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FULL NAMI:
MATH 221H, Differential E‘*('{uations

Answers without full, proper justification will not receive full credit.

I. (12 points) Solve the following initial value problem.
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y(0) = 2.
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2. (12 points) Solve the following eqguation up to an arbitrary constant ¢
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3. (6 points) Consider the following LR-circuit.

Er
Inductance: L = 0.3 [Henrys),

Resistance: 7 =5 [Ohms],
Supplied Voltage: E = E(t) = 3sin(60f)
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The voltage drops across these components are given in terms of the current [ = I{f), hy

Ep = RI (for the resistor) and E; = L fl‘z (for the inductor). Kirchofl’s loop rule says thas

the supplied voltage £ must be balanced by the voltage drops across each component. Write
down a differential equation for this circuis, - . y
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4. (12 points) Consider the equation: 2 =y gt
Solve the equation up to a constant ¢. (HINT: Use the substitution v = =, or y = zuv.)
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5. (8 points) Plot a direction field as completely | .. \ s Ay / 4
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as possible for the given equation. : - :
Sketch the integral curve that passes through ﬁ - \ \ e - f f e
the point (1,2). Poped

There is no need to solve the equation. \ \ 1“ - / -
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6. (a) (12 points) A tank initially contains 400L of pure water. Water with a concentration
of 4g/L of salt is then pumped into the tank at the rate of 2L /min, and the well-stirred
mixture leaves at the same rate. How long does it take for the concentration of salt in
the tank to become 1g/L? {You do not need to find the decimal value.)
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(b) (2 points) What is the time-constant of this model (i.c., the ° ChELlELCLCll‘%UC time” for

which the solution “changes significantly”)?
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7. (12 points) Consider the problem y =ty — 2,
y(3) = 2.

Use the forward Euler method with step size At = 0.5 to approximate y(/l)é“

Hint: Think dbOllt what g and yg are before you begin.
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8. The trapezoidal rule gives a numerical method for solving v = f(¢,y). It is given by
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where h = At = ;41 — ¢, is the step size e,
(a) (2 points} Is this method implicit or explicit?\l .
S v-f\ F'{i"? ("‘ 151 ( (’

{(b) (6 points) Consider solving the equation ¢’ = 2ty via the trapezoidal rule given above. k,: o ,Y
Find a formula for y,41 involving only b, y., t,, and #,..




In class, we modeled a population P = P(f) with carrying capacity & > 0 by the logistic
equasion, that is,

ar P
=1rP(l— )
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where 7 > 0 is the intrinsic growth rate. Suppose a population P{t) has a carrying capacity
of K = 200, and an intrinsic growth rate of r = (0,03, but it also has a “threshold,” where
the population decreases if it is bhelow 20.

(a) (8 points) Write down a model describing this population. (Hint: Think about signs.)
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(b) (4 points) Is your equation linear or nonhnegu? V\%hai, mathematical method could you
use to solve it7 \
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(c) (4 points) For which Valu{)b of P will the population not change in time? {These are
called “equilibriam values.”)
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