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Ê?µl³�¯,³�¯~®/»�ª|«�¯+°�®�·[¸�ÅT±¹µ~ª|¯~°�­ ª�³$¯+±5³�±¹¸|¿¹®�´�±Tµ
c(0)

� É °�ª�³�­�®
¯~°�±I²�Ã$·T³,·[»?»�¸|ª�®/²�ª�«ÆÍ�� Î ·T³�·
´�±¹µ~Ã$·[µl²_¾Y³�±¹¸|¿¹®
µ�´�±¹µ�¯+°�®�ª�«H¿¹®
µl³�®(»�µ+±TÀ?¸|®/­ ±[´�²I®
¯~®/µ~­%ª�«�ª|«?Å

D(x)
´�µ+±T­ ­%®*·T³~¶�µ~®/­%®
«H¯+³,±T´

c(x)
ª�«�¯+°�®�³�¯~®/·¹²IºH¾�³�¯+·[¯~®(¬
·¹³�® �

� ®�¬
±T­%»?·[µ+®�±¹¶�µ�­%®
¯~°�±I²�¯+±�¯+°�®!©_ª|«G¬z¾nË(·[¸�®
µ+ÌHª�«�­%®�¯+°�±I²M»�µ+®/³~®
«H¯~®*²�ª�«�©_®*¬z¯~ª�±T«�Ú � Ú
±T´�ÍeÐ Î ¯~±5³~±T¸�¿T®�®/½H¶?·[¯~ª�±T«?³$±T´w¯+°�®(´�±Tµ+­

× �T� Û Ü
L1u(x) ≡ −u′′(x) + p(x)u′(x) + q(x)u(x) = f(x), a < x < b

Ã,ª|¯~°Ä­%ª�ÁI®/²ÄÀ:±T¶�«G²�·[µ+ºÇ¬�±¹«?²Iª|¯~ª�±T«?³!·[¯
a
·[«?²

b
� É °�®'ª�²�®/·�ª|« ÍeÐ Î ª�³�¯~±�®�ÁI»�µ+®/³+³

u
ª|«

¯+®
µ+­%³2±[´�·T«È·[»?»G®/«?²I®/²È³�ª�«?¬5ÀG·T³~ª�³2¯~±c±TÀI¯l·[ª�«
uA ≈ u

·[«?²Ç·T»�»�¸�ºÆ·MÖP®�¯+µ~±�¿H¾nË(·[¸�®
µ+ÌHª�«
·T»�»�µ+±¹·T¬l°�¯+±

L1uA
� � °�ª�¸�®�¯+°�ª�³�­%®�¯+°�±I²Èª�³)°�ª|Å¹°�¸�ºÇ·T¬
¬
¶�µl·�¯~®¹ÂPª�¯l³�·T»�»�¸�ª�¬/·�¯+ª|±¹«Æ¯~±c¯~°�®

��Ï�ÔÑÃ�±T¶�¸�²'ª�«H¿¹±T¸�¿T®2²�ª�¼�®
µ+®
«H¯~ª�·�¯+ª|«?Å5¯~°?®)²Iª�³�»:®
µl³~ª|±¹«�¬�±_®�Þ5¬
ª|®/«¹¯
D
×>Á Ü���� «�©_®/¬�¯~ª�±T«cÐ5±[´

¯+°�ª�³S»?·[»:®
µ*Â?Ã�®�ª�«?¬�¸�¶?²I®)³�±¹­�®2«H¶?­�®/µ~ª�¬
·T¸w¬�±¹­%»?·[µ+ª�³~±T«G³$Ã,ª�¯+°�¯~°�ª�³�­%®
¯~°�±I² � ©_®*¬z¯+ª|±¹«�Ð � Ð
±T´�ÍeÐ Î ¬�±¹«H¯+·[ª�«?³$·[«?±[¯~°?®
µ,·[»�»?µ~±H·T¬l°5´�±¹µ$¯~°�®�²Iª�³+¬�µ+®�¯~ª��/·[¯~ª�±T«�±[´P³�®/¸�´>¾Y·T² 
n±¹ª|«H¯$´�±Tµ+­!³$³�¶?¬l°'·T³
−(D(x)cx(x))x

Â�À�¶I¯�µ+®
¸�ª|®*³S±¹«M¯~°?®�·T»�»�¸�ª�¬/·[À�ª�¸|ª|¯nº'±[´�·�³~ª|«?¬)®�ÁI»?·T«?³~ª|±¹«M±[´
D(x)

��� «ÈÍ �zÎ
·!©_ª�«?¬z¾!��±T¸�¸�±_¬/·�¯+ª|±¹«�­%®�¯+°�±I²�ª�³,»?µ~®*³�®/«¹¯+®/²�´�±Tµ,®*½¹¶G·�¯~ª�±T«G³$±[´F¯~°�®(´�±¹µ~­ × �T� Û Ü Ã,ª|¯~°'­%ª�ÁI®*²
À:±T¶�«G²�·[µ+ºc¬
±T«?²Iª|¯~ª�±T«G³�·�¯

a
·[«?²

b
� É °�ª�³2­%®�¯~°?±_²	ÂFÃ,°?ª|¸�®�·T¬/¬�¶�µl·�¯+®5·[«?²�®
Þ5¬�ª�®
«H¯/ÂR·[¸�³~±

ª�«_¿T±T¸�¿T®*³,·[»�»:®
«G²I®/²'À?·¹³�ª�³$´�¶�«G¬z¯~ª�±T«G³S·[«G²�²�ª�¼�®
µ+®
«H¯~ª�·�¯+ª|±¹«�±[´
D(x)

Ã,°�®/«M·[»�»?¸|ª�®/²�¯~±5¯~°�®
��Ï�Ô �

"



É °�®!»?·T»G®/µ�ª�³(±¹µ~ÅH·[«�ª��
®*²�·¹³S´�±¹¸|¸�±�Ã�³ �#� «Ç©_®*¬z¯+ª|±¹« Ò Ã�®�»?µ~®*³�®/«¹¯�³~±T­%®%«�±[¯l·�¯+ª|±¹«�·T«?²
À?·¹¬lÌ_ÅTµ+±T¶�«?²�´�µ+±T­ ³~ª�«?¬5¯+°�®
±¹µ~º � É °�®'²I®�ÊG«�ª�¯+ª|±¹«?³%·[«?²Ç¯~°�®/±Tµ+®
­!³�±[´�©I®/¬z¯+ª|±¹« Ò ·[µ+®�·T¸|¸
¯l·[ÌT®/«5´�µ+±T­ ÍeÐ Î ·[«?²�·[µ+®�ª�«?¬
¸|¶?²�®/²�´�±Tµ$¯+°�®�µ~®*·T²I®/µ/Õ ³$¬�±¹«H¿¹®
«�ª�®
«G¬�®(³�ª�«?¬�®�¯+°�®
º�·Tµ~®(¶?³~®/²�ª�«
¯+°�®�²I®
µ+ª|¿�·[¯~ª�±T«'·[«?²�¬�±¹«H¿¹®
µ+ÅT®/«?¬�®�·[«?·T¸|ºI³~ª�³�±[´F¯~°?®�«?®
Ã ©_ª|«G¬z¾nË(·[¸�®
µ+ÌHª�«�­%®
¯~°�±I² � ©I®/¬z¯+ª|±¹«
� ¬�±T«H¯l·[ª�«?³�¯+°�®!¬�±¹«?³n¯+µ~¶G¬z¯~ª�±T«�±[´�¯+°�®%«�®
Ã0©Iª|«?¬�¾YË(·T¸|®/µ~Ì_ª�«M­%®�¯+°�±I²M´�±¹µS¯+°�®!³n¯+®/·T²�º¹¾Y³�¯+·�¯+®
»�µ+±TÀ?¸|®/­ � É °�®�¬
±T«_¿T®/µ~Å¹®
«?¬
®P·T«?·[¸�ºI³�ª�³�ª�³�´�±¹¶�«?²�ª�«2©_®/¬�¯~ª�±T«�ÚGÂ*·T«?²(«_¶�­%®
µ+ª�¬/·[¸¹®�ÁI»G®/µ~ª�­%®
«H¯+³
·Tµ~®�´�±T¶�«?²Èª|« ©_®*¬z¯~ª�±T«ÝÐ � ©_®*¬z¯+ª|±¹« Ø�·T²�²Iµ+®/³+³~®/³�¯+°�®�¯~ª�­%®�¾Y²I®
»:®
«?²�®
«H¯!»�µ~±¹À�¸�®
­'Â�Ã,°�ª�¬l°
Ã$·T³�³�±¹¸|¿¹®/²È¶?³�ª�«�Å�·�Ã�®/ª|Å¹°¹¯+®/²Èª|­%»�¸�ª�¬
ª�¯%$D®
Á_»?¸|ª�¬�ª|¯!­�®
¯~°�±I² ª|« ¯~°?®�¯+ª|­%®'¿�·[µ+ª�·TÀ�¸�® � É °�®
¬
±Tµ+µ~®*³�»:±T«?²�ª|«�Å)«_¶�­%®
µ+ª�¬/·[¸�®�ÁI»:®
µ+ª|­%®/«¹¯l³,·[µ+®S´�±¹¶�«?²'·�¯,¯+°�®�®
«G²�±T´P©_®*¬z¯+ª|±¹«'Ø �

Ò���&�¤w¢�
_¢�¨�¤;¡'
w¡	¥)(�
	§+*	,;£:¤;¦	¡	¥
É °�®5­%®
¯~°�±I²�³�±T´$³~ª�«?¬!·[»�»?µ~±DÁIª�­%·[¯~ª�±T«c´�±Tµ2²�ª�¼�®
µ+®
«H¯~ª�·[¸�·[«?²�ª�«¹¯+®
Å¹µ+·T¸R®/½H¶?·�¯+ª|±¹«?³(µ+®/³�¯

±¹«�³~¶�À?³�¯+·T«¹¯+ª�·T¸�´�±T¶?«?²�·�¯+ª|±¹«?³,Ã,°�ª�¬l°'°?·D¿T®(À:®
®/«�¸�·[ª�²�À_º ÿ�� ©H¯+®
«�Å¹®
µ�·T«?²�°�ª�³S³n¯+¶?²I®
«H¯l³
Â:·
¬
±T­%»�¸�®�¯~®�²I®
¿¹®
¸�±T»�­%®/«¹¯F±[´?Ã,°?ª�¬l°2¬/·[«�À:®�´�±T¶�«?²2ª|«2¯~°�®�¯~®
Á_¯+³�Í �DÒ*Î ·[«?²5Í Ð Î��-� «�¯~°?ª�³P³~®/¬z¯+ª|±¹«
³~±T­%®M²I®
Ê?«�ª|¯~ª�±T«?³�·[«?² »:®
µ~¯~ª�«�®/«¹¯�¯~°�®/±Tµ+®
­!³%´�µ+±T­�Í Ð Î ·[µ+®�»�µ+®/³~®
«H¯~®*²Ä´�±Tµ�¯~°�®Mµ+®/·¹²I®
µ*Õ ³
¬
±T«_¿T®/«�ª|®/«?¬�® �

 /.103234657498+2;:�<9=+< É °�®?>A@CBED�FHG�BED%I�@9JKBMª�³,²I®
Ê?«�®/²�´�±¹µ�·[¸�¸
z ∈ C

À_º

sinc(z) =





sin(πz)
πz z 6= 0

1 z = 0.

L ®
¯
h
ÀG®�·%»:±¹³~ª|¯~ª�¿T®�¬�±¹«?³n¯l·[«H¯ � � ®�Ã,ª|¸�¸	²I®/«�±[¯+®(¯~°�®?>A@CB+D#MHN >A@O>PFHG�B+DQIR@9JSBT>�À_º

S(k, h)(x) = sinc
(x− kh

h

)
k ∈ Z, −∞ < x <∞.

�VU3.�8XWK.�YZ:�<O:�<�[Q\E]T^ JS_ ^%`ba+cCd ÍeÐ Î�e�f ^ I
xk = kh g k = −M, . . . , N

c

× ÒI���*Ü
δ
(0)
jk ≡ S(j, h)(x)|x=xk

=
{

1,
@ F
j = k

}

× ÒI�eÒTÜ
δ
(1)
jk ≡ hS′(j, h)(x)|x=xk

=
{

0
@ F
j = k

}

ÿ ±¹µ!¯~°?®�·T³+³�®/­2À�¸�ºÇ±T´(²Iª�³+¬�µ+®�¯~®M³~ºI³n¯+®
­!³/Â�ª|¯�ª�³5¬�±¹«H¿¹®
«�ª�®
«H¯%¯~±Ç²�®�Ê?«�®M¯~°�®�´�±¹¸|¸�±�Ã,ª�«�Å
­!·�¯+µ~ª�¬�®*³Q�

× ÒI� �¹Ü
I(l) ≡ [δ

(l)
jk ], l = 0, 1h



É °�®M­!·[¯~µ+ª�Á
I(0)

ª�³!¯~°�®
m × m

ª�²I®/«¹¯+ª�¯nºÄ­!·�¯+µ~ª|Á � É °�®M­!·[¯~µ+ª�Á
I(1)

ª�³%¯~°�®c³�Ì¹®
Ã
³~º_­�­%®
¯~µ+ª�¬ É ±H®/»�¸�ª�¯i��­%·[¯~µ+ª�Á

I(1) =




0 −1 1
2 · · · (−1)m−1

m−1

1

���

− 1
2

� � �
1
2��� −1

(−1)m

m−1 · · · − 1
2 1 0




 /.103234657498+2j:�<�k	< Í ÏS®
Ê?«�ª|¯~ª�±T« ����� Í Ð Î|Î L ®�¯ D À:®$·�²�±T­!·[ª�«)ª�«)¯~°�®
w = u+iv

»�¸�·[«�®$Ã,ª|¯~°
»:±Tª�«H¯+³

a 6= b
±T«'¯+°�®�À:±T¶�«?²?·[µ+º�±[´

D
� L ®�¯

z = φ(w)
À:®2·!±¹«�®�¾�¯~±T¾�±¹«�®�¬�±T«�´�±Tµ+­%·T¸	­!·[»

±T´ D ±T«H¯+±5¯~°?®)ª�«IÊ?«�ª|¯~®%³�¯~µ+ª|» Dd ≡ {z ∈ C : z = x + iy, |y| < d} Ã,°�®
µ+® φ(a) = −∞
·T«?²

φ(b) = ∞ � ÏS®/«�±[¯+®�ÀHº
w = ψ(z)

¯~°?®�ª|«_¿T®/µ+³~®�±[´F¯~°�®�­!·[»?»�ª|«?Å
φ
·[«?²�¸�®�¯

× ÒI� Ú Ü
Γ ≡ {w ∈ C : w = ψ(x), x ∈ R} = ψ(R).

L ®
¯
B(D)

²I®/«�±[¯+®�¯~°�®!¬�¸�·T³+³�±[´�´�¶�«G¬z¯~ª�±T«G³
F
·[«?·T¸|ºH¯+ª�¬2ª|« D Ã,°?ª�¬l°�³~·[¯~ª�³n´�º'´�±¹µ(³~±T­%®

¬
±T«?³�¯+·T«¹¯
a ∈ [0, 1)

Â

× ÒI� Ð Ü ∫

Ψ(x+L)

|F (w)dw| = O(|x|a), x → ±∞

Ã,°�®/µ~®
L = {iy : |y| < d} ·[«G²5´�±¹µ γ ·!³�ª�­%»�¸|®�¬
¸|±H³�®*²�¬
±T«H¯~±¹¶�µ$ª|« D

× ÒI� Ø Ü
N(F,D) ≡ lim

γ→∂D

∫

γ

|F (w)dw| <∞

Ã,°�®/µ~®2¯~°�ª�³�¸|ª�­%ª�¯(­%®/·T«?³�¯+°?·�¯�¯~°?®�¬
±T«H¯~±¹¶�µ
γ
ª�³
∂D ª�«M¯+°�®)¸�ª�­�ª|¯ ��ÿ ¶�µ~¯~°�®/µ/Â:´�±Tµ

h > 0
Â

²I®
Ê?«�®�¯~°?®�«�±I²I®/³

× ÒI� � Ü
wk = ψ(kh), k = 0,±1,±2, . . . .

� «�±¹¶�µ�®�Á�·[­%»�¸�®�¬/·[¸�¬�¶�¸�·�¯+ª|±¹«?³�Ã�®�³~°?·[¸�¸:¯+·TÌT®
z = φ(w) = lnw

·[«?² D = {w = reiθ ∈
C | |θ| < d} ³~±c¯~°?·[¯ ψ(z) = ez.

ÿ ±¹µ~­)¶�¸�·¹³�´�±¹µ%ª|«H¯~®/µ~»:±T¸�·�¯+ª|±¹«Çª�«H¿¹±T¸�¿_ª|«�Å�¯~°�®'ª�«IÊ?«�ª|¯~®
¬/·[µl²Iª|«G·[¸�³�®/µ~ª�®/³�´�±¹µ$·)´�¶�«G¬z¯~ª�±T«

f
·Tµ~®(²Iª�³~¬
¶?³+³�®*²�ª�«cÍeÐ Î ·T«?²cÍ �DÒ*Î�l °?®
µ+®TÂIÃ�®(¬
±T«?³~ª�²I®
µ$±T«?¸|º

¯+°�®(¯~µ+¶�«?¬/·�¯~®*²�³~®
µ+ª�®/³ �
É °�®�´�±T¸�¸�±�Ã,ª|«�Åc¯~°?®
±Tµ+®
­ ÅTª�¿T®/³2¯~°?®�®
µ+µ~±¹µ)µ+®/³~¶�¸|¯~ª�«�Å�´�µ+±T­ ²Iª�¼�®
µ+®
«H¯+ª�·[¯~ª�«�Å�¯+°�®'¯~µ+¶�«I¾

¬/·�¯~®*²'¬
·[µl²Iª�«?·[¸;³�®/µ~ª�®/³ � � Ã�®
ª�ÅT°H¯,´�¶�«G¬z¯~ª�±T«
g
ª�³S«�®
®*²I®/²�¯+±5®
«G³�¶�µ+®(¯~°?®�®�ÁIª�³n¯+®
«?¬
®�±[´P¯~°�®

²I®/µ~ª�¿�·�¯+ª|¿¹® � � ³$¶?³~¶?·T¸sÂ dxe ²I®
«?±[¯~®*³$¯~°?®mD ^ @Cn�@CB1o�±T´
x.

�VU3.�8XWK.�Yp:q<�r	<�[Q\E]T^ JK_ ^Q`tsucCdTv Í Ð Î e�f ^ I
φ′F/g ∈ B(D)

NSB+w
h > 0

c f ^ I
φ

M ^ N/JKB ^Qx
IyJ x JSB ^ DHJKB7F%JK_ ` NKn ` Niz)J{F#I ]T^ wuJ ` NK@CB D JKB�I|J Dd

c f ^ I
ψ = φ−1 g wk = ψ(kh) g NSB+w

}



Γ = ψ(R)
c�~ >H>AG `m^ I ] NKI�I ]T^ _ ^�^i� @O>AI�DHJKBX>HIyNKB�I9>

K
NSB+w

L
>%J�I ] NKIEF%JK_�NSnCn

ξ ∈ Γ

× ÒI� Û Ü ∣∣∣∣
dm

dξm

[
g(ξ) sin(πφ(ξ)/h)

2πi(φ(x) − φ(ξ))

]∣∣∣∣ |x∈∂D ≤ Kh−m

NSB+w
× ÒI� � Ü ∣∣∣∣

dm

dξm

[
g(ξ) sinc

(
φ(ξ) − kh

h

)]∣∣∣∣ ≤ Lh−m

F%JS_�NKnCn
m = 0, 1, . . . , n

c�~ >H>AG `?^ I ] NKI�I ]T^ _ ^ NK_ ^ zTJK>H@CI�@C� ^ DiJSBT>AIyNKBXIR>
α, β

NKBEw
C

>QJVI ] NSI
∣∣∣∣
F (ξ)

g(ξ)

∣∣∣∣ ≤ K





exp(−α|φ(ξ)|), ξ ∈ Γa

exp(−β|φ(ξ)|), ξ ∈ Γb

� ]X^ _ ^ Γa ≡ {ξ ∈ Γ : φ(ξ) = x ∈ (−∞, 0)} NKBEw
Γb ≡ {ξ ∈ Γ : φ(ξ) = x ∈ [0,∞)} c� N�� ^ I ]X^ > ^ n ^ D%I�@9JKBX>

× ÒI���/Ù¹Ü
N = dα

β
Me NKBEw (

h =
πd

αM

) 1

2

≤ 2πd

ln(2)
.

\E]T^ B�F%JS_�NKnCn
ξ ∈ Γ

NSB+w
m = 0, 1, . . . , n,

× ÒI���T�*Ü
∥∥∥∥∥
dm

dξm
F (ξ) −

N∑

k=−M

F (wk)

g(wk)

dm

dξm
[g(ξ)S(k, h) ◦ φ(ξ)]

∥∥∥∥∥
∞

≤ KM (m+1)/2e−
√

πdαM .

É °�®S´�±T¸�¸|±�Ã,ª�«�Å(¯~°?®
±Tµ+®
­ ª�³�¶?³~®�´�¶�¸:ª�«!¯~°�®�²I®
¿¹®
¸�±T»�­%®/«¹¯�±T´�¯~°�®(©_ª�«?¬z¾nË(·[¸�®
µ+Ì_ª|«!³+¬l°�®
­%® �

�VU3.�8XWK.�Y�:�<O��< Í Ð�Â É °�®
±¹µ~®/­ Ú � Ú Î ~ >i>AG `m^ I ] NKI�I ]X^ _ ^ NK_ ^ zXJ >A@CIR@C� ^ DiJSBT>AIyNKBXIR>
α g β g NSB+w

K
>QJ�I ] NKI

|F (ξ)| ≤ K





exp(−α|φ(ξ)|), ξ ∈ Γa

exp(−β|φ(ξ)|), ξ ∈ Γb

� ]X^ _ ^ Γa ≡ {ξ ∈ Γ : φ(ξ) = x ∈ (−∞, 0)} NKBEw
Γb ≡ {ξ ∈ Γ : φ(ξ) = x ∈ [0,∞)}NSB+w

F = upw
JK_
uφ′w.

f ^ I
BT = (u′[S(j, h) ◦ φ]w)(x) − (u([S(j, h) ◦ φ]w)′)(x))|ba .� ^ n ^ DQI

N
NSB+w

h
N >�@CBÝ× Ò��|�*Ù¹Ü c

� NH� f ^ I
vw ∈ B(D)

F%JS_
v = f(x)

JS_
qu

c?\E]T^ B

× ÒI���*ÒTÜ
∣∣∣∣∣

∫ b

a

(vw[S(j, h) ◦ φ](x)dx − h
vw

φ′
(xj))

∣∣∣∣∣ ≤ L0M
−1/2 exp(−(πdαM)1/2)

� ]X^ _ ^ L0
@O>�N�DHJKBX>HIyNKB�I�w ^ z ^ BEwK@CB�o/JSB

v
NKB+w

d
c

� M{� f ^ I
u(p[S(j, h) ◦ φ]w)′ ∈ B(D)

NKBEw
BT = 0.

\E]T^ B
∣∣∣∣∣

∫ b

a

(pu′[S(j, h) ◦ φ]w)(x)dx + h

N∑

k=−M

(upw)(xk)
δ
(1)
jk

h
+ h(

u(pw)′

φ′
)(xj)

∣∣∣∣∣

≤ L1M
1/2 exp(−(πdαM)1/2)

� ]X^ _ ^ L1
@O>�N�DHJKBX>HIyNKB�I�w ^ z ^ BEwK@CB�o/JSB

u g p g w g NKBEw d c�



ÿ ª|«G·[¸�¸|º¹ÂHÃ�®S³~°?·[¸�¸:«�®
®*²%¯~°�®S´�±T¸�¸|±�Ã,ª�«�Å�µ+®/³~¶�¸|¯�Ã,°�ª�¬l°5ª�³�³~¶�ª|¯+·[À?¸|®S´�±Tµ�­%±¹µ~®�Å¹®
«�®/µ+·T¸G³~ª|«G¬
½H¶?·¹²Iµ+·[¯~¶�µ+® �

�VU3.�8XWK.�Y�:q<O��< Í Ð�Â É °�®
±¹µ~®/­ ��� Û Î ~ >i>AG `m^ I ]T^ BEJKIyNKI�@9JKB�J{F \+]X^ JK_ ^Q`��1cC�uc ��G7z�zXJ > ^
I ]T^ _ ^ NS_ ^ zTJK>H@CI�@C� ^ DiJSBT>AIyNKBXIR>

α g β g NSB+w K >QJmI ] NSI
∣∣∣∣
F (ξ)

φ′(ξ)

∣∣∣∣ ≤ K





exp(−α|φ(ξ)|), ξ ∈ Γa

exp(−β|φ(ξ)|), ξ ∈ Γb

� ]X^ _ ^ Γa ≡ {ξ ∈ Γ : φ(ξ) = x ∈ (−∞, 0)} NSB+w
Γb ≡ {ξ ∈ Γ : φ(ξ) = x ∈ [0,∞)}.� N�� ^ I ]X^ > ^ n ^ D%I�@9JKBX>

N = dα
β
Me NSB+w

h =

(
2πd

αM

) 1

2

≤ 2πd

ln(2)
.

\E]T^ B�I ]T^ _ ^ @O>�N�DHJKBX>HIyNKB�I
L

w ^ z ^ B+wK@CB�o�JKBXn���JKB
F, d, φ

NKBEw D >AGXD ] I ] NKI
∣∣∣∣∣

∫ b

a

F (x)dx − h

N∑

k=−M

F (xk)

φ′(xk)

∣∣∣∣∣ ≤ L exp(−(2πdαM)1/2).

� ®�±¹À?³~®
µ+¿T®�¯+°?·�¯ É °�®/±Tµ+®
­ ÒI� Ø!µ+®
­!·[ª�«?³�¿D·T¸|ª�²cª�´�× ÒI���/ÙHÜ ª�³�¶?³�®*²�¯+±�³~®
¸�®/¬�¯
N
·[«?²

h.
Ó�«�®�¬
·[«�³~®
®�´�µ~±¹­Ñ¯+°�®�»�µ+±_±[´I±[´_¯+°�ª�³w¯~°?®
±Tµ+®
­ ¯~°G·�¯w¯+°�®�±¹«�¸�º�¬l°?·T«�ÅT®Rª�³w·�¸|±H³~³w±[´_¯~°�®�´i·T¬�¯~±Tµ
±T´

2
ª�«5¯+°�®(®�ÁI»G±¹«�®
«H¯+ª�·T¸GÀ:±T¶�«G²�ÂIÃ,°�ª�¬l°�µ+®/³~¶�¸�¯l³�ª�«5¯+°�®(³~·T­�®(³~±Tµ~¯�±[´;®�ÁI»G±¹«�®
«H¯+ª�·T¸GÀ:±T¶�«G²

·¹³(ª|« É °�®/±Tµ+®
­ Ò�� Ð � � ®5Ã,ª�¸|¸�»�µ~ª�­!·[µ+ª|¸�º�À:®5ª|«H¯+®
µ+®/³�¯~®/²cª�«c¯+°�®5¬
·¹³�®�¯+°?·�¯
φ(x) = lnx,

Ã,°�®/µ~®/¶�»:±T«�¯~°�®�ª�«�®/½H¶?·T¸|ª|¯~ª�®/³$±¹«
F (ξ)

µ~®*²I¶?¬
®�¯+±

|F (ξ)| ≤ K





ξα−1, ξ ∈ Γa

ξ−β−1, ξ ∈ Γb

.

����&�¦��� ?£�¨�§X
-¡/¢�¤w£q��¦�¡u
H¢�¨�¤;¡Ç¤	£'¤G¢q �
w¥+¥�¤G¢u
_¢E §¦S£�¤	¨+¡1 T�
� ®(Ê?µ+³�¯�¬�±¹«?³�ª�²I®/µ$¯~°�®�³�¯~®*·T²IºH¾Y³n¯l·�¯~®�»�µ+±TÀ�¸�®
­

Lc ≡ −(D(x)cx)x + (v(x)c)x + λ(x)c = f(x), x > 0
× �����*Ü

Ac(0) +Bcx(0) = G, B 6= 0
× ���eÒTÜ

c(∞) = 0
× �?� �HÜ
Ã,°�®/µ~®

c = c(x). © ®/¬
·T¸|¸�¯~°?·[¯2±T«�¸�ºc¯~°�®5«G·�¯~¶?µ+·T¸�ÀG±¹¶�«?²�·Tµ~º�¬�±¹«?²Iª|¯~ª�±T«?³ A = v(0)
·T«?²

B = −D(0)
ÂTÅT¶G·[µl·[«H¯~®/®�·(Ã�®
¸�¸I»G±H³�®*²2»�µ+±TÀ?¸|®/­�Â¹³�±(Ã�®�­)¶?³�¯�·T³+³�¶�­%®�¯~°G·�¯R¯~°?®�¬�±T«G³n¯l·[«H¯+³

±T´�× �?� Ò¹Ü °?·D¿T®(À:®
®
«'»�µ+±T»:®
µ+¸�º5¬l°�±¹³~®
« � � ®�²I®�ÊG«�®(¯~°�®�ª�«H¯~®/ÅTµl·[¸�³

× ��� Ú Ü
T (c, u) =

∫ ∞

0

(Dcxux − vcux + λcu)dx
ª



·T«?²

× ��� Ð Ü
R(c, u) =

∫ ∞

0

f(x)udx+

{
c(0)

(
v(0) +

A

B
D(0)

)
−D(0)

G

B

}
u(0).

« ¶?¸�¯+ª|»�¸�º'× �����*Ü À_º
u
·[«?²%ª�«H¯~®/ÅTµl·�¯~®$À_º2»G·[µ~¯+³P¯+±�±TÀI¯l·[ª�«)¯+°?·�¯�× �����*Ü|¬ × ��� �¹Ü ¬
·T«�À:®�Ã,µ+ª�¯~¯~®/«

ª�«�¯+°�®�¿�·[µ+ª�·[¯~ª�±T«?·T¸:´�±Tµ+­

× ��� Ø Ü ∫ ∞

0

(Dcxux−vcux+λcu)dx =

∫ ∞

0

f(x)udx+(−D(0)cx(0) + v(0)c(0))u(0).

­ ³�®�¯~°�®(À:±T¶�«G²�·[µ+º!¬�±T«G²Iª�¯+ª|±¹«�× ���eÒTÜ ¯~±�®
¸�ª|­%ª�«?·�¯+®
cx(0)

·T«?²5Ã�®(¬
·[«�®�ÁI»�µ+®/³+³�¯+°�ª�³$¿D·Tµ~ª�·�¾
¯+ª|±¹«?·[¸�´�±¹µ~­ ·¹³

T (c, u) = R(c, u).® ®
Á_¯,¯~°�®�»�µ+±TÀ?¸|®/­ ª�³$¯+µ+·T«?³�´�±Tµ+­�®*²5ª�«�¯nÃ�±!³n¯+®
»?³�¯+±%±TÀI¯l·[ª�«�Ã,°?·[¯�Ã�®(Ã,ª�¸|¸�µ+®�´�®/µ$¯~±!·T³
¯+°�®�B�G `?^ _A@9DHNKn3� NS_A@9NKI�@9JKB+NSnTF%JK_ ` � � ®)³~®
¸�®/¬�¯�·%´�¶�«G¬z¯~ª�±T«

p(x)
³~¶?¬l°'¯~°G·�¯

p(0) = 1
·[«?²

limx→∞ p(x) = 0
·[¯%·T»�»�µ+±DÁ_ª�­!·�¯+®
¸�º�¯+°�®�³+·[­%®�µ+·[¯~®�·¹³

c(x)
� � ³~ºH­%»I¯+±[¯+ª�¬�­%®�¯~°?±_²?³

³~¶?¬l°�·¹³ �°¯�± ¬/·[«�À:®�¶?³�®*²�¯+±�®*³n¯+ª|­!·�¯+®�¯+°�ª�³(µl·�¯+®TÂ�À�¶I¯(Ã�®)«�±T¯~®)¯~°?·[¯�ª�«�»?µ+·¹¬z¯~ª�¬�®2¯~°�®
­%®�¯+°�±I²�Ã�·¹³�³~±T­%®/Ã,°?·�¯,ª�«?³�®/«?³~ª�¯+ª|¿¹®�¯+±%¯~°�®(»?·Tµ�¯+ª�¬
¶�¸�·[µ�¬l°�±¹ª�¬
®�±T´

p
�

Ï�®�Ê?«�®

× ��� � Ü
q0(x) =

(G/B)x

x+ 1
p(x)

³~±(¯~°?·[¯
q0(0) = 0

·[«?²
q′0(0) = G/B

Â_·[«?²
q0
³~·[¯~ª�³nÊ?®*³P¯~°?® ÿ ±¹¶�µ~ª�®
µ�ÀG±¹¶�«?²�·Tµ~º�¬�±T«G²Iª�¯+ª|±¹«

× ���eÒTÜl� Ï�®�Ê?«?®
× ��� Û Ü

q1(x) =
−(A/B + p′(0) − 1)x+ 1

x+ 1
p(x)

³~±S¯+°?·�¯
q1(0) = 1

·[«?²
q′1(0) = −A/B � ��®
«G¬�® q1 ³~·[¯~ª�³nÊG®/³;¯~°�®$°�±¹­%±TÅT®/«�®
±¹¶?³;ÀG±¹¶�«?²�·Tµ~º¬
±T«?²Iª|¯~ª�±T«

× ��� � Ü
Aq1(0) +Bq′1(0) = 0.

® ±�Ã ²I®
Ê?«�®

× �����/Ù¹Ü
c̃(x) ≡ c(x) − q0(x) − c(0)q1(x).

É °�®/«
c̃
³+·�¯~ª�³�Ê?®/³�¯+°�®�°�±T­%±¹ÅT®
«?®
±T¶G³�¬
±T«?²Iª|¯~ª�±T«

× �����T�*Ü
Ac̃(0) +Bc̃′(0) = 0,

·T«?²�³~ª�«?¬�®
c̃(0) = 0

Ã�®(°?·D¿¹®�¯~°?·[¯
c̃′(0) = 0

�
É °_¶?³/ÂI´�µ~±¹­ × �?�|�DÜ ·[«?²�× �?�|�*Ù¹Ü ¯~°�®�«_¶�­%®/µ~ª�¬
·T¸�¿D·Tµ~ª�·�¯+ª|±¹«?·[¸:´�±¹µ~­ ª�³

× �����*ÒTÜ
T (c̃, u) + T (q0, u) + c(0)T (q1, u) = R(c, u).

ÿ ±¹µ;·�©_ª�«?¬�¾YË(·T¸|®/µ~Ì_ª�«(·T»�»�µ+±DÁIª|­!·�¯+ª|±¹«�Ã�®�¬l°�±_±H³�®P¯+®/³�¯	´�¶�«?¬�¯~ª�±T«?³
uj(x) = w(x)S(j, h)◦

φ(x)
Ã,°�®/µ~®

w(x)
ª�³�·!Ã�®
ª�ÅT°H¯,´�¶�«?¬�¯~ª�±T«�·T«?²

φ(x)
ª�³�·!¬�±T«�´�±Tµ+­%·T¸	­!·[»'´�µ+±T­

(0,∞)
¯~±

²



(−∞,∞)
Â�³~¶?¬l°Ñ·¹³

φ(x) = ln(x)
� É °�ª�³�ª�³�«�±T¯5¯~°�®c±T«�¸�ºÄ»G±H³~³~ª|À?¸|®�¬l°?±Tª�¬�®�´�±¹µ

φ(x)
·T«?²�´�±Tµ2´�¶�µ�¯+°�®
µ�²Iª�³~¬
¶?³~³~ª�±T«�±[´,¯+°�®�·T¸�¯+®
µ+«?·�¯+ª|¿¹®/³/ÂwÃ�®5µ~®
´�®
µ2¯~°�®5µ+®/·¹²I®
µ�¯~±ÈÍeÐ_ÂP» � �S��¼ Î��
É °�®�¶�«�Ì_«�±�Ã,«

c(0)
Ã,ª|¸�¸�À:®5±¹ÀI¯+·Tª|«�®*²�¿_ª�·�·T«Ç·[¶IÁIª�¸|¸�·[µ+ºM®/½H¶?·[¯~ª�±T«Æ²I®/µ~ª�¿T®*²�·[¯�¯~°?®5®
«?²

±T´�¯+°�ª�³�³~®/¬�¯~ª�±T«	ÂS·T«?²ÝÃ,ª�¸|¸�ÀG®c´�±T¶?«?² À:®�´�±Tµ+®�³~±T¸�¿_ª|«�ÅÇ¯~°�®c¸|ª�«�®/·Tµ�³~ºI³n¯+®
­ ±TÀI¯l·[ª�«�®/² À_º
±¹µ�¯+°�±TÅ¹±T«?·T¸|ª��
ª�«�Å�¯+°�®'µ~®*³�ª�²I¶?·T¸�ª�« × �����*Ò¹Ül� É °H¶G³
Â�´�±Tµ�¯~°�®'»�µ+®/³~®
«H¯!²I®
µ+ª�¿D·[¯~ª�±T«	Â�Ã�®�Ã,ª�¸|¸
µ+®
ÅH·[µl²

c(0)
·T³�Ì_«�±�Ã,« � � ³+³~¶�­%ª|«�Å

c̃
³~·[¯~ª�³nÊ?®*³�¯~°�®�°_º_»:±[¯~°?®/³~®/³�±[´ É °�®
±¹µ~®/­ ÒI� Ú?ÂIÃ�®�¬
·[«

·T»�»�µ+±DÁ_ª�­!·�¯+®
c̃
ÀHº

× �������¹Ü
c̃m(x) =

Nx∑

j=−Mx

dj

γ(xj)
γ(x)S(j, h) ◦ φ(x)

Ã,°�®/µ~®
γ
ª�³�·T«M·[»�»�µ+±T»?µ~ª�·�¯+®
¸�º�¬l°�±H³�®/«�Ã�®/ª|Å¹°¹¯S´�¶�«?¬z¯+ª|±¹«�³~±!¯~°?·[¯

c̃′(x)
ª�³�·¹¬
¬
¶�µ+·[¯~®/¸|º�·[»I¾

»�µ+±DÁIª|­!·[¯~®/²)À_º�¯+°�®S²I®/µ~ª�¿�·�¯~ª�¿T®$±T´:¯+°�®�¬
·Tµ+²�ª|«?·T¸?³~¶�­'Â¹·[«G²
h
Â
Mx

·[«?²
Nx

·Tµ~®�¬l°?±¹³~®
«%·T¬z¾
¬
±Tµl²Iª|«?Å�¯+± É °�®/±Tµ+®
­ Ò�� Ú � � ®S²I®
Ê?«�®,¯+°�®�³~ª�«?¬,«�±I²I®*³

xk = φ−1(kh)
Â
k = −Mx, . . . , Nx·T«?²�¸�®�¯

m = Mx +Nx + 1
� ® ±T¯~®�¯~°G·�¯

c̃m(xk) = dk.

ÿ ±Tµ(·!¯~µ+¶�®!Ë(·[¸�®
µ+Ì_ª|«M­%®
¯~°�±I²�Â�Ã�®�¬l°?±H±H³�®�¯~°�®�Ã�®/ª|Å¹°H¯�´�¶�«G¬z¯~ª�±T«
w(x) = γ(x)

Â	À?¶I¯�¯+°�®
´�±¹¸|¸�±�Ã,ª|«?Å�²I®/µ~ª�¿�·�¯+ª|±¹«�ª�³,¬
·Tµ~µ+ª|®*²�±¹¶I¯$´�±Tµ�·�ÅT®/«�®
µl·[¸

w
�

® ±T¯~®�¯+°?·�¯�²Iª�¼�®
µ+®
«H¯+ª�·[¯~ª�«�Å�¯~°�®c·[»�»�µ+±DÁIª|­!·[¯~ª�±T« × �������HÜ ¯~±
c̃
·[«G²Ý®
¿�·[¸�¶?·�¯+ª|«?ÅÇ·�¯

xkº_ª�®
¸�²�³

c̃′m(xk) =

Nx∑

j=−Mx

dj

γ(xj)
(γ(xk)S(j, h) ◦ φ(xk))′

Ã,°�ª�¬l°�ª�³(®�ÁI»:±T«�®/«H¯~ª�·[¸�¸|ºM·¹¬
¬�¶?µ+·[¯~®�ÀHº É °?®
±Tµ+®
­ Ò�� Ú � ® ±�Ã À_º'¯~°�®5²�®�Ê?«�ª|¯~ª�±T«�±[´
δ
(i)
jk

ª�«
É °�®/±Tµ+®
­ Ò�� Ò Â

c̃′m(xk) =
dk

γk
γ′k +

1

h

Nx∑

j=−Mx

dj

γj
γkδ

(1)
jk φ

′
k .

Ã,°�®/µ~®�·%³~¶�À?³+¬�µ+ª|»I¯,±T´
k
²I®
«?±[¯~®*³$®
¿�·[¸�¶?·[¯~ª�±T«'·�¯,¯~°?®�«?±_²�®

xk
Â ^7c o c Â

γk ≡ γ(xk)
�

ÿ ±¹µ%¯~°�®�µ~®/­%·Tª|«G²I®
µ%±[´�¯~°?ª�³5³~®/¬�¯~ª�±T«ÝÃ�®'·¹²I±T»�¯!¯~°�®�Ô�ª�«?³�¯~®/ª|« ³~¶�­%­%·[¯~ª�±T«Ý«�±T¯+·�¯+ª|±¹«
Ã,°�®/µ~®�Ã�®%³~¶�­ ±�¿¹®
µ�·[«_º�µ+®
»:®/·[¯~®/²cª�«?²I®�Ácª|«�·�»�µ~±I²I¶G¬z¯�±Tµ�½H¶�±T¯~ª�®
«H¯�¶�«�¸�®/³+³�±T¯~°�®/µ~Ã,ª�³~®
ª�«?²Iª�¬
·[¯~®/² � É °H¶G³
Â:·[»�»�¸�º_ª|«?Å!¯~°�®�³�ª�«?¬�½H¶?·¹²Iµl·�¯~¶?µ~®(´�±¹µ~­)¶�¸�·%±T´ É °�®
±¹µ~®/­ Ò�� Ø�¯+±

T (c̃, uj)º_ª�®
¸�²�³

× ����� Ú Ü
Tquad(c̃, uj) =

h

φ′k
(Dkc̃

′
k(uj)

′
k − vk c̃k(uj)

′
k + λk c̃k(uj)k) .

³



É °_¶?³/Â

Tquad(c̃m, uj) =
h

φ′k

(
Dk

{
γ′kdk

γk
+
dr

γr
γkδ

(1)
rk

φ′k
h

}
(u′j)k − vkdk(u′j)k + λkdk(uj)k

)
.

® ±[¯~®�¯+°?·�¯,´�±¹µ,±T¶�µ�¬l°�±¹ª�¬
®
uj = wS(j, h) ◦ φ Â

(uj)k = wkδ
(0)
jk

·T«?²
(u′j)k = w′

kδ
(0)
jk + wkδ

(1)
jk

φ′k
h
, (no sumon k)

©_±

Tquad(c̃m, uj) =
h

φ′k
[Dk

{
γ′kdk

γk
+
dr

γr
γkδ

(1)
rk

φ′k
h

}(
w′

kδ
(0)
jk + wkδ

(1)
jk

φ′k
h

)× ����� Ð Ü

= −vkdk

(
w′

kδ
(0)
jk + wkδ

(1)
jk

φ′k
h

)
+ λkdkwkδ

(0)
jk ]

ÿ ±¹µ�®*·T³~®�ª�«MÀ�¶�ª�¸�²�ª|«�Å�¯~°�®�²Iª�³~¬
µ~®
¯~®)³~ºI³n¯+®
­'Â:Ã�®)¶?³�®�¯~°�®�»�µ+±T»:®
µ~¯nº�¯+°?·�¯
δ
(1)
ij = −δ(1)ji·T«?²�µ+®
Å¹µ~±¹¶�»5¯+°�®(¯~®/µ~­!³$ª�«Æ× ����� Ð Ü ¯~±%±TÀI¯l·[ª�«�¯+°�®(´�±T¸�¸�±�Ã,ª|«�Å%®
Á_»?µ~®*³~³~ª|±¹«c×i«�±!³�¶�­ ±T«

j
Üz�

× ����� Ø Ü

Tquad(c̃m, uj) = h
Djw

′
jγ

′
j

φ′jγj
dj − γjDjw

′
jδ

(1)
jr

1

γr
dr + δ

(1)
jk

wkDkγ
′
k

γk
dk

− 1

h
δ
(1)
jk wkDkγkφ

′
kδ

(1)
kr

1

γr
dr − h

vjw
′
j

φ′j
dj − δ

(1)
jk vkwkdk +

h

φ′j
λjwjdj .

L ®
¯
Diag(·) ²I®
«�±T¯~®!·'²Iª�·[ÅT±¹«?·[¸P­!·�¯+µ~ª|Á�±T´�«�±I²I®%®
¿�·T¸|¶?·[¯~ª�±T«?³ � � ¸�³�±GÂ	ª�«�Å¹®
«�®/µ+·T¸PÃ�®

¸�®�¯
Vec(f)

²I®
«�±T¯~®�·M¿T®/¬�¯~±¹µ�±[´,«�±I²I®5®/¿�·[¸�¶?·�¯+ª|±¹«?³�±[´,¯+°�®!´�¶�«G¬z¯~ª�±T«
f(x)

·�¯2«�±I²I®*³
xj ,

j = −Mx, . . . , Nx.
É ±c·D¿¹±Tª�²�³~¶�À?³+¬�µ+ª�»I¯)·[­)À�ª�ÅT¶�ª|¯nºTÂP¸�®�¯

d(x) = c̃m(x).
� ®�³�®/®!´�µ+±T­

× �������¹Ü ¯~°G·�¯
Vec(d) = {dj}Nx

j=−Mx
.
L ®�¯~¯~ª�«�Å

j = −Mx, . . . , Nx
ª�« × ����� Ð Ü º_ª�®
¸�²�³�¯~°�®

³~ºI³n¯+®
­

× ����� � Ü {Tquad(c̃m, uj)}Nx

j=−Mx
= M · Vec(d)

Ã,°�®/µ~®�¯+°�®�­!·�¯~µ+ª|Á
M

ª�³$ÅTª�¿T®/«�À_º

M ≡ hDiag

(
Dγ′w′

γφ′

)
+ I(1) Diag

(
Dγ′w

γ

)
− Diag(Dγw′)I(1) Diag

(
1

γ

)

−I(1) Diag(Dγφ′w)
1

h
I(1) Diag

(
1

γ

)
− hDiag

(
vw′

φ′

)
− I(1) Diag(vw) + hDiag

(
λw

φ′

)

·T«?²�Ã,°?®
µ+®
I
(1)
ij = δ

(1)
ij

·¹³,²I®�ÊG«�®/²�ª�«�× ÒI� �¹Ü�� É °�®�ª|«H¯+®
ÅTµl·[¸�³
T (qi, wS(j, h) ◦ φ)

Â
i = 0, 1

·Tµ~®�·[»�»�µ+±DÁIª|­!·[¯~®/²�À_º
Tquad(qi, uj)

·T³�ª�«Ä× ����� Ú Üz� ©_ª�«?¬
®)¯+°�®%´�¶�«?¬�¯~ª�±T«?³
qi
·[µ+®)Ì_«�±�Ã,«	Â

²I®/«�±[¯+ª|«?Å�¯~°�®�²Iª�³~¬
µ~®
¯~®�·T»�»�µ+±DÁ_ª�­!·�¯+ª|±¹«?³�¯~± {T (qi, uj)}Nx

j=−Mx

À_º
Ti
Â
i = 0, 1

Â$× �?�|� Ú Ü
þ{´



º_ª�®
¸�²�³�¯~°�®�¿¹®/¬�¯~±Tµl³

Ti = I(1) Diag(Dw) Vec(q′i) − I(1) Diag(vw) Vec(qi) + hDiag(
λw

φ′
) Vec(qi)

+ hDiag(
Dw′

φ′
) Vec(q′i) − hDiag(

vw′

φ′
) Vec(qi).

©_ª�«?¬
®
u(0) = 0

Â:¯~°�®%²Iª�³~¬
µ~®
¯~ª��
®*²
R(c, uj), j = −Mx, . . . , Nx

²I±_®/³�«�±T¯�ª�«H¿¹±T¸�¿T®
c(0)

·T«?²�ª�³,³~ª|­%»�¸�º

× ����� Û Ü
Rdis ≡ hDiag(

w

φ′
) Vec(f).

É °_¶?³/Âw¯+°�®�²�ª�³+¬�µ+®�¯+®�³�ºI³�¯~®/­ ¬
±Tµ+µ~®*³�»:±T«?²�ª|«�Å�¯+±M¯~°?®5¿�·[µ+ª�·[¯~ª�±T«?·T¸R´�±Tµ+­ × ��� Ø Ü Ã,ª|¯~°
uj =

wS(j, h) ◦ φ Â j = −Mx, . . . , Nx
ª�³

× ����� � Ü
M Vec(d) + T0 + c0T1 = Rdis

Ã,°�®/µ~®
c0 = c(0).

L ®
¯
w0 ≡ M−1(Rdis − T0)

·[«?²
w1 ≡ M−1T1

·[«?²cÃ�®�­!·DºMÃ,µ+ª�¯+®
¯+°�ª�³$®*½H¶?·�¯+ª|±¹«�ª�«�¯~°�®(´�±¹µ~­

× ���eÒ[Ù¹Ü
Vec(d) = w0 − c0w1.

� ®�·[»�»�¸�º%¯~°?®�´�±¹¸|¸�±�Ã,ª�«�Å�³+¬l°�®/­�®�´�±¹µ$¬
±T­%»�¶I¯+ª|«?Å
c0

� � «H¯~®
Å¹µ+·[¯~ª�«�Å�× �?�|�DÜ ´�µ+±T­
0
¯+± ∞

·T«?²�·T»�»�¸�º_ª|«�Å�¯+°�®�ÀG±¹¶�«?²�·Tµ~º�¬�±T«G²Iª�¯+ª|±¹«�º_ª�®
¸�²�³
∫ ∞

0

(f(x) − λ(x)c)dx = D(0)cx(0) − v(0)c(0)
× ���eÒI�DÜ

= D(0)
G

B
− c0

(
v(0) +

A

B
D(0)

)

± º!¯+°�®�³�ª�«?¬(½H¶?·T²�µ+·[¯~¶�µ+®�µ+¶�¸�®5×i·T«?²5¯+°�®�Ô�ª�«?³�¯~®
ª�«M³~¶�­%­%·[¯~ª�±T«�«�±[¯l·�¯+ª|±¹« Ü Ã�®(°?·D¿¹®
∫ ∞

0

f(x)dx ≈ h
fk

φ′k

·[«G² ∫ ∞

0

λ(x)c(x)dx ≈ h
λkck
φ′k

³~±�¯~°?·[¯

× ���eÒTÒTÜ
h
fk

φ′k
− h

λkck
φ′k

≈ D(0)
G

B
− c0

(
v(0) +

A

B
D(0)

)
.

� ®�°?·D¿T®

× ���eÒS�¹Ü
ck = c̃k + (q0)k + c(0)(q1)k, k = −Mx, . . . , Nx

³~±�¯~°?·[¯

× ���eÒ Ú Ü
ck ≈ (w0 − c0w1)k + (q0)k + c0(q1)kþ+þ



©_¶?À?³n¯+ª�¯+¶I¯~ª�«�Å%´�±¹µ
ck
ª|«�× �?� Ò¹ÒTÜ º_ª|®/¸�²�³�¯+°�®(´�±T¸�¸�±�Ã,ª|«�Å%®*½¹¶G·�¯~ª�±T«j�

× ���eÒ Ð Ü
h
fk

φ′k
− h

λk

φ′k
{(w0 − c0w1)k + (q0)k + c0(q1)k} ≈ D(0)

G

B
− c0

(
v(0) +

A

B
D(0)

)
.

� ®�³�±¹¸|¿¹®S´�±¹µ
c0
¯~±%±¹ÀI¯+·Tª|«

× ���eÒ Ø Ü
c0 =

D(0)G
B + h

φ′

k

{λk ((w0)k + (q0)k) − fk}
v(0) + A

BD(0) + hλk

φ′

k

{(w1)k − (q1)k}
� ®�³�¶�­%­!·[µ+ª��
®�¯~°�®�·T¸|Å¹±Tµ+ª�¯+°�­ ´�±Tµ$¯+°�®�³~±T¸�¶I¯~ª�±T«�¯~±%¯+°�®���ÏSÔ��

�¶µ9·+8XWK4657U-Y
× �*Ü�ÿ ±¹µ~­

M
Â
T0
Â?·[«?²

T1
�

× ÒTÜ ��±T­%»�¶I¯+®
w0 ≡M−1(R− T0)

·[«?²
w1 ≡M−1T1

�
× �¹Ü ��·[¸�¬�¶�¸�·�¯+®

c0
À_º�× �?� Ò Ø Üz�

×iÚ Ü ��·[¸�¬�¶�¸�·�¯+®
Vec(d)

´�µ+±T­ × ���eÒ[ÙHÜz�
×�Ð Ü ��±T­%»�¶I¯+®

Vec(c)
´�µ~±¹­ × �?� Ò Ú Ü��

Ú ��¸�¤w¡q¹- �£E,	 �¡;§� jº�¡q
	¡H¥3�/¨6�
� «È±¹µ+²�®
µ�´�±¹µ2¯+°�®'²Iª�³+¬�µ+®�¯+ª»�*·�¯+ª|±¹«?³�Ã�®�°?·D¿¹®5®
­%»�¸�±�ºT®*²�¯~±cÀG®�¿�·[¸�ª�²	ÂP¯~°�®�°_ºH»:±[¯+°�®/³~®/³

±T´ É °�®/±Tµ+®
­!³ ÒI� Ú[¾ ÒI� ØÈ°?·D¿¹®�¯+±ÝÀG®Ç³+·�¯+ª�³�Ê?®/²Ñ´�±Tµ�­!·T«Hº ´�¶�«?¬z¯+ª|±¹«?³�ª�« ±T¶�µ�²Iª�³~¬
¶?³+³�ª�±T« �
É °�µ+±T¶?ÅT°�±¹¶I¯�¯~°�ª�³%³�®*¬z¯+ª|±¹«ÆÃ�®�·T³+³�¶�­%®!¯+°?·�¯�¯~°?®�¬�±_®
Þ!¬
ª|®/«H¯+³

D, v, λ
·[«?²

f
ª�«Ñ× �����*Ü�¬

× ��� �¹Ü ·[«?²È¯~°?®�¶?«�ª�½H¶�®M³~±T¸�¶I¯+ª|±¹«
c
·[µ+®�·T«?·[¸�ºH¯~ª�¬�ª�«Ä¯~°�®�³~ª|­%»�¸�º ¬
±T«�«?®/¬z¯+®/²Ä²I±T­!·Tª|«

D
¬
±T«H¯+·Tª|«�ª�«�Å

0
·[«?² ∞ ±¹«�ª|¯+³�ÀG±¹¶�«?²�·Tµ~º�·T«?²�¯~°?·[¯

φ
ª�³�·!¬
±T«I´�±¹µ~­!·[¸�­!·[»'±T´ D ±¹«¹¯+±�¯~°�®

³�¯~µ+ª|» Dd ≡ {z ∈ C : z = x + iy, |y| < d} ³�¶G¬l°c¯+°?·�¯ φ(0) = −∞ ·[«?²
φ(∞) = ∞.� ³~³~¶�­%®S·[¸�³~±(¯~°?·[¯

q0, q1, Dc̃
′(wS(k, h)◦φ)′

Â
vc̃(wS(k, h)◦φ)′

Â
λc̃, λc̃w, λc̃w ∈ B(D)

�
� ®�·T³+³�¶?­�®�¯~°G·�¯S¬�±¹«?³�¯+·[«H¯l³

α, β
¬/·[«�ÀG®(´�±¹¶�«?²'³~¶?¬l°�¯+°?·�¯,¯+°�®�®�ÁI»:±T«�®/«H¯~ª�·[¸�ª�«�®/½H¶?·T¸|ª|¯nº

|F (ξ)| ≤ K





exp(−α|φ(ξ)|), ξ ∈ Γa

exp(−β|φ(ξ)|), ξ ∈ Γb

Ã,°�®/µ~®
Γa ≡ {ξ ∈ Γ : φ(ξ) = x ∈ (−∞, 0)} ·[«G²

Γb ≡ {ξ ∈ Γ : φ(ξ) = x ∈
[0,∞)} ª�³�³+·�¯~ª�³�Ê?®/²�´�±¹µS·[¸�¸�´�¶�«?¬�¯~ª�±T«?³ F «�®
®*²I®/²�¯+±5¿�·[¸�ª�²�·[¯~®(¯+°�®2³~ª|«?¬2½¹¶G·T²Iµl·�¯+¶�µ~®*³,·[«?²
ª�«H¯~®
µ+»:±T¸�·�¯~ª�±T«G³�¶G³�®*²�ª�«'±T¶�µ�·T¸|Å¹±Tµ+ª�¯+°�­ � Ë�ª�¿T®/«

Mx
Â?¬l°�±_±¹³~®

×iÚ ���*Ü
Nx = dα

β
Mx + 1e ·[«?²

h =

(
πd

αMx

)1/2

.

Ï�®
«�±T¯~®�¯+°�®�©Iª|«?¬�¾YË(·T¸|®/µ~Ì_ª�«�³�±¹¸|¶I¯+ª|±¹«�±TÀI¯l·[ª�«�®/²'À_º�¯~°?®�­%®�¯~°?±_²M±[´�©_®*¬z¯~ª�±T« � ÀHº
cm(x)

Â

m = Mx +Nx + 1
� É °�®
«�Ã�®�Ã,ª�³�°'¯+±!Ê?«?²�·%À:±T¶�«G²'±T« ‖c− cm‖∞

� © ®*¬
·T¸|¸�Â uj(x) =

w(x)S(j, h) ◦ φ(x)
� �S®
µ+®(Ã�®�Ã,ª�¸|¸;¬l°�±_±¹³~®

w(x) ≡ γ(x) = x/(10 + x)2
Â?·T³$¶G³�®*²�ª�«�¯~°�®

þ!�



¬
±T­%»�¶I¯l·�¯~ª�±T«G³ � ×�ÓS¯+°�®
µ�¬l°�±Tª�¬�®*³�·[µ+®!»G±H³~³~ª�À�¸|® � ©_±T­%®�
n¶?³�¯~ª|ÊG¬/·�¯~ª�±T«�´�±¹µ�¯+°�ª�³2»?·[µ~¯~ª�¬�¶?¸�·Tµ
w(x)

ª�³$ÅTª�¿T®/«�·[¯,¯~°�®�À:®
Å¹ª|«�«?ª|«�Å%±T´R©_®*¬z¯+ª|±¹«'Ð � Ü�ÿ µ+±T­ × �����*Ò¹Ü Ã�®(°?·D¿¹®
×iÚ �eÒTÜ

T (c̃, u) = R(uj) −GT (q0, uj) − c(0)T (q1, uj).

L ®�¯$¯~°�®�¿¹®/¬�¯~±Tµ
g
À:®�²I®
Ê?«�®/²�¯+±�°G·D¿T®

j
¯+°'¬
±T­%»:±T«�®/«¹¯

gj ≡ R(uj) −GT (q0, uj) − c(0)T (q1, uj).

� ®�²I®�ÊG«�®�¯~°�®�wS@O>%DQ_ ^ IR@»¼7NSIR@9JSB ^ _A_½JK_�� ^ D%IyJK_

e1 ≡ Tquad(c̃, uj) − T (c̃, uj)

Ã,°�®/µ~®
c̃
ª�³�¯+°�®�®�Á�·T¬�¯$³~±T¸�¶I¯~ª�±T«5¯~±'× �����*Ò¹Ü ÂIª � ® � Â

T (c̃, uj) = gj
� � ®�²�®�Ê?«�®�¯+°�®�_A@�o ] I xR] NSB+w

>A@9w ^#^ _A_½JK_�� ^ D%IyJK_

e2 ≡ gj − g̃j

Ã,°�®/µ~®
g̃j ≡ Rdis(uj) −GTquad(q0, uj) − c(0)Tquad(q1, uj)

�
® ±�ÃÑ¸�®�¯

c̃m
³~±T¸�¿T®

Tquad(c̃m, uj) = g̃j
� É °�®
«

Tquad(c̃− c̃m, uj) = T (c̃, uj) + e1 − g̃j
×iÚ � �¹Ü

= gj + e1 − (gj − e2)

= e1 + e2.

É °�µ+±T¶?ÅT°�±¹¶I¯�¯+°�ª�³�³�®*¬z¯+ª|±¹«�Ã�®�³�°?·T¸|¸	·TÀ�À�µ+®
¿_ª�·�¯~®�¯+°�®�ª|«�Ê?«�ª|¯nº5«�±Tµ+­ ¯+± ‖·‖∞ = ‖·‖ .

��.1Y¾YÀ¿Ár-<9=+<�~ >H>AG `?^ I ] NKI#I ]X^ DHJ ^9Â DQ@ ^ B�I9>
D, v, λ

NSB+w
f

@CB × �?�|�DÜAÃ × ��� �¹Ü NKBEwÄI ]T^
G�B�@9Å%G ^ >QJKn�G�I�@9JKB

c
NS_ ^ NKBENKn��KI�@9D/@CBÆI ]T^ >A@ ` z+n��'DiJSBXB ^ DQI ^ wjw�J ` NS@CB Dw

c f ^ I
φ

M ^ I ]T^
DHJKB7F%JK_ ` NKn ` NHzÄJ{F Dw

JKB�I|J DS
c�Ç @C� ^ B

Mx g D ] J7J > ^

Nx = dα
β
Mx + 1e NKBEw

h =

(
πd

αMx

)1/2

.

~ >i>AG `m^ NKn�>QJ'I ] NSI
Dc̃′(wS(k, h) ◦ φ)′ g vc̃(wS(k, h) ◦ φ)′ g λc̃w ∈ B(D)

c f ^ I
N =

min(Mx, Nx)
cm\E]T^ B

×iÚ � Ú Ü ‖e1‖∞ ≤ K(M1/2
x +M2

x +N3/4
x ) exp(−

√
πdαN).

È _iJ�J!F c � ®�¸|®
¯
K

ÀG®c·Æ¬�±T«G³n¯l·[«H¯/Â�ª|«G²I®
»:®
«?²�®
«H¯�±[´
Mx

Ã,°�ª�¬l°ÝÃ,ª|¸�¸�À:®M»:®
µ+­�ª|¯�¯+®/²Ä¯+±
¬l°?·T«�ÅT®�Ã,ª|¯~°�±¹¶I¯�µ~®/¸�·TÀG®/¸|ª�«�Å � Ï�®�ÊG«�®

×iÚ � Ð Ü
ηm(x) =

Nx∑

k=−Mx

c̃(xk)

γ(xk)
γ(x)S(k, h) ◦ φ(x).

þ!"



É °�®/«

|Tquad(c̃, uj) − T (c̃, uj)| ≤ |Tquad(c̃, uj) − Tquad(ηm, uj)| + |Tquad(ηm, uj) − T (ηm, uj)|

+ |T (ηm, uj) − T (c̃, uj)|.
± º É °�®/±Tµ+®
­ Ò�� Ð

|Tquad(ηm, uj) − T (ηm, uj)| ≤ L2M
1/2
x exp(−

√
πdαMx).

± ºc× ����� Ú Ü ·T«?² É °�®
±¹µ~®/­ ÒI� Ú

|Tquad(c̃, uj) − Tquad(ηm, uj)|

≤ h

(∣∣∣∣
Dk(u′j)k

φ′k

∣∣∣∣ |(c̃
′ − η′m)k| +

∣∣∣∣
vk(u′j)k

φ′k

∣∣∣∣ |(c̃− ηm)k| +
∣∣∣∣
λk(uj)k

φ′k

∣∣∣∣ |(c̃− ηm)k|
)

≤ hKMxe
−
√

πdαMx

(∣∣∣∣
Dk(u′j)k

φ′k

∣∣∣∣+
∣∣∣∣
vk(u′j)k

φ′k

∣∣∣∣+
∣∣∣∣
λk(uj)k

φ′k

∣∣∣∣
)

©_ª�«?¬�®
h ≤ KM

−1/2
x

·[«G² |1/φ′k| ≤ KM
1/2
x

Â?Ã�®(°?·D¿¹®

|Tquad(ηm, uj) − Tquad(c̃, uj)| ≤ KMxe
(−

√
πdαMx)(|Dk(u′j)k| + |vk(u′j)k| + |λk(uj)k|)

©_ª�«?¬�®
w
·T«?²

w′ ·[µ+®%ÀG±¹¶�«?²I®*²�·T«?² |S(k, h) ◦ φ(x)| ≤ 1
·[«?² |(S(k, h) ◦ φ)′(x)| ≤

KMx
Â

×iÚ � Ø Ü |Tquad(ηm, uj) − Tquad(c̃, uj)| ≤ KMxe
−
√

πdαMx(K1Mx +K2Mx +K3).

©_±

×iÚ � � Ü |Tquad(ηm, uj) − Tquad(c̃, uj)| ≤ KM2
x exp(−

√
πdαMx).

ÿ ª|«G·[¸�¸|º¹Â�À_º���±¹¸�²I®/µ/Õ ³$ª�«�®/½H¶?·T¸|ª|¯nº

|T (ηm, uj) − T (c̃, uj)|

≤
∣∣∣∣
∫ ∞

0

D(η′m − c̃′)u′jdx

∣∣∣∣+
∣∣∣∣
∫ ∞

0

v(ηm − c̃)u′jdx

∣∣∣∣+
∣∣∣∣
∫ ∞

0

λ(ηm − c̃)ujdx

∣∣∣∣

≤ ‖Du′j‖2‖η′m − c̃′‖2 + ‖vu′j‖2‖ηm − c̃‖2 + ‖λuj‖2‖ηm − c̃‖2

� «���°?·[»�¯~®
µ,ÚGÂ�Í �DÒ*Î ±¹«�®�Ê?«?²�³$¯+°�®�À:±T¶�«?²

| d
dx
S(k, h) ◦ log(x)| ≤ Cπx−1/h,

×�Ú � Û Ü

Ã,°�ª�¬l°�ª|­%»�¸�ª|®*³
Â�´�±Tµ,±T¶?µ�¬l°�±Tª�¬�®
γ = x/(10 + x)2

Â

‖Du′j‖ ≤ ‖D‖∞‖dγ
dx
S(j, h) ◦ φ+ γ

d

dx
S(j, h) ◦ φ‖2 <∞.

×�Ú � � Ü
þ h



©_ª�­%ª|¸�·[µ+¸�ºTÂ ‖vu′j‖ <∞ � ± º5®*½¹¶G·�¯~ª�±T«�×�Ú � Ú �|�7�¹Ü Â�Í �DÒ*Î Â

‖η′m − c̃′‖2 ≤ C1N
3/4
x e(−

√
πdαNx)×iÚ ���/Ù¹Ü

‖ηm − c̃‖2 ≤ C0N
1/4
x e(−

√
πdαNx)×iÚ ���T�*Ü

ÿ ª�«?·[¸�¸|º¹Â�³�ª�«?¬
® ‖uj‖2 <∞ Â�Ã�®(°?·D¿¹®

|T (ηm, uj) − T (c̃, uj)| ≤ KN3/4
x e(−

√
πdαNx).

É °�ª�³$»�µ+±�¿T®*³�¯+°�®�¸�®
­%­!· �
�

��.1Y¾YÀ¿Ér	<C:q< ‖e2‖∞ ≤ KM
1/2
x exp(−

√
πdαMx)

È _iJ�J!F c ± º É °�®/±Tµ+®
­ Ò�� Ð

|gj − g̃j | ≤ |R(uj) −Rdis(uj)| + |G||T (q0, uj) − Tquad(q0, uj)|

+ |c(0)||Tquad(q1, uj) − T (q1, uj)|

≤ L0M
−1/2
x exp(−

√
πdαMx) + |G|L2M

1/2
x exp(−

√
πdαMx)

+ |c(0)|L2M
1/2
x exp(−

√
πdαMx)

≤ K1M
1/2
x exp(−

√
πdαMx).

É °�ª�³$»�µ+±�¿T®*³�¯+°�®�¸�®
­%­!· �
�

�VU3.�8XWK.�YÊr-<�k	<)Ë @CI ] I ]T^ N >H>AG ` z+I�@9JKBT>§J!F f ^%`#` N a+cCd I ]T^ _ ^j^½� @O>AIR>§NÆDHJKBX>AI|NSBXI
K@CBEw ^ z ^ B+w ^ B�I�J!F

Mx
>AGXD ] I ] NKI

‖c̃− c̃m‖ ≤ K
∥∥M−1

∥∥M2
x exp(−

√
πdαN ).

Ì F g @CB)Nuw�wK@CI�@9JKB g
∥∥∥ 1

φ′

k

∥∥∥
∞

@O>�MiJSG�B+w ^ w§M%��N ` G�n�IR@ zEn ^ J!F
m

NSB+w
q1

@O>�D ] J > ^ BÀ>AGXD ] I ] NKI
∫∞
0
λ(x)q1(x) dx 6= v(0) + A

BD(0),
I ]T^ BÍI ]X^ _ ^�^i� @O>HIR>VN�DHJKBX>HIyNKB�I

C
>AGXD ] I ] NKI

‖c(0) − c0‖ ≤ C
∥∥M−1

∥∥M5/2
x exp(−

√
πdαN ).

È _iJ�J!F c ® ±[¯~®�¯+°?·�¯,´�µ+±T­ ×iÚ � �¹Ü Ã�®(°?·D¿T®�¯~°?·[¯

‖c̃− c̃m‖ ≤
∥∥M−1

∥∥ (‖e1‖ + ‖e2‖) .
©_ª�«?¬
®

Nx
ª�³�¸�®/³+³$¯~°?·T«M·!¬�±¹«?³n¯l·[«H¯�­2¶?¸�¯+ª|»�¸�®�±T´

Mx,
¯~°?®�Ê?µl³n¯�·¹³~³~®
µ~¯~ª�±T«�±[´F¯~°?®�¯~°�®/±Tµ+®
­

´�±¹¸|¸�±�Ã�³�´�µ~±¹­ L ®/­�­!·¹³$Ú ��� ·T«?²�Ú �eÒI�
É ±!®/³�¯~ª�­%·[¯~®(¯+°�®�®
µ+µ+±Tµ$ª|«M·T»�»�µ+±DÁIª|­!·�¯+ª|«?Å

c(0),
Ã�®�¸�®�¯

H = v(0) + A
BD(0)

Â:³�±�¯+°?·�¯
× ���eÒI�*Ü À:®/¬�±¹­%®/³

∫ ∞

0

(f − λ(c̃+Gq0 + c(0)q1))dx. = D(0)G
B − c(0)H

×�Ú �|�DÒTÜ
þ!}



É °_¶?³$Ã�®(°?·D¿T®

×iÚ �����¹Ü −h fk

φ′k
− h

λk

φ′k
(c̃+Gq0 + c(0)q1)k − e3 = D(0)

G

B
− c(0)H

Ã,°�®/µ~®
e3
ª�³R¯+°�®�®/µ~µ+±TµR»�µ+±I²I¶?¬
®/²�À_º)»:®
µ~´�±Tµ+­%ª|«�Å�³~ª�«?¬z¾Y½H¶?·T²Iµl·�¯+¶�µ+®�±¹«M×�Ú ���*Ò¹Ü ·T³�³~»:®/¬�ª|Ê?®*²

À_º É °�®/±Tµ+®
­ ÒI� Ø �V� ´�ª|«Ý×�Ú �|�7�¹Ü Ã�®�µ+®
»�¸�·T¬
®
c(0)

ÀHº
c0
Â
c̃
À_º

c̃m,
·[«?²c²I®
¸�®�¯+®)¯+°�®�®
µ+µ~±¹µ

¯+®
µ+­
e3,

Ã�®�±¹ÀI¯+·Tª|«'× �?� Ò Ð Ü ÂTÃ,°�ª�¬l°�ª�³F¯~°�®$®/½H¶?·[¯~ª�±T«�¶?³~®/²2¯~±(³�±¹¸|¿¹®�´�±¹µ
c0.

©_¶?ÀI¯~µl·T¬�¯,× ���eÒ Ð Ü
´�µ+±T­ ×iÚ �����HÜ ·T«?²�¯~°�®/µ~®(µ+®/³~¶�¸�¯l³

×iÚ ��� Ú Ü −hλk

φ′k
((c̃− c̃m) + (c(0) − c0)q1)k − e3 = −(c(0) − c0)H.

©_±�¯+°�®�®
µ+µ~±¹µ
e = c(0) − c0

³+·�¯+ª�³�Ê?®/³

×iÚ ��� Ð Ü (
H − h

(λq1)k

φ′k

)
e = −hλk

φ′k
(c̃− c̃m)k + e3.

® ±[¯~®�¯+°?·�¯�·T³
m → ∞, hλk

φ′

k

→
∫∞
0
λ(x) dx

¯~°�® ¬�±_®�Þ5¬�ª�®
«H¯M±T´
e
¯~®/«?²�³�¯+±

H −
∫∞
0 λ(x)q1(x) dx,

Ã,°?ª�¬l°Ýª�³5·�«�±T«X�
®
µ+±Æ¬�±¹«?³n¯l·[«H¯5À_ºÈ±¹¶�µ!°_ºH»:±[¯+°�®/³~®/³ � ÿ ¶�µ~¯~°�®/µ~­%±Tµ+®TÂ

e3
ª�³$À:±T¶�«G²I®/²�À_º�·)¬
±T«?³�¯+·T«H¯�­)¶�¸�¯+ª|»?¸|®�±T´

exp(−
√
πdαMx)

·T«?²
hλk

φ′

k

ª�³$À:±T¶�«?²�®/²�ÀHº�·
­)¶�¸�¯+ª|»?¸|®�±T´

M1/2
À_º�±T¶�µ�°Hº_»:±[¯+°�®/³~ª�³�±T«

φ′,
¯+°�®�²I®
Ê?«�ª|¯~ª�±T«!±T´

h
·[«?²�¯+°�®�´i·¹¬z¯�¯+°?·�¯

λ(x)
ª�³�À:±T¶?«?²I®/² � É °_¶?³/Â_ª�´	Ã�®�¯l·[Ì¹®�·[ÀG³�±¹¸|¶I¯+®�¿�·[¸�¶�®/³�±[´;ÀG±T¯~°�³~ª�²�®/³/Â_²�ª|¿_ª�²I®SÀ_º�¯~°�®(¬�±_®
Þ!¬
ª|®/«H¯
±T´
e
·T«?²!¶?³~®�¯+°�®�Ê?µ+³�¯�·¹³~³~®
µ~¯~ª�±T«!±T´�¯~°�ª�³�¯~°�®/±Tµ+®
­'Â_Ã�®�±TÀI¯l·[ª�«!¯~°?·[¯�´�±¹µ�³~±T­%®�¬
±T«?³�¯+·T«H¯

C
ª�«?²I®/»G®/«?²I®
«H¯�±T´

Mx,

×iÚ ��� Ø Ü |c(0) − c0| ≤ CM5/2
x exp(−

√
πdαMx).

�

� ®�µ+®
­!·[µ+Ì�¯~°?·[¯)¯+°�®�¯~®/¬l°?«�ª�¬/·[¸$°_º_»G±T¯~°�®*³�®*³2±T´�¯~°�®'³~®/¬�±¹«?²Æ»?·Tµ�¯�±[´�¯+°�®�»�µ~®*¬�®*²Iª|«?Å
¯+°�®
±¹µ~®/­ ·Tµ~®)®/·T³~ª�¸|º'³~·[¯~ª�³nÊG®/²�À_º'­%±¹³�¯�»�µ+±TÀ�¸�®
­!³ ��� ´

λ
ª�³S«?±T«T�/®
µ+±�·[«_º_Ã,°�®
µ+®TÂG¯~°?®2Ê?µl³�¯

¬
±T«?²Iª|¯~ª�±T«�¬
·T«Æ³~·[¯~ª�³nÊ?®*² � � «G²�¯~°�®5¬
±T«?²Iª|¯~ª�±T«�±¹«
φ′
ª�³�®*·T³~ª|¸�º�³~®
®
«�¯+±�ÀG®%¯+µ~¶�®%´�±¹µ(¯~°�®

¯nÃ�±)­%±H³n¯�¬�±¹­%­�±¹«�¸�º5¶?³~®/²�¬l°�±Tª�¬�®*³�±T´
φ,
«?·T­%®
¸�º

φ(x) = lnx
·[«?²

φ(x) = ln(sinh(u)).� ®(¬
±T«?¬
¸|¶G²I®�¯~°�ª�³,³�®*¬z¯+ª|±¹«�Ã,ª|¯~°'·�²�ª�³+¬�¶?³+³~ª|±¹«�±[´w¯~°�®(­!·�¯+µ~ª|Á
M.

� ®(¶?³~®�¯~°�®(ª�«IÊ?«�ª|¯nº
«�±¹µ~­ ª�«�¯~°�ª�³F²Iª�³+¬�¶G³~³~ª|±¹« � É °�®�ª�²�®/·[¸_³~ª�¯+¶?·�¯+ª|±¹«�Ã�±¹¶�¸�²(À:®�´�±¹µ

cond(M)
¯~±�ÀG®�»G±¹¸|º_«�±¹­�ª�·[¸ �

�S±�Ã�®/¿T®
µ*Â
«_¶�­%®/µ~ª�¬
·T¸[®
¿_ª�²I®
«?¬
®�´�µ+±T­ ®/·¹¬l°�­%·[¯~µ+ª�Á(¶?³~®/²(ª�«�¯~°?ª�³;»?·[»:®
µF³�¶?ÅTÅT®*³n¯l³�¯~°G·�¯ ‖M‖
Å¹µ~±�Ã�³�®�ÁI»:±T«�®/«¹¯+ª�·T¸|¸�º � ­ «I´�±Tµ~¯~¶�«G·�¯~®/¸|º¹ÂI¯~°?ª�³,ª�³,²I®/­�±¹«?³�¯~µl·[À�¸�º!¯~µ+¶�®(ª�³�³�±¹­%®(¬/·T³~®/³ �

þ!�



��Î�¿TYÄÏ�µ9.�r-<»r-< L ®
¯
D(x) = 1, v(x) = 0, λ(x) = 1, γ(x) = w(x) = φ′(x) = 1/x.

É °�®
­!·�¯+µ~ª|Á

M
ª�³$Å¹ª|¿¹®
«�ÀHº

M = hDiag

(
1

x2
k

)
+ I(1) Diag

(−1

x2
k

)
− Diag

(−1

x3
k

)
I(1) Diag(xk)

×iÚ ��� � Ü

− I(1) Diag

(
1

x3
k

)
1

h
I(1) Diag(xk) + hI(0)

L ®�¯�¶?³,®*³n¯+ª|­!·[¯~®(¯~°?®
(1, 1)

¾�¯~°'®/«¹¯+µ~º�±[´P¯~°�®�­!·[¯~µ+ª�Á
M
� ©_ª|«G¬�®

I(1)
ª�³�³~ÌT®/Ã$¾�³~º_­�­%®
¯~µ+ª�¬TÂ

²Iª�·[Å¹±T«?·T¸�®
«H¯~µ+ª�®/³�·Tµ~®��/®
µ+±5·[«?²'³~±%¯~°�®�³�®*¬�±T«G²�·T«?²�¯~°�ª�µl²�¯~®
µ+­!³�±T´F¯+°�®�µ+ª|Å¹°H¯�¾�°?·[«?²'³~ª�²�®
­!·[Ì¹®)«?±�¬
±T«H¯~µ+ª|À?¶I¯~ª�±T«�¯~±�¯~°�ª�³(®
«H¯+µ~º � � ¸�³~±?Â�¯+°�®!¬�±T«H¯+µ~ª�À�¶I¯+ª|±¹«�±[´�¯~°�®%¸�·T³�¯(¯~®
µ+­ ¯~®/«?²�³
¯+±��/®
µ+±2Ã,ª|¯~°

h
Â�·T«?²�±¹«�®(¬
·[«�³�°?±�Ã�×�Ã�®�±¹­%ª�¯$¯~°?®�²I®
¯+·Tª|¸�³ Ü ¯+°?·�¯$¯~°?®�ÊGµ+³�¯�¯+®
µ+­ ­!·[ÌT®*³$·

¬
±T«H¯~µ+ª|À?¶I¯~ª�±T«)¯~°?·[¯�ª�³R«�®
Å¹¸|ª�ÅTª�À�¸�®,µ~®/¸�·[¯~ª�¿T®�¯~±(¯+°�®S¬
±T«H¯~µ+ª|À?¶I¯~ª�±T«%±[´:¯~°?®,´�±T¶�µ~¯~°�¯+®
µ+­�ÂHÃ,°�ª�¬l°
Ã�®(«�±�ÃÑ®
ÁI·T­%ª|«�® � L ®�¯

D = Diag(1/x
3/2
k )

³~±�¯~°?·[¯,¯~°�ª�³$¯~®/µ~­ ÀG®*¬�±T­%®*³
(1/h)B,

Ã,°�®/µ~®

×iÚ ��� Û Ü
B = (DI(1))TDI(1) Diag(xk).

��®/µ�¯l·[ª�«�¸|º
1/h > 1,

³~±�ª|¯(³~¶IÞ5¬�®*³�¯+±�®
ÁI·T­%ª|«�®2¯~°�®�­!·�¯+µ~ª|Á
B.

� ®%³�®/®�¯+°?·�¯�¯~°�®
(1, 1)

¾
¯+°c®/«¹¯+µ~º�±[´

B
ª�³(»�µ+±I²I¶?¬z¯�±T´�·'³�¶?­ ±[´,³~½H¶?·Tµ~®*³S±T´�¯+°�®!®
«H¯~µ+ª�®/³(±[´�¯~°�®�Ê?µl³�¯�¬
±T¸�¶�­%«�±[´

DI(1) ·T«?²c¯~°�®5Ê?µ+³�¯�®
«H¯+µ~ºc±[´�¯~°�®�²�ª�·TÅT±T«G·[¸R­!·�¯+µ~ª|Á Diag(xk).
® ±�Ã0µ+®/¬/·[¸�¸P¯~°?·[¯

xk =

exp(−kh), k = −Mx . . . Nx.
É °_¶?³/Â:¯~°�®�³�®*¬�±¹«?²'®
«H¯~µ+º�ª|«�¯~°�®2Ê?µ+³�¯�¬
±T¸�¶�­%«�±[´

DI(1)

ª�³
exp((Mx − 1)h(3/2)).

��®/«?¬�®�¯~°�®
(1, 1)

¾�¯~°'®
«H¯+µ~º�±[´
B
ª�³S·5³~¶�­ ±[´�³+½¹¶G·[µ+®/³/Â�±T«�®2±[´

Ã,°�ª�¬l°�ª�³
exp(3(Mx − 1)h)

­2¶?¸�¯+ª|»�¸�ª�®/²cÀHº
exp(−Mxh).

É °�ª�³�®/«H¯~µ+ºM¬
·[«�ÀG®!³~°�±�Ã,«M¯+±
À:®%±[´�±¹µ+²�®
µ

exp(AM
1/2
x )

´�±Tµ�³~±T­%®�»G±H³�ª|¯~ª�¿T®!¬�±¹«?³�¯+·[«H¯
A
×�Ã�®�±¹­%ª�¯(¯~°?®5²I®�¯l·[ª�¸�³(°�®/µ~® Üz�

É °_¶?³ ‖M‖∞
Å¹µ~±�Ã�³�®�ÁI»:±T«�®/«H¯~ª�·[¸�¸|º5Ã,ª|¯~°

Mx
�

ÿ ±¹µ�¯+¶�«?·[¯~®
¸�ºTÂ�±T¶�µ%®
µ+µ+±Tµ2®*³n¯+ª|­!·[¯~®/³�ª�«_¿T±T¸�¿T® ‖M−1‖ ·T«?²Ç«?±[¯ cond(M)
� ® ±�Ã ª|¯%ª�³

¬
¶?³n¯+±T­!·[µ+º'¯~±M¬
±T«?³~ª�²I®
µ�¯~°?®5¬�±T«G²Iª�¯+ª|±¹«�«H¶?­2À:®
µ�±[´�¯~°?®M×�ª�«H¿¹®
µ~¯~ª�À�¸�® Ü ¬�±_®
Þ!¬
ª|®/«H¯(­!·[¯~µ+ª�Á
±T´�·�¸�ª�«�®/·Tµ(³~ºI³n¯+®
­

Mx = b
·T³�¯~°?®%²�®/¬�ª�²Iª�«�Å�´i·T¬�¯~±Tµ�´�±Tµ�·¹¬
¬
¶�µ+·¹¬�º¹Â�·¹³Sª|¯2·[»?»G®*·[µl³�·¹³�·

¬
±H®
Þ5¬�ª�®
«H¯(¯~°?·[¯�·T­%»�¸|ª|Ê?®*³(®
µ+µ~±¹µ � ��±�Ã�®
¿T®/µ/Â�Ã�®!¬
·T«cÅ¹®�¯�·'²Iª�¼�®
µ+®
«H¯�»:®
µl³�»:®/¬�¯~ª�¿T®%ª�´$Ã�®
Ã�®2°?·D¿¹®�¯+±�ÅT±�À?·T¬lÌ�¯+±�¯+°�®�¬
¸�·¹³~³~ª�¬
·[¸w´�±Tµ+Ã�·Tµ+²'®/µ~µ+±Tµ�ª|«?®/½H¶?·[¸�ª|¯nº'·T«?²�®
Á_»?µ~®*³~³�ª�¯(ª�«M¯~°?ª�³
´�±¹µ~­�� � ´

Mx = b
·[«G²

(M + ∆M)(x+ ∆x) = b+ ∆b
·[«?²

r =
∥∥∆MM−1

∥∥ < 1
¯+°�®
«

Ã�®(°?·D¿T®
‖∆x‖
‖x‖ ≤

∥∥M−1
∥∥

1 − r

{
‖∆M‖ + ‖M‖ ‖∆b‖

‖b‖

}
.

® ±�Ã Ã,°�®
«�Ã�®�³�±¹¸|¿¹®)·�³�ºI³�¯~®/­ « Á
= b,

À_º�À?·T¬lÌ_Ã$·[µl²�³�®/µ~µ+±Tµ�·[«?·T¸|ºI³~ª�³/Â�Ã�®�®�¼�®/¬�¯~ª�¿T®
¸�º
³~±T¸�¿T®(·%³�ºI³�¯~®
­ Ã,ª�¯+°�»:®
µ~¯~¶?µ~À:®/²�¬�±_®�Þ5¬
ª|®/«¹¯�­!·[¯~µ+ª�Á�·¹³,·[À:±�¿T® � Ó�«�¸�º5ª�«�»�¶I¯S±¹µ$ª|«?²�®
»:®
«I¾
²I®/«H¯�¬
·T¸�¬
¶�¸�·�¯~ª�±T«Æ±T´

b
Ã,ª|¸�¸�ª|«H¯~µ+±I²I¶?¬
®5¯~°?®�®
µ+µ+±Tµ�¯+®
µ+­

∆b.
É °_¶?³
ÂPÅ¹ª|¿¹®
«�¯~°G·�¯ ∥∥M−1

∥∥
Å¹µ~±�Ã�³�­%±Tµ+®�³~¸|±�Ã,¸�º!Ã,ª|¯~°�ª�¯l³�³�ª��
®�¯~°G·[« ‖M‖ ·T«?² ‖M‖ Å¹µ~±�Ã�³�®�ÁI»:±T«�®/«H¯~ª�·[¸�¸|º!Ã,ª|¯~°�³~ª»�/®TÂþ ª



Ã�®�³~®
®�¯+°�®(ª|­%»:±Tµ~¯+·[«G¬�®(±[´P³n¯l·[µ~¯~ª�«�Å)Ã,ª|¯~°�·T«�·T¬/¬�¶�µl·�¯+®�µ+ª�ÅT°H¯�°G·[«?²�³�ª�²I®
b
±Tµl²I®
µ�¯~±%°?·D¿¹®

¯+°�®�¯+®
µ+­ ∥∥M−1
∥∥ À:®�¯+°�®$­!·K
n±TµF³�±¹¶�µl¬�®�±T´G·[­%»�¸�ª|ÊG¬
·[¯~ª�±T«2±T´?®
µ+µ+±Tµwµl·�¯+°�®
µw¯~°?·T« cond(M).® ¶?­�®/µ~ª�¬
·T¸I®�ÁI»:®
µ+ª|­%®
«H¯l³;ª�«?²Iª�¬
·[¯~®�¯~°G·�¯P¯~°�®$À:®
°?·D¿_ª�±TµF±[´ ‖M−1‖ ª�³R½H¶�ª�¯+®,¬�±T­%»�¸�®�Á �-� «

ÿ ª�ÅT¶�µ+®�Ú �|� Ã�®�»�¸�±[¯,«�±¹µ~­!³�¿T®/µ+³~¶?³�­!·�¯~µ+ª|Á�²Iª|­%®/«?³�ª�±T«�´�±Tµ,²Iª|¼�®
µ+®
«H¯�¬�±_®�Þ5¬�ª�®
«H¯$­!·�¯~µ+ª�¬�®/³

M
¯~°?·[¯�¬�±¹­%®(´�µ~±¹­ ¯+°�®�¯~®*³n¯�»�µ~±¹À�¸�®
­!³,ª�«'¯~°�®�´�±¹¸|¸�±�Ã,ª�«�Å5³�®*¬z¯+ª|±¹«	ÂG·T«?²'²Iª|­%®/«?³�ª�±T«

m =

1, . . . , 320.
× � «%³�ª�«?¬�·[»�»?¸|ª�¬
·[¯~ª�±T«?³/Â�­%±¹³�¯F®
ÁI·T­%»�¸|®*³P·[µ+®�³+·�¯+ª�³�´i·T¬�¯~±Tµ+ª�¸|º�³~±T¸�¿T®/²�ÀHº�­!·[¯~µ+ª�¬
®/³

ª�«M¯+°�ª�³(µl·[«?ÅT® �eÜ§� «c®*·T¬l°�¬
·T³~®TÂ:¯+°�®%®�ÁI»G±¹«�®
«H¯+ª�·T¸FÅ¹µ~±�Ã$¯+°M±[´ ‖M‖ ª�³�·[»�»G·[µ+®
«H¯ � Ó�«�¯~°�®
±T¯~°�®/µ5°?·[«G²�Â ∥∥M−1

∥∥ ·[»?»G®*·[µl³%¯~±ÇÅ¹µ~±�Ã ¸�ª|«�®*·[µ+¸|º ±�¿T®/µ�·Æ¸�·[µ+ÅT®�µl·[«�Å¹®�±[´�²Iª�­�®/«?³~ª|±¹«?³
Â
¯+°�®
«�·[À?µ~¶�»�¯~¸�º�¬l°?·T«�ÅT®*³�¯~±5½H¶?·T²�µ+·[¯~ª�¬�Å¹µ~±�Ã$¯+°�´�±¹¸|¸�±�Ã�®/²�À_º�³~¶�ÀI¾Y½¹¶G·T²Iµl·�¯+ª�¬�ÅTµ+±�Ã$¯~° ��ÿ ±Tµ
­!·�¯+µ~ª�¬�®*³Rª�«%¯~°�®�¸|ª�«�®/·Tµ�µl·[«�Å¹®,Ã�®�®
ÁI»G®*¬z¯�¯+±2³�®/®�±TÀ_¿_ª�±T¶?³P®
Á_»:±T«?®
«H¯~ª�·[¸:¬�±T«_¿¹®
µ+ÅT®
«G¬�®�µ+·[¯~®/³
±T´F³~±T¸�¶I¯~ª�±T«?³/Â�·[«G²�±¹¶�µ$¯~®*³n¯�»�µ+±TÀ?¸|®/­%³$Ã,ª�¸�¸	ÀG®*·[µ$¯+°�ª�³$±¹¶I¯ �
É °�®�­!·�¯+µ~ª|Á

I(1) ª�³S¬
®
«H¯~µl·[¸�ª�«�¯~°�®)¬�±T«G³n¯+µ~¶?¬�¯~ª�±T«�±[´ M.
É °�®/µ~®�ª�³�·%Ã�®
¸�¸	Ì_«�±�Ã,«�¬
±T«I¾


n®*¬z¯~¶?µ~®!ª�«È³~ª|«?¬�¯+°�®
±¹µ~º�¯~°?·[¯ ∥∥(I(1))−1
∥∥ Å¹µ~±�Ã�³(¸�ª�«�®/·Tµ~¸�º�Ã,ª|¯~°�¯+°�®�³~ª»�/®!±[´$¯~°?®5­!·�¯~µ+ª|Á�Â

Ã,°�®/«�ª|¯�ª�³�ª�«H¿¹®
µ~¯~ª�À�¸�®TÂ�·[«?²M¯~°_¶?³ ∥∥(I(1))−2
∥∥ Ã�±T¶�¸�²MÅ¹µ~±�Ã ½H¶?·T²�µ+·[¯~ª�¬
·[¸�¸�º � Ô�¿T®/«cª�«_¿T®/µ�¯~¾

ª�À�ª�¸|ª|¯nºÆÃ�·¹³�¶�«�Ì_«�±�Ã,«È¶?«¹¯+ª|¸,µ+®/¬
®
«H¯~¸�ºÆÃ,°�®/« ª|¯!Ã�·¹³)»?µ~±�¿¹®/² Í �DÎ ¯~°G·�¯
I(1) ª�³�ª�«H¿¹®
µ~¯~ª�À�¸�®

ª|´$¯~°�®5­!·[¯~µ+ª�Á�ª�³�±T´�®/¿T®/«Æ±Tµl²I®
µ � É °_¶?³/Âw¯+°�®5®�ÁI»:±T«�®/«H¯~ª�·[¸�¬
±T«_¿T®/µ~Å¹®
«?¬
®)±T´�¯+°�®5­%®�¯+°�±I²
µ+®
­!·[ª�«?³�·c¬�±¹«K
n®/¬�¯~¶�µ+® � �S±�Ã�®/¿T®/µ/ÂF®�ÁI»:±T«�®/«¹¯+ª�·T¸�¬
±T«_¿T®/µ~Å¹®
«?¬
®�ª�³�²I®
­%±T«G³n¯+µ+·[¯~®/²�±¹«�¯~°�®
¯+®/³�¯$»?µ~±¹À�¸|®/­!³$ª|«�¯~°?®(´�±T¸�¸|±�Ã,ª�«�Å%³�®*¬z¯~ª�±T« �

Ð ��&)¦��� �£�¨�§�
	¡�ÐV X�/¦�¡z¢��
� «'ÔRÁ�·[­%»�¸�®/³�Ð �|�%¬ Ð � Ú�ÀG®/¸|±�Ã�ÂIÃ�®�¬�±T«G³�ª�²I®
µ$¯+°�®�³�¯~®/·¹²IºH¾�³�¯+·[¯~®�»�µ+±TÀ�¸�®
­

−((1 − 0.5e−2x)cx)x + cx + c = f(x), x > 0
×sÐ ���*Ü

c(0) − 0.5cx(0) = G
×sÐ � Ò¹Ü

c(∞) = 0.
×sÐ � �HÜ
� «�®/·¹¬l°�®
ÁI·T­%»�¸|®�¯+°�®�Ã�®/ª|Å¹°H¯�´�¶?«?¬z¯+ª|±¹«

γ
±T´$× �������HÜ Ã$·T³$¬l°�±H³�®/«�¯+±%ÀG®

×�Ð � Ú Ü
γ(x) =

x

(10 + x)2
.

É °�ª�³P¬l°�±Tª�¬�®�®
«G³�¶�µ+®/³w¯~°G·�¯
(γ(x)S(k, h)◦φ(x))′

ª�³R¬
±T«H¯~ª�«_¶�±T¶G³;·T«?²�ª�«H¯~®
Å¹µ+·TÀ�¸�®�±T«
[0,∞).

ÓS¯+°�®
µ�¬l°�±Tª�¬�®*³�±[´
γ
·[µ+®5»:±¹³+³�ª�À�¸�®TÂ�·T«?²�¯~°?®

10
ª�«Ç¯+°�®�²�®
«�±¹­�ª�«?·[¯~±Tµ)ª�³�·[µ+À�ª|¯~µl·[µ+ºTÂFÀ�¶I¯

³~®
µ+¿T®*³$¯~±5­%±�¿¹®�¯~°�®�³�ª�«�Å¹¶�¸�·Tµ~ª|¯nº�±T´
γ(x)

·DÃ$·Dº!´�µ+±T­ ¯~°?®)²I±¹­%·Tª|«
(0,∞)

Ã,°?ª�¬l°�µ+®/³~¶�¸|¯+³
ª�«%ÅTµ+®/·�¯+®
µR·T¬/¬�¶�µl·T¬
º�ª|«!²I®/µ~ª�¿�·�¯+ª|¿¹®$·T»�»�µ+±DÁIª|­!·�¯+ª|±¹« � �S±�Ã�®/¿T®
µ*ÂD¯~°?ª�³Rª�«?¬
µ~®*·T³~®�ª�«!·T¬
¬
¶�µl·T¬�º
¯l·[»:®
µl³$±[¼�·T³�¯+°�®�³~ª|«�Å¹¶�¸�·[µ+ª�¯nº5·T»�»�µ+±¹·T¬l°?®/³ −∞ �

� «�µ+®
Å¹·Tµ+²?³�¯~±!¯+°�®�ª�­�»?¸|®/­�®/«H¯+·�¯+ª|±¹«'±[´P¯~°�®)¬�±I²I®TÂ?¯~°�®/µ~®)·[µ+®�³�®/¿T®
µl·[¸	²�®�¯+·Tª|¸�³,Ã�®�­%®
«I¾
¯+ª|±¹« ��ÿ ª|µl³n¯*Â�ª�´$·�³~±T¸�¶I¯+ª|±¹«Mª�³(·¹³~³~¶�­%®/²M¯~±�°?·D¿T®)®�ÁI»G±¹«�®
«H¯+ª�·T¸F²I®*¬
·Dº�·[«G²�¯~°?®%¬
±T«I´�±¹µ~­!·T¸
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Example 5.1

Example 5.3

Example 5.4

¢$¨6,w¦	£q ÒÑ	Ó9ÔXÓ L ±¹Å[¾�¸|±¹Å�»�¸�±[¯%±[´S«�±¹µ~­!³2±[´ ‖M‖ ·[«?²
∥∥M−1

∥∥ ´�±Tµ)¯~°?®
¬�±_®�Þ5¬
ª|®/«¹¯!­!·�¯+µ~ª�¬�®*³�±[´�Ô�ÁI·T­%»�¸|®*³!Ð ��� Â�Ð � � ·[«?²ÝÐ � Ú�·[Å¹·Tª|«G³n¯�­%·[¯~µ+ª�Á
²Iª�­�®/«?³~ª|±¹« �

­!·[»?»�ª|«?Å
φ(x)

ª�³�¶?³~®/²�Â�¯~°�®/«È¯+°�®'»�µ+®/³+¬�µ+ª|»I¯+ª|±¹«Æ´�±Tµ!¬
±T­%»�¶I¯+ª|«�Å
N

ª|« × Ò��|�*Ù¹Ü Â�«?·[­%®
¸�º

N = dα
βMe, ¬
·[«�À:®�µ~®/»�¸�·¹¬�®*²�À_º!¯+°�®(´�±Tµ+­2¶�¸�·

N = d 1

h
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β
Mh

)
e

Ã,°�ª�¸�®�»�µ+®/³~®
µ+¿_ª|«�Å'¯+°�®�®�ÁI»G±¹«�®
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ÿ ª|«G·[¸�¸|º¹Â�¯~°?®
µ+®�ª�³,¯~°�®�ª�³+³�¶�®2±[´R²I®�¯+®
µ+­�ª�«�ª�«�Å!¯+°�®�±T»�¯~ª�­2¶�­ ¬�±¹«H¿¹®
µ+ÅT®/«?¬�®�µ+·[¯~®�»?·Tµ+·T­�¾
®
¯~®
µl³

d, α
·T«?²

β
��� «�¯~°?®(·TÀ?³~®
«?¬
®�±T´F·T²?²Iª�¯+ª|±¹«?·[¸�ª�«I´�±Tµ+­!·�¯+ª|±¹«�ª|¯$ª�³�¶?³~¶?·[¸�¸|º5³+·�´�®�¯+±2¯l·[ÌT®

¯+°�®(­�ª�«�ª�­2¶�­ ¿�·[¸�¶�®/³
α = β = 1

·[«?²
d ≤ π/4.

É °�®*³�®�·[µ+®(¬�±T«G³�®/µ~¿�·�¯+ª|¿¹®�¬l°?±Tª�¬�®/³�Ã,°�ª�¬l°
Ã�±Tµ+Ì�µ+®/·¹³�±¹«?·[À�¸�º�Ã�®
¸�¸�ª|«Ç­%±H³n¯%¬
·T³~®/³ �Í� «Æ´i·¹¬z¯*ÂRª�¯%ª�³)«�±�·T¬
¬
ª�²�®
«H¯�¯~°G·�¯

α = 1
ª�³2¯~°�®

±¹»I¯~ª�­2¶�­ ¬l°�±Tª�¬�®�ª�«�­%±¹³�¯S¬
·¹³�®*³ � ��±T«?³~ª�²�®
µ$¯~°?®2³�ºI³�¯~®/­%³�Ã�®�³~±T¸�¿T® �P� «'¯~°�®�¯~®
µ+­%ª|«?±T¸�±TÅTº
±T´;©_®/¬�¯~ª�±T« � ÂT¯+°�®�¬
±_®�Þ5¬�ª�®
«H¯�­!·[¯~µ+ª�Á%ª�³

M
·[«G²%¯~°�®�µ+ª|Å¹°¹¯�°?·[«?²�³�ª�²I®/³�·[µ+®

Rdis −T0
·T«?²

T1.
� ³�Ã�®S³~·DÃ ·[¯�¯~°?®�®/«?²!±[´�¯+°�®S»?µ~®*¬�®/²�ª|«�Å�³�®*¬z¯+ª|±¹«	Â¹ª|¯�ª�³�ª|­%»:®
µl·�¯~ª�¿T®�¯~°?·[¯�¯+°�®/³~®�¯+®
µ+­%³

À:®�¬
·[¸�¬�¶?¸�·[¯~®/²�®�ÁI»:±T«�®/«¹¯+ª�·T¸|¸�º�·¹¬
¬�¶?µ+·[¯~®
¸�º � É °�®/µ~®
´�±Tµ+®TÂI¬l°�±Tª�¬�®*³�±[´
α
·T«?²

β
­)¶?³n¯,À:®�Ã�®/¸|¸

³~¶�ª|¯~®/²�¯+±!¯~°?®/³~®�ª|«H¯+®
ÅTµl·[¸�³ � É °�®/µ~®�ª�³�«?±�²Iª|Þ!¬
¶�¸|¯nº�Ã,ª|¯~°�¯+°�®�¯+®
µ+­
Rdis − T0.

��±�Ã�®
¿¹®
µ*Â
±¹«�®(±[´w¯+°�®(¯~®/µ~­!³,ª�«�¯~°�®�ª�«H¯~®
Å¹µ+·T«?²�¯~°?·[¯�ª�³,²Iª�³+¬�µ+®�¯~ª��
®*²�ª�«

T1
ª�³$¯+°�®(´�¶�«?¬�¯~ª�±T«

(d(x)q′1(x) − v(x)q1(x))w(x)φ′(x)S(k, h)′) ◦ φ(x).

� ¯%ª�³)®/·¹³�º�¯+±�³~®
®�¯~°?·[¯
F (x) = w(x)φ′(x)S(k, h)′) ◦ φ(x)

¯+®
«?²?³2¯+±
0
·T³
x → 0+ ·T³

1/ |lnx| . © ®/¬/·[¸�¸P¯~°?·[¯�³~ª�«?¬!½H¶?·T²Iµl·�¯+¶�µ+®)­!·[«G²�·�¯+®/³�¯~°G·�¯ α À:®5¬l°�±¹³~®
«�³�±�¯+°?·�¯
F (x) =

O(xα−1), x → 0+.
É °�®
µ+®�´�±¹µ~®¹Â�Ã�®�³~°�±T¶?¸�² «�±[¯5¬l°�±_±H³�®

α
¸�·[µ+ÅT®
µ)¯~°G·[«

1
ª�« Å¹®
«�®/µ+·T¸sÂ

¯+°�±T¶�Å¹°M¯+°�®
µ+®)­!·Dº'À:®%¬/·T³~®/³/Â�³�¶?¬l°�·T³�Ã,°�®
«
c(0)

·T«?²
c′(0)

·[µ+®2À:±[¯+°
0,
Ã,°?®
µ+®

α > 1
Ã�±Tµ+ÌI³�Ã�®
¸�¸ �

� «�¯~°�®�´�±T¸�¸�±�Ã,ª|«�Å)®�Á�·[­%»�¸�®/³�Ã�®�²�®
«�±T¯~®�¯~°�®(®
µ+µ+±Tµ�·[¯
0
Â |c0 − c̃(0)| ÂIÀ_º |e(0)| ·T«?²!¯+°�®

³~¶�»I¾�«�±Tµ+­ ±T´R¯~°�®2®
µ+µ~±¹µS·�¯�¯+°�®)³~ª�«?¬�«�±I²I®*³SÀ_º ‖e(xk)‖∞
��� «�¯~°�®2Ê?µl³n¯�¯+°�µ+®
®�®
ÁI·T­%»�¸|®*³
Â

c(0) = 1,
·[«?²�ª|«�¯+°�®�¸�·¹³n¯,®
ÁI·T­%»�¸|®

c(1.3) ≈ 0.4,
³~±)¯~°?·[¯�ª|«'·[¸�¸	¬
·¹³�®*³,·[À?³~±T¸�¶I¯~®�®
µ+µ+±Tµ$ª�³

·�ÅT±_±I²�­�®*·T³~¶�µ+®�±T´Fµ+®
¸�·�¯+ª|¿¹®�®/µ~µ+±Tµ �

��Î�¿TYÄÏ�µ9.���<9=+< ×i®
µ~´i¬z¾�¸|ª�ÌT®�²I®*¬
·Dº Ü ��®/µ~®�Ã�®�¬l°�±H³�®
c(x) = e−x2/4

ÂG·T«?²'¬�±¹­�»?¶I¯~®*²
f(x)

·¹¬
¬�±¹µ+²�ª|«�Å¹¸|º � � ®$·T¸�³~±(¬
·[¸�¬�¶?¸�·[¯~®
G = 1.

É °�®�´�¶�«?¬�¯~ª�±T«
p(x)

Ã$·T³P¬l°�±¹³~®
«�·T³
p(x) = e−x2 �

É °�®(³~ª|«?¬�»?·Tµ+·T­�®
¯~®/µ+³�±[´ É °�®/±Tµ+®
­ Ò�� Ú)Ã�®/µ~®�¬l°�±¹³~®
«!¯+±)À:®
α = 1, β = 1

Â
d = π/3

� É °?®
·T¸|Å¹±Tµ+ª�¯+°�­ Ã$·T³S¯~®*³n¯+®/²M´�±Tµ(³�®/¿T®
µl·[¸;¿�·[¸�¶�®/³�±[´

Mx.
® ±Tµ+­!³S±T´�¯~°?®�¬
±H®
Þ5¬�ª�®
«H¯�­!·[¯~µ+ª�Á

M
·T«?²

M−1,
·T¸|±¹«�Å%Ã,ª�¯+°�¯+°�®�µ+®/³~¶�¸�¯+ª|«?Å�®/µ~µ+±Tµl³�·[µ+®�¯l·[À�¶?¸�·[¯~®/²�ª�« É ·[À?¸|® ÒI�

��Î�¿TYÄÏ�µ9.À��<O:�< ×�®�ÁI»:±T«�®/«H¯~ª�·[¸�²I®*¬
·Dº Ü ��®
µ+®%Ã�®!¬l°�±H³�®
c(x) = (1 + x2)e−x ¬�±¹­�»?¶I¯~®*²

f(x)
·¹¬
¬
±Tµl²Iª|«?ÅT¸�ºTÂP·[«?²Ç¬l°?±¹³~®

p(x) = e−x � � ®�·T¸�³~±�¬/·[¸�¬�¶�¸�·�¯+®
G = 3/2.

® ±[¯+®5¯~°G·�¯
¯+°�®�¬
±_®�Þ5¬�ª�®
«H¯)­!·[¯~µ+ª�Á

M
ª�³2¯+°�®'³~·T­�®�·T³)ª|«È¯~°�®�»�µ+®
¿_ª�±T¶?³2®�Á�·[­%»�¸�®�³~ª�«?¬�®�¯~°�®'³~·T­%®

¬l°�±¹ª�¬
®/³,Ã�®
µ+®�­!·T²�®�´�±TµS¯~°�®�³�ª�«?¬�»G·[µl·[­%®�¯+®
µl³
α
Â
β
Â�·[«G²

d
� É °?®2·[¸�ÅT±¹µ~ª|¯~°�­ Ã$·T³$¯+®/³�¯~®/²

´�±¹µ�³~®
¿T®/µ+·T¸I¿�·[¸�¶�®/³�±[´
Mx

Â_·[«G²%¯~°�®�¬�±¹«?²Iª|¯~ª�±T«!«_¶�­2À:®
µ�±[´�¯~°?®�¬�±_®
Þ!¬
ª|®/«H¯�­!·�¯+µ~ª|Á
M

·T«?²
µ+®/³~¶�¸|¯~ª�«�Å%®
µ+µ~±¹µ�ª�³$¯+·TÀ�¶�¸�·�¯+®/²�ª|« É ·[À�¸�® ÒI�
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α = 1, β = 1
Â
d = π/3

Mx m h ‖M‖∞
∥∥M−1

∥∥
∞ |e(0)| ‖e(xk)‖∞

Û �*Ò Ù?� ØTÚ �¹� Ú1�[®K× ÙTÙ Û � �TÚT® × ÙHÒ Ð � Ø��D®�¾ Ù�� �T���T� ®�¾ Ù¹Ò
� Ø ÒTÒ Ù?� Ú_Ð �¹� Ò¹Ò ®K× Ù�� Ò�� Ù Ø[® × Ùu� �¹� �TÐ�®�¾ Ù�� ��� � �T®�¾ Ù��
�HÒ Ú Ù Ù?� �HÒ Ò�� Ð � ®K× Ù¹Ò Ð � Ù Ø[® × Ùu� Ú � Ûu�[®�¾ Ù Ú Ð � Ù Ú¹®�¾ Ù Ú
ØTÚ ��Û Ù?� Ò¹Ò �¹� ÚHØ[®K× Ù Ú �?� Ù �D® × Ù Ú Ò�� Ò �D®�¾ Ù Ð ÒI� ��ÛT®�¾ Ù Ð
�DÒ Û � ÚHÛ Ù?�|� Ø Ð � �[Û[®K× Ù Ø �¹� Ùu� ® × Ù Ð �¹� Øu�[®�¾ Ù Û �T�eÒ ÛT®�¾ Ù Ø

Ø 
	¨�¡1 )ÔTÓ Ô�ÁI·T­%»�¸|®�Ð �|� Ã,ª|¯~°'®
µ~´i¬z¾�¸|ª�ÌT®�²I®*¬
·Dº �

α = 1, β = 1
Â
d = π/3

Mx m h ‖M‖∞
∥∥M−1

∥∥
∞ |e(0)| ‖e(xk)‖∞

Û �*Ò Ù?� ØTÚ �¹� Ú1�[®K× ÙTÙ Û � �TÚT® × ÙHÒ �¹� Ù?� ®�¾ Ù�� Ð � ��ØT®�¾ Ù��
� Ø ÒTÒ Ù?� Ú_Ð �¹� Ò¹Ò ®K× Ù�� Ò�� Ù Ø[® × Ùu� Ø � Ð Ò ®�¾ Ù Ú �T���*Ò ®�¾ Ù��
�HÒ Ú Ù Ù?� �HÒ Ò�� Ð � ®K× Ù¹Ò Ð � Ù Ø[® × Ùu� �¹� �u� ®�¾ Ù�� �T� ��� ®�¾ Ù��
ØTÚ ��Û Ù?� Ò¹Ò �¹� ÚHØ[®K× Ù Ú Ò�� Û¹Û[® × Ù Ú Û �|� Û[®�¾ Ù Ø ��� Ù�� ®�¾ Ù Ð
�DÒ Û � ÚHÛ Ù?�|� Ø Ð � �[Û[®K× Ù Ø �¹� Ùu� ® × Ù Ð Ð � Ù Ð�®�¾ Ù Û ÒI��� Ú¹®�¾ Ù �

Ø 
-¨�¡1 §ÙqÓ ÔRÁ�·[­%»�¸�®2Ð �eÒ Ã,ª�¯+°�®
ÁI»G±¹«�®
«H¯~ª�·[¸	²�®/¬
·Dº �

� «?³~»G®*¬z¯+ª|±¹«�±[´ É ·TÀ�¸�® Ò µ~®/¿T®*·[¸�³,·5¬�¶�µ+ª�±T¶?³,»?°�®
«�±¹«�®
­%±¹«���¯+°�®2®/µ~µ+±Tµ,ª�³,«�±T¯S­%±T«�±T¯~±T«?®
²I®*¬�µ+®/·¹³�ª�«�Å�ª|«M³�¯~®/»M³�ª��
®

h
� É °?®2³�»G·T¬�ª�«�Å%±[´R«�±I²I®*³,ª�«M³�ª�«?¬�­%®�¯+°�±I²�³,ª�³�«�±T¯�¶�«�ª|´�±Tµ+­'ÂG³~±

¯+°?·�¯S°G·[¸�¿Hª�«�Å�³�¯~®/»M³�ª��
®)²I±_®/³�«?±[¯S¶�«?ª�´�±¹µ~­%¸�º�°?·T¸|¿¹®�«�±I²I®2³~®
»?·Tµ+·[¯~ª�±T« � É °_¶?³/ÂG±¹«�®�­%ª|Å¹°H¯
®
Á_»:®/¬�¯R¯~°?·[¯�²I®/¬
µ~®*·T³~®�ª�«!®
µ+µ+±TµF«�®
®*²)«?±[¯�À:®S³n¯+µ~ª�¬z¯+¸|º2­�±¹«�±[¯+±T«�®$ª�«%®
¿T®/µ~º)¬
·T³~® � ��±�Ã�®
¿¹®
µ*Â
²I±¹¶�À�¸�ª|«?Å!¯~°�®)®
µ+µ~±¹µ�ª�«MÅT±¹ª|«�Å5´�µ~±¹­ ·�³�ºI³�¯~®
­ ±[´�²�ª|­%®
«G³�ª�±T«

22
¯~±�²�ª|­%®
«G³�ª�±T«

40
³�®/®
­!³

²Iª�³+¬�±T«G¬�®
µ~¯~ª�«�Å � É º_»�ª�¬
·T¸|¸�ºTÂ�³~¶?¬l° ª|µ+µ~®/ÅT¶�¸�·[µ%¬�±¹«_¿T®
µ+ÅT®/«?¬�®�µ+·[¯~®/³�×�±¹µ%«�±Æ¬�±T«_¿¹®
µ+ÅT®
«G¬�®�·[¯
·T¸|¸ Ü ³�ª�ÅT«G·[¸�³!·�À?·T²Ý¬l°�±¹ª�¬
®�±T´�»?·[µl·[­%®�¯+®
µl³�ª|« ³~ª|«G¬'­�®
¯~°�±I²�³/Â$Ã,°�ª�¬l° ¬
·[«ÄÀ:®�³�®/«?³~ª�¯+ª|¿¹®
¯+±�¯+°�®�¬l°?±Tª�¬�®�±[´�»?·Tµ+·T­%®�¯~®/µ+³ � ��®/µ~®%·[µ+®)³~±T­%®�ÅT¶�ª�²I®
¸�ª�«�®/³�¯~°G·�¯�Ã�®)°?·D¿T®2´�±T¶�«G²�¶?³~®�´�¶?¸sÂ
®*³�»:®/¬
ª�·T¸|¸�º(ª|«�³�ª|¯~¶?·[¯~ª�±T«?³;ª�«2Ã,°�ª�¬l°�¯+°�®,³�±¹¸|¶I¯+ª|±¹«�¯~±�¯~°?®�²Iª|¼�®
µ+®
«H¯~ª�·[¸H®/½H¶?·[¯~ª�±T«�¯+±SÀ:®,³�±¹¸|¿¹®/²
ª�³�µ~®*·[¸�¸|º!¶�«?ÌH«?±�Ã,«c×i·¹³$±T»�»:±¹³~®/²5¯~±%±T¶?µ�®
Á�·[­%»�¸�®/³�±[´P³�ºI³�¯~®
­!³�ÅT®/«�®
µl·�¯+®/²�ÀHº!»?µ~®*³~¬
µ~ª�ÀG®*²
³~±T¸�¶I¯~ª�±T«G³ �eÜ � ®�·¹³~³~¶�­%®TÂ�±[´�¬�±¹¶�µl³�®¹Â�¯~°G·�¯Í>QJ `m^ ¬l°?±Tª�¬�®�±[´(»?·Tµ+·T­�®
¯~®/µ+³%³+·�¯~ª�³~ª�Ê?®*³�¯~°�®
¬
±T«?²Iª|¯~ª�±T«G³$±[´ É °?®
±Tµ+®
­ Ú � � �

× �*Ü ­ ³~®)·D¿�·[ª�¸�·[À�¸�®�ª|«�´�±Tµ+­%·[¯~ª�±T«'¯+±�®/³�¯~ª�­!·�¯+®)¬�±¹«_¿T®
µ+ÅT®/«?¬�®(µl·�¯+®�»?·[µl·[­%®
¯~®
µl³
α, β

±[´
¯~°�®!³~±T¸�¶I¯~ª�±T«c·�¯

0
·T«?²Mª�«IÊ?«�ª|¯nº � � ³�Ã�®�«�±[¯+®/²�®/·[µ+¸�ª|®/µ/Â�ª�«�±T¶?µ�³~®�¯+¶�»	Â

α = 1
ª�³

�zþ



·�ÅT±_±I²�¬l°�±¹ª�¬
®S´�±¹µ,­�±H³n¯,»�µ+±TÀ?¸|®/­%³$·T«?²
β
°?·¹³�¯~±%ÀG®(®*³n¯+ª|­!·�¯+®/²�À_º5ÀG®/°?·D¿_ª|±¹µ$±[´

¯~°�®�³~±T¸�¶I¯+ª|±¹«�·[¯ ∞ �
× ÒTÜ ©H¯+·Tµ�¯$Ã,ª|¯~°�·�¬�±¹«?³~®
µ+¿D·[¯~ª�¿T®2×s³�­!·T¸|¸ Ü ¬l°?±Tª�¬�®S±T´

d
·[«?²�ª|«G¬�µ+®/·T³~®�ª|¯�¯+±�·)­!·�ÁIª|­)¶�­

±[´
d = π/2

� × É °�®(­%±[¯~ª�¿�·�¯+ª|±¹«�°�®/µ~®�ª�³�¯+°?·�¯�·)¿D·T¸|ª�²�¬l°?±Tª�¬�®�±[´
d
Ã,°�ª�¬l°�ª�³�¸�·Tµ~Å¹®
µ

Ã,ª|¸�¸	ª�­%»�µ~±�¿¹®S¯+°�®�®�ÁI»:±T«�®/«H¯~ª�·[¸�¸|º�²�®/¬�µ+®/·¹³�ª�«�Å)¯~®/µ~­ ±T´ É °?®
±Tµ+®
­!³ ÒI� Ú!·[«?² ÒI� Ð �eÜ
× �¹Ü ­ ³~®%ª|«?³~»:®/¬z¯+ª|±¹«c±T´�·[«c®
µ+µ~±¹µS¯l·[À�¸�®�¯~±'³�®*·[µl¬l°�´�±Tµ(ª�­%»�µ~±�¿¹®/²�®*³n¯+ª|­!·[¯~®/³�´�±¹µ

α, β
·[«?²

d
´�±¹¶�«?²�ª|«Æ× �*Ü ·[«G²c× ÒTÜz�

� ¯	ª�³	»:±¹³+³�ª�À�¸�®P¯~±,±¹À?³�®/µ~¿¹®;µ+±T¶?ÅT°�¬�±¹«H¿¹®
µ+ÅT®/«?¬�®;µ+·[¯~®/³	Ã,ª�¯+°�·[«(¶�«�Ì_«�±�Ã,«�³~±T¸�¶I¯~ª�±T« � Ó�«�®RÃ�·Dº
¯+±2²I±2³~±�ª�³R¯~±�Ê?«?²5·�¸�·[µ+ÅT®�²�ª|­%®
«G³�ª�±T«

Mx
´�±Tµ�Ã,°�ª�¬l°!¯+°�®S³~º_³�¯~®/­ ­%·[¯~µ+ª�Á�ª�³�«_¶�­%®
µ+ª�¬/·[¸�¸|º

«�±¹«?³~ª|«�Å¹¶�¸�·[µP·[«?²)¶?³~®�¯+°�®$µ~®*³�¶?¸�¯+ª|«�Å(¬�±¹­%»�¶I¯~®*²)³~±T¸�¶I¯+ª|±¹«�·¹³w¯+°�®PÚY¯+µ~¶?®AÛ�³~±T¸�¶I¯~ª�±T«�À_º�Ã,°�ª�¬l°
®/µ~µ+±Tµ)ª�³%­%®/·¹³�¶?µ~®*² � Ô�½H¶?·[¯~ª�±T«?³'× �?�|�*Ù¹Ü ·[«?² × �?�|�7�¹Ü ÅTª�¿T®�¶?³%·M´�±¹µ~­)¶�¸�·M´�±¹µ)¯+°�®�ÚY¯+µ~¶?®AÛ
³~±T¸�¶I¯~ª�±T«Æ·[¯2·[«_º�»:±Tª�«H¯2ª|«�¯+°�®5ª�«H¯~®
µ+¿�·[¸�±T´�ª�«H¯~®/µ~®*³n¯ � É °�®/«Ç¬
·T¸�¬
¶�¸�·[¯~®%¯+°�®5«�±I²I®�Ú�®
µ+µ~±¹µ{Û
´�±¹µ(³~­!·[¸�¸|®/µ�¬l°�±Tª�¬�®*³S±T´

Mx
·[«?²c­!·[Ì¹®)±¹¶I¯(¯+·[À?¸|®*³�·¹³�Ã�®%°?·D¿¹®)²I±¹«�®%ª|«�ÔRÁ�·[­%»�¸�®/³�Ð �|� ¾

Ð � Ò�� Ë�±_±I²ÍN�zTJK>AI ^ _A@9JK_A@R®/¿Hª�²I®/«?¬�®,¯+°?·�¯�µ~®*·T³~±T«?·TÀ�¸�®�¬l°�±Tª�¬�®*³R±[´�¯+°�®�²Iª�­%®
«?³~ª�±T«?³
Mx

°?·D¿¹®
À:®
®/«2­!·T²I®�Ã,ª�¸|¸_À:®�ª�«?²Iª�¬
·[¯~®/²2À_º�·[«�®/µ~µ+±Tµw¯+·[À?¸|®�¯~°?·[¯P³~¶�Å¹ÅT®/³�¯+³;®�ÁI»:±T«�®/«H¯~ª�·[¸_¬�±T«_¿¹®
µ+ÅT®
«G¬�®
µl·�¯+®/³ �
É ±�ª�¸�¸|¶?³�¯~µl·�¯+®2¯+°�ª�³�³n¯+µ+·[¯~®
Å¹ºTÂ�Ã�®)µ+®
¿_ª�³�ª|¯�ÔRÁ�·[­%»�¸�®5Ð �eÒ ·T«?²Mª�­!·[ÅTª�«�®)¯~°?·[¯�Ã�®!²I±'«�±T¯

Ì_«�±�Ã ¯+°�®�³~±T¸�¶I¯~ª�±T«�ª�«�·¹²I¿�·[«?¬
® � � ¬�µ+¶?²I®5·¹³�º_­%»I¯+±[¯~ª�¬�­%±_²�®
¸R´�±¹µ�Ô�½H¶?·�¯+ª|±¹«Ä×�Ð ���*Ü ¬
·T«
À:®5±TÀ�¯+·[ª�«�®*²�ÀHº�¸�®�¯�¯+ª|«?Å�¯~°�®�¯~®/µ~­!³�±T´$¯~°�®�²Iª�¼�®
µ+®
«H¯+ª�·T¸�®/½H¶?·[¯~ª�±T«�»?·¹³~³�¯~±�¯+°�®5¸�ª|­%ª|¯�·T³

x→ ∞ Â�µ+®/³~¶�¸�¯+ª|«?Å�ª�«

−cxx + cx + c = 0.

É °�®)±T«�¸�ºM²I®*¬
·Dº_ª|«?Å�³�±¹¸|¶�¯~ª�±T«?³S¯~±�¯~°�ª�³�®/½H¶?·[¯~ª�±T«�·Tµ~®2³+¬
·T¸�·TµS­)¶�¸�¯+ª|»?¸|®*³�±T´
eλx

Ã,ª|¯~°
λ =

(1 −
√

5)/2 ≈ −0.62
� É °?ª�³!³~¶�ÅTÅ¹®/³�¯+³2¯~°?·[¯

β = 0.6
­%ª|Å¹°¹¯!À:®�·c³+·�´�®/µ%¬l°?±Tª�¬�®�¯~°?·T«

β = 1
� � ®�¶?³�®*²

α = 1
Â
β = 0.6

·[«G²
d = π/4

¯+±�³�¯+·[µ~¯S±¹¶�µSª�«_¿T®/³�¯~ª�Å¹·[¯~ª�±T«M·T«?²�´�±T¶�«G²
¯+°?·�¯�Ã�®(¬�±¹¶�¸�²5ª|«?¬
µ~®*·T³~®

d
¯~±2¯~°�®�¿�·[¸�¶�®

d = π/2.5
Ã,ª|¯~°�«�±T«?³~ª�«�ÅT¶�¸�·[µ�¬�±_®�Þ5¬
ª|®/«¹¯�­!·�¯~µ+ª|Á

´�±¹µ
Mx = 150

¯+±5ÅT®/«�®
µl·�¯+®�±T¶�µ�ÚY¯+µ~¶�®%Û�³~±T¸�¶I¯+ª|±¹« � É °�®2µ+®/³~¶�¸|¯+³�·[µ+®�µ~®*¬�±Tµl²I®*²�ª�« É ·[À�¸�® �
Ã,ª|¯~° ‖ê(xk)‖∞

²I®/«�±[¯+ª|«?Å�®
µ+µ~±¹µ+³F´�±¹¶�«?²%À_º�¶?³�ª�«�Å�¯+°�®S®*³n¯+ª|­!·[¯~®/²VÚn¯~µ+¶�®%Û�³~±T¸�¶I¯+ª|±¹« � É °?®/³~®
«_¶�­)ÀG®/µ+³�¬�±¹­�»G·[µ+®�½H¶�ª|¯~®�´i·D¿T±Tµl·[À?¸|®�Ã,ª|¯~°�¯~°�®(·T¬�¯~¶?·T¸�®
µ+µ~±¹µ+³�Ã,°�ª�¬l°�·[µ+®S¸�ª�³�¯~®*²5¯+±�¯~°?®�¸�®�´>¯
±T´;¯+°�®�®/³�¯~ª�­!·�¯~®*²�®
µ+µ~±¹µ+³ � ® ±[¯+®2·[¸�³~±)¯+°?·�¯,¯+°�®�®
µ+µ+±Tµ$´�±Tµ

Mx = 128
ª|« É ·[À�¸�® � ª�³S·[À:±T¶I¯

°?·T¸�´P¯+°�®2¬�±¹µ~µ+®/³~»:±T«?²Iª�«�Å%®
µ+µ+±Tµ$ª|« É ·[À?¸|® Ò�� É °?®�±�¿T®/µ~¸�º5±T»�¯~ª�­�ª�³�¯~ª�¬�®/³�¯~ª�­!·�¯~®2±[´ É ·TÀ�¸|® �
³~°�±T¶?¸�²!À:®�®�ÁI»G®*¬z¯+®/²�ÂI³~ª|«?¬
®�¯+°�®�·T»�»�µ+±DÁIª|­!·�¯+®S³~±T¸�¶I¯~ª�±T«!Ã,ª|¯~°

Mx = 150
ª�³�¶?³~®/²5ª|«�»�¸�·¹¬�®

±T´w¯~°?®�®�Á�·T¬�¯,³~±T¸�¶I¯+ª|±¹« �

��Î�¿TYÄÏ�µ9.Í��<�k	< ×�»:±T¸�º_«�±T­%ª�·[¸	²I®*¬
·Dº Ü ��®/µ~®�Ã�®�¬l°�±¹³~®
c(x) = 1+x2

1−x+x4

Â?¬
±T­%»�¶I¯+®/²
f(x)

Â
·T«?²�¬l°�±H³�®

p(x) = e−x � � ®�·T¸�³~±%¬
·[¸�¬�¶?¸�·[¯~® G = 1/2.
É °�®�³~ª|«?¬�»?·Tµ+·T­�®
¯~®/µ+³�Ã�®/µ~®S¯+·TÌT®
«

�i�



α = 1, β = 0.6
Â
d = π/2.5

Mx m h ‖M‖∞
∥∥M−1

∥∥
∞ |e(0)| |ê(0)| ‖e(xk)‖∞ ‖ê(xk)‖∞

Û �*Ò Ù?� ØTÚ �T� Úu�[®K× ÙTÙ Û � �TÚT®K× Ù¹Ò �¹� � Ù ®
¾ ÙHÒ �T� � Ù ®�¾ Ù¹Ò ���eÒTÒ ®
¾ ÙHÒ �?� Ò¹Ò ®�¾ Ù¹Ò
� Ø ÒTÒ Ù?� Ú_Ð �T�eÒTÒ ®K× Ù�� Ò�� Ù Ø[®K× Ù�� Ò�� � Ò ®
¾ Ùu� ÒI� � Ò ®�¾ Ù�� Ð ���*Ò ®
¾ Ùu� Ð �|�DÒ ®�¾ Ù��
�¹Ò Ú Ù Ù?� �HÒ ÒI� Ð � ®K× Ù¹Ò Ð � Ù Ø[®K× Ù�� Ð � Ð Ù ®
¾ Ù Ð Ð � Ð Ù ®�¾ Ù Ð �T� �TÛ[®
¾ Ù Ú �¹� �¹Û[®�¾ Ù Ú
Ø[Ú ��Û Ù?� Ò¹Ò �T� Ú¹Ø[®K× Ù Ú Ò�� Û¹Û[®K× Ù Ú �?� �[Û[®
¾ Ù Ø ��� ��ÛT®�¾ Ù Ø �T� � Ø[®
¾ Ù Ð �¹� � Ø[®�¾ Ù Ð
�DÒ Û � ÚHÛ Ù?�|� Ø Ð � ��Û[®K× Ù Ø �¹� Ùu� ®K× Ù Ð Ò�� ÐTØ[®
¾ Ù Û �T� ��� ®�¾ Ù Û �T� Ù�� ®
¾ Ù � �¹� ÙHÒ ®�¾ Ù �

Ø 
-¨�¡1 §ÜqÓ ÔRÁ�·[­%»�¸�®2Ð �eÒ Ã,ª�¯+°�®
ÁI»G±¹«�®
«H¯~ª�·[¸	²�®/¬
·Dº �

α = 1, β = 2
Â
d = π/6

Mx m h ‖M‖∞
∥∥M−1

∥∥
∞ |e(0)| ‖e(xk)‖∞

Û � Ú Ù?� Ú_Ð Û �eÒ ØT®�¾ Ù�� Ø � � � ® × ÙHÒ �¹� Ò �D®�¾ Ù�� Ø ��� Ð[®�¾ Ù��
� Ø Ò Ø Ù?� �HÒ Ò�� Û Ù ®K× ÙTÙ �¹� Ø � ® × Ùu� �¹� ØHÐ�®�¾ Ù¹Ò Ø � �TÛT®�¾ Ù¹Ò
�HÒ Ð Ù Ù?� Ò � Ò�� ÙHÒ ®K× Ù�� �?� Û Ò ® × Ùu� �?� Ð��[®�¾ Ù�� �T���T� ®�¾ Ù¹Ò
ØTÚ �TÛ Ù?�|� Ø �?� � Ù ®K× Ù¹Ò Û � �u�[® × Ùu� Ò�� �[Ø[®�¾ Ù Ú Û ���T� ®�¾ Ù Ú
�DÒ Û � �TÚ Ù?�|�7� Ò�� Øu�[®K× Ù Ú �?� Ò�� ® × Ù Ú � � Ú � ®�¾ Ù Ø Ð � Ø � ®�¾ Ù Ð
Ò Ð[Ø � Û¹Ø Ù?� Ù Û �¹� Ù �[®K× Ù � �¹� Ð Ò ® × Ù Ð � � ��ÚT®�¾ Ù � � � �DÚ¹®�¾ Ù �

Ø 
	¨+¡u �Ñ	Ó ÔRÁ�·[­%»�¸�®2Ð � � Ã,ª|¯~°'»:±T¸�ºH«?±T­%ª�·T¸	²I®/¬/·Dº �

¯+±�À:®
α = 1, β = 2

Â	·[«G²
d = π/6

� É °?®)µ+®/·¹³�±¹«'´�±Tµ�·�¬l°?±Tª�¬�®2±T´
d
²Iª|¼:®/µ~®/«¹¯�´�µ+±T­ ¯~°?®

»�µ+®/¬
®/²Iª�«�Å�®
Á�·[­%»�¸�®/³�ª�³�¯~°G·�¯$ª|«�¯~°�®(·[À?³~®
«G¬�®�±T´;³�±¹¸|¶�¯~ª�±T«5Ì_«�±�Ã,¸�®/²IÅ¹®TÂH±T«�®�Ã�±¹¶�¸�²5³n¯+ª|¸�¸�ÀG®
·TÀ�¸|®2¯~±�±TÀ?³~®
µ+¿T®�¯~®
µ+­!³�Ã,ª�¯+°c²I®/«�±T­%ª�«?·�¯+±Tµ

q(x) = 1 − x + x4
ª|«�¯~°�®�µ+ª|Å¹°¹¯(°?·T«?²�³~ª�²�®

f(x).
® ±�Ã Ã�®2Ã$·[«H¯

f(x)
¯~±�ÀG®�·[«?·T¸|ºH¯+ª�¬�ª�«

B(D),
Ã,°�ª�¬l°Mª�³�·!Ã�®/²�ÅT®2¬
®
«H¯~®/µ~®*²�·[¸�±T«�Å

¯+°�®�»:±¹³~ª�¯+ª|¿¹®
x
¾Y·�ÁIª�³/Â�Ã,ª|¯~°M¿¹®
µ~¯~®
Á�·�¯�¯+°�®�±¹µ~ª�ÅTª�«�·[«?²'·[«?ÅT¸�®

d
´�µ~±¹­ ¯+°�®�»:±¹³~ª�¯+ª|¿¹®

x
¾Y·�ÁIª�³ �

©_ª�«?¬
®2±T«?®2±[´R¯+°�®2µ+±_±[¯l³�±[´
q(x)

ª�³�·[»?»�µ~±DÁIª�­!·�¯~®/¸|º
0.727 + 0.43i,

Ã�®�¬l°�±_±¹³~®2·5³~­%·T¸|¸�®
µ
·T«�ÅT¸�®�¯~±Æ®�Á�¬
¸|¶?²�®'¯~°�ª�³5»:±Tª�«H¯5´�µ~±¹­ ¯~°?®MÃ�®*²IÅT® � � ¸�³~±?Â$±T«�®M¬
±T¶�¸�²Ä±TÀ?³~®
µ+¿T®�½H¶?·¹²Iµ+·[¯~ª�¬
²I®*¬
·Dºcª|«

f(x),
­%±[¯+ª|¿�·�¯+ª|«?Å�¯~°�®�¬l°�±Tª�¬�®

β = 2.
É °�®�µ~®*³�¶�¸|¯+³2·[µ+®�²I®�¯l·[ª�¸|®*²�ª|« É ·TÀ�¸|®�Ú �

Ó�«�®�±TÀG³�®/µ~¿¹®/³�¯~°?·[¯�²I¶�®(¯~±�¯+°�®�³�¸�±�Ã�®/µ,²I®/¬/·DºTÂ_ª|«�¯+°�ª�³$®
Á�·[­%»�¸�®�­%±¹µ~®�«�±I²I®/³,·Tµ~®�«�®/®/²I®*²
¯+±%·¹¬l°�ª�®
¿T®(·T¬/¬�¶�µl·T¬
º5¬�±¹­�»G·[µl·[À�¸�®S¯+±%»�µ~®/¿_ª|±¹¶?³$®�Á�·[­%»�¸�®/³ �

�i"



« ®�¯+°�±I² � « ®�¯+°�±I² Ò
Mx m ‖M‖∞

∥∥M−1
∥∥
∞ ‖e(xk)‖∞ ‖M‖∞

∥∥M−1
∥∥
∞ ‖e(xk)‖∞

Û � Ú � � Û��T®�¾ Ù�� �?� � Ò ® × Ùu� �?� Ð Ò ®�¾ Ù¹Ò �¹� ���D®
¾ ÙHÒ Ø � ��� ® × Ù�� �T�eÒ �D®
¾ Ùu�
� Ø Ò Ø Ð � Ð¹Ð�®K× ÙTÙ Ø � � � ® × Ùu� � � Ø Ù ®�¾ Ù�� �T� Û Ò ® × Ù�� Ú ��� ��® × Ù¹Ò � � ØTÛ[®
¾ Ù Ð
�HÒ Ð Ù � � � � ®K× Ù�� �¹� Ò¹Ò ® × Ù Ú �¹�|�7� ®�¾ Ù Ú Ú � Ù¹Ò ® × Ù Ú �T��� ØT® × Ù Ú �T� ��Ø[®
¾ Ù Ø
ØTÚ �TÛ Ò�� � Ù ®K× Ù�� Ò�� Ø � ® × Ù Ú Ò�� Ù Û[®�¾ Ù � ÒI� � � ® × Ù Ø �T��� ÛT® × Ù Ø �T� Ù Û[®
¾ Ù Û
�DÒ Û � �TÚ Ú � ÛTÚT®K× Ù Ð Ð � Û Ò ® × Ù Ð Ò�� Ú � ®�¾ �/Ù Û ��� �T® × Ù Û ³~ª|«?ÅT¶�¸�·[µ Ð � Ù Ø[®
¾ �¹�

Ø 
-¨�¡1 /Ý�Ó É °�®$«�®/ÃÝ©Iª|«?¬�¾YË(·T¸|®/µ~Ì_ª�«)­%®
¯~°�±I²'× « ®
¯~°�±I² �*Ü ·T«?²2¯~°�®,¯+µ+·[¾
²Iª|¯~ª�±T«?·T¸�©Iª|«?¬�¾YË(·T¸|®/µ~Ì_ª�«!­%®�¯~°?±_²�±[´�ÍeÐ Î × « ®�¯~°?±_² ÒTÜ ·[»�»?¸|ª�®/²%¯+±)Ô�ÁI·T­�¾
»�¸�®'Ð � ÚMÃ,ª|¯~° ³�ª�«?¬5»G·[µl·[­%®�¯+®
µl³

α = 1, β = 2
Â
d = π/4

� É °�®�®/µ~µ+±Tµ

|e(0)| ª�³$«�±T¯S·[»�»�¸�ª�¬
·[À?¸|®�´�±Tµ$¯+°�®(¯~µl·T²�ª�¯+ª|±¹«?·[¸�­%®�¯+°�±I²�Â?³~±%«�±[¯,¸�ª�³�¯~®*² �

��Î�¿TYÄÏ�µ9.Í��<»r-< ×i³~ª�«�ÅT¶�¸�·[µ,¬
±H®
Þ5¬�ª�®
«H¯ Ü�� «�¯~°?ª�³$®
ÁI·T­%»�¸|®�Ã�®�¬�±¹«?³�ª�²I®/µ

−cxx + cx +
3

4x2
c = e−x(

9

2
x1/2 − 2x3/2), x > 0

c(0) − cx(0) = 0

c(∞) = 0.

É °�ª�³$»�µ+±TÀ�¸�®
­ °?·T³,³~±T¸�¶I¯~ª�±T«
c(x) = x3/2e−x � É °�®�µ+®/³~¶�¸�¯l³$±[´P±T¶�µ$­%®�¯+°�±I²'Ã,ª�¯+° p(x) =

e−x ·[«?² α = 1, β = 2
Â
d = π/4

·[µ+®(´�±T¶�«?²Mª|« É ·[À?¸|®)Ð�Â:·T«?²�¬�±¹­%»?·[µ+®/²�¯+±!¯~°�®)µ~®*³�¶?¸�¯l³
±T´S¯~°?®�©Iª|«?¬�¾YË(·T¸|®/µ~Ì_ª�«È­%®�¯+°�±I²Äª|« ©_®/¬�¯~ª�±T«ÄÚ � Ø�±[´)ÍeÐ Î Ã,ª|¯~°

α = 1, β = 2
Â
d = π/4

�
� ¸�³~±)ª�«?¬
¸|¶?²�®/²�ª�³�¯~°?®(¬
±T«?²�ª�¯+ª|±¹«�«_¶�­2À:®
µ$±T´w¯~°?®(¬
±_®�Þ5¬�ª�®
«H¯$­%·[¯~µ+ª�Á

M
±[´w®*·T¬l°�­%®
¯~°�±I² �

ÿ µ~±¹­ ¯~°?®5¯+·TÀ�¸�®TÂPª�¯)ª�³)®
¿_ª�²I®
«H¯�¯+°?·�¯�¯+°�®�¬
±T«_¿T®/µ~Å¹®
«H¯�µ+·[¯~®*³�·[µ+®5¬�±¹­�»G·[µl·[À�¸�®TÂ;Ã,ª�¯+°Æ¯~°�®
¯+µ+·¹²Iª�¯+ª|±¹«?·[¸�©_ª�«?¬z¾nË(·[¸�®
µ+Ì_ª|«�­�®
¯~°�±I²�®�ÁI°�ª�À�ª|¯~ª�«�Å!³�¸�ª|Å¹°H¯~¸�º!­�±¹µ~®�µ+·T»�ª�²�¬�±¹«_¿T®
µ+ÅT®/«?¬�®�·[«?²�·
­%±Tµ+®�ª|¸�¸�¾Y¬�±¹«?²Iª|¯~ª�±T«�®*²�¬
±_®�Þ5¬�ª�®
«H¯�­!·�¯+µ~ª|Á �

Ø � Ø�Þ   Ø ¨C�� jß? TàT �¡w¥	 �¡�¢)¦S£�¤	¨+¡1 T�
��±T«G³�ª�²I®
µ$¯+°�®(¯~ª�­%®�²I®
»:®
«G²I®
«H¯�»�µ+±TÀ�¸�®
­

ρ(x)ct + Lc = f(x, t), x > 0, t > 0
×sØ ���*Ü

Ac(0, t) +Bcx(0, t) = G(t), B 6= 0
×sØ �eÒTÜ

c(∞, t) = 0,
×iØ � �HÜ

c(x, 0) = g(x)
×iØ � Ú Ü

� h



Ã,°�®/µ~®
Lc ≡ −(D(x)cx)x + (v(x)c)x + λ(x)c

·[«?²
c = c(x, t).

� Å¹·[ª�«MÃ�®)·¹³~³~¶�­%®�¯+°�®
»?·Tµ+·T­%®�¯~®/µ+³�·[µ+®�¬l°�±¹³~®
«'³~±2¯+°?·�¯,¯+°�®�»�µ+±TÀ�¸�®
­ ª�³,Ã�®
¸�¸�»G±H³�®*² �
Ë�ª�¿T®
«Ý·�³n¯+®/·¹²IºÈ³�¯+·�¯+®�³�±¹¸|¿¹®
µ!³�¶G¬l°Ä·¹³%Ã�®'°?·D¿¹®�²I®/¿T®/¸|±¹»G®*²�Â�¯+°�®
µ+®�·[µ+®�­!·T«HºÇ¯~ª�­�®

­!·[µl¬l°�ª�«�Å�³+¬l°�®
­%®/³;±T«?®�¬�±¹¶�¸�²�²I®
¿¹®
¸�±T»�´�±¹µ	¯~°?®�Å¹®
«�®/µ+·T¸T»�µ+±TÀ�¸�®
­ � � ¸�¯+®
µ+«?·�¯+®
¸�ºTÂ�±¹«�®�¬
±T¶�¸�²
²I®/¿T®/¸|±¹»�·�´�¶�¸�¸�º�©_ª�«?¬z¾nË(·[¸�®
µ+Ì_ª|«�­%®�¯+°�±I²%ª|«!³~»?·T¬
®�·[«?²)¯~ª�­%® ��� «�¯~°�ª�³�³~®/¬�¯~ª�±T«%Ã�®,®
Á�·[­%ª|«?®
·(¿¹®
µ+º2³�ª�­%»�¸�®�®�Á�·[­%»�¸�®,±[´:¯~ª�­%®�­!·[µl¬l°�ª�«�Å?Â[«G·[­%®
¸�ºTÂ¹Ã�®S·T»�»�¸�º)·�¬
±T«_¿T®
Á)¬�±¹­2À�ª�«?·�¯+ª|±¹«%±[´
¯+°�®�³n¯l·[«?²?·[µl²�Ê?µl³�¯�±Tµl²I®
µP®�ÁI»�¸�ª�¬�ª|¯�·[«?²�ª�­�»?¸|ª�¬�ª|¯�¯~ª�­%®,­!·[µl¬l°�ª|«?Å(³+¬l°�®/­�®*³F¯~±(¯+°�®,»�µ+±TÀ�¸�®
­
·TÀG±�¿¹® � � ª�¯+°c·%¯+ª|­%®)³�¯~®/»�»�ª�«�Å5ª�«?¬�µ+®
­%®/«¹¯�±[´

∆t
·[«?²�³~¶�»:®
µl³~¬
µ~ª�»I¯+³�²I®
«?±[¯~ª�«�Å5¿�·T¸|¶�®*³S·[¯

¯+ª|­%®
t = k∆t

Â?³~¶?¬l°�­%®
¯~°�±I²�³�·Tµ~®�²I®*³~¬
µ~ª�À:®/²�ÀHº5¯~°�®�®*½¹¶G·�¯~ª�±T«

×sØ � Ð Ü
ρ
ck+1 − ck

∆t
+ Lck+1 = f,

Ã,°�®/µ~®
f = fk

ºHª�®
¸�²�³�¯~°?®�®
ÁI»�¸|ª�¬�ª|¯'­�®
¯~°�±I² ·[«?²
f = fk+1

¯+°�®�ª|­%»�¸�ª�¬�ª|¯'­%®
¯~°�±I² �
« ¶?¸�¯+ª|»�¸�º�¯~°�®�´�±Tµ+­%®
µ2®*½H¶?·�¯+ª|±¹«ÇÀ_º

1 − µ
·[«?²�¯+°�®�¸�·�¯~¯~®/µ2À_º

µ
¯~±�±¹ÀI¯+·Tª|«�¯+°�®5´i·T­%ª|¸�º

±T´;ª�­�»?¸|ª�¬�ª|¯�­%®�¯~°?±_²?³

×sØ � Ø Ü
ρ
ck+1 − ck

∆t
+ µLck+1 + (1 − µ)Lck = µfk+1 + (1 − µ)fk, 0 < µ ≤ 1.

© ®/ÅTµ+±T¶�»�¯~®/µ~­!³�¯~±!±¹ÀI¯+·Tª|«�¯~°?®(´�±Tµ+­
×sØ � � Ü

(L+
ρ

µ∆t
)ck+1 = fk+1 +

1 − µ

µ

(
fk − (L− ρ

(1 − µ)∆t
)ck
)
,

Ã,°�®/µ~®�ª|¯�ª�³$¶�«G²I®
µl³n¯+±_±_²�¯~°G·�¯,¯~°?®�³�®*¬�±T«G²!¯~®/µ~­ ±T«�¯~°�®(µ+ª|Å¹°H¯$°G·[«?²�³�ª�²I®(ª�³ ρ
∆tc

k
´�±¹µ$¯~°�®

´�¶�¸�¸�º�ª�­�»?¸|ª�¬�ª|¯�­%®�¯~°?±_²
µ = 1

�
� ®�¬
·T«!«�±�Ã ·[»�»?¸|º)¯~°�®�­%®�¯~°?±_²?³�±[´;©I®/¬z¯+ª|±¹« ��á ¯+±�¯~°?ª�³�»�µ+±TÀ�¸�®
­ ·�´>¯~®/µ�­!·TÌHª�«�Å�·(´�®/Ã

³~¸|ª�ÅT°H¯�·T²K
n¶?³n¯+­%®
«H¯+³$ª�«'«�±[¯l·�¯~ª�±T« � Ï�®�ÊG«�®�±T»:®
µl·�¯+±Tµl³�·T«?²�´�¶�«?¬z¯+ª|±¹«?³

L+ = L+
ρ

µ∆t

×sØ � Û Ü

L− = L− ρ

(1 − µ)∆t

×sØ � � Ü

f̃ = fk+1 +
1 − µ

µ

(
fk − (L− ρ

(1 − µ)∆t
)ck
)×sØ ���/Ù¹Ü

·T«?²5¬�±¹µ~µ+®/³~»:±T«?²Iª�«�Å�À�ª�¸�ª|«�®*·[µ�´�±Tµ+­!³
T+, T− ·T³�ª|«'©_®/¬�¯~ª�±T« � ¯~±)±TÀI¯l·[ª�«!¯~°�®(³�¯~®/·¹²Iº!³n¯l·�¯+®

²Iª|¼�®
µ+®
«H¯~ª�·[¸�®*½¹¶G·�¯~ª�±T«'·�¯$¯+°�®
k
¯~°�¯+ª|­%®�³�¯~®
»'ª�«�¯~°�®�¶�«?ÌH«?±�Ã,«

ck+1

×sØ ���T�*Ü
L+ck+1 = f̃

·T«?²�¿�·Tµ~ª�·�¯+ª|±¹«?·[¸:´�±Tµ+­ ×iÃ,ª�¯+°
R, u

·¹³$ª|«M©_®*¬z¯+ª|±¹« �HÜ

T+(ck+1, u) = R(f̃)
×iØ �|�DÒTÜ

= R(fk+1) +
1 − µ

µ
(R(fk) − T−(ck, u))

×iØ �|�7�¹Ü
�i}



É °�®�³~¶�ª|¯+·[À?¸|®�¬l°�±¹ª�¬
®�±T´FÃ�®
ª�ÅT°H¯+ª|«�Å)´i·T¬�¯~±¹µ�²I®
»:®
«?²?³,±T«�¯~°�®�»?µ~±¹À�¸|®/­ ��� ´;¯+°�®�»�µ+±TÀ�¸�®
­
®
Á_°?ª|À�ª|¯+³�³�¯~ª|¼�À:®
°?·D¿_ª�±Tµ�ª|«�¯+ª|­%®¹Â

µ
¬�¸�±¹³~®�¯~±

1
­%ª|Å¹°¹¯�ÀG®�·5Å¹±H±I²�¬l°�±¹ª�¬
® � Ó�«�¯~°�®)±[¯+°�®
µ

°?·T«?²�Â;¯~°�®�¬l°�±Tª�¬�®
µ = 1/2

ÅTª�¿T®*³�·'­%®�¯+°�±I²ÆÃ,°�ª�¬l°�ª�³2³~®/¬
±T«?²�±¹µ+²I®/µ�ª�«�¯~ª�­�®�×���µl·[«�ÌH¾
® ª�¬
±T¸�³�±¹«�ª�³�·5³~»:®/¬�ª�·[¸;¬
·T³~® �eÜm� ´R±¹«�®�¶?³~®/³$ÊG«�ª�¯+®)²Iª|¼�®
µ+®
«?¬
®�­�®
¯~°�±I²�³/ÂG¯~°�ª�³S³~®/¬
±T«?²�±Tµl²I®/µ
·¹¬
¬�¶?µ+·¹¬�ºÈÃ,ª�¸�¸�«?±[¯'­%·[¯~®/µ~ª�·[¸�ª»�/®M¶�«�¸�®/³+³�¯~°�®�±T»:®
µl·�¯+±Tµ

L
ª�³�¬/·[µ+®�´�¶�¸�¸�ºÝ²�ª�³+¬�µ+®�¯+ª»�/®/² ·T«?²

»:±¹³+³�ª�À�¸�º�±[¯+°�®
µRµ+®/³�¯~µ+ª�¬�¯~ª�±T«?³;±T«%³�¯~®
»%³~ª»�/®/³R³~¶?¬l°)·¹³F¯~°�®���±T¶?µ+·T«¹¯P«_¶�­2À:®
µ
µ = ∆t/∆x2 ≤

1/2
·[µ+®S·[»?»�¸|ª�®/² �3� ´w¯~°�®�²Iª�³+¬�µ+®�¯+ª»�*·�¯+ª|±¹«!®
µ+µ~±¹µ�ª�³�®
¿¹®
«5ª�«5»:±�Ã�®/µ+³�±[´

∆t
·[«?²

∆x,
±T«�®�¬
·[«

®/­�»?¸|±�º © ª�¬l°?·Tµ+²?³�±¹«�®
ÁH¯+µ+·T»G±¹¸�·[¯~ª�±T«�¯~±5ª�«?¬
µ~®*·T³~®�¯+°�®�±¹µ+²I®/µ,±[´�·T¬/¬�¶�µl·T¬
º!ª|«�®/¿T®/«�»:±�Ã�®
µl³
±T´;¯+°�®�³n¯+®
»M³~ª»�/®/³ � � «M·¹²I¿�·[«H¯+·TÅT®�±[´R¶?³~ª|«?Å5³�ª�«?¬(­%®�¯+°�±I²�³,±T«�¯+°�®2³~»?·�¯+ª�·T¸�±T»:®
µl·�¯~±¹µ

L
ª�³

¯+°?·�¯�³~»?·[¯~ª�·[¸?³�¯~®/»�³�ª��
®�²�ª�³+¬�µ+®�¯+ª»�*·�¯~ª�±T«%®/µ~µ+±TµRª�³�®
Á_»:±T«?®
«H¯~ª�·[¸�¸|º%³~­%·T¸|¸�´�±Tµ�³~¶IÞ5¬�ª�®
«H¯+¸|º�¸�·Tµ~Å¹®
«�±I²I®(«_¶�­)ÀG®/µ

Mx.
É °_¶?³/ÂI±T«�®(¬
·T«�®
Á_»:®/¬�¯$¯~°?·[¯$±¹«�®�³n¯+®
»�±[´ © ª�¬l°G·[µl²�³�±¹«5®�Á_¯+µ+·T»G±¹¸�·[¯~ª�±T«

³~°�±T¶?¸�²�¸|®*·T²�¯~±5·)´�±T¶?µ�¯+°�±¹µ+²I®/µ$­�®
¯~°�±I²'ª�«�¯+ª|­%® �
� ¯�³~°�±¹¶�¸�²ÄÀ:®�®/­�»?°?·T³~ª»�/®/²Äª�« ÅT®
«?®
µl·[¸�±¹«�®�¬
·T«Ý±T«�¸�º ®
ÁI»G®*¬z¯�®
ÁH¯+µ+·T»G±¹¸�·[¯~ª�±T« ¯~±Çµ+®�¾

²I¶G¬�®5¯+°�®�¯~ª�­�®'³�¯~®
»?»�ª|«?Å�®
µ+µ+±Tµ�¯+±�¯+°�®�¸�®
¿¹®
¸�±[´S³~»?·�¯+ª�·T¸�²Iª�³+¬�µ+®�¯~ª��/·[¯~ª�±T«Æ®/µ~µ+±Tµ �cÿ ¶�µ�¯+°�®
µ
¯+ª|­%®5®
ÁH¯+µ+·T»G±¹¸�·[¯~ª�±T«Æ³~°�±T¶�¸�²�°?·D¿¹®!¸|ª|¯�¯+¸|®�®�¼�®/¬�¯2±T«�¯+°�®�³~»?·�¯+ª�·T¸�²Iª�³+¬�µ+®�¯~ª��/·[¯~ª�±T«�®
µ+µ+±Tµ*Â;³~±
¯+°?·�¯�´�±¹µ�·5³~¶IÞ5¬�ª�®
«H¯+¸|º'³�­!·T¸|¸w¯~ª�­�®�³n¯+®
»M³~ª»�/®TÂ:Ã�®)³�°�±¹¶�¸�²'«�±[¯�³~®
®)·[«_º�ª�­%»�µ+±�¿T®
­%®/«¹¯�À_º
®
ÁH¯+µ+·T»G±¹¸�·[¯~ª�«�Å)¯~°�®�³~±T¸�¶I¯~ª�±T« �

� ®)ª�¸|¸�¶?³�¯~µl·�¯+®�¯~°?®/³~®2»:±Tª�«¹¯l³Sª�«�¯+°�®2´�±¹¸|¸�±�Ã,ª�«�Å5®�Á�·T­�»?¸|®¹ÂGÃ,°�®/µ~®2´i·[ª�µ~¸�º'­%±_²�®/³�¯�¿�·[¸�¶�®/³
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2 + x

1 + x

)
ct − ((1 − 0.5e−2x)cx)x + cx + c = f(x, t), t > 0, x > 0,

×sØ ��� Ú Ü

c(0, t) − 0.5cx(0, t) = 1 − cos(πt/4), t > 0
×iØ �|� Ð Ü

c(∞, t) = 0, t > 0
×iØ ��� Ø Ü

c(x, 0) = 0, x > 0.
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f(x, t)
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p(x) = e−x2 Â

α = 1, β = 1
Â
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uP{�tzmHqsrDaG`/�Dp,anmidef�jlk/vstzke�*q�detz`Rtl{Djl`�de`
x�anmiv�a:y*mstz�Dkeanp
de`�j�y�jlm�jl�[tzkedefRy�jlm�qsd�jlkIuDd �Ta�mian`
qsd�jlkIan�/�Dj+q�detz`HBSé òKò+å~ûYéYå ÿ ûiñ/ìnï å�æ�é � ô7í ð özõ ï ð ß ÷/� ß�àzàzö B

æ ÷ ç 7DBHC(�*a�kekeanmnBué òKò+å~ûYéYå ÿ ûsñ
ìnï å~æ�é	øYñ�û�êTç|ò�ôzë*ï â�û ö ç ùwå~ûiå~ò�ã�ç|âzï	����ëDâzã�ç|ñ�ò�é B_�?r�K�q�r*a�vsdev~�HE;`Dd x�anmiv�d q>��tl{
9;an�Dmsjlv�o+j*��A_de`Dfntzke`H�[9;8w�DEPQ/J�� ß�àzà ÷/B

æ õiç 7DB�C(�Dankekeanmwjl`Du�LRB[Q
rDtzmsanv�BTE;`Dde�
�Dan`Danv�v;jl`Du(`
�Dp,anmsdef�jlk¹msanfnt~x�anm���tl{?j�y[tlq�an`�q�d�jlkItz`Sq�r*a�mia�jlk_kede`DazB
é òKò+å~ûYéYå ÿ ûiñ
ì�ï å~æ�é � ß!î7í ð õzà ï îzöAî � ß�àzà ÷/B

æ àiç 9�B 9�B_Ewm�jlk�
 fnaYxzj2O�B J�B¹AIjlu*�/�nan`Dv�o+j
��j*����B J�B�Q/tzketz`*`Ddeozt~xTB þ?ç|ò[å�â�û�âzò[ü ñ ëDâzé�ç�ï ç�ò[å�âzû����~ëDâzã�ç|ñzò�é�ñRø
ÿ âzûiâ
ì�ñzï ç|è��[ùYý/å B*JFp,anmidef~jl`�C�j+qsrDanp�j+q�def�jlk�Q/t
fndeaYq>�
�T�?mst�x*deu*a�`*f�az� ß�àzôAõ B

�i²



æ ß�öiç @�BlQ/p,d qsr�jl`Du�ü�B è t~b�a�miv~BzQ/de`DfYg>��jlkeanmio/de`�a�viq�dep�j+qsdetz`�tl{�uDd �T�Dv�d x/d q>��de`�y�jlmsjl�Ttzkedef�y*mstz�Dkeanp,v�BAé òKòlå�ûYéYå
ÿ ûiñ
ì�ï å~æ�é � à7íeßzß!î ï ß!îzõ � ß�àzàAî B

æ ßzßyç =�BIQ
qsan`D�zanm�B?JÇv�de`*fng���jlkea�mio
de`�p,aYq�r*t/u2tl{	v�tzke�*qsdetz`�tl{	�[tz�D`*u�jlmi�2xzjlke�*a,yDmstz�*kea�p,v�B á2âzã|äDóRî?ñ�æ;ý¹ó �
îAî7í õzõ ï ß�özà � ß�à ÷ à B

æ ß ð ç =�B
Q
qsa�`*�za�mnB ìRë*æ�å~ûYç|è�âzïDá2å~ã|ä*ñ�üzé��;âzéYå�ü�ñ�ò�êTç|ò[èFâ�ò[ü�êPò[âzï ùzã�ç�è��Hë/ò[è~ã�ç|ñzò�é B/Q/yDmide`D�zanmig��:anmik�jl�D�D9wanb
�:tzmio[� ß�àzàAî B

æ ß!îiç C�B�L	rHB[xzjl`2hFan`
�Df�r�q�an`%jl`*u�7�B �FBT��jlmioza�mnB è tz�D`Du�jlm���fntz`DuDd qsdetz`DvP{|tzmFuDdevsyDk�jlfna�p,an`�qPaY}/yTanmidep,an`
qsv
q�r*mstz�D�zr�v�rDtzm�qFk�jl�[tzmsj+q�tzm��(vstzdekHfntzke�Dp,`Dv�B ê¹ñzç�ï¹ê¹è~ç�óHê¹ñ~è+ó�êFæ,óTëDó � û õ7í ÷ öAî ï*÷ öAõ � ß�àAõ û B
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