and satisfies p(ao) = p. In particular, when a > ao, it 
becomes an irreducible, transverse homoclinic point to q+ . See Figure 1.5. 

We now consider the structure and dynamics of A,,. Recall Aa - 

A(F(., a), U). To motivate, we heuristically illustrate A, with d = 2 in 
Figure 1.5. This will help us foresee our main theorem for the general case. 

We start with a = ao . Intuitively, the fishnet structure is still there. But, less 
obviously, A,,, is no longer totally disconnected. Indeed, one piece of the center 
stable manifold labelled hp in Figure 1.5(b) will remain in U for all the forward 
and backward iterates of F(., ao). Notice that its preimages are designated 
as hpm in the picture and their length shrinks to zero as m -- -xo, where 
pm = Fm(p). Actually, a closer examination on QO, the subset of homoclinic 
orbits to q, reveals the same behavior, that is, there is a short curve h, c WCs 
rooted at every point z e Q? such that h, c A,,,. Surprisingly, however, this 
kind of fuzzy structure even extends to the entire subspace Q- U QO, the set 
of unstable manifold in A,O . But, as will be shown by the theorem below, this 
is the only additional feature attached to the net dynamics {E, a}. We now 
move to a > a0 where the two hyperbolic fixed points q+ and q_ split. The 
structure A. is pretty much the same as Auo except the length of the hair h, 
approaches Iq+ - q- as z -) q+ on the unstable manifold of q+ . See Figure 
1.5(c). Last, when a < ao, our fishnet with a countable infinity of horizontal 
and vertical strands together with the hairy structure are gone with the fish. 
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Instead, a torn net with only a finite number of strands is left. Repeating this 
scenario, but tracing a from left to right instead, we will achieve a reversal of 
the structure above. This is referred to as the net weaving bifurcation, which is 
now made precise by the following main result. 

Theorem 1.7. Let F(., a): Rd - Rd, ae ER, d > 2, be a generic one-parameter 
family of cr, r > 4, diffeomorphisms having an irreducible and transverse 
homoclinic point p to a saddle-node fixed point q at a = ao, namely, conditions 
(1. la,b) and (1 .5a,b,c) are satisfied. Then there exist closed sets U and H with 
y(p) u {q} c int U, p E int H c int U, and a small number c0 such that the 
following holds for Ia - aool < co. 

There exists a constant Ko so that when a > ao, the invariant set 

U Fn(Q, a) U {q+} 
nEZ 

is topologically conjugate to the shift dynamics {X(Ko), a} and 

(1.6) A(F(., a), U) = U Fn(Q at) U {q+} 
nEZ 

u {hz: z E U Fn(i- U Q?oa )} a > ao. 
neZ 

Here, Q = A(n1 H), Q-, Q? are the same as in (1.2b,c) except that Ws is 
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replaced by WCs(a), and each h, represents a Cr-3 curve homeomorphic to the 
unit close interval [0, 1] satisfying 

(a) the collection of h, is invariant in the sense that F(h,, a) = hF(z, a) 
(b) hz c WCs(a) for z e UnEzFn(QO); 
(c) hz is the connected component in A, containing z and hz, n hz = 0 if 

Z' 54 z; 
(d) the length of hz approaches Ip+ (a) - q_ (a) I as z -) q+ (a) with z e Wqu 

where q+ = q_ = q at a = ao; 
(e) every point from hz - {z}, with z e UnEz Fn(Q0, a), is a reducible 

homoclinic point to q at a = ao or a heteroclinic point from q_ to q+ for 
a > a0. 

In the case of a < a0, there exists a constant Co > 0 independent of a 
so that A, contains a subspace Q* (a) with the property that the Poincare map 
11(a) on Q* (a) is topologically conjugate to the shift dynamics on doubly infinite 
sequences offinite symbols {Ko, Ko + 1, ... , K, (a) } with K1 satisfying 

Ki(a)- oo, as a a- and Ki(a)< Co 

Moreover, in contrast to {Aa,o F(, ao)}, there are no 1-periodic orbits ofperiods 
>C0/ Ia-/al inAa. 

The paper is organized as follows. In ?2, we will establish two conditions 
which guarantee the existence of certain orbits of the Poincar6 map H. In ?3, 
we will prove our results (Theorems 1. 1-1.6) for the hyperbolic fixed point case. 
This is done by checking the conditions of the main result, Lemmas 2.1-2.3, 
from ?2. In ?4, we will do very much the same thing as we do in ?3 except that 
additional analysis on the local center manifold is carried out in order to apply 
those lemmas from ?2. In ?5, the concluding discussion, we will extend our main 
result to the transcritical, pitchfork, periodic doubling, and Hopf fixed points 
cases. We will also introduce the idea of homotopic conjugacy and show that 
the chaotic nature of A, is best understood at this level of conjugacy. We will 
summarize our idea in proving the main theorems by a new proof of the classical 
example of Smale's horseshoe map, and derive a structural unstable horseshoe 
as well. Last, we will quote an example to which Theorem 1.7 immediately 
applies. 

As a closing remark, we point out that Theorems 1.1-1.3 first appeared in 
Sil'nikov (1967) under the disguise of continuous flows. Moser (1973) appar- 
ently was not aware of Sil'nikov's works and independently discovered Theorem 
1.1 through a more geometric approach. 

2. SOME TECHNICAL LEMMAS 

In this section, we will derive three technical lemmas which are applicable 
to both hyperbolic and nonhyperbolic fixed point cases. The first lemma is 
concerned with the doubly invariant set Q while the second one is about, in a 
more general context, the forward and backward invariant sets in H separately, 
including the behavior of the center stable manifold WCs and the unstable man- 
ifold Wu in H. To do so, we will establish an appropriate one-to-one corre- 
spondence between those sets with the fixed points of some systems of 'doubly' 
infinite, 'downward' infinite, or 'upward' infinite equations respectively. As a 
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result, the fixed points are then parametrized by doubly, leftward, or rightward 
infinite sequences of countable symbols accordingly. While a doubly infinite 
sequence corresponds to a unique point in Q, a leftward or rightward one cor- 
responds to a manifold which is a graph over Wlosc or Wlouc respectively. Lemma 
2.3, on the other hand, is concerned with the topological structure between the 
sequences and the invariant sets. It also gives a nice explanation as to why 
the blowup treatment to the symbols is necessary when the dynamics of the 
center stable manifold and the unstable manifold in A are taken into consid- 
eration. Because of their generalities, the map F here is always parametrically 
dependent, as are the invariant manifolds WCs(a) and WU(a). However, the 
parameter will be suppressed in our exposition most of the time. To begin with, 
we fix more notations for the rest of the paper. 

Let us shift the fixed point q at a = ao to the origin q = 0 at ao = 
0 and choose z = (x, y) as a Cr local coordinate near the origin so that 

Cs = {y = 0} and Wlouc = {x = 0} locally. Such a normalization is standard 
by the Cr smooth invariant manifold theory (see, e.g., Hirsch et al. (1977), 
Shub (1986), or Vanderbawhede and van Grils (1987)). Fix a closed 3-box 
B(3) = {(x, y): lxI < , IYI < 6} of the origin. For a given 6, let M = M(a) 
be the number of distinct points from the homoclinic orbit y(p) that lie outside 
the 3-box. Obviously, it must be finite, satisfying M ,-+ o as 3 -+ 0. Let 
Po E y(p) n J''sc n B(3) and Pi E y(p) n W'uc n B(3) be such that po is the 
entering point on y(p) in the sense that F- (po) is not in the box, while 
Pi is the exiting point in the sense that F(pl) V B(3). Thus it must be 
FM+? (pi) = po . Certainly, one can easily manage to adjust 3 so that both the 
entering and exiting homoclinic points are interior points of B(6). This leads 
us to choose a closed 3i-box, B(pi, 3i), in B(3) centered at pi for each i = 0 
and 1 respectively. 

Now, for the consistency of notation, the domain of our return map will lie 
in the horizontal box 

H:= B(po, 3o), 

and for a reason soon to be clear the vertical box is 

V:= B(pl, 31). 

The 3i's here are chosen so that H and V are iteratively disjoint in the sense 
that 

(2.1a) Fi(I) n I = 0, for i E {1, -1} and I E {H, V}. 

Moreover, we will also assume that for a given 60 > 0, 61 > 0 is chosen so 
that the image of V under the (M + 1 )th iterate falls into H: 

(2. lb) FM+l(V) c H. 

(The closed set U will roughly be the same as U=1 Fi(V) U B(3). This will be 
made precise in the proof of our main theorem.) 

The third constraint on the choice of 60 and 31 is related to the transverse 
intersection of the unstable manifold Wu and the center stable manifold WCs 
at po and Pi . To be precise, let rIg := FM+1: V -+ H be the global return map, 
and let (flIx, lIyg) := Hlg be its componentwise representation. To distinguish 
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points between H and V, we denote (Xin, Yin) E H while (xut, Yout) E V. 
Also, they are normalized so that 

(2.2a) (Xin, Yin) = 0 at po and (xo.t, Yout) = 0 at P1 

See Figure 2.1 for the illustration. Thus, in terms of these local and normalized 
coordinates, the global maps read 

(2.2b) 'In Yj'+1 (2.2b) ~XIi'n+ = lXg(ojut , Yjout) Yii riyg (Xoiut u Yout) 
where, consistently, the superscripts are included for keeping track of iterates 
later on and Ixinl, IYij'I < do and Ixoutl, IyIutl < * 

Now, recall the definitions WHS and WH, which are the connected com- 
ponents of Wcs and Wu in H containing the homoclinic point po. Thus, 
WHS := {(Xin Yin): Yin = 0, Ixinl < 3o} and WH = llg(Wvu), where symmetri- 
cally Wvu : {(xout , yout): xout = 0, Yout|I < ? } (cf. Figure 2.1). In this context, 
the transversality condition (1. Ib) reads 

imDyllg(O , O) +Rdcs x {O} Rd, 

where dcs and du with dcs + du = d are the dimensions of the center stable 
manifold and the unstable manifold respectively. Therefore, Dyllyg(O, 0): Rdu 

Rdu must be nonsingular. Hence, by the implicit function theorem, Yout can 

0 

Y out 0 

I ~~~~~VU 

""-I 1 1= 
M+1 

I ~~~~~~~~~~~xout (o, o)=pi PI ? 
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be solved from the equation yJ+l - lYg(x1.t, yi t) in terms of the other two 
variables xout, yi+l locally. Let 

Yout = *9g(Xout S Yin) 
denote the solution function; then it is easy to see that for given 3 and do, 3, 
can be chosen so small that, in addition to (2. 1a,b), the function *Ig is defined 
for all Ixout I < di, lIyn+ 

1 < d? , namely, 

Ig (x4ut , Yiin )I < di, for IxoIutl < y+ Jyi1 I < 0. 
This basically concludes the choices of the constants 3, do, and di . Let us 
now deliberately rewrite (2.2b) as 

(2.3) Y Yxi = llX(XoJut *(Xout X y j ))+ 

To define our return map rI on H, we need to define a local return map 
HI: D(f1,) -+ V so that 11 := llg o H1. By definition, the domain D(f1,) c H 
consists of those points z E H whose local orbits stay in B(3) and exit the 
3-box of the origin only through the vertical 3i-box V of Pi . In other words, 
there exists a Ko = Ko(Z) such that Fi(z) E B(3) for 0 < j < Ko, and 
FJ(z) E V when j = Ko, Define 
(2.4a) N:= {M + 1 + j: 3z e D(rI,) such that j = Ko(Z)}, 

i.e., the subset of the natural numbers whose elements correspond to the first 
returning iterations of all points from D(fl1). It is important to note that N 
depends not only on the choices of 3, do, and di but also on the parameter 
a, N = N(3, Jo, di, a). As suggested by our Theorems 1.1 and 1.7, the set 
N is expected to be either {Ko, Ko + 1, . .. } or just a finite set when a < a0, 
or a < 0 in our normalized parameter. To continue, let Hok, in accordance 
with ? 1, be the subset of D(fI1) such that all the first returning iterations of H& 
equal k E N. Hence, 

(2.4b) Ho := D(fI)= U H& 
keN 

It is trivial to conclude from the iterative disjointness (2.1 a) of H and V and 
the closedness of H that 
(2.4c) HoknHHok =0 if k $ k', k, k' E N and H are closed. 

Next, similar to the global representation (2.2b), we write 

(2.5a) xJut =Hx 1 (Xin X Yijn) Y = Y lu (Xin X Yijn)) 

where (xiin, Yj ) E Ho 
We are now led to the following crucial condition for our Lemmas 2.1 and 

2.2. It is meant to be checked in the proofs of our main theorems later on. 

(2.5b) There are Lipschitz functions x(k, x Yot) (k xin X yot) of 
all lxiInl < do and Iyj tI < di for each k E N such that the 
representation (2.5a) for the local map is equivalent to the cross 
representation 

Xut ?x(kx, IxiIn ? Yout) Yi (kk xi.n X Yout) 

frall Ixlin I < 60, lyjut I < Jl 
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Throughout, A {Q - (xJn, yout): JxiJJ < & and lyjut? < 15} is called the 
Sil'nikov domain and 4i the Sil'nikov variable. Note that A is a rectangular 
closed set in Rd and is independent of the first returning iteration k of points 
in Hk . The virtue of such a hypothetical (at this moment) representation (2.5b) 
is to allow us to treat those otherwise less tractable variables xi,, and yout as 
independent variables. As the last two pieces of terminology, we have 

(2.5c)~ Hk : Xj,9k X Yu) o ut ut=(( Xijn X Yojut) X Yojut)X 

for xl!ni < 0 LIyjt < '1. The former is referred to as the Sil'nikov change 
of variables while the latter is the local map on Ho in the new variable. See 
Figure 2.2. 

Having obtained the two key ingredients (2.3) and (2.5b) of this section, we 
are now in a position to consider the orbit y(z?) = {z' = IlV(z0): E E Z} 
through a point zo E Q. Recall Q2 = nnEZ I-In (Ho), the invariant set of 
II in Ho. Such an orbit uniquely gives rise to a doubly infinite sequence 
S = s( Iso I) with the property that the jth iterate Zi = (xiJn y!j ) be- 
longs to Hos for a uniquely determined sj E N since Hok is disjoint for distinct 
k by (2.4c). Now, substituting the Sil'nikov change of variable (2.5b) into the 
equation (2.3) above and appending the equations with all the j E Z, we are 

Yin Yout v0=imout 

------t--------- ---- --- - 
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k~~~~~~ l 
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led to the following system of infinite equations in the Sil'nikov variables: 

(2.6) Xin I((i,*gx4) (})) 

yj+tl fyg( (xI+1) y(j+2)) with Xi = (si, Xin X Yoiut) 

Observe that, if we think of the right-hand side as a map (DI: AZ -+ AZ paramet- 
rized by the doubly infinite sequence s of integers E N, then the doubly infinite 
sequence of the Sil'nikov variables . = ...* (xi'n, yout) , (xiJn i, yout) ... ) on the 
left-hand side must be a fixed point of 'Dx. Here, AZ denotes the doubly 
product space of A and it is complete and metrizable with, e.g., the metric 

00 

d( 4',4 )= Ejj jj(I xin -xn I + I y0ut - yut) 
j=-00 

The infinite sum here is understood as the limit of as m -ox and 
n -+ +xo independently. Also notice that, under this product topology, cF, 
is a uniform contraction mapping for s E NZ if each component 0IJ is a 
contraction mapping having a fairly small contraction constant, say less than 8. 

If this is the case, there will be a unique fixed point 4* (s) for every s E NZ and 
it depends continuously on s by the uniform contraction mapping principle. 
Indeed, the last statement follows from the fact that, by the definition of cI, 
and the metric d on AZ, the function s --+ cI actually is continuous from 
the product space NZ into the space of continuous functions in AZ. Thus, we 
have 

Lemma 2.1. Under the above setting, let 

g = g(3) := max{IDF(z)IM+1, IDF-l (z)IM+l}, 

L = L(3, do, 3d, No) = sup{Lip x(k, *, *), Lip '(k, ., 

with Ixinl < do, youtI < di, k E No, 

where No c N is a subset of N defined as in (2.4a) and Lip denotes the 
Lipschitz constant of a given function. Suppose the condition (2.5b) and 

(2.7) gL < I 
8 

are satisfied. Then, for every s E Noz, the map 0, defined by (2.6) has a unique 
fixed point 4* = 4* (s) which is one-to-one. Moreover, let 4*i = (xi*nJ, Yout) be 
the jth component of 4* and 6i be the Sil'nikov change of variables defined 
by (2.5c) for the initial points in particular. Then the map 

=9iSn ? * s(xi*nO(s) , Y'(SO , XinO (s) , Yo*ut (s))) 

defines a topological conjugacyfrom the shift dynamics {Noz, a} onto {im q, 1l}, 
the dynamics of the Poincare map on the image im q$. 
Proof. The first half of the lemma has been proved in the discussion preceding 
the lemma. Indeed, the contraction constant of 'J, is at most gL < 8 and 8 
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the space AZ is a complete metric space. To complete the proof, we only 
need to show q is a homeomorphism onto its image im 0 which is endowed 
with the Euclidean topology. That q is one-to-one is trivial by the one-to-one 
correspondence between 4* (s) and its associated orbit in Q, plus the trivial 
one-to-one correspondence of the orbit with its initial point. It is also continuous 
by the uniform contraction mapping principle. To show the continuity of the 
inverse, it suffices to show q is an open mapping. But this is due to the following 

k 

...S_ O-... 1=- n n-i s)nim 
j=-l 

where Bs_1 SO Sk is the topological basis element of s = ( ... so ... Sk **) E 

Noz which consists of those points s' in Noz so that s5 = s1 for -l < j < k. 
In fact, by definition, q(Bs_ 'SO ...Sk) consists of those initial points whose jth 
iterate is 6n o C*i = (xi*n'(s) S(sj, xi*n(s), y*Jt(s))) E HoJ for -l < j < k. 
Thus, q$(Bs l_..sOsk) C A-l<j<k rlI (HoJ) n imq . On the other hand, it is trivial 
to see q-1(nl1<j<kr l-I(HA`) n imq$) c BS_S...SO...Sk by definition. This proves 
the identity. Moreover, being connected components, HO are open in Ho. 
Hence, the right-hand side set is indeed open in imq. This completes the 
proof. o 

Next, we introduce another technical lemma which is concerned with forward 
and backward invariant sets for the Poincare map rI on H, including those 
sets Q+, Q-, and Q?2. To begin with, let us recall Q+ from (1.2a) which 
is U o{fl-n(Wis) n Arn<n-iWfr-k(H0)} in general. Given z? E Q+, there is 
a unique n > 0 such that ljn(z0) E WH. Thus, there is a unique leftward 
infinite sequence s = I 5 s0..* Sn- I ) such that [I1(zO) E H6s' for - o <j < 
n - 1 . Similarly, if we let rij(zo) - (x'in, yi') (xout Y - ut)f= rl(xn, yi) for 
j < n - 1, and IxinnI < JO while yP = 0 for rln(z0) E WH = {Yin = O} locally, 
we wind up with the following system of equations with yB = = 0 by (2.3) 
and (2.5b): 

(2.8) xinn1 = flr(- (Xn-2), nY(j(fl-2) y(<fl-1))) 
with = (si, xin X t) 

Yonut= flg(X(fl ),f), 

Notice that the discussion above is also valid for all nonzero yn which is treated 
as a new parameter ,B in (2.8) and it corresponds to the case where zo E 
j-n(H) nnk<n-I rj-k(Hok), namely, with WH replaced by H, is a point of 

backward invariance in general. See Figure 2.3. Treating the right-hand side 
as a map (Ds+ fl from the product space rIk<nA into itself implies that the 
leftward Sil'nikov sequence ... (Xinn-2, yn-2), (x'n- I, yn-1)) must be its fixed 
point. Notice that the definition of (Ds+ f depends on the integer n which is 
suppressed. Since we will present our lemma in a compact form, let us not rush 
to state at this moment the obvious conclusion about (Ds+ fl . 
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To continue, let us recall dc- from (1.2b): 

U cIa-m(wh) n 4 H-(HO) AH 
m<O k>m+l1 

Following the same argument, we have that given a ( Si, Yio E v- there is 
a unique m < O and a sequence s = (Sm etie by . ) such that (xir Ywi 

in g\t' flX(R H~~~~(/J, j2'Q ~ ~ ~ in)) 

j(Xin, Yihn)e ErHis for m < j, and in particular, (Xn, Yoin) e W n Hism p Thus, 
(xoutlyottl)= (?,YOmut) EW-u un B(pl, 61), and yOm-1 = lI(om' yin 

with xmu-l = O. Also, the discussion above is valid for all nonzero xm-1 
which correspond to the case where (xse, yi?) E (-m(H) n tnkm+l A(H)l 

Therefore, such general points (xo , yP?) of forward invariance are associated 
with the following system of infinite equations of the Sil'nikov variables 
((xcin, ymt)h, (xm+w amet+ ) parametrized by the sequences together with 
the parameter ,B :=xomu- 1t 

Ximn = rjxg(sn( (m 

(2.9) xm 
= IJY ((m) y(M+I)), with Xi=(sj, x! n, ylut) . 

Again, we have derived a map, called (D- flon the one-side infinite product of 

the Sil'nikov space Ilm<k A, whose fixed points correspond to the set Il-m(H)n 

nkiM+n- A.AOSk The dependence of q>D- on m is also suppressed. Last, 

combining the two arguments above, we conclude that for fixed m < O < n , 

the subset {HI-m(H) n nk=m+1 IHk(H0) n fln(WHs)} intersecting Q?, is in 

one-to-one correspondence with the fixed points of a map (DO in Hn<k<n A 

for all possible s = (Sm .so Sn_i) and 1l,u < 31 . Here, (DO l is defined as 
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the right-hand side of the following equations: 

=m Hx(f,^ (/ 9M))) 

(2.10) Yout = H(x m) 5 m+1)) with Xi = (si xin yout) 

= nl((f-l) ,0), Yonut = IIg (x (4n1, 

Notice that when m = 0 = n, it trivially corresponds to the homoclinic point 
po. We also note that the operators Di8 are continuous in s and ,B. We now 
have 

Lemma 2.2. Assume the same conditions (2.5b) and (2.7) of Lemma 2.1. Let 
No, N be the same as in that lemma. Then 

(a) for every n > 0, the product space NJ. n-2'n-i} x {jflj < ?o} is homeo- 0 
morphic to H-n(H) n nk<n- i F-k(UjENo Ho). Specifically, let C+(s, fi) be the 
unique fixed point of ID+>8 defined by (2.8); then + :- O o C , 0 defines the 
homeomorphism. 

(b) Similar statements hold true for equations (2.9) and (2.10) respectively. 
Specifically, for every m < 0 < n, the product NA{m m+m } x{Ilx <?1} 
(NJm ,m+l ,... ,n-1} X {Il,8 < 1 } resp.) is homeomorphic to 

L1-m(H) n n --k ( u H() 
k>m+1 /ENo 

Ht-m(H) nn n -- ( U Ho nr - n Ws) rep 
k>m+1 i ENo 

Then the homeomorphism is defined as 0- := O (q_o : 0 resp.), 
where 4i(s, II) denotes the fixed point of 1Ds%l defined by (2.9) and (2.10). 

(c) Moreover, if the Sil'nikov changes of variables (2.5c) and the maps fxg, flg 
are C', then thefunctions C4(s, 11) are also Cl in 1 for i E {+, -,0}. Fur- 
thermore, for every sequence s = ... sn-2sn-1) (or s = (smsm+l ...), or segment 
S = (Sm **Sn-) resp.) with sj E No, the set fl-n(H) nnk<n-l Ilk(Hk) (or 

Wm(H)fllk>m+Ij-k (Hsk), oHmH nfl-I~ rj-k(HSk)ff-fln(WCS). resp.) rl m (H) n nk>m+l rlk(Hk) or Il-m (H) n nk>m+l IIk(o ) nIIn WH)rep) 
is diffeomorphic to the Cl vertical (or horizontal resp.) graph 

Ilg((sn l nxi+, n-,(s, *), Y+ tn-,(s, .)), Yo+Un-,(s )) i H 

(or 
I-Yg(, 

' 
(Sm, xin m(s, ),Youtm(5 *) 

or 
RY(. ys X>(S' *) Y (s*) 

resp. in V). 
Proof. The proof is a straightforward application of the uniform contraction 
mapping principle to the maps Ci, ,8, i E {+, -, 0}, and of the same argument 
as in the proof of Lemma 2.1 for the homeomorphic property. o 
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Recall the definitions of the sets of doubly infinite sequences S, S+, S-, 
and SO from (1.3) which are incorporated with the symbols oos and oou. 
Replace the symbols si > Ko by Si E No, with No the same as in the lemmas 
above, and denote the newly defined sets as S(No), Si(No), i E {+, -, O}. 
Also, let S(No) denote the corresponding standard blowups and equip the union 
of blowups 

5Y(No) := S(No) U {S'(No), i E {+, -,O}} 

with the topology generated by that of its components. Then, an immediate 
conclusion from Lemmas 2.1 and 2.2 above is that one can define a one-to- 
one and onto map y: 5 v as i(S^) := +(s), or qi(s, 0) accordingly for 
i E {+, -, O}, where 

.v := Q(No) U {fQ'(No): i E {+,-, O}} 

and s and s^ are the standard sequences and the corresponding standard blowup 
sequences respectively. Here, obviously in the same logic, Q(No) and Q'(No) 
are the same as Q and Qi defined in (1.2a)-(1.2c) except that Ho here is 
replaced by UkENO Hk . It is also understood that the augmented and doubly 
infinite sequences have a natural correspondence to their original and one-sided 
infinite sequences. Thus, we did not make the distinction among them when 
we wrote qi(s, 0) above. The one-to-one property of y follows from the fact 
that not only are Q and K2 distinct (i.e., mutually having empty intersection) 
but also the components in the union of each Qi are disjoint by the remark 
preceding Theorem 1.2. Recall that this is simply due to the iterative disjoint- 
ness of the chosen sets H and V from (2. la). As the last result of this section, 
we have 

Lemma 2.3. Under the setting above, the inverse of V is continuous from v 

onto Y9. 

Proof. To show the continuity of yr1 it suffices to show y is an open mapping. 
To do so, let Bg_, .. sk be a typical topological basis element of 5" which 
consists of those points s' such that for all -l < i < k either s' = si or 
bi < s' < oo only if s' 5$ si E {0oS, oU}, where the bi are some constants to be 
specified as follows. If we let n and m - 1 be the least and largest number such 
that s, = oos and sm-1 = oou respectively, then the basis element is so chosen 
that bi > max{Ik - n, 1 + m} . We claim that the openness of VI follows from 
the identity 

(B_l .30 ..= {U Ho Un m+1 U Ho)} 
j>b, 

n f fl-i(Hosi) n-n (WS U HoJ) n im V/ 
m<i<n j>bn 

where, of course, all si and j are from No. Indeed, for every given element 
s' from the open set either s' = si or the blowup Sn covers the entire segment 
from the nth place to the kth one prior to blowing up because of the choice 
of bn. Similarly, if s'1 _i oou then S^ covers the segment from the 'Ith' 
place to the '(m - l)st' one. This implies 171 o yi(s') E Ho'i for all m < i < n, 
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flr-1 O v'(5) E HOs1 if bm-1 < S-1 # oou, and frn Oy(s) E sWS if s' = os 

or Hsf if bn < s' :$ 0s . Conversely, it is also clear to see that if z' E imyi 
satisfies the properties above, then its associated blowup s' must be in the given 
basis element. This proves the identity. To see the openness of the subset of 
im yi on the right-hand side of the identity, observe that since the Ho's are 

connected components, they are both open and closed in U HO U WHS, and 

WJV U Uj>b, Hi is open since its complement is the finite union of the closed 

sets Ho with j < bn . Here, i E No. Since 11 is a homeomorphism, the subset 
is indeed open in im yi. 0 

3. PROOFS OF THEOREMS 1.1-1.6 

The key step in proving Theorems 1.1 and 1.2 is to check condition (2.5b). 
This in turn is a simple consequence to the following result whose proof can be 
found in Deng (1988a,b). 

Proposition 3.1. Let (x, y) = 0 be a hyperbolic fixed point of F E cr, r > 1 
and the coordinate (x, y) be normalized in such a way that WjOC = {x = 0} 
and Wlsc = {y = 0} locally. Then there exists a 3 > 0 such that for every triplet 
(1, xo, yi), with 1 > 0 any integer and Ixol, lYI < ?, there is a unique local 
orbit y = {(xi, yl): 0 < i < l} contained in the 23-box B(23) satisfying 

x? = xo and yy = y1. 
Denote this correspondence as (xi, yi)(l, xo, yi) Then x1(l,*,*) and 
y?(l, *, *) are Cr functions which converge in the Cr uniform norm to x = 0 
and y = 0 respectively as 1 -* +oo. 

A heuristic illustration of this result is shown in Figure 3.1. 

y 

Yl(x (l,xo, y1),y1) 

(XY,)(1, xo, YI) 

0~~~~~~~~~ 

* * (x0,y0(l,x0,y1)) 

xox 

wu Woc 

FIGURE 3.1 
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Proof of Theorem 1.1. To check the condition (2.5b), let k = 1 + M + 1 and 
define 

(3.1la) x(k lXin iYout) = xl(l,Xo iY1' ) ( Xin X Yout) := y?(l x 0, Y1 ) 

where (Xin, 0) is the local coordinate of (xo, 0) from the horizontal box 
H = B(po, 3o) and (0, yout) is the local coordinate of (0, Yi1) E V = B(pI, 31) . 

Because of the uniform Cr convergence of xl(l, *, *) and y0(l, *,*) by Propo- 

sition 3.1, we can choose and fix a large integer Ko(3, 6o, 31) so that for all 

k > Ko, 

II.x(k, *, *)II ' 3S1, II9(k, *, *)I ' <o, and 

(3.lb) IDx(k, *,)11 + jID'(k *,)11 < 

where the constant g = maxi,i<3{IDF(z)IM+1, IDF-l(z)IM+l} is the same as 

in Lemma 2.1. Choose No = {Ko, Ko + 1, ... }, then Lemma 2.1 applies. 

Hence, by choosing Ho = Uk>K0 Hok, the two dynamical systems {NOZ, v} and 

{Q, rI} are topologically conjugate. D 

Proof of Theorem 1.2. Choose xi, 9, Ko, No, and Ho the same as in the proof 

above. It is obvious that No ,n-2,n-l} is in one-to-one correspondence with 0 
{fl- (WA) n nk<n- " Il-k(Ho)} by Lemma 2.2. Since these sets are mutually 
exclusive for distinct n, the conclusion of Theorem 1.2 for Q+ follows. Last, 
fixing the parameter ,B = xnut 1 = 0, which corresponds to Wul n V, the other 
part of the theorem follows immediately. 0 

As one might have noticed, Theorem 1.2 is much weaker than Lemma 2.2. 
We stated it as it was simply for an accurate count of credits due to Sil'nikov. 

Proof of Theorem 1.3. In terms of the Sil'nikov changes of variables (2.5c), we 
have the following simple facts: 

Hok= U graph(9(k, *, Yout)) and Vok = U graph(x&i(k, xin, *)), 
IyoutI<?1 lxinl<51 

where Vo = I, (Ho) and Vok = Hf(Hok); and thus WA = WC n H and Wvu = 

Wl n V are the only limiting sets for {H0k}k>Ko and {Vok}k>KO respectively 
by the uniform convergence of Proposition 3.1 (cf. Figure 1.3). Namely 

(3.2) Ho = Ho u WA and VO = VOU Wvu. 

Let Q := U Q+ U Q- U Q. To prove the first half of the theorem we must 
show Q = Q. We begin by showing Q c Q2 which in turn is equivalent to 
showing Qi c Q for i E {+, -, O}. We start the case with i = +. 

For every given zo E Q+ we may assume, up to some finite iterate of 11, 

that zo E WHS as well. Then by Lemma 2.2 there is a leftward sequence s = 

.... 2S1) such that z? E WHS n nk<-1 flk(H0k). Also by that lemma zo is 

in the vertical graph 9+(s, *) of backward invariance in H parametrized by 

s, where 

g+(S, s s) := rxg (X(S-1 sxi+n ( S 48) 4Yo+ut '(S 4fl ) ) lYout ( s fl ) ) 

In particular, zo = (9+(s, 0), 0) (cf. Figure 2.3). Let zk be the point from 

Q corresponding to the rightward augmented and doubly infinite sequence 
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... s-2s-1k... k...). Then Zk must tend to zo as k -, oo. Indeed, sharing 
the same leftward sequences implies that Zk := (Xin,kYin,k) also belongs to the 
graph V+ for all k > Ko by Lemma 2.2, i.e., Xin,k = V+(S, Yin,k) . But on the 
other hand, Yin,k = V(k Xink, Yout,k) since Zk E H/3. Since y(k, *, *) con- 
verges to zero as k -x by Proposition 3.1, this implies Zk -* ('+(S, 0), 0) = 

z? as k -x 00. 
Next, we show Q? c Q. Actually we proceed to show Q? c Q+, the closure 

of Q+. For every given zo E Q? we may similarly assume, up to some finite 
iterate of II, that zo E WH. Thus, z' := IH7(z0) E Wv. Let s = (so ...sn) 
correspond to z? by Lemma 2.2 and Zk E Q+ correspond to the leftward 
augmented sequence (... k... kso0.. sn). By the same lemma again z' and 
Zk := rIg 1(Zk) are in the same horizontal graph W?(s, *) in V, where 

&O(s , ,8) := g (,B, p(O xi?' ?(s, ,B), Y?u(s )) 

In particular, z' = (0, 90(s, 0)). By a similar reason as in the case Q+ c Q, 
we have zj (xkut, Y out,k) E VO and Xout k = x(k, Xin, kk, Y t, k) -+ 0 
uniformly as k x-+ 0 by Proposition 3.1. Now, the limit zk -* z' follows from 

(XO,ut, k ?V(s, Xout,k)) -*(O, 90(s, O)) as k -- oo. 

It is not hard to see now that Q- c Q. Indeed, replacing the segment above 
by a rightward sequence (sos ... ) corresponding to a given point from Q-, 
and replacing Zk by that from Q corresponding to (... k ... ksosl ...), the 

same reasoning as in the case Q? c Q above falls through. This shows Q c Q. 
To show Q c Q we need the following claim: 

(3.3) If z0 L QuQ2+uQ-uQ?,thenthereare m<0<n suchthat 
either 

Hln(Z0) E H-HO U WA 

or 

lm (ZO) E H-lg( Vo U WV). 

To prove the claim, we need to be more precise. Indeed, by assumption, zo is 
none of the following: 

(i) flk(zO) E Ho are defined for all k e Z, 
(ii) there is an n > 0 such that Ilk(ZO) E Ho are defined for all k < n - 1 

and 7nI(z0) E WH 
(iii) there is an m < 0 such that Ilk(Z0) E Ho are defined for all k > m + 1 

and Ilm (ZO) E WH = ng(WjU), 
(iv) there are m < 0 < n such that Ilk(zO) E Ho are defined for all m + 1 < 

k < n - 1 and IIlm(ZO) e WH = Hg(WVu), )ln(z?) e W4. 

But, on the other hand, the negation of (i) implies that z? must satisfy one of 
the following: 

(a) there is an n > 0 such that Hlk(Z0) E Ho are defined for all k < n - 1 
and I-n(z) 0 Ho0, 

(b) there is an m < 0 such that rlk(Z0) E Ho are defined for all k > m + 1 
and Ilm(zO) 0 lIg(Vo), 

(c) there are m < 0 < n such that FIk(ZO) E Ho are defined for all m + 1 < 
k<n-l and lIn(z0) 0 Ho, FIm(Zo) 0 n 9(VO). 
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Now, the claim easily follows from all the combinations of statements (a)-(c) 
and (i)-(iv). 

We now resume our proof that Q c Q by assuming to the contrary that there 
are z? 0 Q and Zi E Q such that zi -z as i -* +oo. By the claim, let us 
assume it is the case that J-nI(zO) E H - HO U WA for some n > 0 . Then by the 
closedness of Ho U WA from (3.2) there is a small neighborhood B(rln (z0), e) c 
H - HO U WA. In limit, ljn(zi) E B(lln(z0), e) as i -+ +x0, contradicting 
Zi E Q. For the other case, we have B(Jlm(zI), e) c H - rlg(Vo U Wv) for a 
small e > 0. The same contradiction arises. 

To complete the proof, we only need to show the identity A(F, U) = 
UnEzFn(Q) U {O} since the other equivalent identities follow from it imme- 
diately. Here U is chosen as 

M 

U = B(3) U U UiU 
i=1 

where Ui = Fi(V) (cf. Figure 1.2). It is obvious that we only need to show 

(3.4) A(F, U) c U Fn(Q) U {O}. 
nEZ 

Suppose the contrary and let zo E A(F, U) - UnEz Fn () U {O} . Then, either 
z? E Ui0 for some io or zo E B(3). Since z? :$ 0, up to some finite iterate, 
it must be in Um Ui. Thus, without loss of generality, we assume the first 
case. Hence, z' :=FM+-io(zo) e H. Since z' Q= Q u Q+ u - u , by 
the claim (3.3) there are m < 0 < n such that either rjn7(Z') E H - HO U WA 
or rIm(z') E H - rIg(Vo U Wvu) . Suppose it is the first case; then rjnI(z') will 
eventually exit B(3) but not through the vertical box V by the definition of 
Ho. Hence, the first exiting point of ljn(z') does not belong to any one of the 
Ui's for 1 < i < M. This contradicts Illn (z') E A(F, U). The other case with 
flm(z') is identical. 0 

Proof of Theorem 1.4. We must, of course, define a topological conjugacy, say 
p: Y(Ko) -* A(F , U). We actually start by defining a map P: UnEZ "7(5") 

UnEZFn(K() and showing that it is a conjugacy, where 5" is the standard 
blowup as in (1.4b). Then, the one-point compactification will naturally take 
care of the rest of the proof. 

As the first preparation, we point out that the map V/ defined in Lemma 2.3 
with v = Q is actually homeomorphic. This is because Q is compact, 5" is 
Hausdorff, and the inverse y-' is continuous. 

As another preparation, we examine the operation of blowups in finer detail. 
It is easy to see by definition that, up to only renaming the subscripts, every 
element s^ from U a(y) can be written as s = s(l) :=(s_lo,an *.) for 
some 0 < 1 < so - 1 with the properties that so,I = S0-. so. Sso-i-' if 0 0 0 
so :$ oo, oou or sO s= S00 u and / = 0 otherwise; and si = s? si 
if i $A 0 with si oos, ou or si = oos ou otherwise. Recall that s(l) is 
called a standard blowup only if / = 0, or, if so is not finite, it must be the 
first oos, namely s-I is finite. In other words, s = (... S_Isgs I ... oso .*) and 
s = s- *sS-1x'00 oo ) are the only two types of standard blowups. 
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As the last preparation, we introduce the standard backward iteration Tb for 
all s^ EU anq(y) as follows: 

( -1T 
if s -s(l) and so oos, oUo 

(35) T n + 1, if so = oou ands = ( 0o . n.. ),Ui 

if so = os and3= (. smI Orsn.. oo .. 

Roughly speaking, aTlb(') (.) maps nonstandard blowups back into standard ones 
by the minimum number of 'backward' shifts. Moreover, the same definition 
applies to all z E U Fn (a). To be precise, we have 
(3.5b) 

[ -1, the least backward iterations so that F-1(z) E Q, 
Tb(Z) = n + 1, the least forward iterations so that Fn+I(z) E Whu, 

m m, the least backward iterations so that Fm(Z) E WAH. 

For this reason, we will not distinguish these two functions. Similarly, one can 
define the standard forward iteration Tf as 

(So{-1, if 3= s(l) andsooosou, 
(3.5c) Tf (3) = n +1, if so =oouands' .. oo ... oous+ ), 

if so = os and3= (. Sm_l0I o o. ) 

It is trivial to see that Tf(3) = Tb(3) + so if so ooxs, ou and Tf(S) = Tb(S) 

otherwise. The extension of Tf to U Fn (Q) is identical to Tb above. The 
important property we will use in what follows is 

(3.6) Tb(a(3)O) - I if) '(1), I < so -1, or so = oos, oou 
(3.6) Tb (U(S)) Tf(S')-l, ifl=s0-l. 

This can be directly checked by definition. 
We now define 

(3.7) p(s) := F ( 

We need to show it is (1) one-to-one, (2) onto, (3) commutative with F and 
a, and (4) homeomorphic. We start with the one-to-one property. Let s^, 
3' EU qaf() and suppose z = p(3) = p(3') = z'. Then, by definitions (3.5b) 
and (3.7), Tb(Z) must be Tb(S). This implies Tb(O) = Tb(Z) = Tb(Z') = Tb(S') 
Therefore, I(ab(3) ()) - (aZb(?)(g')) E v because F is homeomorphic. 
Since yi is homeomorphic, tab(g)(5) = aTb(S))(i'). That is, I and S^' give rise 
to the same standard blowup. Since two elements of U an (5") which have the 
same standard blowup are different only by the 'minimum' time of standard 
backward iterations, we can conclude s = s' because Tb(g) = TbO(s') as shown 
above. 

Second, we show p is onto. This simply follows the reversal definition of 
(3.7). To be precise, for a given z E U Fn(Q), let Tb(Z) be its standard back- 
ward iteration. Thus Fzb(z)(Z) E Q. Blow up the corresponding sequence and 
obtain y -I o FTb (Z) ( z) . Then apply -Tb(Z) shifts a -rb (Z) . The resulting non- 
standard blowup s^ is what we look for because it is trivial to check by the 
definitions Tb(3) = Tb(Z) and p(3) = z. 
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To show the commutativity and the homeomorphism property, we need the 
following alternative definition of p in terms of the 'minimum' standard for- 
ward iteration. We show, indeed, 

(3.8) p(s) = F Tf(V)( f (T(3)))) 

When s0 = oos, u (3.8) immediately follows from (3.5a) and (3.5c) because 
of Tb(S^) = Tf (S). Suppose s0 oos, ou. Then, (3.8) follows from the follow- 
ing facts: 

(i) Tf (S) = Tb(S) + So by (3.5a) and (3.5c); 
(ii) ,(aSo(s^)) = Fs0(,(s^)), that is, V(qS?(0s)) is equal to the Poincare return 

of ,(s^) which, by definition, takes exactly s0 iterates of F. 
We now have 

Ff (y(af (S))) = F f (y o qSO(Jb(S))) = Ff (FSo o s 

- F b (,(aZb(5))) p(5) 

We now show the commutativity, using (3.6) and (3.8). When 1 : so - 1, it is 
straightforward to have 

p o (J(s) = 
FzTb(a(9))(Y,(Olb(a(S)) 

o U(5))) 

- F(F-zb(s)(y,(aab(sl o a(5)))) = F ? p(s) 

On the other hand, when 1 = so - 1 , we replace Tb( (S)) by Tf (S) - 1 . Then the 
equivalent definition (3.8) together with the same computation above applies. 

Next, we show p is homeomorphic. To this end, let m and n be the 
least and largest number such that Sm = oos and Sn = oou respectively for a 
given segment -1u .. 0. 5 3k. Let b > max{InI, [ml}. Let B be such a 

typical topological basis element for U an (5y) that consists of those s' such 
that Vi = 3i for all i and j or only for those i with Si :$ os or oou , but 
sij > b, where, recall, 3i = Sp * *Sis -1, etc. We claim first that 

Tb (Bs_,...Sk) = constant, if so oou , 
(3.9) Tf(Bs_,...Sk) = constant, if s0 :0 0s . 

If s0 : oos, oou , then it is trivial by definitions (3.5a) and (3.5c) and the con- 
stant is T(S) . Suppose so = oos . Then, it is easy to see from the definition of b 
that for every Y1 E B3_, 3k, either s6 = os so that Tb(S) = m or s6 : ooS, but 
then the blowup 3" must spread across the segment from the mth place to the 
initial place since s' > b > ImI for m < i. That is, s' = ( .sms so * .. 

and Tb(S") must be m. The other case where the standard forward iteration 
must be constant for so : oos is identical. This proves the claim. Now, de- 
pending on whether so = oos or oou, we use either Tb or Tf in the definition 
of p so that Tb(B) or Tf (B) is constant. Then, the openness of p follows that 
of at for a fixed T, together with the openness of yi by Lemma 2.3 and F-l 
for a fixed T. This shows that the inverse p-1 is continuous. The continuity 
of p is similarly obvious by its definition together with the continuity of F, 
V , a, and the identity (3.9). 

Finally, taking the one-point compactification for U an() and U FU (n) 
simultaneously results in the natural homeomorphic extension for p. 0 

The proof of Theorem 1.6 is trivial. We omit it. 
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As a final remark for this section, let us point out that the proofs of Theorems 
1.3 and 1.4 above do not use the hyperbolicity of the fixed point q. Thus, the 
conclusion as well as the proof of Theorem 1.4 also holds true so long as (2.5b) 
is satisfied. This is precisely the case for the nonhyperbolic fixed point which 
we will pursue in the next section. 

4. THE PROOF OF THEOREM 1.7 

The key step in proving this theorem is to verify conditions (2.5b) and (2.7). 
But, by means of the exponential expansion (Proposition 4.1) from our previ- 
ous project, this in turn reduces to the asymptotic analysis on the local center 
manifold (Lemma 4.2). 

To begin with, let the local coordinates x := (xc, x,) and y be chosen so that 
WCS(a) = {y = O}, WCU(a) = {x, = O}, and WC(a) = {x, = 0, y = O} locally. 
Here, the parameter is explicitly included, as it is for F = F(z, a). Let us 
also use F = (Fe, F, Fu) for the componentwise form. Then, the coordinate 
is said to be admissible if, in addition, Fc(xc, 0, y, a) = Fc(xc, xs, 0, a) := 
fC(xe, a). Note that an admissible coordinate directly gives rise to 'straight' 
invariant foliations on the center stable and center unstable manifolds as WCs = 

U1xC,cflx = xc, y = 0} and Wcu = U1xc1,C1{x = xc, x, = O} respectively. The 
admissible coordinate will be mentioned later in ?5. Referring our readers to 
Deng (1988b) for its proof, we now state the following result. 

Proposition 4.1. There exists a Cr-2 admissible coordinate such that fc is 
cr and the local orbits admit a Cr-3 exponential expansion in the follow- 
ing sense. Let nc(xc, 0) be the local life span of a center orbit, i.e., nc = 
max{k: Ifck (xc, o)I < ? , k > 0} . Then, for every small 5 > 0 there is a constant 
C1 such thatfor all O < l < nc, Ixc,0o < , Ixs,o? < , y1y t < , and jai < ? 
there is a unique orbit 

y=(xn yn)-F(x0 y0,a): < n < } c B(C13) 

satisfying (xc?, xs0) = (xc,o, xs,o) and yl = y. 
Moreover, if we designate this correspondence as 

(xcn, xsn, y n) = (xcn, xsn, y n)(l, xc,o, x S,O Yi, a), 

then it is Cr-3 in xo, yi, and a. Furthermore, there exist constants 0 < A < 

1 < u and C2 so that 

(4.1) 
1 
1xsn (1 

* 
*~ *~ -*)r-3 < C2 An i 

lyn(l. * r- 3 <! C2#jn-l, 

llxcn(I , *, *, *)-xcn(l *, ?, ?, *)llr-3 < C2,Zn,n-1, 

for all 0 < n < 1, where 11 - [lr-3 denotes the Cr-3 norm. 

With this result, the validity of condition (2.5b) is straightforward. Indeed, 
restricting the variables (xo, 0), (0, yl) to the boxes B(3i, pi) for i = 1, 2 
respectively and letting k = 1 + M + 1, we have, similarly to (3. la), 
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To verify condition (2.7), recall the Lipschitz constant L for x and y from 
Lemma 2.1. It is easy to see from the exponential expansion estimates (4.1) 
that in order for L to be small, it suffices to show that the center Lipschitz 
constant Lip c(k, xc,,in, 0, 0, a) is small. Since the Lipschitz constant g for 
the global map Ilg from Lemma 2.1 is independent of 61 , to show gL is small 
it suffices to show 

(4.3a) Lipxc(k, 0c,in 0, a) < C361 

from some constant C3 depending on 3 and 60 only. To specify the iteration 
time k for which (4.3a) holds, we have 

Lemma 4.2. Let 3, 6o, 35 be small constants as in Lemma 2.1 and Proposition 
4.1 above. Let 
Ko = max{min{k: & (k Xc, O, O, a) < }:Ixc,in - xol? < o5, lal < 5}, 

{min{max{k: Sc(k 5 Xc in 0 , O, a) > 0}: Ixc,in - xol? < o}, 
K1 = KI(a) = a<0, 

t oo a > O, 

{max{max{k: xc(k, Xc,in5 O, O, a) > -61 }xc,in - xol < ?} b 

K2 = K2(a) = a 
00 a > 0. ~ ~ ~ ~ ~ ~ a<0 

a , (>O. 
Then, there are constants C3 = C3(3 , 3o), Co = Co(3, 6o, k1), and go = 

eo(3, 30, 31) such that (4.3a) holds for all Ko < k < KI(a), lxc,in - xo0 < boi 
and lal <? o. Moreover, 

(4.3b) KI(a) < K2(a) < 
Co and K, (a) -> +x0 as a O- . 

Proof. Since the proof has nothing to do with the other components xs, y, we 
will simplify our notation by letting x = xc, in = x0 with 1x0 - xol < bo 
and .c(k,Xc,in,0, 0, a) = fc(x ,ca). Recall that k = l+M + 1 and M 
is the number of distinct points of y(p) outside B(3). Also, because of the 
assumptions (1 .5a,b,c) on the parameter a for the saddle-node bifurcation, we 
may assume, without loss of generality, 

(4.4a) fc(x, a):= a + x - f(x, a) 

with the property that fx(O, a) = 0, fxx(O, a) > 0. More specifically, we 
assume, up to rescaling, that 

(4.4b) fx(O,a)=?, fxx(x,a)>4, Ixj < 3. 

This implies 

(4.4c) f(x, a) > 2x2 and fc<a+x - x2. 

Now, our proof will be split into two cases for a > 0 and a < 0. 

The a > 0 case. First, we find the fixed point x+ which is to the right of the 
origin. Solving fc(x, a) = x by the implicit function theorem, we obtain a 
cr function a = a (x) for Ixl < and 3 < 1. Indeed, the two branches 
(x > 0, x < 0) of fixed points are in one-to-one correspondence with a in the 
following way 
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Hence, if we let e = , then by the implicit function theorem again, x+ (e) can 
be solved as a Cr-2 function of e from the equation above and x+ (e) = 0(e) . 

By making the change of variable x - x + x+(e), the map under the new 
variable x takes the form 

tC =fC(X+ X+e), 2) _X+(e) = 62 + X-(x+ X+(8), "2) e 

Using Taylor expansion and e2 - f(x+(e), e2), we have fc(Y, a) = A(e)Y - 

fi(Y, e), where A(e) = 1 - fx(x+(e),e 2) < 1 since f(x +(e), e2) > 0 for 
fxx > 0 and x+(e) > 0. Also 

(4.5a) - (-X+e 2_f(X+('6), 8) x(X+ (g) 8 2)X 

We suppress the bars from the new variable in the following. By elementary 
calculus together with fx(0, a) > 0 and (4.4b), it is easy to show that 

(4.5b) fi(x, e) > 2x2 and 7c(x,E)<X-x2. 

Let xl = 7f(xO, a) and yl = fl(yO) with f= y - y2. Then, motivated by 
the comparison principle for continuous flows together with the monotonicity 
of f(* a) and f, one can easily show 

xl <y ifx? <y. 

See Figure 4.1. Since xl, y1 are monotone decreasing because xi - xi- I 

-fx (X+ (8)x( 8) - fi (xl- 1, e) < 0 and yl - yl- 1 = - (yl- 1)2 < 0, and positive 
because xo > 0 and yo > 0, they must converge to the fixed point x = 0. 

To estimate the rate of convergence, let, specifically, yo = xo + 6o be the 
right end point of jx0 - xoI < 6o, and let yl be the corresponding upper orbit. 
Then we have xl < yl for all jx0 - xol < ? o. Thus, for the old variable, 
jx' I = -xl + X+ (e) I < 31 is satisfied uniformly for all 1 > Ko(3, 6o, 31) - M - 1 
and lal < eO = eo(3, 6o, 31) with some appropriately chosen Ko and eO so 
that y'<?i/2. 

F E 4.=y1y2 

FIGURE 4. 1 
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Next, to show Dxxl(xO, a) -* 0 as k -x oc uniformly for jx0 - xol < 3o 
in the old variable, we show the same thing for the new variable instead since 
Dx-Y'(3-?, a) = Dxxl(xO, a). Again, we suppress the bars from the x-variable 
for simplicity of notation. By the chain rule, we have 

(4.6a) Dx = fI[A(e) - flx(xn, e)] < J7 [A(e) 
- 

xn ,e I 
n=O n=O 

where we have used fix(x, e) > fi(x, e)/x which can be easily proved by 
elementary calculus together with the definitions (4.5a) and (4.4b). Observe 

Xi A(e)x-1 fi (XI- 1, e) 
(4.6b) - (,l(e) _fi(xl,e)) xl-l = I* x? 

This implies I, = xl/x0 < yl/(xo - do) < C331 and therefore implies (4.3a) for 
an appropriately chosen C3. 

The a < 0 case. We show the estimate (4.3b) first, and then the rest of the 
proof is similar in the same spirit as in the a > 0 case above. The idea of 
proof is motivated by the comparison between the orbit y(xO) and the solution 
y(t, x?, &) of the equation ay _ &-y2 . It is inspired by the fact that x1+1 1 = 

a - f(x', a) < a - (x1)2 . To be precise, we claim 

(4.7a) y(--1,x, a)<fc-(x,ca), foreitherx>fc(O,a)=ca, 

or x <fc3(0, a). 

That is, a unit time backward integration of y = a - y2 is always bounded 
from above by the backward iterate of fc in the shown region. To proceed, let 
fc(x, a) substitute for x and a = _g2. Then (4.7a) reads 

(4.7b) y(-1,fc(x,a),a)<x, forx>O, orx<fc2(0, a)?< -2e2 . 

Here, the last inequality fc2(0, a) - f (-e2 ca) < - 22 is trivial, where fC2 
means the second iterate of fc . One can directly check by differentiation that 

(4.8) y(t,x,g)=(x-gtangt) l+x e] 

Thus, (4.7b) is equivalent to e(x, e) < 0, where 

e(x,):= fc(x, a) + tane -x (1-fc(x, )tane) 

Recall fc(x, a) < -g2 + x - 2x2 since f(x, a) > 2x2 and tane = 6- g3 + 
0(g5). We have 

e(x e) < -_e2 + x - 2X2 + e ( - 3 3 + 0(e5)) 

-X{1 [- 2 + x - f(x, g)]t} 

X2 (2 t _ 44++O((66)_OX[e2 + f(x, )] 

tane + 2 +f(X, e) tan' _ I 



TRANSVERSE HOMOCLINIC DYNAMICS 45 

It is trivial to see that e(x, e) < 0 when x > 0. It is also true when x < -2E2 
since the leading term of the bracket is greater than I + f(x, e)/x = O(IxI) 
and Ixl < 6. 

We now show (4.3b). The limit is trivial. To show the estimate, we begin 
with K1 . Let n = Ki - (M + 1) . Then by definition, xl > xn > 0 for l < n. 
Hence, successively applying the claim (4.7b) together with the monotonicity 
of y(t, x, a) in t and the monotonicity of xl in 1, we have 0 < xn < 
y(-l, xn, a) < xn-1 (cf. Figure 4.2). Since the numerator of y in (4.8) is 
positive all the time for t < 0, the denominator will not change its sign. Thus 
1 - xn tan en/e > 0, implying 

K<I-tan-1 n +M+1 <-tan--+M+1. 

The estimate for K2 is similar. Indeed, let xo be such that fck(xo, a) > -61 
for k < K2 - (M + 1) := n and let k1 := max{k: fck(xo, () > 0}. Thus 
xl = 't(xo, a) < fc2(0, a) for all 1 > k1 + 3 and (4.7b) applies. Hence, tracing 
backward n - ki - 3 times we still have xn < y(-n + k1 + 3, x", a) < 0 (cf. 
Figure 4.2 also). This time, however, the numerator of y remains constant in 
signs instead. Therefore, xn + E tan e(n - ki - 3) < 0. This implies 

n < -tan -x I+kl +3 = O(e - 

since k1 also has the order of e by what has just been proved above for the 
case K1 . This completes the proof for (4.3b). 

. x x 

y (t, x,E) 

2 

_ - ~~~~xn 

0 1 2 . n-I n 

k1+3 k1+4 k1+5 * n-I n 

* xkl+3 

y(-t, x, F-) Xkl+4 

-_X k + 5 

' ' xn -2 

xn 

FIGURE 4.2 
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Next; the remaining proof is similar to the a > 0 case above. The constant 
Ko is obtained from the relation xl < yl < 31 for / > Ko - M - 1 with yl 
the upper orbit with y1+1 = y- _ (yl)2 and y0 = 60 + x0. Of course, we have 
used f,(x, a) = ,e2 + x - f(x, a) <X - X2 . Last, to show (4.3a) valid for 
Ko - M - 1 < 1 < K1 (a) - M - 1, we also have, similarly to (4.6a), that 

DXl =r[-X(xn . a)] < r [- xn ] I 
n=o n=o 

since fx(x, a) > f(x, a)/x. On the other hand, like (4.6b), we have 

xl - e2 + [2 
- 

f(x,- 
I 

X a) 

= = _2 [1 (1 _f(x / I 
ae))+ +(_ f(xl, ae)) O 

Since K1 = 0(1/e) and f(x, a)/x > -1 for -3 < x < 0, 

I/ = 0 {x/ + e2 [I + (I - f(x a; ()) + +(1 f(xl, ) 

< X? [Xi + 2*21] < 
I 

[xl + 2e2(K1 -M- 1)] 

< a1d +0(e) 
xo - O0 

provided xl < 61, which is certainly the case when / > Ko - M - 1 . This shows 
(4.3a). o 

Proof of Theorem 1.7. As we have argued above, Proposition 4.1 and Lemma 
4.2 imply all the conditions of Lemmas 2.1-2.3. Hence, when a > ao, the 
same arguments for Theorems 1.3 and 1.4 apply and the topological conjugacy 
of UnEzFn (, a){q+} to l(Ko) follows immediately. 

To show the properties (a)-(e) concerning the hair h, attached to z E 
UnEZFn(n- U Q?, a), we use Lemma 2.2. To be precise, we may assume 
z E Q- U no up to some finite iterations. Then, by Lemma 2.2, the forward 
invariant set containing z is homeomorphic to a Cr-3 graph in V over the 
(xc, x,)-axis. Since the backward invariant set in the box B(6) is precisely 
xC < q+ and x5 = 0 (see Figure 4.3), the invariant set can only be their intersec- 
tion, which is a closed curve on the Cr-3 graph parametrized by 31 < xc < q+ . 
It is now easy to see that properties (a)-(e) follow immediately. Using the same 
argument as in Theorem 1.3, it is also not hard to see (1.6) holds. When a < ao, 
let Ko and K1 (a) be the same as in Lemma 4.2. Then the invariant subspace 
n* (a) as in the theorem exists and satisfies all the properties by Lemma 2.1. 
The nonexistence of 1-periodic orbits of large periods > Co/I\cj - aol follows 
from Lemma 4.2 above because the largest first returning iteration time in Ho 
is at most K2(a). Of course, the asymptotic behavior of K1(a) also follows 
from Lemma 4.2. 0 

Remark. For the asymptotic behavior of the dynamics yn = yn- l - (yn-l )2, we 
claim (y0 - (y0)2)/n < yn < 1/(n + 1), i.e., yn = 0(1/n). Indeed, from our 
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0 x 

FIGURE 4.3 

proof above, 0 < Xn < y(-l, Xn a) < Xn-1 holds for 0 < l < n. Backwards 
one more step we have 0 < Xn < y(-l, xn,a) < Xn-1 for 0 < 1 < n + 1 as 
long as x -I exists. But, this is certainly the case provided that xo + 30 is small 
enough so that fc can be iterated backwards at least once on B(xo, 30). Apply- 
ing the same argument to the extended situation, we have that the denominator 
appearing in y also remains positive. That is, 1 -xn tan(n+ 1)e/e > 0. In limit 
at e = 0, it reads xn < 1/(n + 1). Starting xn at yn yields yn < 1/(n + 1). 
(In fact, without using the limit argument, one can obtain the same inequal- 
ity by going through the same comparison procedure between y = -y2 and 
yn = yn-l - (yn-l)2.) Using these estimates and yn = yn-l - (yn-l)2, it can 
be directly checked that nyn is monotone increasing. This implies nyn > y I 

y - (y0)2. We will refer to these estimates later in ?5. 

5. DiscusSION 

The idea of establishing certain correspondence between invariant sets and 
fixed points of infinite systems is hardly new. Sil'nikov used it on several oc- 
casions. The key step in making this idea feasible is the Sil'nikov change of 
variables (2.5b) or (2.5c), which first systematically appeared in his works (see, 
e.g., Sil'nikov (1967)). Our innovation is to generalize his idea in such a way that 
our equations (2.8)-(2.10), in contrast to (7.1) and (7.2) of Sil'nikov (1967), 
are now applicable to both hyperbolic and nonhyperbolic fixed point situations. 
Of course, in the process, our exponential expansion Proposition 4.1 also plays 
a fundamental role. What is to be sketched now is the natural appearance of 
the cross representation (2.5b) in the classical example of the Smale horseshoe 
map, called f: R -- R2, where R = {O < x < 1, 0 < y < 1} is the closed unit 
square box. See Figure 5.1. 

Let f-'(R) = H1 U H2 and f(R) n R = V1 U V2 as shown. Let fi = flHi 
be the restriction on Hi. Motivated by the cross representation of (2.3) and 
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Give the product space RZ a topologically equivalent metric 
00 I 

d(4, 4C') = Z 2k1 (1yk - yIkI + lxk+l - xlk+l ) 
k=-o 

with , > 1 chosen so that ,3u < 1 . Then, by definition, it is straightforward to 
verify that )i# is a contraction constant for the operator defined by the right- 
hand side of the equations. Thus, the uniform contraction mapping principle 
again applies and the topological conjugacy between the invariant set A(f, R) 
and {1, 2}Z follows immediately. Indeed, the topological conjugacy is defined 
naturally as +(s) = (x?(s), y?(s)), where (... , (y-1, x?), (yO, xl), .. )(s) 
represents the fixed point, and the homeomorphic property follows from the 
identity 

k 

(5.2) b(Bs_l...sO...sk) = nf fi(Hsi) nim. 
i=-l 

The next question one would naturally ask is, can condition (5.1) be checked 
easily? To this end, let us assume that the x-direction of f is contractive and 
the y-direction is expansive. Specifically, 

(5.3) Lip(f,x) < I and Lip((f-')Y) < 

where (f 1)i is the inverse map from Vi onto Hi. We claim that (5.3) implies 
(5.1). Indeed, let (x, y-) = (fix, fiy)(x, y). Then 

(x, y) = ((f )i, (fDY(x, y). 

Applying substitution, we have the identity 

= (f )Y(fix (x, y), y). 

It is easy to see that by (5.3) and the implicit function theorem (of course, f is 
assumed Cl as usual), y can be solved as a function, say 17', of x and y-. Let 
fix = fix(x fiY(., *)); we obtain the desired functions and it is straightforward 
to check (5.1) by the implicit function theorem. 

As mentioned earlier in the introduction, the horseshoe theorem in Figure 
1.2(a) cannot directly apply to the saddle-node fixed point case where the uni- 
form contraction assumption (5.2) fails on the center manifold. However, 
the topological argument used by, e.g., Moser (1973) can be modified to cope 
with this nonhyperbolicity. To see this, let us recall that for a given right- 
ward sequence s = (sos, ... ) there is associated a forward invariant set I := 
{z?: Gk(zo) E Hsk, k > O}, where G := FP (with F and P as in the in- 
troduction). Thus, I = nk>o G-k(Hsk). Similarly, for a leftward sequence 
s = (...S-2S-1S0) we have J:= {z?: Gk(zo) E Vsk k < O} = nk<oG-k(Vsk). 

We claim that the width of all the vertical strips G-k(Vsk), k < 0, and the 
height of all the horizontal strips G-k(HSk), k > 0, are of order O(1/k). 
Being in the noncenter direction, the estimate is trivial for all the horizontal 
strips. In fact, they shrink at an exponential rate. Hence, it only remains to 
check the width of G-k(Vi). But, in our admissible variables of Proposition 
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4.1, its vertical boundaries for G-k (Vi) n VI are more or less straight lines 
x = 0 and x-k(xo) = ft-k(xo) k < 0, with the same notation as in Lemma 
4.2 and the remark afterwards. Thus, by the remark, the width is approxi- 
mately x-k(xo) < 1/(IkI + 1). Therefore, it is not hard to see the width of 
G-k( Vi) n Vi is of order 1 / ki . This completes the order estimate. Finally, as 
the topological argument goes, I n J is a unique invariant point parametrized 
by the doubly infinite sequence ( ... s-Isos, ... ) . Denote this correspondence as 
q: {1, 2}z -- R. The identity (5.2) also holds, showing the topological conju- 
gacy. Thus, a structurally unstable horseshoe is obtained. Similar to the hairy 
structure of A(F(., ao), U) for the saddle-node case as in Theorem 1.7, one 
can also derive a hairy horseshoe by expanding the rectangle R in Figure 1.2(a) 
to the left of the origin a little bit. 

Speaking about the hairy structure of A(F(., a), U) of Theorem 1.7 for 
a > ao, it is easy to see that there is a natural homotopy from the full invariant 
set to its subspace Une Fn (, a) U {q+ }, shrinking the hairs to their roots on 
UnEZF n (V- U Q?, a) through a deformation retraction. It in turn is homotopic 
to our symbolic space X(Ko) . Denote this homotopy equivalence as 9 . Then an 
obvious property of 9 in terms of the dynamics is the commutativity: 9 o F = 
a o fo. Indeed, this follows from the invariant property of the hair F(hz, a) = 
hF(Z, a) by (a) of Theorem 1.7. We are now naturally led to the following: Two 
dynamical systems {X, f} and {Y, g} are homotopically conjugate if there 
is a homotopy equivalence 9: X -- Y such that the diagram 

X f *X 

commutes. We feel that the notion of homotopy conjugacy is most appropri- 
ate and natural when the 'ordinary' bifurcations become secondary and thus 
negligible in regard to the onset of chaos in which they are embedded. With 
this new terminology, it will be a lot easier for us to describe next the dynamics 
{A(F(., a), U), F(., a))} of other types of nonhyperbolic fixed points to which 
there is an irreducible and transverse homoclinic orbit. 

To begin with let us point out the obvious generalization of Lemma 4.2 to 
the cases where, in the notation of that lemma, the center dynamics fc is (a) 
transcritical, x + (ax - f(x)), (b) pitchfork, x + x(a - f(x)), or (c) periodic 
doubling, -x - x(a - f(x)), with f > 0 and f(x) = O(x2), or even more 
generally with an appropriate f with f(x) = O(xn) for some finite n > 2 (cf. 
Guckenheimer and Holmes (1983) on those nonhyperbolic fixed points). Let us 
take the pitchfork case for example. Mimicking the same procedure as in the 
proof of Lemma 4.1, we first shift the bifurcated fixed point, say x+ (a), which 
is on the right side of the origin, to the origin by changing x -- x + x+ and 
obtain the new dynamics 

fC := x + (X + x+(a))[a -f (x + x+(a), a)] := A(a)x-fi (x, a). 

By direct differentiation, one can easily check that 
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A(a) = 1 - x+fx(x+, a)? 1, 

fi (O, a) = fix (O, a) = 0, 

flxx(0, a) = 2fx(x+, a) + fxx (x+ a)x+ 
= 3fxx(0, a)x+ + O(Ix+I2) > 0, 

fixxx(0, a) = 3fxx(x+, ?a) + fxxx(x+, a)x+ > 0. 

Similarly xl(xO, a) converges to zero uniformly for x? E B(xo, 30) by the 
same argument, using the upper orbit y1 = yl-l - (yl-1)3 with y? = xo + do. 
Since we also have fix(x) > fi (x)/x, the estimate (4.6a) holds. Hence (4.6b) 
together with xi -l 0 uniformly implies Dxl - 0 uniformly. Since we always 
have a fixed point on the center manifold in all the cases considered, we do not 
have to go through the second half of the proof of Lemma 4.1. Once this lemma 
on the convergence rate of the center flow is established, all other arguments 
work similarly. As a consequence of this, the fishnet will never be torn in con- 
trast to the saddle-node case. Back to our discussion on homotopy conjugacy, 
we now can easily state that the dynamical systems {A(F(., a), U), F(., a)} 
are homotopically conjugate to the shift dynamics {X(Ko), o} for all small a, 
regardless of whether the parameter is generic or not generic to the bifurcation. 
In other words, {X(Ko), a} is homotopically invariant for (degenerate or non- 
degenerate) transcritical, pitchfork, and periodic doubling bifurcations of the 
fixed points. It is even true when the fixed point undergoes Hopf bifurcation. 
See Figure 5.2 for an illustrative explanation. In this sense, the saddle-node- 
irreducible-homoclinic bifurcation of Theorem 1.7 is a truly genuine one in 
regards to either of the two notions of conjugacy equivalence. 

Another way to look at these bifurcations is through tracking down all the 
irreducible nonwandering sets in Aa . A nonwandering set Q (excuse our slight 
abuse of notion here) of a map F consists of points p so that for every open 
neighborhood U of p there is an n E Z and Fn(U) n U #4 0. A nonwan- 
dering set is indecomposable if it contains a dense orbit. Take, for example, 
the saddle-node case. At a = ao the only nonwandering set Qo is Aao itself 
with all the hair cut off. {Qo, F(., ao)} is nonhyperbolic but it is conjugate 
to {E, a} anyway. When a > ao, Aa contains two maximal indecompos- 
able nonwandering sets Qo and Q,. Qo here is the stablized counterpart of 
Aao and Q, = {gq_ is just the other bifurcated fixed point. In other words, 
a nonchaotic nonwandering set Qi pinches itself off from a chaotic and non- 
hyperbolic nonwandering set Qo. Moreover, all the hair hz forms a dense 
connecting set from Q, to Qo. Notice that this description is a specific lo- 
cal picture of the spectral decomposition of diffeomorphisms by Smale (1967). 
As we have seen above, when a < ao we have only partially understood the 
changes of Qo. We end this paragraph by asking can a chaotic nonwandering 
set bifurcate from a chaotic and nonhyperbolic nonwandering set? 

As an application, let us remark that Schecter ( 1987) showed that for almost 
all frequency c the Poincare map (time 2ir/w mapping) in the phase space 
(q, q) of the following equation 

fhk+q0+sinq = p+esin wt 

satisfies all the conditions of Theorem 1.7 at the equilibrium point near 0 = 

ir/2, 4 = 0, p = 1 for some constant ,Bo and all 0 < leI? < 1 . Here a = 1 - p 
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FIGURE 5.2 

with cto near 0 is the relevant parameter in terms of Theorem 1.7. This gives 
us the first concrete example of our net weaving bifurcation scenario. We note 
that this equation models the pendulum equation with linear damping q$, a 
constant applied torque p , and a small sinusoidal applied torque e6 sin wit . It 
also describes the AC-DC current-driven point Josephson junction. 

Finally, we would like to point out that our complete description for A(F, U) 
is just local in comparing with the horseshoe structure of Figure 1.2(b) which 
may locate outside the neighborhood U. We do not know at this point how the 
global dynamics are built upon our core dynamics A(F, U). We do not know 
either if the irreducible homoclinic point becomes tangential. In regards to the 
second question, some partial results in R 2 have been obtained by Gavrilov 
and Sil'nikov (1972, 1973), Newhouse (1974), Robinson (1983), and others. It 
is characterized by an infinite cascade of periodic sink's attached to an onset of 
chaos. Like the hairy structure of our fishnet dynamics, is the appearance of 
infinitely many sinks simply a secondary structure associated to a core dynamics 
whose homotopy dynamics is still unknown but probably not too hard to obtain? 

ACKNOWLEDGMENT 

The author of this work has benefitted from many stimulating discussions 
with J. K. Hale, N. Steinberg, K. Sakamoto, M. Kwapisz, G. Meisters, and 
S. Dunbar. He also thanks the referee for his many constructive and useful 
suggestions. 



TRANSVERSE HOMOCLINIC DYNAMICS 53 

REFERENCES 

G. D. Birkhoff, Dynamical systems, Amer. Math. Soc. Colloq. Publ., Amer. Math. Soc., Providence, 
R.I., 1927; revised 1966; reprinted 1983. 

B. Deng, Sil'nikov problem, invariant manifolds and A-lemma, preprint, 1988a. 
, Homoclinic bifurcations with nonhyperbolic equilibria, SIAM J. Math. Anal. 21 (1990), 693- 

720, 1988b. 
N. K. Gavrilov and L. P. Sil'nikov, On the three dimensional dynamical systems close to a system 

with a structurally unstable homoclinic curve. I, Math. USSR-Sb. 17 (1972), 467-485; II, 
Math. USSR-Sb. 19 (1973), 139-156. 

J. Guckenheimer and P. Holmes, Nonlinear oscillations, dynamical systems and bifurcation of vector 
fields, Springer-Verlag, 1983. 

M. Hirsch, C. Pugh, and M. Shub, Invariant manifolds, Lecture Notes in Math., vol. 583, Springer- 
Verlag, 1977. 

J. Moser, Stable and random motions in dynamical systems, Ann. of Math. Studies, no. 77, Princeton 
Univ. Press, 1973. 

S. Newhouse, Diffeomorphisms with infinitely many sinks, Topology 13 (1974), 9-18. 
H. Poincare, Sur le probleme des trois corps et ces equations de la dynamique, Memoire Couronne 

du Prix de S. M. le Roi Oscar II, Paris, Acta Math. 13 (1890), 1-271. 
C. Robinson, Bifurcations to infinitely many sinks, Comm. Math. Phys. 90 (1983), 433-459. 
S. Schecter, Melnikov's method at a saddle-node and the dynamics of the forced Josephson junction, 

SIAM J. Math. Anal. 18 (1987), 1699-1715. 
M. Shub, Global stability of dynamical systems, Springer-Verlag, 1987. 
L. P. Sil'nikov, On a Poincare-Birkhoffproblem, Math. USSR-Sb. 3 (1967), 353-371. 
S. Smale, Diffeomorphisms with many periodic points, Differential and Combinatorial Topology 

(S. S. Cairns, ed.), Princeton Univ. Press, 1963, pp. 63-80. 
, Differential dynamical systems, Bull. Amer. Math. Soc. 73 (1967), 747-817. 

J. Sotomayer, Generic one-parameter families of vector fields, Inst. Hautes Etudes Sci. Publ. Math. 
43 (1974), 5-46. 

A. Vanderbauwhede and S. van Gils, Center manifold and contractions on a scale of Banach spaces, 
J. Funct. Anal. 17 (1987), 209-224. 

S. Wiggins, Global bifurcations and chaos: Analytic methods, Springer-Verlag, 1988. 

DEPARTMENT OF MATHEMATICS AND STATISTICS, UNIVERSITY OF NEBRASKA-LINCOLN, LIN- 

COLN, NEBRASKA 68588-0323 
E-mail address: deng@hoss.unl.edu 


	Article Contents
	p. 15
	p. 16
	p. 17
	p. 18
	p. 19
	p. 20
	p. 21
	p. 22
	p. 23
	p. 24
	p. 25
	p. 26
	p. 27
	p. 28
	p. 29
	p. 30
	p. 31
	p. 32
	p. 33
	p. 34
	p. 35
	p. 36
	p. 37
	p. 38
	p. 39
	p. 40
	p. 41
	p. 42
	p. 43
	p. 44
	p. 45
	p. 46
	p. 47
	p. 48
	p. 49
	p. 50
	p. 51
	p. 52
	p. 53

	Issue Table of Contents
	Transactions of the American Mathematical Society, Vol. 331, No. 1 (May, 1992), pp. 1-463
	Front Matter
	The Strong Maximal Function on a Nilpotent Group [pp. 1-13]
	The Transverse Homoclinic Dynamics and their Bifurcations at Nonhyperbolic Fixed Points [pp. 15-53]
	Tensor Products and Grothendieck Type Inequalities of Operators in L- Spaces [pp. 55-76]
	Stable Splittings of the Dual Spectrum of the Classifying Space of a Compact Lie Group [pp. 77-111]
	Nests of Subspaces in Banach Space and their Order Types [pp. 113-130]
	The Helical Transform as a Connection between Ergodic Theory and Harmonic Analysis [pp. 131-142]
	A Simple Proof of the Fundamental Theorem of Kirby Calculus on Links [pp. 143-156]
	A Chern Character in Cyclic Homology [pp. 157-163]
	The Structure of Rings in Some Varieties with Definable Principal Congruences [pp. 165-179]
	On the Resolution of a Curve Lying on a Smooth Cubic Surface in P [pp. 181-201]
	On the Genus of Smooth 4-Manifolds [pp. 203-214]
	A Quasiregular Analogue of a Theorem of Hardy and Littlewood [pp. 215-226]
	An Open Collar Theorem for 4-manifolds [pp. 227-245]
	L'Espace Des Pseudo-Arcs D'Une Surface [pp. 247-263]
	Frames Associated with an Abelian l-Group [pp. 265-279]
	Two-Dimensional Cremona Groups Acting on Simplicial Complexes [pp. 281-300]
	A Haar-Type Theory of Best L-Approximation with Constraints [pp. 301-319]
	Gauge Invariant Quantization on Riemannian Manifolds [pp. 321-333]
	On the p-Adic Completions of Nonnilpotent Spaces [pp. 335-359]
	Normal Form and Linearization for Quasiperiodic Systems [pp. 361-376]
	Multipliers of Families of Cauchy-Stieltjes Transforms [pp. 377-394]
	An Asymptotic Estimate for Heights of Algebraic Subspaces [pp. 395-424]
	A Simplifed Trace Formula for Hecke Operators for Γ(N) [pp. 425-447]
	Noetherian Ring Extensions with Trace Conditions [pp. 449-463]
	Back Matter



