
Math 901–902 Comprehensive Exam

June 2010

Solve six of the following problems; you may work on any number of the problems, but
indicate which six you want graded. When in doubt about the wording of a problem, ask
for clarification. Do not interpret a problem in such a way that it becomes trivial.

Justify your answers.

(1) Consider the (commutative!) ring R = C[x, y]/(y2 + x(x2 − 2), y2 − x3).

(i) Prove that each simple R-module is 1-dimensional as a C-vectorspace.

(ii) Describe the non-isomorphic simple R-modules by specifying actions of x and y.

(iii) How many indecomposable projective R-modules are there?

(2) Write down all possible composition series of the Z-module M = (Z/4Z) ⊕ (Z/6Z).
What is the length of M?

(3) Let L = Q(x,
√
x, 3
√
x, 4
√
x, . . . ), where x is algebraically independent over Q.

(i) Give a transcendence basis for L over Q.

(ii) Prove that every element in L \Q is transcendental over Q.

(iii) Prove that any subfield E of L contains Q, and then compute the transcendence
degree of E over Q, assuming E 6= Q holds.

(4) Let ν : C −→ C3 be the morphism of algebraic sets defined by ν(t) = (t, t2, t3), and let
ν∗ : C[x, y, z] −→ C[t] be the induced homomorphism of coordinate rings. Prove that
I(ν(C)) = ker(ν∗), and find generators for the ideal I(ν(C)).

(5) Let ω denote the primitive cube root of unity. Complete the following partial character
table of the alternating group A4.

(1) (12)(34) (123) (132)
χ1 1
χ2 1 ω
χ3 ω
χ4 3

Decompose the regular character of A4 in terms of its irreducible characters.
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(6) Let I be an ideal in the polynomial ring Q[x, y, z] whose reduced Gröbner basis, in the
lexicographic ordering, is:

z5 , yz3 , y2 − z2 , xz3 , xyz , x2 − z2 .

(i) Is x2y + y2z + xyz in I?

(ii) Is x2y + y2z + xyz in the initial ideal of I in the lexicographic ordering?

(iii) Give generators for the ideal I ∩Q[z] of k[z].

(7) For each of the following subrings of Q[x, y], either prove or disprove that it is noetherian.

• The Q vector-subspace spanned by {x2iy2j | i ≥ 0, j ≥ 0}.
• The Q vector-subspace spanned by {1} ∪ {xiyj | i ≥ 1, j ≥ 0}.

(8) Prove that the subset of M3(Q) consisting of matrices of the forma11 a12 a13
0 a22 0
0 0 a33


where the aij denote arbitrary rational numbers, is an artinian ring, both on the left and
on the right. Describe its Jacobson radical.

(9) Prove that the ring Z[
√

2] is a UFD. Compute the integral closure of Z in Q(
√

2).
[Recall that the integral closure of ring R in an extension ring S is the set of elements
in S that are integral over R.]
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