
Warm Up

Last time, we proved the Degree n Theorem:
Degree n Theorem. A nonconstant, degree n polynomial has exactly
n roots. Suppose the polynomial is

f (x) = anxn + an−1xn−1 + · · ·+ a1x1 + a0.

Then f (x) can always be represented in the form

f (x) = a(x − α1)(x − α2) . . . (x − αn),

where α1, α2, . . . , αn are the roots of f .

1 We’ve used many variables: a, an, an−1, . . . , a0, αn, αn−1, . . . , α1, x , f .
a) Which variables are given? Which variables are part of the outcome of

the theorem?
b) Represent a and a0 in terms of other variables.

2 Explain how the terms exactly and the are used, why that use makes
sense, and what a first-time reader might watch out for.

Please wrap up your thoughts by 7:20pm.



Today’s Class

Themes:
Using and Understanding Statements of Theorems
Representations and Solutions

Topics:
The Rational Root Theorem
Narrowing the Domain of Possible Roots
Introduction to Complex Numbers



The Rational Root Theorem

Breaking up (a polynomial into smaller-degree factors) is hard to do.

If there are more than 2 degrees involved, there’s no easy formula;

and if there are more than 3 degrees involved, no general formula exists.

. . . But sometimes you must break up.

To help guide our actions (our guesses):
The Rational Root Theorem. Let

f (x) = anxn + an−1xn−1 + · · ·+ a1x + a0,

where an, an−1, . . . , a1, a0 are integers. Then the rational roots of f (x)
can always be represented as p

q , where
p is a factor of a0 and
q is a factor of an.
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Breaking up intelligently

To help guide our actions (our guesses):

The Rational Root Theorem. Let

f (x) = anxn + an−1xn−1 + · · ·+ a1x + a0,

where an, an−1, . . . , a1, a0 are integers. Then the rational roots of f (x)
can always be represented as p

q , where
p is a factor of a0 and
q is a factor of an.

What does the Rational Root Theorem guarantee?
Under what conditions?
What might it not tell us?
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Breaking up intelligently

The Rational Root Theorem. Let

f (x) = anxn + an−1xn−1 + · · ·+ a1x + a0,

where an, an−1, . . . , a1, a0 are integers. Then the rational roots of f (x)
can always be represented as p

q , where

p is a factor of a0 and
q is a factor of an.

The Rational Root Theorem is a guarantee for rational roots.
Unfortunately, a complete break up can entail

irrational factors, or even
complex factors.

Nonetheless, the Rational Root Theorem can still help us efficiently
reduce the problem to one of lesser degree, especially combined with
synthetic division.



More Strategies for Planning a Break Up:
Narrowing the Domain of Roots

What can you say about the
roots of the polynomials f (x)
and g(x)?

x x

yy

y=f(x) y=g(x)

More strategies:
Testing that there can’t be any negative real roots
Testing that there can’t be any positive real roots

Examples: How would you explain why 2x3 − 5x2 + 4x − 1 can’t have
negative roots? Why 2x2 + 5x2 + 4x + 1 can’t have any positive roots?

You can combine these with the Rational Root Theorem and Synthetic
Division to plan your break up strategy.
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Breaking up using all our knowledge so far

Find the solutions of the equation

x4 − 10x3 + 35x2 − 50x + 24 = 0.

[Let’s work this on the board]

Coaching this breakup:
Use the Rational Root Theorem. All roots of the polynomial must
be factors of 24.
Notice there can’t be any negative roots. So you only need to test
positive factors of 24.
Start with 1, use synthetic division to break up f (x) into
(x − 1)(. . . ).
Use the Rational Root Theorem again. You’ll get
f (x) = (x − 1)(x − 2)(. . . ), and the last part is a quadratic. You can
factor the quadratic using number patterns or the quadratic formula.



Breaking up using all our knowledge so far

Find the solutions of the equation

x4 − 10x3 + 35x2 − 50x + 24 = 0.

[Let’s work this on the board]

Coaching this breakup:
Use the Rational Root Theorem. All roots of the polynomial must
be factors of 24.
Notice there can’t be any negative roots. So you only need to test
positive factors of 24.
Start with 1, use synthetic division to break up f (x) into
(x − 1)(. . . ).
Use the Rational Root Theorem again. You’ll get
f (x) = (x − 1)(x − 2)(. . . ), and the last part is a quadratic. You can
factor the quadratic using number patterns or the quadratic formula.



Breaking up using all our knowledge so far

Find the solutions of the equation

x4 − 10x3 + 35x2 − 50x + 24 = 0.

[Let’s work this on the board] Coaching this breakup:
Use the Rational Root Theorem. All roots of the polynomial must
be factors of 24.
Notice there can’t be any negative roots. So you only need to test
positive factors of 24.
Start with 1, use synthetic division to break up f (x) into
(x − 1)(. . . ).
Use the Rational Root Theorem again. You’ll get
f (x) = (x − 1)(x − 2)(. . . ), and the last part is a quadratic. You can
factor the quadratic using number patterns or the quadratic formula.



Known break up strategies

Rational Root Theorem, especially with the leading coefficient is 1.
Then all rational roots are integers.
Synthetic Division, to reduce the problem to factoring lower degree
polynomials.
Spotting that there can’t be negative real roots or can’t be
positive real roots by plugging in.
Factoring quadratics using number patterns or the quadratic
formula.



Coaching break ups

You’ve assigned the following polynomials to your class to factor. The
polynomials came from your textbook, which provides a factorization in the
solution manual.

Given this information, how would you coach the following break ups?
polynomial factorization

f (x) = x4 − 7x3 + 16x2 − 14x + 4 (x − 2)(x − 1)(x − 2−
√

2)(x − 2 +
√

2)

g(x) = 3x4 − 3x3 − 9x2 + 3x + 6 3(x − 2)(x − 1)(x + 1)(x + 1)

h(x) = x3 − 4x2 + 9x − 10 (x − 2)(x2 − 2x + 5)



What about complex factors?

Patterns of complex roots
Visualizing complex numbers


