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ÐËÑ�Ò{Ó©á�â,ß0J%ÙËÛ{çeæ¬Ù�Øeß0J{â©ÒgÚ{á�âIØ�ÑãÓ�Õ�à³çåÙ�à�Ú%ß�Ñ�Ù�Ò Ù�æ0Ù�Ø�Û{ÑãÒTÕ�Ø	K8Û{ÑMLGâIØåâIÒ�ßmÑ�Õ�à"â6NgÚTÕ~ß�Ñ�Ù�Ò%ç
JTÕ�ä�â�ÔGâ,âIÒ æ¬Ù�Ú{Ò{ÛußmÙ©ÔGâeÕ3ä�â,Ø�K*â'L[â,Ó,ßmÑ¤ä�â´ßmâ,Ó�J{Ò{ÑMNKÚ%â.OQP{Õ�Øåß�Ñ�ÓIÚ%à�Õ�ØåàMK�æ¬Ù�ØRP{ØåÙ�Ô{à�â,áÇç
S Ñãß0J¥ç�Ñ�Ò%×�Ú{à�Õ~Ø�çåÙ�à�Ú%ß�Ñ�Ù�Ò%ç0Õ�Ò%Û¥ß0J{Ù�ç�â�Ù�Ò¥Ú{ÒgÔGÙ�Ú%Ò{Û{âIÛ*Û{Ù�á�Õ�ÑãÒ{çIÎUTqÒ�ß0J%Ñ�çVP{Õ.PGâ,Ø S âÓIÙ�Ò{çåÑ�Û{â,Ø�Õ�Ò¥Ñ�Ò�ä�â,Ø�ç�âWP{Ø�Ù�Ô%à�âIá�Õ~ç�ç�ÙKÓIÑ�Õ~ßmâ,Û S Ñ¤ß0J�ß5J{â�Û%Ñ�Ø�â,Ó,ßVP{Ø�Ù�Ô%à�âIá Ù~æ�ç�Ù�à¤äKÑ�Ò{×ÇÕçåßmâIÕ�ÛXK�ç�ß]Õ~ß�âYÓ,Ù�Ò�ä�â,Ó,ßmÑãÙ�ÒZY�Û{ÑMLGÚ{ç�ÑãÙ�Ò�ç�KKçåß�âIá ÑãÒ©Ù�Ò{â�ç5PTÕ�Ó,â¨Û%Ñ�á�âIÒ{çåÑ�Ù�Ò3×�Ñ¤ä�â,Ò©Ô[K

Lc ≡ −(D(x)cx)x + (v(x)c)x + λ(x)c = f(x), x > 0

Ac(0) +Bcx(0) = G, B 6= 0 \ Ï�]
c(∞) = 0.

^ J{â�Ñ�Ò�ä�âIØ�çåâ_P{ØåÙ�Ô{à�â,á Ñ�çCß0JTÕoß#Ù�æ{Û{â,ß�âIØ�á�Ñ�Ò%Ñ�Ò{×³ß0J{â1Û{ÑMLGÚ{çåÑ�Ù�ÒYÓIÙKâ�`�ÓIÑãâIÒ�ß
D(x)

æ¬Ø�Ù�á
áÇâIÕ�ç�Ú{ØåâIá�âIÒ�ßmç¢Ù�æðß0J%â0ç�Ù�à�Ú%ß�Ñ�Ù�Ò

c(x)
Î ^ J%Ñ�çAÛ{Ñ�ØåâIÓ,ßaP{Ø�Ù�Ô{à�â,á Ñ�çAç�Ñ�Ò%×�Ú{à�Õ~ØAçåÑ�Ò{Ó,â0Ñ¤ß¢Ñãç

Û{â�bTÒ%âIÛNÙ�ÒNÕ3ç�â,áÇÑcYqÑãÒXbTÒ{Ñ¤ßmâ�ÑãÒ�ßmâIØ�ä~Õ�à�Îed©Ù�Ø�â,Ùwä�âIØ�O S â�Õ~à�à�Ù S ÓIâ,ØåßmÕ�Ñ�Ò*ç�ÑãÒ{×�Ú{à�Õ�Ø�Ñ¤ßmÑãâIçÑ�Ò�ß5J{â�Ó,ÙËâ'`�ÓIÑ�â,Ò�ßmç
v(x), λ(x)

Õ~ß£ß0J{â¨âIÒ{ÛXPGÙ�ÑãÒ�ßmçIÎgf â�áÇÕ�Ö�â�Õ�ç�çåÚ{áDP%ßmÑãÙ�Ò{ç�Õ�ÔGÙ�Ú%ß
ß0J{âeÓIÙKâ�`�Ó,Ñ�âIÒ�ß�ç�Õ�Ò%Û*ß5J{âeç�Ù�àãÚ%ßmÑãÙ�ÒuÕ�ç S âIàãà�ÎhTqÒiPTÕ�Ø�ßmÑ�Ó,Ú{à�Õ~Ø6O S â�Õ�ç�çåÚ{áÇâ´ß5JTÕ~ß+ß0J%âÛ{Ñ�ç�PGâ,Ø�ç�ÑãÙ�Ò*ÓIÙKâ�`�ÓIÑãâIÒ�ß

D(x)
Ñãç�ÓIÙ�Ò�ßmÑãÒgÚ{Ù�Ú{ç�O	ÔUÙ�Ú{Ò%Û{âIÛNÕ�Ò{Û*ßmâIÒ%Û{çYß�Ù©Õ�Ó,Ù�Ò{ç�ß]Õ�Ò�ß

Õ�ç
x → ∞.

^ J%âIç�â©ÓIÙ�Ò{Û{Ñãß�Ñ�Ù�Ò%ç�âIÒ{çåÚ{Ø�â S âIà�àcYjPUÙ�ç�â,Û{Ò{â,ç�çeÙ�æ£ß0J{â3Û{ÑãØ�â,Ó,ßeP{ØåÙ�Ô{à�â,á�Îk Û{Û{Ñãß�Ñ�Ù�Ò{Õ�àðÓIÙ�Ò{Û{Ñãß�Ñ�Ù�Ò%ç³Õ�Ø�â�Ø�â�NgÚ{Ñ�ØåâIÛ�æ¬Ù�Ø£ÐËÑ�Ò{Ó�á�â,ß5J{ÙËÛ%ç³ß�Ù S Ù�ØåÖ�Õ�Ò{Û S âYÛ{Ñ�çåÓIÚ{çåçß0J{â,ç�âYÑ�Ò�ÐËâIÓ9ßmÑãÙ�Ò©Ü%Î^ J{â,Ø�â³Õ�Øåâ�áÇÕ�Ò[K´ÐËÑãÒ{Ó�Õ"PlP{Ø�Ù�Õ�Ó�J{âIç!ß�Ù+ç�Ù�à¤äKÑ�Ò{×�çåâIÓ,Ù�Ò{ÛeÙ�Ø�Û%âIØ!Û{ÑmL[â,Ø�â,Ògß�Ñ�Õ�àKâ6NgÚTÕ�Y
ßmÑ�Ù�Ò{ç \ çåâIâ"O5â�Î ×{ÎMOon èXO8p%q!æ¬Ù�Ø�ÓIÙ�áDP{Øåâ6J{â,Ò{ç�Ñ¤ä�â´ç�Ú%Øåä�â'KKçIÎ�] ^ J{âIçåâeßjK�P{ÑãÓ�Õ�àãàMK©Ø�â�NgÚ{Ñ�Øåâ´ÕÚ{Ò{Ñãß�ÓIÙKâ�`�Ó,Ñ�âIÒ�ß�æ¬Ù�Ø"ß0J{â¨ç�âIÓ,Ù�Ò{ÛuÙ�ØåÛ{âIØ³ßmâ,Ø�á�Ù�æEß0J{â¨Û{ÑMLGâIØåâIÒ�ßmÑ�Õ�à5â6NgÚTÕ~ß�Ñ�Ù�Ò�O S J{ÑãÓ�J
S Ù�Ú%à�Û�Ò{âIÓ,âIç�çåÑãßmÕ~ßmâ�Û{ÑMLGâIØåâIÒ�ßmÑ�Õ~ßmÑãÙ�ÒuÙ�æ1ß0J{âeÛ{ÑmL[Ú{çåÑ�Ù�Ò*Ó,ÙËâ'`ÇÓ,Ñ�â,Ògß D(x)

Îrd�â9ß0J{ÙKÛ{ç
ß0JTÕ~ß�Õ�ä�Ù�ÑãÛ ß5J{Ñ�çeÛ{ÑmL[â,Ø�âIÒ�ß�Ñ�Õ~ß�Ñ�Ù�Ò S âIØ�â�Û{â,ä�âIàãÙ�PGâ,Û Ñ�Òsn Í%q \ ç�â,â�Õ�àãç�Ùtn èXOaPðÎ Ï3u.u"q�]
æ¬Ù�Ø�ç�âIà¤æ�Õ�Û%våÙ�ÑãÒ�ßwP%Ø�Ù�Ô{àãâIá�ç+Ù�Ò ÕxbTÒ{Ñ¤ßmâ�Ñ�Ò�ßmâ,Øåä~Õ�à S Ñ¤ß0Jzy0Ñ�ØåÑ�Ó�J{àãâ,ß�ÔUÙ�Ú{Ò{ÛTÕ~Ø�K*ÓIÙ�Ò{Û{ÑmYßmÑ�Ù�Ò{çIÎ ^ J{âÇÛ%Ñ�Ø�â,Ó,ßYç�Ù�àãä�â,ØYß5JTÕ~ß S â�âIáDP{àãÙ�K S Õ~ç�Û{â9ä�âIàãÙ�PUâIÛNÑãÒ{n�|�q'ß�Ù¥Õ�àãç�Ù©Õ�ä�Ù�ÑãÛ
Û{ÑMLGâIØåâIÒ�ßmÑ�Õ~ßmÑãÙ�Ò*Ù�æ�ß0J%âÇÛ{ÑmL[Ú%ç�Ñ�Ù�Ò Ó,ÙËâ'`ÇÓ,Ñ�â,Ògß

D(x)
Õ~Ò{Û ß�Ù}JTÕ�Ò%Û{à�âeß0J{â�Ó�Õ~ç�â�Ù~æ"Õ

Ò{Ù�ÒZY�ç�âIà¤æ�Õ�Û%våÙ�ÑãÒ�ß~P{Ø�Ù�Ô%à�âIá S Ñãß0J�á�Ñm�ËâIÛ�ÔGÙ�Ú{Ò{ÛTÕ�Ø	KuÓIÙ�Ò{Û{Ñãß�Ñ�Ù�Ò%ç�Õ�ç S âIàãà�ÎefNâ�ç5J{Õ�à�àç5J{Ù S ß0JTÕoß S J%âIÒxP{ØåÙ�PGâ,Ø�àmK�ßmÚ{Ò%âIÛ8OËÑãßoKKÑ�âIàãÛ{ç1ÕYØåÙ�Ô{Ú{ç�ß"Õ�Ò{ÛÇâ�LGâIÓ9ßmÑãä�â�ß�ÙËÙ�à{æ¬Ù�Ø1ÑãÛ{âIÒZYßmÑMb{Ó�Õ~ß�Ñ�Ù�Ò�Ù�æ
D(x)

Î~��à�â,Ó,ßmØåÙ�Ò{ÑãÓ�ÓIÙ.P{Ñ�â,ç0Ù�æ�ß5J{âhP{ØåÙ�×�ØmÕ~áÇç�Ú{ç�â,Û�ÑãÒ�ß5J{Ñ�ç
P{Õ.PGâ,Ø�Õ�Øåâ
Õaä~Õ�Ñãà�Õ�Ô%à�â³ÚlPUÙ�Ò=Ø�â�NgÚ{âIç�ß"æ¬Ø�Ù�á ß5J{â+Õ�Ú%ß5J{Ù�Ø,Î ^ J{âIçåâRP{Ø�Ù�×�ØmÕ�á�ç S â,Ø�â S Ø�Ñ¤ß�ß�âIÒ�ÑãÒ�ß0J%âà�Õ�Ò{×�ÚTÕ�×�â���Ó,ßmÕ�ä�â \ ç�â,âDn¤Ï6q,]�Ô{Ú%ß£Õ�Øåâ�â�Õ�çåÑ�àMK�PGÙ�Øåßmâ,Û3ßmÙrd k ^�� k
� Î
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� ����� ®�A�I)±��F� �~®~A ±��3²�CxI�A#²�GA±��xA#®�� � ²��
�g�	� �g���V���
�o�X�g ¢¡l£o¤¥�V¦
§ â,Ó�Õ�àãà[ß0JTÕoß£ß5J{âh¨'©�ª�«¢¬�­�ª�«'®�©°¯%ª�Ñãç"Û{â�b{Ò{âIÛ©æ¬Ù�Ø³Õ�à�à

z ∈ C
Ô±K

sinc(z) =

{
sin(πz)

πz
z 6= 0

1 z = 0.

� â,ß
h
ÔGâYÕ²PGÙ�ç�Ñãß�Ñãä�â+ÓIÙ�Ò{ç�ß]Õ�Ò�ßIÎof â S Ñ�àãà[Û{â,Ò{Ù�ßmâ�ß0J%â²¨'©�ª�«�³�´%¨'©µ¨¢¬�­Zª�«'®=©°¯%ªX¨YÔ[K

S(k, h)(x) = sinc
(x− kh

h

)
k ∈ Z, −∞ < x <∞.

^ J{â*ç�Ñ�Ò%Ó�Û{ÑMLGâIØåâIÒ�ßmÑ�Õ~ßmÑãÙ�Ò Ù�PUâIØ�Õ~ßmÙ�Ø=á�ÕoßmØ�Ñc� Ù�æYÛ{Ñ�á�âIÒ%ç�Ñ�Ù�Ò
m + 1

O£Ñ�ç=×�Ñãä�â,Ò�Ô[K
I(1) =

[
δ
(1)
jk

]m

j,k=0

O S J%âIØ�â δ(1)
jk ≡ hS ′(j, h)(x) |x=xk

Õ�Ò%Û ç�ÑãáÇÑãà�Õ�ØåàMK
I = I (0) =

[δjk] = [S(k, h)(jh)]
Î� â,ß

φ
ÔUâ3Õ¥Ó,Ù�Ò%æ¬Ù�Øåá�Õ�à'áÇÕ.P S J%Ñ�Ó�J áÇÕ.P{ç¨ß5J{â¶J{Ù�Ø�Ñµ·,Ù�Ò�ß]Õ�à'ç�ßmØ�ÑMP Ù�æ³Ø�Õ�Û{Ñ�Ú%ç dÕ�ÔGÙ�Ú%ß�ß0J%â
x
YhÕ%�ËÑãç�Ù�Ò�ßmÙ�ß5J{â=Û{Ù�á�Õ�ÑãÒ D S Ñ¤ß0J ÔUÙ�Ú{Ò{Û{Õ�Ø�K Γ

Õ~Ò{Û Ñ�Ò�ä�â,Ø�çåâ3á�Õ.P
ψÕ�Ò{Û

F (z)
Õ�Ò�âIàãâIá�âIÒ�ß£Ù�æ

B (D) =

{
F (z) |F Ñ�ç³Õ�Ò{Õ�àMKgßmÑãÓ�Ù�Ò D,

∫

Γ

|F (w)dw| <∞
}

k ç�çåÚ{á�â
F (x)

Ñ�çeØ�âIÕ�à£ä~Õ�àãÚ{âIÛ Ù�Ò
(0,∞ ]�O

γ
Ñãç�Õ~ÒTÕ�àMKgß�Ñ�Ó.O

φ′F/γ ∈ B (D)
Õ�Ò{Û

ç�ÚlPlPUÙ�çåâYß5J{âIØåâ¨Õ~Ø�â~PGÙ�ç�Ñãß�Ñãä�â+ÓIÙ�Ò{ç�ß]Õ�Ò�ß�ç
α, β

Õ�Ò%Û
C
ç�Ùeß0JTÕ~ß

∣∣∣∣
F (ξ)

γ(ξ)

∣∣∣∣ ≤ C

{
exp(−α|φ(ξ)|), ξ ∈ Γa

exp(−β|φ(ξ)|), ξ ∈ Γb

S J{âIØåâ Γa ≡ {ξ ∈ Γ : φ(ξ) = x ∈ (−∞, 0)} Õ�Ò{Û Γb ≡ {ξ ∈ Γ : φ(ξ) = x ∈
[0,∞)} Î¸ Ä	Èg»�ºwÈËÅ ÀB¹�¶º¹g» ¨�¨'­�¼�½Uª�¯%®¾´.®=©°¯%ªH´%¨¥´[³'¯%¿.½¥´.ª+À�¼D´%Á[½ÃÂX´.Ä�´.¼�½'®�½'Äa¨3½'Åµ½�«'®=©°¯%ªX¨

N = dα
β
Me ´.ª+À

h =

(
πd

αM

) 1

2

≤ 2πd

ln(2)
.

Æ ½'®Q¨3½'®
wk = ψ(kh) ÇDÈ8É ½'ªF® É ½'Ä0½W½�Ê�©µ¨'®�¨�«�¯%ªX¨'®¾´.ªº®�¨ K,L ©�ª+À�½jÂº½'ª+À�½'ªº®Ë¯�¬

M
´.ª+À

m = 0, 1, . . . , n,
¨'­<« É ® É ´.®Ì¬;¯%Ä�´.Å�Å ξ ∈ Γ

∥∥∥∥∥
dm

dξm
F (ξ) −

N∑

k=−M

F (wk)

g(wk)

dm

dξm
γ(ξ)S(k, h) ◦ φ(ξ)

∥∥∥∥∥
∞

≤ KM (m+1)/2e−
√

πdαM

Ü



´.ª+À
∣∣∣∣
∫ b

a

(vw[S(j, h) ◦ φ]) (x)dx− h
vw

φ′
(xj)

∣∣∣∣ ≤ LMe−
√

πdαM .

Í Ø�ÙKÙ�æ¬ç�Ù~æ£ß5J{âIçåâ3æ�Õ�Ó,ß�ç´Ó�Õ�Ò8ÔUâ�æ¬Ù�Ú{Ò{Û8ÑãÒ ß0J{â©ÐKß�âIÒ{×�âIØ�ßmâ��KßFn�p"q�Ù�Ø�ß0J%â � Ú%Ò{Û
Õ�Ò{Û � Ù S âIØ�ç�ß�â'�Kß~n è.q�Î ^ J{Ñ�çAæ�Õ�Ó,ß"â��ZJ{Ñ�Ô{Ñ¤ßmçAß0J{â�â��ZPGÙ�Ò%âIÒ�ßmÑ�Õ�àðÕ�Ó,ÓIÚ{Ø�Õ�Ó�KÇÙ�æCÓ,Ù�Ø�ØåâIÓ,ß�àMKßmÚ{Ò{â,Û çåÑ�Ò{ÓeÕ"PlP{Ø�Ù;�ËÑ�áÇÕ~ß�Ñ�Ù�Ò{ç,Î~T�ßYÕ�à�çåÙ3Ú{Ò{Û{â,Ø�ç�Ó,Ù�Ø�â,çYß5J{â´Ò{â,âIÛ*ßmÙ�Ú{Ò{Û{â,Ø�ç�ß]Õ�Ò{Û*ß0J%â
Õ�ç�KKáDP%ßmÙ�ß�Ñ�Ó�Ò{Õ~ßmÚ{Øåâ³Ù�æ�ß0J{â�æ¬Ú{Ò%Ó,ßmÑãÙ�Ò�ßmÙ�ÔUâ³Õ.PlP{ØåÙ;�%Ñãá�ÕoßmâIÛ[ÎÃ�Q�KßmâIÒ%ç�Ñãä�â�Û%Ñ�ç�Ó,Ú{ç�çåÑ�Ù�Ò%ç
Ù�æEß5J{âIçåâ¨áÇÕ~ßåßmâIØåç"Ó�Õ�Ò©ÔUâ�æ¬Ù�Ú{Ò{Û©Ñ�Ò=ß0J%â�ß�â'�Kßmç£ÓIÑ¤ßmâ,ÛðÎ
�g�°� ÎÏ�¢¡l���ÃÐZ�	£o�¥�ËÑe�o�V¦Ò�_¤VÓÕÔ8¡l�����oÑ²ÖQ�¢¡X�	�ÃÐZ��£o�V�oÑe×�£o¡lÓÕØ
Ù Ù�à�à�Ù S ÑãÒ{×¶n�|%q�O S â�á�Ú%àãßmÑMP{àMK´ß5J{â�Û{ÑMLGâIØåâIÒ�ßmÑ�Õ�àUâ6NgÚTÕ~ß�Ñ�Ù�Ò�Ù�æ	ç�KKç�ßmâIá \ Ï�]1Ô[K3çåÚ{ÑãßmÕ�Ô{à�âßmâIç�ß³æ¬Ú{Ò{Ó,ß�Ñ�Ù�Ò%ç

u S J{ÑãÓ�J©ä~Õ�Ò%Ñ�ç5J�Õoß"ß0J{â+â,Ò{ÛlPUÙ�Ñ�Ò�ßmç�O�Õ�Ò{Û�Ú{çåâYÑãÒ�ßmâI×�ØmÕ~ß�Ñ�Ù�Ò=Ô[KxP{Õ�Øåß�çßmÙ�Ù�Ô%ß]Õ~Ñ�Ò
∫ ∞

0

(Dcxux − vcux + λcu)dx =

∫ ∞

0

f(x)udx.

fNâ�Ó�Õ~Ò�â��XP%Ø�âIçåç�ß5J{Ñ�ç�ä~Õ�ØåÑ�Õ~ß�Ñ�Ù�ÒTÕ~àUæ¬Ù�Øåá�Õ�ç
T (c, u) = R(u). Ú Ù S Û%â�bTÒ{â

c̃(x) ≡ c(x) − c′(0)q0(x) − c(0)q1(x)

æ¬Ù�Ø"ç�Ú{Ñ¤ß]Õ�Ô%à�â+Ó�Õ~Ø�Û{ÑãÒTÕ�à[æ¬Ú{Ò%Ó,ßmÑãÙ�Ò{ç
q0(x), q1(x)

ç�Õ~ßmÑãçåæ�KKÑ�Ò{×
q0(0) = 0, q1(0) = 1, q′0(0) = 1, q′1(0) = 0

Õ�Ò{Û S â´Ù�Ô%ß]Õ�ÑãÒ¥ß0J{Õ~ß c̃(0) = 0
Õ�Ò{Û

c̃′(0) = 0
Î¨ÐËÑãÒ{Ó´Õ.PXP{Ø�Ù;�ËÑ�áÇÕ~ßmÑãÙ�Ò�ß0J{â,Ù�Ø�K¥Ó�Õ�Ò

ÔGâYÕ.PlP%à�Ñ�â,Û=ßmÙeß0J{Ñãç�æ¬Ú{Ò{Ó9ßmÑ�Ù�Ò�Õ~Ò{Û�ÑãßgKKÑ�â,à�Û{ç�ß5J{âeªº­Z¼�½'Ä�©°«5´.Å8¿%´.Ä�©=´.®=©°¯%ª+´.Å.¬;¯%Ä�¼
T (c̃, u) + cx(0)T (q0, u) + c(0)T (q1, u) = R(u).

Ù Ù�Ø¥Õ ÐKÑ�Ò{Ó�Y	Û�Õ�à�â,Ø�ÖgÑ�Ò Õ.PlP{ØåÙ3�ËÑãá�Õ~ß�Ñ�Ù�Ò S â8Ó�J{ÙKÙ�çåâ ßmâIç�ßuæ¬Ú{Ò{Ó9ßmÑ�Ù�Ò{ç uj(x) =
γ(x)S(j, h) ◦ φ(x) S J%âIØ�â γ(x) Ñ�çYÕ S â,Ñ�×�J�ß�æ¬Ú{Ò{Ó9ßmÑãÙ�ÒNÕ~Ò{Û φ(x)

Ñ�ç�Õ�ÓIÙ�Ò%æ¬Ù�Ø�áÇÕ�à
á�Õ.P�æ¬Ø�Ù�á

(0,∞)
ßmÙ

(−∞,∞)
O#ç�Ú%Ó�J8Õ�ç

φ(x) = ln(x)
ÎFfNâ�Õ�ç�çåÚ{áÇâ�ß0JTÕoß�ß0J%â

ÓIÙKâ�`�ÓIÑãâIÒ�ßmç³Ù�æCß0J%âRP{Ø�Ù�Ô%à�âIá \ Ï�]1Õ�Ò{Û3ß0J{â+Ó�J%Ù�Ñ�Ó,â+Ù�æ	Ó�Õ�ØåÛ{Ñ�ÒTÕ~àGæ¬Ú{Ò{Ó9ßmÑãÙ�Ò{ç q0 Õ�Ò%Û q1Õ�Ø�â"çåÚ{Ó�JÇß5JTÕ~ß!ß5J{â³ç�Ù�àãÚ%ßmÑãÙ�Ò
c̃(x)
ç�Õ~ßmÑãç�bTâ,ç'ß5J{â"Ø�â,çåß�Ø�Ñ�Ó9ßmÑãÙ�Ò{ç�Ù�æ ^ J{â,Ù�Ø�â,á.ÍËÎ¤Ï�Î ^ JgÚ{ç

S âYÓ�Õ�Ò�Õ.PlP%Ø�Ù;�ËÑ�áÇÕ~ßmâ c̃ â'�ZPGÙ�Ò{âIÒ�ßmÑ�Õ�à�àmK S âIàãà5Ô[K

c̃m(x) =

Nx∑

j=−Mx

dj

γ(wj)
γ(x)S(j, h) ◦ φ(x)

S J{âIØåâ γ Ñãç³Õ�Ò�Õ.PlP{ØåÙ�P{Ø�Ñ�Õ~ßmâ,àMK�Ó�J{Ù�ç�â,Ò�ç�Ùeß0J{Õ~ß c̃′(x) Ñ�ç£Õ�Ó,ÓIÚ{Ø�Õ~ßmâ,àMK�Õ.PXP{Ø�Ù;�ËÑ�áÇÕ~ßmâ,ÛÔ±K3ß5J{âYÛ{âIØåÑãä~Õ~ßmÑ¤ä�â�Ù�æEß0J{â�Ó�Õ~Ø�Û{ÑãÒTÕ�à5ç�Ú%á�Õ�Ò{Û
m = Mx +Nx + 1

O{ß0J{âYÒgÚ{á�ÔUâIØ£Ù�æ
è



ç�Ñ�Ò%ÓÇÒ{ÙKÛ{â,çIÎHd�Ù�Ø�â�Ñ�áDPGÙ�Ø�ß]Õ�Ò�ß�àMK�Oðß5J{Ñ�ç+æ¬Ù�Øåá�Ú{à�Õ�ÓIÕ�ÒNÔUâ�Û{ÑMLGâIØåâIÒ�ßmÑ�Õ~ßmâ,Û�ß�Ù�Ù�ÔËß]Õ�ÑãÒ
Õ�Ò â��ZPGÙ�Ò%âIÒ�ßmÑ�Õ�à�àmKuÕ�Ó,ÓIÚ{Ø�Õ~ßmâ´æ¬Ù�Øåá�Ú{à�Õ�æ¬Ù�Ø�ß0J{â�Û{âIØåÑãä~Õ~ß�Ñãä�â´Ù~æ

c̃′(x)
Î ^ J{Ñ�ç+æ¬Ù�Øåá�Ú{à�Õ

Ó�Õ�Ò©ÔGâ�ÑãÒ{ç�â,Øåßmâ,Û�ÑãÒ�ßmÙ´ß0J{â�ÒgÚ{á�âIØåÑ�Ó�Õ~à[ä~Õ�Ø�Ñ�Õ~ßmÑãÙ�ÒTÕ�à�æ¬Ù�Ø�á æ¬Ù�Ø�ß0J%âYÛ%Ñ�Ø�â,Ó,ß�P{ØåÙ�Ô{àãâIá©Î� â,ß
d = [dj]

m
j=1

ÔGâAß0J{â1ß0J{â¢ä�âIÓ9ßmÙ�Ø!Ù~æTç�ÑãÒ{Ó�Ò{ÙKÛ{â1ä~Õ�àãÚ{âIçEÙ�æ
c̃m(x).

^ J{â�Û{Ñãç�Ó,Ø�â,ß�â
ç�KKçåß�âIá6Ó,Ù�Ø�ØåâIç5PUÙ�Ò{Û%Ñ�Ò{×=ß�Ù�ß0J{â´ÒgÚ{á�âIØåÑ�ÓIÕ�à	ä~Õ�ØåÑ�Õ~ß�Ñ�Ù�Ò{Õ�àðæ¬Ù�Ø�á�Ó�Õ~Ò8O5Õ~æ�ß�âIØ0á�Ú{Ó�J�Õ�àmY
×�âIÔ{Ø�Õ�Ñ�Ó"áÇÕ�Ò{ÑMP{Ú{à�Õ~ßmÑãÙ�Ò8O�ÔUâ"â'�ZP{ØåâIçåç�âIÛ�Õ~ç'ÕYàãÑ�Ò{âIÕ�Ø!ç�KKç�ßmâIá S Ñ¤ß0J�ÓIÙKâ�`�ÓIÑãâIÒ�ßAá�ÕoßmØ�Ñc�
M
O�ÒTÕ�á�âIàMK

Md+ c′0T0 + c0T1 = Rdis,S J{âIØåâ c0 = c(0)
Õ�Ò{Û

c′0 = cx(0)
Î � â,ß

ws = M−1Rdis
O
w0 ≡ M−1(T0)

Õ~Ò{Û
w1 ≡M−1T1

Õ~Ò{Û S âYá�Õ;K S Ø�Ñãß�â�ß0J{Ñãç³â6NgÚTÕ~ß�Ñ�Ù�Ò�Ñ�Ò3ß5J{â+æ¬Ù�Ø�á
d = ws − c′0w0 − c0w1.

k ç�Ó�J%âIá�â�æ¬Ù�Ø3Ó,Ù�áDP{Ú%ßmÑãÒ{×
c′0
Õ�Ò{Û

c0
ÓIÕ�Ò ÔUâ*Û{âIØåÑãä�âIÛ Ô[K ÑãÒgß�âI×�Ø�Õ~ßmÑãÒ{× ß0J%â

Û{ÑMLGâIØåâIÒ�ßmÑ�Õ�àðâ6NgÚTÕoßmÑ�Ù�Ò©Ù~æEß5J{â~P{Ø�Ù�Ô%à�âIá�æ¬Ø�Ù�á
0
ßmÙ ∞ ß�ÙÇÙ�Ô%ß]Õ�ÑãÒ

∫ ∞

0

(f(x) − λ(x)c)dx = D(0)cx(0) − v(0)c(0).

^ J{Ñ�ç�â6NgÚTÕ~ß�Ñ�Ù�Ò�Ó�Õ�Ò�ÔUâ�Û%Ñ�ç�Ó,Ø�â9ßmÑµ·,âIÛ¥ß�Ù�×�Ñ¤ä�âYÙ�Ò{â¨áÇÙ�Øåâ¨àãÑ�Ò{âIÕ�Ø³â6NgÚTÕ~ß�Ñ�Ù�Ò�Ñ�Ò
c′0
Õ~Ò{Û

c0
Ñ�Ò©Õ�Û{Û%ÑãßmÑãÙ�Ò=ßmÙ´ß5J{â�à�â,æ�ß³ÔUÙ�Ú{Ò%ÛTÕ�Ø�K�ÓIÙ�Ò%Û{Ñãß�Ñ�Ù�Ò8O

Ac0 +Bc′0 = G.

Ù Ù�Ø"Û{â,ßmÕ�Ñ�àãç S âYØ�â9æ¬âIØ"ß0J%âYØåâ�Õ�Û%âIØ"ßmÙFn�|%q�Î

Ü ����� ®�A�I)±��F� �~®~A ±��3²ÝI,°²Þ�²_A#µC²Ý�xA#®�� � ²��
^ J{â
P{ØåÙ�Ô{à�â,á S â�ÓIÙ�Ò%ç�Ñ�Û%âIØ¢Ñãç¢Õ~ç1æ¬Ù�àãà�Ù S ç6ßQÛ�Ñ¤ä�â,Ò3Õ¨ç�Õ�árP%à�Ñ�Ò%×YÙ~æðß0J{â�ç�Ù�àãÚ%ßmÑãÙ�Ò c(x)Ù�æGß5J{â"ç�KKç�ßmâIá \ Ï�]!Õ~ß n ä~Õ�ØåÑ�Ù�Ú%çÃPGÙ�Ñ�Ò�ßmç \ PGÙ�çåç�ÑãÔ{àMK S Ñãß5J�Ò%Ù�Ñ�çåâ3]#Õ�Ò%ÛÇÕ~à�àXP{Õ�ØmÕ�á�â,ß�âIØåçâ'�ËÓIâ�P%ß

D(x)
O{ßmÙeØ�â,ÓIÙaä�â,Ø�Õ�Ò©Õ.PlP%Ø�Ù;�ËÑ�áÇÕ~ßmÑãÙ�Ò�ßmÙ

D(x)
Î

ÐËÚXPlPGÙ�ç�â�ß0JTÕ~ß
c(x)

ç�Ù�àãä�â,ç£ß5J{âYç�KKçåß�âIá
Lc = f

ß�Ù�×�â,ß5J{âIØ S Ñ¤ß0J�ß0J{âYÔGÙ�Ú{Ò{ÛTÕ�Ø	KÓIÙ�Ò{Û%ÑãßmÑãÙ�Ò{ç,ÎàTqÒ ß0J{â=çåâ,ßåßmÑ�Ò%×�Ù�æ�Õ�Ò ÑãÒgä�âIØåç�âHP{Ø�Ù�Ô{à�â,ááO S â�Õ�Øåâ=Ú{çåÚTÕ�à�àmK�×�Ñãä�âIÒ ß0J%âç�Ù�àãÚ%ßmÑãÙ�Ò
c(x)

Ô[KàPUÙ�Ñ�Ò�ß	Y S Ñ�çåâ�á�â�Õ�çåÚ{Ø�â,áÇâ,Ògß�ç d O S J{Ñ�Ó�J*áÇÕ3KáJTÕ�ä�âeÒ{Ù�Ñ�ç�âeÕ~ç S â,à�à�ÎT�æ	ß5J{â+Ù�PUâIØ�Õ~ßmÙ�Ø
H
Ø�â�P{Ø�â,ç�âIÒ�ß�ç¥PUÙ�Ñ�Ò�ß	Y S Ñ�çåâ0â9ä�Õ~à�ÚTÕ~ß�Ñ�Ù�Ò�Ogß5J{âIÒ3ß5J{â�Õ.PlP{ØåÙ�P{ØåÑ�Õ~ß�â0Ù�PZYâIØmÕoßmÙ�Ø"æ¬Ù�Ø"ÑãÒgä�âIØåç�Ñ�Ù�Ò©Ñãç

F (D) = d = Hc = HL−1(f)

Õ�Ò{Û S â S Õ~Ògß£ßmÙeçåÙ�àãä�â F (D) = d
æ¬Ù�Ø�ß0J{â~PTÕ�Ø�Õ�á�â,ßmâ,Ø

D
Î¢fNâYÕ�çåç�Ú{á�â+ß0J{â�Û{ÑãØ�â,Ó,ß

P{Ø�Ù�Ô%à�âIá�Ñ�ç S âIà�àQPGÙ�çåâIÛ8O	ç�Ù3ß5JTÕ~ß Ù Ñ�ç S âIà�à#Û{â�bTÒ%âIÛðÎ k ç�Ú{çåÚTÕ�à°OÌâqÑ�Ò�ä�â,Øåß�Ñ�Ò{×"ã F Ñ�ç

|



Õ�Ò Ñãà�àcYjPUÙ�ç�â,ÛÏP{Ø�Ù�Ô{à�â,ááO5çåÙ S âeØ�âIçåÙ�Øåß�ß�Ù©ß5J{âeçåß]Õ~Ò{ÛTÕ�ØåÛ ^ ÑãÖ�J%Ù�Ò{ÙaäuØ�â,×�Ú{à�Õ�Ø�ÑM·�Õ~ß�Ñ�Ù�ÒßmâIÓ�J%Ò{ÑµNgÚ{â¨Õ�Ò{Û©Ó�Õ�ç�ß³ß0J{â~P{ØåÙ�Ô{à�â,á ÑãÒ�ß5J{â+æ¬Ù�Ø�áFß
d�ÑãÒ{Ñ�á�Ñµ·,â�ß5J{â+æ¬Ú{Ò{Ó,ß�Ñ�Ù�Ò{Õ�à

Tα(D) =
1

2
‖F (D) − d‖2 + α ‖P (D)‖2 .

f â0Ò{Ù S P{ØåÙËÓ,âIâ,Û=ßmÙ�Û{Ñãç�Ó,Ø�â,ß�Ñµ·,â£ß5J{Ñ�ç1Ù�PGâ,ØmÕ~ß�Ù�Ø
Tα
¹ ^ J{â�ç�â,áÇÑcYqÑãÒXbTÒ{Ñ¤ßmâ³Ñ�Ò�ßmâ,Øåä~Õ�à

(0,∞)
PGÙ�ç�âIç³ç�PGâ,ÓIÑ�Õ~à[Û{Ñm`ÇÓ,Ú{àãß�Ñ�â,ç6O%çåÑ�Ò{Ó,â�ß0J{â+Ó,ÙËÙ�Ø�Û{ÑãÒTÕ~ß�âIç"Ù�æCß0J%â
bTØ�ç�ß£Õ�Ò{Û�ç�â,ÓIÙ�Ò{Û

ßmâIØåá�Ù�æ	ß0J{â ^ ÑãÖ�J%Ù�Ò{Ùaä3æ¬Ú{Ò{Ó9ßmÑ�Ù�ÒTÕ�àðÕ~Ø�â~NgÚ{Ñãß�â+Û{ÑMLGâIØåâIÒ�ß£Ñ�Ò�ÒTÕ~ß�Ú{Ø�â~Îä ÈK¸CïTÂ�¹'å ¸ Ègº~Å
P (D) æ f â"Ó�J{ÙËÙ�ç�â³ßmÙ�Û{â�b{Ò{â"ß0J{â�PUâIÒTÕ�à¤ßjK�æ¬Ú{Ò{Ó9ßmÑãÙ�ÒeÑ�Ò�ßmâ,Ø�á�çÙ�æ[ß5J{â�Û%â�bTÒ{ÑãÒ{×YÓIÙ�Ò{ç�ßmÑ¤ßmÚ{â,Ògß�ç1Ù~æ5Õ�ç�Ù�àãÚ%ßmÑãÙ�Ò´Ù�æ[ß5J{â£Û{Ñ�ØåâIÓ,ßËP{ØåÙ�Ô{àãâIá Õ�Ò%Û�Õ~PGÙ�ç�ç�ÑãÔ{à�â

Ò{Ù�Òl·,âIØ�Ùeä~Õ�à�Ú%â+Õ~ß"ÑãÒXbTÒ{Ñ¤ßjK�Î ^ JgÚ{ç³Ù�Ú{Ø�æ¬Ú{àãà[á�ÙËÛ%âIàGæ¬Ù�Ø
D(x) \ Ñ�Ò�Õ~ÒTÕ�à�Ù�×.K S Ñãß0J3ß5J{âç�Ù�àãÚ%ßmÑãÙ�Ò

c(x)
Ù�æ	ß0J{â�Û{ÑãØ�âIÓ9ßUP{Ø�Ù�Ô%à�âIá�]1Ñãç

D(x) = D̃(x) +D′(0)q0(x) +D(0)q1(x) +D(∞)q2(x),

S J{âIØåâ q0, q1 Õ�ØåâeÕ�ç�Õ�ÔUÙwä�â.OCÕ�Ò%Û q2(0) = 0, q′2(0) = 0, q2(∞) = 1
Î k ç+Ñ�Ò�ÐËâ,Ó'Y

ßmÑ�Ù�Ò�ÍËÎ�Í�Oðß0J{â´ÓIÕ�Ø�Û{ÑãÒTÕ�à	æ¬Ú{Ò{Ó,ß�Ñ�Ù�Ò%ç+Õ�Ø�â´Ó�J%Ù�ç�â,Ò ÑãÒuç�Ú{Ó�JNÕ S Õ;K�ß5JTÕ~ß ^ J{â,Ù�Ø�â,á ÍËÎ¤ÏÕ.PlP{àãÑ�âIç�ß�Ù�ß0J{â�ØåâIÛ{Ú{Ó,âIÛ æ¬Ú{Ò{Ó,ß�Ñ�Ù�Ò
D̃(x)

Î ^ J{Ñ�çeÕ�á�Ù�Ú{Ò�ß�ç�ßmÙ�Õ�Ò Õ�ÒTÕ�àmKgßmÑ�Ó,ÑãßjK�Ø�â�Y
çåßmØåÑ�Ó9ßmÑ�Ù�Ò Ù�Ò

D(z)
Ñ�Ò ß0J%â3Û{Ù�áÇÕ�Ñ�Ò D \ S J{Ñ�Ó�J8Ñ�Ò%ÓIà�Ú%Û{âIç�ß5J{âxPGÙ�ç�Ñãß�Ñãä�â x YhÕ%�ËÑãç�]�Ù�æ^ J{âIÙ�ØåâIá�ÍËÎ¤Ï�Îoç£âIÒ{Ó,â S â¨Û%â�bTÒ{â+ß5J{â~PGâ,ÒTÕ�àãßjK�æ¬Ú{Ò{Ó,ß�Ñ�Ù�Ò

P (D)2 = a1 |D′(0)|2 + a2 |D(0)|2 + a3 |D(∞)|2 + a4

∥∥∥D̃
∥∥∥

2

+ a5

∥∥∥D̃′
∥∥∥

2

.

^ J{Ñ�çAæ¬Ú{Ò{Ó,ß�Ñ�Ù�Ò�Û{Ñãç�ÓIØåâ,ß�Ñµ·Iâ,ç1ä�âIØ�KÇÒ{ÑãÓIâIàmK�Õ�Ò{Û=ÐËÑ�Ò{Ó³ß0J%âIÙ�Ø	KÇÓIÕ�Ò�ÔUâ0Ú%ç�âIÛÇßmÙ�Õ"PlP{Ø�Ù;�ËÑmY
á�Õ~ß�â£ß5J{â£à�Õ�ç�ßAß S Ù�ß�âIØ�á�çAâ'�ZPGÙ�Ò{âIÒ�ßmÑ�Õ�à�àmK´Õ�Ó,ÓIÚ{Ø�Õ~ßmâ,àMK.OKß5JTÕ�Ò{Ögç1ß�Ù�Ù�Ú%Ø1Õ~ç�ç�Ú%árP%ß�Ñ�Ù�Ò%çÕ�ÔGÙ�Ú%ß

D
ÎÃTqÒHP{Ø�Õ�Ó,ß�Ñ�ÓIâ"O%ß0J%â+ÓIÙKâ�`�ÓIÑãâIÒ�ß£Ù�æ

D(∞)
ßmâIÒ%Û{ç�ßmÙeÔUâ+Ú{Ò{Ñ�áDPUÙ�ØåßmÕ�Ò�ß�Ø�â,à�Õ%Y

ßmÑãä�â1ß�Ù£ß5J{â¢Ù�ß5J{âIØåç6O~â'�ËÓIâ�P%ß!æ¬Ù�Ø5ß0J%â1æ�Õ�Ó9ßEß5JTÕ~ß	ÑãßCßmâ,Ò{Û{ç#ß�Ù�Ùaä�âIØ�àmKYÛTÕ�áDPYß5J{â¢çåÙ�à�Ú%ß�Ñ�Ù�Ò
S J{âIÒ�à�Õ�Øå×�âIØ¢ä~Õ�àãÚ{âIç"Ù~æ	ß5J{â�Ø�â,×�Ú{à�Õ~Ø�Ñµ·IÕ~ßmÑãÙ�Ò�P{Õ�ØmÕ�á�â,ß�âIØ α Îoç�âIÒ%ÓIâ.O�ÑãÒ=ß0J{âYÕ�Ô{çåâIÒ{Ó,âÙ�æ	Õ�Û{Û{Ñ¤ßmÑãÙ�ÒTÕ�àTÑãÒ%æ¬Ù�Ø�áÇÕ~ß�Ñ�Ù�Ò8O S â0ßjK�P{ÑãÓ�Õ�àãàMK´ß]Õ~Ö�â+Õ�àãà�ÓIÙKâ�`�ÓIÑãâIÒ�ßmç¢ß�Ù�ÔUâ 1

â��ËÓIâ6PËß
a3
O

S J{Ñ�Ó�J©Ñ�ç"Ó�J{Ù�ç�âIÒ�ßmÙeÔGâ�çåá�Õ�àãà°OKçmÕ;K a3 = 0.001
Îè ½	¸E¾�¹w¿¬»U¸	ï{Â ¸ ÈgºoÅ æ ^ J{â�ßmâ,Ø�á 1

2
‖F (D) − d‖2 Ñãç�áÇÙ�Ø�âWP%Ø�Ù�Ô{àãâIáÇÕ~ßmÑãÓ�çåÑ�Ò{Ó,â

ß0J{â�çmÕ~árP{àãâIÛ3ä~Õ�à�Ú%âIç
d ≈ [c(xk)]

n
k=1Õ�Ø�â�Ò{Ù�ß¨Ò{âIÓ,âIçåçmÕ�ØåÑ�àMK Õ~ß�ß5J{â�çåÑ�Ò{Ó�Ò{ÙKÛ{âIç \ ÑãÒ æ�Õ�Ó9ß;OEÕ�à�á�Ù�çåß�Ó,âIØ�ß]Õ�ÑãÒ{àMKuÒ%Ù�ß�]�O�K�â9ß�ÑãÒß0J{â©à�ÑãáÇÑ¤ß¨ß5J{Ñ�ç´ßmâ,Ø�á ç�J{Ù�Ú{àãÛtP{ØåÙaäËÑãÛ{â�×�à�Ù�ÔTÕ�à�ÑãÒ%æ¬Ù�Ø�áÇÕ~ß�Ñ�Ù�Ò Õ~ÔGÙ�ÚËß

D
Ñ¤ßmç�â,àãæhÎéf â

Ó�J{ÙËÙ�ç�â�ß5J{â�çåÑ�áDP{à�â,çåß¥PGÙ�çåç�ÑãÔ{à�âYÑ�Ò�ßmâ,Ø5P{Øåâ,ßmÕ~ßmÑãÙ�Ò8ß1ß5JTÕ~ß
F (D) − d

Ñ�ç0ÕDbX�ËâIÛ�ä�âIÓ9ßmÙ�Ø
Ù�æ'ä�Õ~à�Ú{â,ç+Õ�Ò{Û S â´ç�Ñ�áDP{àmK�Ú%ç�â�ß0J%âe�'Ú%ÓIà�ÑãÛ{â�Õ~ÒuÒ{Ù�Ø�á \ çåÓ�Õ�àãâIÛuÔ[K 1/

√
n
O S J{âIØåâ nÑ�ç�ß5J{â�Û%Ñ�á�âIÒ{çåÑ�Ù�Ò©Ù�æ!ß5J{â¨ä�âIÓ,ß�Ù�Ø�çåÙ3Õ�ç�ß�Ù=Õ.PXP{Ø�Ù;�ËÑ�áÇÕ~ßmâYÑ�Ò�ß�âI×�Ø�Õ�à�ç³Ñ�Ò©ß0J{â�à�Ñ�á�Ñãß�Ù�æ

n
]�Ù�Ò3ß0J{Ñãç�PTÕ�Øåß³Ù~æEß5J{â ^ Ñ�Ö±J{Ù�Ò{Ùaä=æ¬Ú%Ò{Ó,ß�Ñ�Ù�ÒTÕ~à�Î

p



α = 1, β = 1
O
d = π/3

Mx m h |e(0)| ‖e(xk)‖∞Ï;p Í�Í ê%Î è±| Ï�Î�ë�|~â�Y�ê�Ü Ü%Î Ü�ì�â�Y�ê�Ü
Ü�Í è[ê ê%Î Ü�Í è{Î�u�ì�â�Y�ê�è |ËÎ�ê�è�â�Y�ê�è
p~è ë.u ê%ÎÝÍ�Í ÍËÎÝÍ�ë~â�Y�ê[| ÍËÎ�ë.u�â�Y�ê[|
ÏwÍ"u Ï�è[u ê%Î¤Ï3p Ï�Î�p�ì�â�Y�ê�u Ï�ÎÝÍ.u�â�Y�ê�p

^ Õ�Ô{àãâ´Ï�ß k ÓIÓ,Ú{ØmÕ�Ó'K�Ù�æ'ÐKÑ�Ò{Ó�Õ.PXP{Ø�Ù;�ËÑ�áÇÕ~ßmÑãÙ�Ò�æ¬Ù�Ø��Q�%Õ�áDP{à�â´Ï�Î
y0Ñãç�Ó,Ø�â,ß�Ñµ·IÕ~ßmÑãÙ�Ò Ñ�ç3Ò%Ù S ä�â,Ø�K�ç�ßmØmÕ~Ñ�×�J�ß�æ¬Ù�Ø S Õ�Ø�Û8ß k PlP{ØåÙ;�%Ñãá�Õoßmâ L−1(f)

Ù�Ò Õ
ç�Ñ�Ò%Ó´×�Ø�ÑãÛ8OGß5J{âIÒ*Ú{çåâeÕ¶P{Ø�Ù%våâ,Ó,ß�Ñ�Ù�ÒuáÇÕ~ßmØåÑm�

H
ßmÙ�â,ä~Õ�à�Ú{Õ~ßmâ�ß5J{âeÕ.PlP%Ø�Ù;�ËÑ�áÇÕ~ßmâ¨ç�Ñ�Ò%Ó

ç�Ù�àãÚ%ßmÑãÙ�Ò Õoß©ß5J{â�çmÕ�áDP{à�ÑãÒ{× Ò{ÙKÛ{âIç,Î ^ JgÚ{ç6O�Ñãæ¨ß0J{â,Ø�â Õ�Ø�â
m
çåÑ�Ò{Ó�Ò{ÙKÛ{âIç�Õ�Ò{Û

nçmÕ�áDP{à�ÑãÒ{×�Ò{ÙKÛ{âIç�O
L−1(f)

Ñ�çAÛ{Ñ�çåÓIØ�â9ßmÑM·IâIÛ�ßmÙ¨ÕYä�âIÓ,ß�Ù�Ø
v = [vj]

m
j=1

Õ�Ò%ÛÇß0J%â0Û{Ñãç�ÓIØåâ,ß�â
ä�âIØåç�ÑãÙ�Ò�Ù~æ

F (D) − d
Ñãç

Fn(D) − d = Hv − d.

í îðïxñ � � � ²³µ
fNâuç�JTÕ�à�à£Ñ�àãà�Ú{ç�ßmØ�Õ~ßmâ�ß0J{â¥áÇâ9ß0J{ÙKÛ Ô[K çåâ,ä�â,ØmÕ�à0â'�%Õ�áDP{à�â,çIÎ ^ J{âIçåâuâ'�%Õ�áDP{à�â,ç3Õ�Øåâ
ç�Ù�á�â S JTÕoßYÕ�Øåß�ÑMbTÓ,Ñ�Õ�àCÑ�Ò�ß5J{â´ç�â,Ò{ç�â´ß5JTÕ~ß�ß5J{â´â'�%Õ�Ó9ßYÕ�Ò{ç S âIØ�Ñãç�ÖgÒ{Ù S Ò ÑãÒ*Õ�Û%ä~Õ�Ò{Ó,âÕ�Ò{ÛuÑ�ç0â,ä�â,Ò Ú%ç�âIÛuß�Ù=×�âIÒ%âIØmÕoßmâ²PTÕ�Ø�Õ�á�â,ßmâ,Ø�ç�Ù~æAß5J{âhP{ØåÙ�Ô{àãâIá©Î Ú Ù�Ò{â9ß0J{â,à�â,ç�ç6O5çåÚ{Ó�JÕ�Ò=Õ.PXP{Ø�Ù�Õ~Ó�J�Ñ�ç'Ò{â,âIÛ{â,Û�ßmÙYç�Ñãá�Ú{à�Õ~ßmâ�ß5J{â�×�âIÒ{â,ØmÕ~ß�Ñ�Ù�Ò�Ù�æðÛ{Õ~ß]ÕYÕ�Ò{Û�ßmÙYâ,ä~Õ�à�Ú{Õ~ßmâ"ß0J%â
Õ�ÓIÓ,Ú{ØmÕ�Ó'K�Ù�æ	ß0J{âYÕ�àã×�Ù�Ø�Ñ¤ß0J{á©Î
í0îðïTÅNÉEÂ�È ¶º¹ ^ J{â´Û{ÑãØ�â,Ó,ß�Õ�àã×�Ù�ØåÑãß0J%á�Ñ�ç�Ñãà�àãÚ{çåß�ØmÕ~ß�âIÛ¥Ô[K©ß0J{â�æ¬Ù�à�à�Ù S ÑãÒ{×Çâ��%Õ�áeYP{à�â"O S J{Ñ�Ó�J*Ñ�ç�ß]Õ�Ö~âIÒ*æ¬Ø�Ù�áÝn�|�q�Îhò¢Ù�Ò{ç�ÑãÛ{âIØ�ß5J{â´çåß�â�Õ�ÛZK±Y�çåßmÕ~ßmâeÓIÙ�Ògä�âIÓ9ßmÑ�Ù�ÒZYqÛ{ÑmL[Ú%ç�Ñ�Ù�Ò

P{Ø�Ù�Ô%à�âIá
−((1 − 0.5e−2x)cx)x + cx + c = f(x), x > 0

c(0) − 0.5cx(0) = 1

c(∞) = 0.

ç�âIØåâYß5J{âYç�Ù�àãÚ%ßmÑãÙ�Ò=ß0JTÕoß�×�âIÒ{â,ØmÕ~ß�âIÛ�ß5J{â~P{Ø�Ù�Ô{à�â,á�Ñ�ç
c(x) = e−x2/4 Î¢ÐËÙ�á�âYØåâIçåÚ{àãß�çÕ�Ø�â©ß]Õ�Ô{Ú%à�Õ~ß�âIÛ ÔUâIàãÙ S Î<ÐËÑãáÇÑãà�Õ�Ø�Ø�âIçåÚ{àãß�ç=Õ�Øåâ�æ¬Ù�Ú%Ò{Û Ùaä�â,Ø3Õ Ø�Õ�Ò{×�â�Ù�æ+â'�%Õ�áDP{àãâIçIÎ^ J{â~PTÕ�ØmÕ~áÇâ9ßmâIØåç

α, β, d
P{à�Õ;K�ß0J%â+çmÕ�á�â+Ø�Ù�àãâ+Õ�ç ^ J{â,Ù�Ø�â,á�ÍËÎ¤Ï�Î Ù Ù�Ø�á�Ù�çåß³ÑãÒgä�âIØåç�â

P{Ø�Ù�Ô%à�âIá�ç'ß0JTÕ~ß S âVJTÕ�ä�â0ÓIÙ�Ò{çåÑ�Û{â,Ø�â,Û8O{ÕYç�Ñ�Ò%Ó�ç	KËç�ßmâ,á�Ù�æðÙ�Ø�Û{â,Ø m ÔUâ,ß S âIâ,Ò m = 40Õ�Ò{Û
m = 80

ç�ÚX`�ÓIâ,çIÎ
í0îðïTÅNÉEÂ�È*À8¹ ò¢Ù�Ò{ç�ÑãÛ{âIØ³ß0J%â¨Û{ÑãØ�â,Ó,ß¥P{Ø�Ù�Ô%à�âIá S J{Ñ�Ó�J�Ó,Ù�Ò{ç�ßmÑãß�Ú%ßmâ,çV�Q�%Õ�áDP{à�âeÏ�ÎÐËÚlPlPUÙ�ç�â�ß5JTÕ~ß S â³Õ�Øåâ�×�Ñãä�âIÒeÕ�ç�Õ�árP%à�Ñ�Ò%×�Ù�æ�ß5J{â¢ßmØåÚ{â�çåÙ�à�Ú%ß�Ñ�Ù�Ò�Õ~ß n â�NKÚ{Õ�à�àmK¨ç�PTÕ�Ó,âIÛÒ{ÙËÛ%âIç \ â6NgÚTÕ�à	ç5P{Õ�ÓIÑãÒ{×�Ñãç�Ò{Ù~ß�Õ�Ø�â6NgÚ{ÑãØ�â,áÇâ,Ògß�Ô{Ú%ß0ÕÇÓ,Ù�Ò�ä�â,Ò{Ñ�â,Ò{ÓIâ²J{â,Ø�â;]9Î ^ Õ~Ö�â�Õ~ç

ë



n ó
ôËõDö ��Ø�Ø�Ù�Ø
α m \ 10 ÷ Ò%Ù�Ñ�çåâ3] ó
ôËõrö �'ØåØ�Ù�Ø

α

4 95 0.01 0.00048 4 74 0.02 0.00083
20 113 0.0047 0.00022 20 96 0.014 0.001
40 108 0.0047 0.00022 40 90 0.038 0.00083

^ Õ�Ô{à�â¨ÍZßËò¢Ù�árP{ÚËß]Õ~ß�Ñ�Ù�Ò{ç1æ¬Ù�Ø��Q�{Õ~árP{àãâYÍËÎ
çåß]Õ~ØåßmÑãÒ{×FPGÙ�ÑãÒ�ß¨ß5J{âÇÓ,Ù�Ò{ç�ß]Õ�Ò�ß�æ¬Ú%Ò{Ó,ß�Ñ�Ù�Ò

D0 = 2
Õ�Ò{ÛNçåÑ�Ò{Ó�ç�KKç�ßmâIá ç�ÑM·Iâ

m = 40
Î

fNâ´ç�Õ�árP%à�â�ß5J{â�ßmØåÚ{â´ç�Ù�àãÚ%ßmÑãÙ�ÒuÔUÙ�ß0J S Ñ¤ß0J*Õ�Ò{Û S Ñ¤ß0J{Ù�ÚËß+Ò{Ù�Ñãç�âeÕ~ß+â9ä�â,Ò{àMKuç�PTÕ�Ó,âIÛPGÙ�ÑãÒ�ßmçAÕ�ÓIØåÙ�ç�çAß0J{â£Ñ�Ò�ß�âIØåä~Õ�à
[0.2, 2.4]

Î ^ J{â0Øåâ�Õ�çåÙ�ÒÇæ¬Ù�Ø�ß5J{Ñ�ç'Ó�J{Ù�ÑãÓIâ£Ñ�ç�ß0J{Õ~ßAÙ�Ò{â£Ó�Õ�Ò
ç�âIâ�Ù�Ò â'�%Õ�á�Ñ�ÒTÕ~ß�Ñ�Ù�Ò Ù~æ�ÓIÙ�árP{ÚËßmâIÛ ç�Ù�àãÚ%ßmÑãÙ�Ò{ç�ß5JTÕ~ßeß0J{â©ç�Ù�à�Ú%ß�Ñ�Ù�Ò ä~Õ�Ò{Ñãç5J{â,ç�ä�âIØ�K
ØmÕ.P{ÑãÛ{àMK�ÎHTqÒøP{ØmÕ~Ó,ßmÑãÓ�Õ�à'á�â�Õ�çåÚ{Ø�â,áÇâ,Ò�ßmç�Ù�Ò{â S Ù�Ú{àãÛ â'�ZPUâIÓ,ß�âIØ�ØåÙ�Ø�ßmÙ�ç S Õ�áDPNä�âIØ�Kç�áÇÕ�à�à!ä~Õ�àãÚ{âIç�ùÃJ{âIÒ%ÓIâ=Ñ¤ß¨ÑãçwP%Ø�â,æ¬â,ØmÕ�Ô%à�âeßmÙ©çmÕ�áDP{à�âeÑãÒNØ�â,×�Ñ�Ù�Ò{ç S J{âIØåâ�ß0J{âeæ¬Ù�Ø S Õ�ØåÛç�Ù�àãÚ%ßmÑãÙ�Ò=Ñ�ç¢ÓIà�âIÕ�Ø�àmK�Ò{Ù�Òl·,âIØ�Ù%Î¢TqÒ�ß5J{â�ÓIÕ�ç�â+Ù�æ	Ò{Ù�Ñ�ç�â S â�Õ�çåç�Ú{á�â+Õ�ØåâIà�ÕoßmÑãä�â�âIØåØ�Ù�Ø¢Ù�æÕ~ß£áÇÙ�ç�ß

10 ÷ Û{Ú{â+ßmÙ�ÕeÚ{Ò{Ñ¤æ¬Ù�Ø�á Û{Ñ�ç�ßmØåÑ�Ô{Ú%ß�Ñ�Ù�Ò[Î^ J{â�ÒgÚ{á�ÔUâIØeÙ�æ£ä~Õ�Ø�Ñ�Õ�Ô{àãâIç�ÑãÒ ß0J{â ^ Ñ�Ö±J{Ù�Ò{Ùaä æ¬Ú{Ò{Ó9ßmÑ�Ù�ÒTÕ�à¢ä~Õ�ØåÑ�âIÛ æ¬ØåÙ�á
87
ß�Ù

123
Ñ�Ò ß5J{Ñ�ç¨â'�%Õ�áDP{à�â~Î k áÇÙKÛ{ÑMb{âIÛ Ú â S ß�Ù�Ò ó
ôËõDö áÇâ9ß0J{ÙKÛ S Ñ¤ß0J k Ø�á�ÑúvåÙ�à�Ñ�Ò%âç�â�Õ~Ø�Ó�J*Õ.PlP%à�Ñ�â,Û�ß�ÙÇß0J%â ^ Ñ�Ö±J{Ù�Ò{Ùaä©æ¬Ú%Ò{Ó,ß�Ñ�Ù�ÒTÕ~à�P%Ø�Ùaä�â,Û�ßmÙ=ÔUâ�Øåâ�Õ�çåÙ�ÒTÕ�Ô{àmK�â�LGâIÓ9ßmÑãä�â

Õ�Ò{Û Õaä�Ù�Ñ�Û%âIÛ�ß0J{â*â��XPUâIÒ%ç�âNÙ~æYæ¬Ú%à�àRç£âIç�çåÑ�Õ�Ò Ó�Õ~à�ÓIÚ%à�Õ~ß�Ñ�Ù�Ò{ç,Î ^ J{â*ØåâIç�Ú%àãßmç3Ù~æ�Ù�Ú%Ø
Ó�Õ�àãÓIÚ{à�Õ~ßmÑãÙ�Ò{çAÕ�Ø�â£Û{Ñãç5P{à�Õ3K�âIÛ=ÑãÒ ^ Õ�Ô{àãâ�Í+æ¬Ù�Ø1ÓIÕ�ç�â,ç�Ù�æ5â��%Õ�Ó,ß"Û{Õ~ß]Õ¨Õ�Ò{Û�Û{Õ~ß]Õ S Ñ¤ß0JÇÙ�æÕYÚ{Ò%Ñãæ¬Ù�ØåáÇàmK�Û{Ñãçåß�Ø�Ñ�Ô%Ú%ßmâ,Û�Ø�Õ�Ò{Û{Ù�á \ ØåâIà�ÕoßmÑãä�â3]!âIØåØ�Ù�Ø�Ù~æ5Õ~ßAá�Ù�çåß 10 ÷ Î ^ J{â£ÒKÚ%á�ÔGâ,ØÙ�æ�Ñãß�âIØ�Õ~ßmÑãÙ�Ò{ç"Ñ�ç³àãÑ�çåß�âIÛ�Ñ�Ò�ß0J%â � Ù ÛYÐ©Ó,Ù�à�Ú{á�ÒðÎ ^ J{â�â,Ø�ØåÙ�Ø³Û{Ñ�ç�P{à�Õ;K�â,Û¥Ñãç³ß5J{â�À.©�Ä�½�«'®
½'Ä'Ä0¯%Ä�O�Ñ�Î â~ÎMOAß0J{â©Õ.PlP%Ø�Ù;�ËÑ�áÇÕ~ßmâ

L2
Ò{Ù�Ø�á Ù�æ

c(x) − capprox(x)
O S J%âIØ�â capprox(x)Ñ�ç�ß5J{â�çåÙ�à�Ú%ß�Ñ�Ù�Ò�ßmÙÇß0J{â�Û%Ñ�Ø�â,Ó,ßVP{Ø�Ù�Ô%à�âIá Ù�Ô%ß]Õ�ÑãÒ{âIÛ¥Ô±K�Ú{çåÑ�Ò{×�ß5J{â�Ó,Ù�áDP{Ú%ßmâ,Û�ä~Õ�à�Ú{â

Ù�æ!ß0J%âWPTÕ�Ø�Õ�á�â,ßmâ,Ø
D(x)

Ñ�Ò�ß5J{âYÛ{Ñ�ØåâIÓ,ßVP{Ø�Ù�Ô{à�â,á�Õ�Ò{Û
c(x)

Ñ�ç³ß0J%â�â'�%Õ�Ó9ß+ç�Ù�à�Ú%ß�Ñ�Ù�ÒðÎ
ÐËÑ�Ò{ÓDNgÚTÕ�Û{Ø�Õ~ßmÚ%Ø�â�Ñãç�Ú{ç�â,ÛNßmÙ�âIçåß�Ñ�áÇÕ~ßmâ´ß5J{Ñ�çYÒ{Ù�Øåá�Î k à�çåÙ�àãÑ�çåß�âIÛ�Ñ�ç�ß0J{â�Ó�J{Ù�ÑãÓIâÇÙ�æ
Ø�âI×�Ú{à�Õ�ØåÑµ·IÕ~ßmÑãÙ�ÒePTÕ�ØmÕ~áÇâ9ßmâIØ'çåÚ{×�×�â,çåßmâ,Û3Ô[K

L
Y�ÓIÚ{Ø�ä�â�Õ~ÒTÕ�àMKKçåÑ�çIÎ Ú Ù�ß�â£ß5JTÕ~ß capprox(x)Ñ�ç�Øåâ�Õ�çåÙ�ÒTÕ�Ô%àMK ÓIà�Ù�ç�â�ß�Ù

c(x)
Îi�0æ³Ó,Ù�Ú{Ø�çåâ.O'ÓIàãÙ�ç�â,Ò{âIçåç´Ù�æ

capprox(x)
ß�Ù
c(x)

Ñ�ç¨Ò{Ù
×�ÚTÕ�Ø�Õ�Ò�ßmâIâ�ß5JTÕ~ß�ß5J{â´ÓIÙ�árP{ÚËßmâIÛ�ä~Õ�àãÚ{â

Dapprox(x)
S Ñ�à�à	ÔUâ�ç�ÑãáÇÑãà�Õ�ØåàMK3Ó,à�Ù�çåâ�ßmÙ=ß5J{ââ'�%Õ�Ó,ß�Û{ÑMLGÚ{ç�ÑãÙ�ÒNÓ,ÙËâ'`�ÓIÑ�â,Ò�ß

D(x)
Î}Û�Ø�Õ.PlJ{ç¨Ù�æ³â'�%Õ�Ó9ßeÕ�Ò{Û Ó,Ù�áDP{Ú%ßmâ,ÛNä~Õ�à�Ú%âIç¨æ¬Ù�Ø

ß0J{â~PTÕ�Ø�Õ�á�â,ßmâ,Ø
D(x)

Õ~Ø�âRP{ØåâIç�â,Ò�ßmâIÛ¥Ñ�Ò Ù Ñ�×�Ú{Ø�â�Ï�Î^ J{â�Ó�J{Ù�ÑãÓIâ*Ù�æ�Ø�âI×�Ú{à�Õ�ØåÑµ·IÕ~ßmÑãÙ�ÒðPTÕ�Ø�Õ�á�â,ßmâ,Ø
α
Ñ�ç©Õ Ó,Ù�áDP{à�â���Ñ�çåç�Ú{â S J{ÑãÓ�J Ñ�çÓIÙ�áDP{à�ÑãÓ�Õ~ß�âIÛ´Ô[K�ß5J{â"æ�Õ�Ó,ß�ß5JTÕ~ß�Ù�Ú{Ø¢P{Ø�Ù�Ô{à�â,á Ñ�ç#Ò{Ù�ÒZY�à�Ñ�Ò%â�Õ�Ø,Î�TqÒ´ß0J%âIç�â³â��{Õ~árP{àãâIç S âÚ{ç�â,Û©ß5J{â

L
YqÓ,Ú{Øåä�â¨Õ"PlP{Ø�Ù�Õ�Ó�JðÎoç�Ù S â,ä�âIØ6O S â�Ú{ç�â�ß5J{â
PUâIÒTÕ�à¤ßjK�æ¬Ú{Ò%Ó,ßmÑãÙ�ÒTÕ�à J(D)

ÑãÒ
P{à�Õ�Ó,â"Ù�æ ‖D‖ ç�ÑãÒ{ÓIâ�ß5J{â"à�Õoß�ßmâ,Ø#ßmâ,Ø�á¯Ñ�ç!Ò{Ù~ß'â,ä�â,ÒÇÛ%â�bTÒ{â,ÛÇÑãÒ�ß0J{â�ß�ØmÕ�Û%ÑãßmÑãÙ�ÒTÕ�àgçåâIÒ{çåâ.OS J{Ñ�àãâ J(D)

ç�â,Øåä�âIç�Õ~ç�Õ�çåÚ{Ô{ç�ßmÑãß�Ú%ßmâ�æ¬Ù�Ø�Õ�Ò%Ù�Ø�á©ÎWT�ß�Ñãç S â,à�à�ÖgÒ{Ù S Ò*ß0JTÕ~ß+ß5J{â L YÓIÚ{Ø�ä�â³ç�â,à�âIÓ9ßmÑãÙ�Ò´áÇâ9ß0J{ÙKÛ�Ò{â,âIÛeÒ{Ù�ß!ÔGâ³Õ0Ó,Ù�Ò�ä�â,Ø�×�â,Ògß1çåß�ØmÕ~ß�âI×.K \ çåâIâ"Þ'Ù�×�â,à8n�ë�q,]#â,ä�âIÒæ¬Ù�Ø'à�Ñ�Ò%â�Õ�Ø!ÑãÒ�ä�âIØåç�âUP{Ø�Ù�Ô{à�â,áÇç,ÎQfNâ³Ú{çåâ£ß5J{â
L
YqÓIÚ%Øåä�â0Õ�çAÕ�ßmÙKÙ�à{ßmÙ~J{â,àµP�Ú{çAÕ�Ó�J{Ñ�â9ä�â�Õ

ÔTÕ�à�Õ~Ò{ÓIâ¨ÔGâ9ß S â,âIÒ*Ø�â,×�Ú{à�Õ~Ø�Ñµ·IÕ~ßmÑãÙ�Ò©Õ�Ò{Û�ØåâIçåÑ�Û{ÚTÕ~àEßmâ,Ø�á�çIÎ ^ J{âIØåâ,æ¬Ù�Øåâ.OðÑãØ�ØåâI×�Ú{à�Õ�Ø�Ñ¤ßmÑãâIçÑ�Ò�ß0J{â'ÔUâ6JTÕ�äKÑ�Ù�ØCÙ�æËß0J{â
L
YqÓ,Ú{Øåä�â�Õ�Øåâ'Ò{Ù�ßEÕ£áÇÕ~ßåßmâIØ5Ù~æ%ç�PGâ,ÓIÑ�Õ~à�ÓIÙ�Ò{Ó,âIØåÒðÎÃTqÒ�P{ØmÕ�Ó9ßmÑãÓIâ.O

u
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Ù Ñ�×�Ú{Øåâ�Ï�ß k PlP{Ø�Ù;�ËÑ�áÇÕ~ß�Ñ�Ù�Ò{ç1ßmÙDPTÕ�ØmÕ~áÇâ9ßmâIØ
D(x)

ÑãÒá�Q�%Õ�áDP{à�âYÍKÎ
ß0J{â

L
YqÓIÚ%Øåä�âAç�â,âIá�ç	ß�Ù³ÔGâAÕ"ä�âIØ	K�â�LGâIÓ9ßmÑãä�âAß�ÙËÙ�à�Î Ù Ù�ØCÕ³Û{â,ßmÕ�Ñ�àãâIÛYÕ�ÒTÕ�àmKKç�Ñ�ç5Ù~æËä~Õ�ØåÑ�Ù�Ú{ç

çåßmØ�Õ~ßmâ,×�Ñ�â,ç�æ¬Ù�Ø�Ó�J{Ù�ÑãÓIâ�Ù�æYÕ Ø�âI×�Ú{à�Õ�ØåÑµ·IÕ~ßmÑãÙ�ÒûPTÕ�ØmÕ~áÇâ9ßmâIØÇç�â,â.O£â�Î<×{ÎmO�ü+Ñ�àãáÇâ,ØÇÕ~Ò{Û
�²ý � â�Õ�Ø	Kin Ü%qCÙ�Ø"ß0J{â+ßmâ��Kßhnþu"qCÔ[K3Þ'Ù�×�â,à�Î¢fNâ�Ó,Ù�Ò{ç�â,Øåä~Õ~ß�Ñãä�â,àMK�Ó�J{ÙKÙ�çåâYß5J{â�à�Õ�Øå×�âIç�ß

αÕ~ß S J{ÑãÓ�JeÕ�çåÑ�×�Ò{ÑmbTÓ�Õ~Ògß#ÓIÙ�ØåÒ{âIØEÙËÓ,ÓIÚ{ØåçIÎÃTqÒ�áÇÙ�ç�ß!ÓIÕ�ç�â,ç#ß0J{Ñãç#ÑãçE×�Ø�Õ.PlJ{ÑãÓ�Õ�àãàMK+Ù�ÔgäKÑãÙ�Ú{ç6OÕ�àãß5J{Ù�Ú{×�J�ÑãÒ¨Õ�æ¬â S Ó�Õ~ç�âIçCß0J%â L Y�ÓIÚ{Ø�ä�â S Õ�çCçåÙ�çåáÇÙKÙ�ß0J+ß5JTÕ~ß	ÕÿâhÓ,Ù�Ø�Ò{â,Ø	ã S Õ�çCÛ{Ñm`ÇÓ,Ú{àãßßmÙuÑ�Û%âIÒ�ßmÑ¤æ�K�ÎÏTqÒ çåÚ{Ó�J ÓIÕ�ç�â,ç S â�Õ"PlP{Ø�Ù;�ËÑ�áÇÕ~ß�âIÛNß5J{â=ÓIÚ%Øåä~Õ~ßmÚ%Ø�â=ÒgÚ{á�âIØåÑ�Ó�Õ~à�àMK�Õ~Ò{Ûç�âIàãâIÓ9ßmâIÛÇß0J{â�PUÙ�Ñ�Ò�ß'Ù�æ[á�Õ%�ËÑãá�Ú{á ÒgÚ{á�âIØåÑ�ÓIÕ�à{ÓIÚ%Øåä~Õ~ßmÚ%Ø�â�Î¢TqÒÇÕ+æ¬â S Ù�ß5J{âIØ'ÓIÕ�ç�â,ç1ß0J%â
L
Y�ÓIÚ{Ø�ä�â S Õ~ç�â,Ø�ØmÕoßmÑ�Ó�Õ~Ò{Û�ç�â,ä�âIØ�Õ�àCÓ�J{Ù�Ñ�Ó,âIç³æ¬Ù�Ø³ÕwâhÓ,Ù�Ø�Ò{â,Ø	ã S â,Ø�â�PGÙ�çåç�ÑãÔ{à�â~Îí0îðïTÅNÉEÂ�È�ÌB¹ ��Ú{Ø�b{ÒTÕ�àKçåßmâIÕ�ÛXK[Yqç�ß]Õ~ß�â�ÓIÙ�Ògä�âIÓ9ßmÑ�Ù�ÒZYqÛ{ÑmL[Ú%ç�Ñ�Ù�ÒWP{ØåÙ�Ô{à�â,á â'�ZJ{ÑãÔ{Ñãß�ç
ç�Ñ�Ò%×�Ú{à�Õ~Ø�Ñãß�Ñ�â,ç�Ñ�Ò�ÔUÙ�ß5J�ß0J{â�ÓIÙKâ�`�ÓIÑãâIÒ�ßmç�Õ�Ò{Û�ß5J{â0çåÙ�à�Ú%ß�Ñ�Ù�Ò

c(x) = x3/2e−x S J%Ñ�Ó�J3Ñ�çÚ{ç�â,Û�ßmÙe×�â,Ò{âIØ�Õ~ßmâ+ß5J{â�Ø�Ñ�×.Jgß�J{Õ�Ò{Û©ç�Ñ�Û%â�æ¬Ú{Ò{Ó,ß�Ñ�Ù�Ò�ÑãÒ�ß5J{â�ç�KKçåß�âIá

−cxx + cx +
3

4x2
c = f(x), x > 0

c(0) − cx(0) = 0

c(∞) = 0.

^ J{â çåÑ�Ò{×�Ú{à�Õ�ØåÑãß�Ñ�âIç�á�Õ�Ö~âuß0J{â P{ØåÙ�Ô{à�â,á ç�Ù�áÇâ S JTÕ~ß©áÇÙ�Ø�â*Ñ�Ò�ßmØ�Õ�Ó,ßmÕ�Ô{àãâ�ß0JTÕ�Ò ß0J%âP{Ø�â9äËÑãÙ�Ú{ç³â'�%Õ�áDP{àãâ�Î¢TqÒ3ß0J{ÑãçgP{Ø�Ù�Ô{à�â,á æ�Õ�ÑãØ�àmK�Ó,Ù�Ò{ç�â,Øåä~Õ~ß�Ñãä�â�Ó�J{Ù�Ñ�ÓIâ,ç³Ù�æCß0J{â�ç�ÑãÒ{ÓRPTÕ%Y
ØmÕ�á�â,ß�âIØ�ç

α = 1
O
β = 1

O
d = π/3 \ ß5J{â�ç�Õ�á�â0Õ�ç1Ñ�Òr�Q�{Õ~árP{àãâ¨Ï3] S Ù�ØåÖ�Øåâ�Õ�çåÙ�ÒTÕ�Ô%àMKS â,à�à�Î¢�+Ú%Ø1ØåâIç�Ú%àãßmç¢Õ�Ø�â�ç�Ú{á�áÇÕ�Ø�ÑM·IâIÛ�Ñ�Ò ^ Õ~Ô{à�â�Ü�Õ�Ò%Û Ù Ñã×�Ú{Ø�â0Í�æ¬Ù�ØAß5J{â0ç�Õ�áÇâ³ßjK�PGâ,çÙ�æ#â,Ø�ØåÙ�Ø£Õ�Ò{Û�áÇâIÕ�ç�Ú%Ø�âIá�âIÒ�ß�ç0Õ�ç³ÑãÒH�Ã�%Õ�áDP{àãâYÍËÎk ÒTÕ~ßmÚ%ØmÕ�àKç5PUâIÓ,Ú{à�Õ~ß�Ñ�Ù�Ò�Õ�ÔGÙ�Ú%ß#ß5J{âIçåâ�â'�%Õ�áDP{à�â,ç!Ñ�ç	ß0JTÕoß!ç�ÑãÒ{Ó¢Ò%ÙËÛ{â,ç!á�Ñ�×�J�ß�KËÑãâIàãÛ

ÔGâ9ß�ßmâ,Ø�Ø�â,ç�Ú{à¤ßmç£ß0JTÕ�Ò�ß0J{â¨â6NgÚTÕ�àãàMK©ç5PTÕ~ÓIâIÛuÒ%ÙËÛ{â,ç�Ú{çåâIÛuÑ�Ò}�Q�{Õ~árP{àãâIç�Í�Õ�Ò{ÛuÜËÎ ^ Ù
ÓIÙ�áDPTÕ�Øåâ�ØåâIçåÚ{àãß�ç S âÇØåâ,äKÑ�çåÑãßw�Q�%Õ�árP%à�âÇÍ©Õ~Ò{ÛNØåâ6P{à�Õ�ÓIâeâ6NgÚTÕ~à�àMK�ç5PTÕ�Ó,âIÛ Ò{ÙËÛ%âIçYÔ±Kç�Ñ�Ò%ÓYÒ%ÙËÛ{â,çIÎÿTqÒ¥Ù�ØåÛ{âIØ"æ¬Ù�Ø�ß5J{â¨Ó,Ù�áDPTÕ�Ø�Ñãç�Ù�Ò3ß�Ù�ÔUâ�æ�Õ�Ñ�Ø�O S â�á�Ú{ç�ß£çmÕ�áDP{à�â+Ò%ÙÇá�Ù�Ø�âÒ{ÙËÛ%âIç'ß0JTÕ�Ò S â£Û%Ù¨ÑãÒeß5J{â³â6NgÚTÕ�àãàMK´ç�PTÕ�Ó,âIÛ�ÓIÕ�ç�â~Î ^ J{â£ÒgÚ{á�ÔUâIØ'Ù�æðç�Õ�áDP{à�âgPUÙ�Ñ�Ò�ß�ç nÑ�çAç�â,ß�â6NgÚTÕ�à�ßmÙYß0J{â�ÒKÚ%á�ÔGâ,Ø¢Ù�æðç�Ñ�Ò%Ó0Ò{ÙKÛ{âIç

m
O S J{ÑãÓ�J=ÓIÙ�Ò{çåß�ØmÕ�ÑãÒ{çAß5J{âVPUÙ�çåç�Ñ�Ô%Ñ�à�Ñ¤ßmÑãâIç

ì



m ó
ôËõDö ��Ø�Ø�Ù�Ø
α m \ 10 ÷ Ò%Ù�Ñ�çåâ3] ó
ôËõrö �'ØåØ�Ù�Ø

α

4 93 0.12 0.00022 4 115 0.13 0.00022
20 103 0.0024 0.00022 20 118 0.013 0.0004
40 95 0.0028 0.00022 40 85 0.035 0.00091

^ Õ�Ô{à�âYÜXßËò¢Ù�árP{ÚËß]Õ~ß�Ñ�Ù�Ò{ç1æ¬Ù�Ø��Q�{Õ~árP{àãâ�Ü%Î
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Ù Ñ�×�Ú{Øåâ�ÍZß k PlP{Ø�Ù;�ËÑ�áÇÕ~ß�Ñ�Ù�Ò{ç1ßmÙDPTÕ�ØmÕ~áÇâ9ßmâIØ
D(x)

ÑãÒá�Q�%Õ�áDP{à�â�ÜËÎ
æ¬Ù�Ø

n
Î ^ J{â�Ó�J{Ù�Ñ�Ó,âIç

n = m = 20
Õ~Ò{Û

n = m = 40
ÓIÕ�Ò�ÔUâY×�âIÒ{â,ØmÕ~ß�âIÛ©Ô[K3ß]Õ�ÖgÑ�Ò%×

Mx = 15
Õ�Ò{Û

Mx = 32
OKØ�âIç�PGâ,Ó,ß�Ñãä�â,àMK�Î k ßmÕ�Ô{à�â£Ù�æGß0J{â�Ø�âIçåÚ{àãß�Ñ�Ò{×YÓ�Õ~à�ÓIÚ%à�Õ~ß�Ñ�Ù�Ò{ç'Õ~Ø�â

×�Ñãä�âIÒNÑãÒ ^ Õ�Ô{àãâÇè%Î k Ó,Ù�áDPTÕ�Ø�Ñãç�Ù�Ò*Ù�æ ^ Õ�Ô%à�âIç¨Ü©Õ�Ò{ÛNè�ç5J{Ù S çYß0JTÕ~ß¨çmÕ~árP{àãÑ�Ò{×©Õ~ßß0J{â�ç�ÑãÒ{Ó�Ò{ÙKÛ{âIç³Ò{â,âIÛ¥Ò%Ù�ß³ÔGâYÕ�Ò�Ù�PËßmÑ�áÇÕ�àGçåßmØ�Õ~ßmâ,×.K�Î

� ­ ®�°HG � E�µ�I9®¨°©µ
^ J{âYæ¬Ù�Ø�âI×�Ù�Ñ�Ò{×eÕ~à�×�Ù�ØåÑãß5J{á Õ�Ò{Û©â'�ZPGâ,Ø�ÑãáÇâ,Ògß�ç³ç�Ú{×�×�âIçåß£çåâ,ä�â,ØmÕ�àCÓ,Ù�Ò{ÓIàãÚ{ç�ÑãÙ�Ò{ç�ß
Ï�Î£ÐËÑ�Ò%ÓÇá�â,ß5J{ÙËÛ%çWP{ØåÙwäKÑãÛ{â�Õ©Ú{ç�â9æ¬Ú{à1ß�ÙËÙ�à'æ¬Ù�ØYçåÙ�àãäKÑãÒ{×¥Ó,âIØåßmÕ�Ñ�Ò Û{Ñ�ØåâIÓ9ß�çåÑ�Ò{×�Ú%à�Õ�Ø
P{Ø�Ù�Ô{à�â,áÇç S Ñ¤ß0JéJ{Ñã×�J Õ�Ó,ÓIÚ{Ø�Õ�Ó�K�Î ^ J{â,ç�â�ç�Ù�à�Ú%ß�Ñ�Ù�Ò{ç¨Ó�Õ�Ò â9ä�â,Ò â��XJ%Ñ�Ô{Ñ¤ß´áÇÑãà�ÛÛ{âIØåÑãä~Õ~ß�Ñãä�â�ç�Ñ�Ò%×�Ú{à�Õ~Ø�Ñãß�Ñ�â,ç�Õ~ß�ß5J{â´âIÒ%ÛlPGÙ�Ñ�Ò�ßmç+Ù�æAß0J%â´Û{Ù�áÇÕ�Ñ�Ò�Ù~æAß5J{â�æ¬Ù�Ø S Õ�ØåÛç�Ù�àãÚ%ßmÑãÙ�Ò ç�Ú%Ó�J Õ�ç

c(x) = x1/2e−x Ù�Ø²JTÕ�ä�â©ç�ÑãÒ{×�Ú{à�Õ�Ø�Ó,ÙËâ'`ÇÓ,Ñ�â,Ògß�çÇçåÚ{Ó�J Õ~ç
λ(x) = 3/4x2 Î

m ó
ôËõDö ��Ø�Ø�Ù�Ø
α m \ 10 ÷ Ò%Ù�Ñ�çåâ3] ó
ôËõrö �'ØåØ�Ù�Ø

α

20 103 0.0095 0.00022 20 108 0.027 0.0005
40 97 0.0138 0.00022 40 111 0.060 0.00083

^ Õ�Ô{àãâ+èlßËò¢Ù�áDP{Ú%ß]ÕoßmÑ�Ù�Ò{ç�æ¬Ù�Ø��Q�%Õ�árP%à�â�Ü S Ñãß5J©ç�Õ�áDP{à�ÑãÒ{×´Õ~ß£ç�ÑãÒ{Ó+Ò{ÙKÛ{âIç,Î
Ï;ê



ÍËÎ£ÐËÑ�Ò%ÓIâøJ{Ñã×�J Õ�Ó,ÓIÚ{Ø�Õ�Ó�K Ñ�ç¥Ù�Ô%ß]Õ�ÑãÒ{âIÛ S Ñ¤ß0J<ØåâIà�Õ~ßmÑ¤ä�âIàmK ç�áÇÕ�à�àYÛ{Ñ�çåÓIØåâ,ßmÑM·�Õ~ß�Ñ�Ù�ÒÒgÚ{á�ÔUâIØ�ç�O³áÇÑãÒ{Ñ�á�Ñµ·,âIØ�ç�Ú{ç�â,Û�Ñ�Ò çåÙ�àãäKÑãÒ{× ÑãÒ�ä�âIØåç�âÏP%Ø�Ù�Ô{àãâIá�çÇâ,Ò{Û ÚlP S Ù�ØåÖ�YÑ�Ò{× S Ñ¤ß0J�Ø�â,à�Õ~ß�Ñãä�â,àMKÇà�Ù S Û{Ñ�á�âIÒ{çåÑ�Ù�Ò{Õ�à[ç	KËç�ßmâ,áÇç,Î
Ü%Î ^ J{â3á�â,ß0J%ÙËÛ Ñ�ç¨æ�Õ~Ñ�Ø�àmK*Ø�Ù�Ô%Ú{çåß S Ñãß0JNØ�âIç�PGâ,Ó,ß´ß�Ù�Ò{Ù�Ñãç�â.OQP{Ø�ÙaäKÑ�Û{â,Û ß0JTÕoß�ß0J%âç�ÑãÒ{ÓWPTÕ~ØmÕ�á�â,ß�âIØ�ç¥JTÕ�ä�â�ÔUâIâ,Ò�Ó�Õ~Ø�â,æ¬Ú%à�àMK�Ó�J%Ù�ç�â,Ò*æ¬Ù�Ø£ß5J{â¨æ¬Ù�Ø S Õ~Ø�Û�çåÙ�àãä�âIØ�Õ~Ò{ÛÕ�çåÚ{ÑãßmÕ�Ô{àãâ�Ó�J{Ù�ÑãÓIâ�Ù�æEØ�âI×�Ú{à�Õ�ØåÑµ·IÕ~ßmÑãÙ�Ò¶PTÕ�Ø�Õ�á�â,ßmâ,Ø

α
Ñ�ç"áÇÕ�Û{â~Î

è{Î ^ J{â�Õ~à�×�Ù�ØåÑãß5J{áÇç S â�JTÕ�ä�â¨Ù�Ú%ß�à�Ñ�Ò%âIÛ�á�Õ;KxP%Ø�Ùaä�âYßmÙ�ÔGâ�Ú{çåâ,æ¬Ú{à	Ñ�Ò3ß0J%â¨Û{â,ç�Ñã×�ÒÙ�æ'Ø�âIÕ�à	â'�ZPGâ,Ø�ÑãáÇâ,Ògß�çIÎ Ù Ù�Ø�â��{Õ~árP{àãâ.O S â´ç�Õ S ß0JTÕ~ßVP{à�Õ~ÓIâIá�âIÒ�ß0Ù�æ�çmÕ~árP{àãÑ�Ò{×Ò{ÙKÛ{âIç´ÑãárPTÕ~Ó,ßmçwNgÚTÕ�à�Ñ¤ßjK�Ù�æ£Ø�âIçåÚ{àãß�çIÎ Ù Ú{Øåß5J{âIØ�Ñ�Ò�ä�â,çåßmÑã×�Õ~ß�Ñ�Ù�Ò{ç¨á�Õ;K�ç�Ú%×�×�âIç�ß
Ù�P%ß�Ñ�áÇÕ�à¥P%à�Õ�Ó,âIá�âIÒ�ßmç,Î k àãç�ÙlO"ß5J{âuÑ�çåç�Ú{âuÙ�æ¨Ú{Ò{Ó,âIØ�ß]Õ�ÑãÒgßjK Ñ�Ò�á�â�Õ�çåÚ{Ø�â,áÇâ,Ò�ß
S Õ~Ø�ØmÕ~Ògß�ç�æ¬Ú{Øåß5J{âIØ'çåß�Ú{ÛXK�ÎË�+Ú%Ø�â'�%Õ�áDP{à�â,ç�ç�Ú{×�×�âIçåß'ß5JTÕ~ßAáÇÙ�Ø�â�ÛTÕoß]ÕRPGÙ�Ñ�Ò�ßmç�ÑãÒß0J{â�P{ØåâIç�â,Ò{ÓIâ¨Ù�æ!á�â�Õ~ç�Ú{ØåâIá�âIÒ�ß0â,Ø�ØåÙ�Ø³á�Õ;K3Ò{Ù~ß�ÔUâYÔGâ9ß�ßmâ,ØIÎ_�+Ò%â�PUÙ�çåç�Ñ�Ô%Ñ�à�Ñ¤ßjK
Ñ�ç�ß�ÙÇÚ{çåâ+æ¬â S âIØ£Ò{ÙËÛ%âIç S Ñãß5J©Øåâ6PUâ�Õ~ß�âIÛ©áÇâIÕ�ç�Ú%Ø�âIá�âIÒ�ß�ç0Õ~ß³âIÕ�Ó�J©Ò{ÙËÛ%â�Î

� ²g�~²_AE²³°HG¢²³µ
n¤Ï6q���Ù�J%ÒFf Î<�'Õ~ß�Ù�ÒðÎ����
	��¥«'®°´.¿.½�
 ´.ªº­X´.ÅsÎ Ú â9ß S Ù�Ø�Ö ^ J{â,Ù�Ø�K � Ñ�á�Ñãß�âIÛ8O{Í.ê�ê�ÍKÎ
nÝÍ%q��%Î � Ú{Ò{Û ü´Îad Îgd�Ó k Ø�ß0JgÚ{Ø6O § Î_ò0Î¢ÐËá�Ñãß5J Õ�Ò%Û ü´Î � Î � Ù S â,Ø�çIÎ ^ J{â�ç�ÑãÒ{Ó'Y×�Õ~à�âIØåÖgÑ�Ò�áÇâ9ß0J{ÙKÛ�æ¬Ù�Ø�PTÕ�ØmÕ~áÇâ9ßmâIØ³Û{â�PGâ,Ò{Û{â,Ògß0ç�â,àãæ,YhÕ~Û%våÙ�Ñ�Ò�ß�P{ØåÙ�Ô{àãâIá�çIÎ���ªº¿.½'Ä0¨3½

� Ä0¯.³6Åµ½'¼W¨'OºpXßÝÍ.ê[|��ËÍËÏ�ëZOGÏ3ì�ì�ê%Î
n Ü"qWd ÎËü+Ñ�àãáÇâ,Ø´Õ�Ò{Û{y�Îÿ�hý � â�Õ~Ø�K�Î òaJ{ÙËÙ�ç�Ñ�Ò%× ØåâI×�Ú{à�Õ�Ø�ÑM·�Õ~ß�Ñ�Ù�Ò PTÕ�ØmÕ~áÇâ9ßmâIØåçÇÑãÒ Ñ¤ß�Y
â,ØmÕ~ß�Ñãä�â�áÇâ9ß0J{ÙKÛ{ç�æ¬Ù�Ø�Ñ�à�àcYjPUÙ�ç�â,Û P{ØåÙ�Ô{àãâIá�çIÎ Æ � » 
 � Ç ¯%ª�
 ´.®=Ä�©cÊ » ª+´.Å Ç ´.ª+À» Â[Â+Å ©°« Ç O�Í�ÍZß¤ÏwÍ.ê~è��UÏwÍ�ÍKÏ�O{Í"ê�ê%Ï�Î

n è.q��%Î � Ú{Ò{Û Õ�Ò%Ûøü´Î � Ù S âIØåçIÎ Æ ©�ª�«�
z½'® É ¯6À%¨U¬;¯%Ä��_­X´[À.Ä�´.®�­�Ä0½H´.ª+À��~© �
½'Ä0½'ªº®=©=´.Å��� ­X´.®�©°¯%ªX¨9ÎAÐZT k dzO Í J{Ñ�à�Õ�Û{âIàMPlJ{Ñ�ÕXO�Ï3ì�ì�ÍËÎ
n�|%q��%Î � Î�d©Ú{âIàãà�âIØðÕ�Ò{Û ^ ÎwÐGÎwÐ�J{Ù�Ø�â,çIÎ k Ò%â S ç�Ñ�Ò%Ó'Yq×�Õ�à�â,Ø�ÖgÑ�Ò�á�â,ß5J{ÙKÛ�æ¬Ù�Ø5ÓIÙ�Ò�ä�âIÓ,ß�Ñ�Ù�Ò�YÛ{ÑmL[Ú%ç�Ñ�Ù�Ò â6NgÚTÕoßmÑ�Ù�Ò{ç S Ñ¤ß0J á�Ñm�Ëâ,Û ÔUÙ�Ú{Ò{ÛTÕ~Ø�K ÓIÙ�Ò%Û{Ñãß�Ñ�Ù�Ò{ç,Î  ÿ¯%¼VÂ+­Z® Ç 
 ´.® ÉXÇ» Â[Â+Å Ç O�Í.ê�ê�Ü%Î!ßmÙ�Õ.PlPUâ�Õ~ØIÎ
n�p"q Ù Î	ÐgßmâIÒ%×�âIØ,Î!�V­Z¼�½'Ä�©°«5´.Å"
i½'® É ¯6À%¨$#U´%¨3½5À ¯%ª Æ ©�ª�«r´.ª+À » ª+´.Å&%%®�©°«$'�­�ª�«'®�©°¯%ªX¨9ÎÐZP%Ø�Ñ�Ò%×�âIØ�Y�Þ'âIØåà�Õ�×XO Ú â S)( Ù�ØåÖ<O5Ï3ì�ì�Ü%Î
n�ë%qWò0Î{Þ'Ù�×�âIà�Î Ú Ù�Ò�YqÓIÙ�Ògä�âIØå×�âIÒ{Ó,â¨Ù~æ	ß5J{â�àmY�ÓIÚ{Ø�ä�â+Ø�â,×�Ú{à�Õ�Ø�ÑM·�Õ~ß�Ñ�Ù�ÒrPTÕ�ØmÕ~áÇâ9ßmâIØ¢ç�âIàãâIÓ�Yß�Ñ�Ù�Ò�á�â,ß0J%ÙËÛðÎ*�'ªº¿.½'Ä0¨3½ � Ä0¯.³6Åµ½'¼W¨'O[ÏaÜXßÝÍ.u�ì��ËÜ�ê�ÜXOGÏ3ì�ì[ëKÎ
n�u"qWò0Î�Þ'Ù�×�â,à�Î� ÿ¯%¼VÂ+­Z®°´.®=©°¯%ª+´.Å+
z½'® É ¯6À%¨�¬;¯%Ä���ªº¿.½'Ä�¨3½ � Ä0¯.³6Åµ½'¼W¨9Î[ÐZT k dzO Í J{Ñ�à�Õ�Û{â,àmYPlJ%Ñ�ÕXO�Í"ê�ê�ÍËÎ

Ï�Ï


