Sample Exam 2 Math 221H Fall 2008
Name: Score:

Instructions: Show your work in the spaces provided below for full credit. Use the reverse side
for additional space, but clearly so indicate. You must clearly identify answers and show supporting
work to receive any credit. Exact answers (e.g., ) are preferred to inexact (e.g., 3.14). Make all
obvious simplifications, e.g., 0 rather than sin 7. Point values of problems are given in parentheses.
Point values of problems are given in parentheses. Notes or text in any form not allowed. No
electronic equipment allowed.

(14) 1. Find general solutions to the following DEs.
(a) y" +8y' +25y =0
SOLUTION. The characteristic equation for this homogeneous equation is

r? 4+ 8r+25 =0,

with roots from the quadratic formula as

(-8+ 6I—1-25)

r = —4+3i,
2
so that independent solutions are e~** cos 62 and e~**sin 62 and the general solution is
Y. (z) = cre”** cos 3w + cre ¥ sin 3z

(b) (D —2)(D*+9)y =0
SOLUTION. Characteristic equation for this homogeneous equation is

(r=2)(r*+9) =0,

with roots r = 2 and r = £v/—9 = £3i, so that independent solutions are €**, cos3x and sin 3x
and the general solution is
Y. (7) = c1€** + ¢y cos 3x + c3sin 3.
(17) 2. Solve the IVP 3y® + 2y =0, y (0) =1, ¥/ (0) = 0, 3" (0) = 1.
SOLUTION. First solve the homogeneous equation. The characteristic equation for this problem is
0=7r"+2r=7>(3r +2),

which has roots r = —2/3,0,0. It follows that a set of independent solutions for this problem is
1, z, e %, the first two being for the repeated root 0. So the general solution and its first two
derivatives are

y(x) = o +cx+ cge%x
2
y(r) = c— 5636_%50
4
" _ = —2x
y'(x) = 9636

0=9¢ () = c— 36
4
1 — " — -
y' () 903,
so that c¢3 = 9/4, then ¢y = %c;; = 3/2, then ¢; = —1 — ¢ = —13/4, and the solution is
13 3 9
y(r)=——+-x+ e .
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(20) 3. Given the solution y; (z) = e ** to the DE 3" + 4y’ + 4y = 0, use reduction of order to find
another solution and verify that the two solutions are linearly independent.

SOLUTION. We set ys () = v (x) y; (x) and obtain derivatives, then multiply by appropriate coef-
ficients to obtain

Aly, = we ™™
Alyy, = v'e 2 — 2pe27]
yy = v"e™ —4v'e™ + dve™ ]

Now add both sides and set the left hand side to zero, obtaining

— ) — — o — _ — _
0= 4dve ™ + e — 8ue 2 +v"e ™ — e 4 que™? = e %",

Hence v" = 0, so v' = 1 and v = z as specific antiderivatives. Thus, 1, = e~ 2%,

To check for linear independence, we calculate the Wronskian
e—2m $€_2$

W (y1,92) = 972 o2 _ 9po—2e

—e (e_% — 2x6_2‘”) — (—26_3:5) zre 2 =1 £,

Since the Wronskian does not vanish (anywhere), these functions are linearly independent on the
whole real line.

(18) 4. Use the method of undertermined coefficients to find particular solutions to these DEs

(a) y" 4+ 8y" + 25 = 0 (In this part also write out the general solution to the equation.)

SOLUTION. This equation can be written in the form y” 4+ 8y’ = —25. The characteristic equation
for the associated homogeneous problem 3" + 8y = 0is 0 = r? + 8 = r(r + 8), so the general
solution for the homogeneous equation is y. (x) = ¢;1 + coe 8%,

Also, the family of derivatives of f (x) = —25 is generated by the single function g (z) = 1, but
this is a solution to the homogeneous equation. Therefore, multiply by = to obtain non-solutions
to the homogeneous equation. Thus, we guess a particular solution of the form y, (x) = Az. Plug
into the DE and obtain that y + 8y, = 0 + 84 = —25, and therefore A = —25/8. It follows that

Yp () = —22x and the general solution to the DE is

25
Yy (@) = ye () +yp () = 1 + 2™ — i

(b) y" —y" — 12y’ = 2%e73% (In this part only set up the form, and do not solve for coefficients.)
SOLUTION. The characteristic equation for associated homogeneous problem y"” — " — 12y = 0 is

O:r3—r2—12rzr(r2—r—12> =r(r+3)(r—4)
with roots r = 0, —3, 4, so the general solution for the homogeneous equation is

Y (1) = ¢ + coe™®" 4 cze™.

Also, the family of derivatives of f(z) = 2273 has f = 2ze 3" — 32273, and f" = 273" —
122e73% + 922e73% etc., so that the functions

{xze—?m:? x6—3x7 6—31}
span all derivatives. However, e % is a solution to the homogeneous problem, so we must multiply

this family by x to obtain non-solutions to the homogeneous problem. Therefore, our guess for a
particular solution to the problem is

Yy, () = Az*e™ " + BrPe ™ 4 Cze ™.
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(16) 5. Use variation of parameters to find a particular solution to the DE y” + 9y = 2sec 3z.
SOLUTION. First find the solution to the associated homogeneous equation y” + 9y = 0, which has
characteristic equation r? + 9 = 0 and roots r = /=9 = £3i. So independent solutions are

y1 (z) = cos3x, 1y () = sin3x.

Next calculate

cos 3x sin 3x
—3sin3x 3cos3x

W (y1,y2) = ’ =3 ((3052 3x + sin® 3:10) = 3.

Thus with right-hand side f (x) = 2sec 3z,

2

nf /00831’-3 2
7d — cos zd ——
/W e 3 T3

and
2

in3z - 2 r 2
_/%dmz_/wclx:_g/tangxdl‘:—91n|8603x’,

so a particular solution is given by

2 2
{_ / ?ﬁfdx} vy (z) + {/ ylmfdx} Yo (x) = —§ln |sec 3x| - cos 3x + gsin 3x.

(15) 6. Consider the IVP " + 8zy’ + 25y = 23, y (0) =1, 3/ (0) = 2.
(a) Convert this second order DE to a first order system.) Is this system linear? Homogeneous?
SOLUTION. Make the change of variables

n =Y
Y =Y

so that
yh =y" = —8xy’ — 25y + 1° = —8ryy — 25y; + 2°

and we have the first order sytem

!
B = Y2

Yy = —20y1 — 8xys + 3.
This system is linear and non-homogeneous.

(b) Convert the initial conditions to a single initial condition for the system in (a)
SOLUTION. Since y = %/, the initial condition for the system of (a) is

y1(0) =

(c) Give a reason why we might like to work with the IVP consisting of (a) and (b).

SOLUTION. One reason is we have good existence/uniqueness theorems for first order TVPs.
Another is that we can use Euler’s method to solve first order systems (with much the same formula
as with a first order equation: y, 1 =y, +h-f (2., y.).)



