
What are features of a good explanation of a
mathematical line of reasoning?

We will discuss this packet on Monday evening.
Please make sure to read through this carefully
by then, and to submit responses to the anal-
ysis questions at http://tinyurl.com/39bgm7r by
Monday at 4pm.

Your thoughts will inform how the discussion
is led. Bring any questions you have on this
packet as well as a copy of your analysis to class.

The Rational Radical Task

We opened our Math486 journey with this piece
of mathematics.

The Rational Radical Task. The number√
3 +
√

7−
√

8− 2
√

7

is actually a familiar one. Using the fact that it’s
rational, can you find the more familiar name for it?

On the next page are two explanations to the
Rational Radical Task generated by teachers. As
you read them, think about the following ques-
tions, jotting down notes if that helps you. The
online form will ask you to submit an analysis
for the first question.

• How do the explanations differ? What
could account for the differences?

• How do the explanations account for the
same mathematical fact, despite their differ-
ences?

• What makes an explanation mathemati-
cally sound and complete? For whom?
(Use examples from these explanations to
support your answer to this question.)

• What are features of a good explanation?
For whom? (Use examples from these ex-
planations to support your answer to this
question.)
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Teacher A’s Explanation

Proposition. Let x =

√
3 +
√

7−
√

8− 2
√

7.
Using the fact that x is rational, we can show that
x = 2.

Proof of Proposition. Using arithmetic closure ax-
ioms of rational numbers, the definition of x as√

3 +
√

7−
√

8− 2
√

7, and the lemma below,
we show that in fact x = 2.

Lemma. If the product of a rational number and an
irrational number is rational, then the rational mul-
tiplicand must have been 0.

Proof of Lemma. (The proof for this lemma can be
found later in this paper.)

Whatever x is, it satisfies:

x =

√
3 +
√

7−
√

8− 2
√

7 (1)

x2 = 3 +
√

7−
√

8− 2
√

7

x2 − 3−
√

7 = −
√

8− 2
√

7

x2 −
√

7 = −
√

8− 2
√

7 + 3

x2 − 3−
√

7 = −
√

8− 2
√

7

x4 − 6x2 − 2
√

7x2 + 16 + 6
√

7 = 8− 2
√

7
x4 − 6x2 + 8 = 2

√
7(x2 − 4).

We are given that x is rational. So x4 + 6x2 + 8
and 2(x2 − 4) are rational. But

√
7 is irrational,

and by our lemma, the only way that the prod-
uct of the irrational

√
7 and rational 2(x2 − 4) to

be rational is for 2(x2 − 4) to equal 0. It follows
that x must satisfy

2(x2 − 4) = 0 (2)

x4 − 6x2 + 8 = 0 (3)

as well as the original definition (1). The solu-
tions to (2) are ±2, and the solutions to (3) are
±2,±

√
2. Since x must be a simultaneous so-

lution to (2) and (3), it must be one of ±2. Fi-
nally, by definition, x is positive. We conclude
that x = 2.

Teacher B’s Explanation

Proposition. We use the fact that√
3 +
√

7−
√

8− 2
√

7

is rational to show that it equals 2.

Proof. We use the following lemmas.

Lemma.
√

7 is irrational.

Proof. (The proof for this lemma can be found
later in this paper.)

Lemma. When the product of a rational number and
an irrational number is rational, the product must
equal zero.

Proof. (The proof for this lemma can be found
later in this paper.)

Let x equal the number given in the proposi-
tion. Then x must be a solution to

x4 − 6x2 + 8− 2
√

7(x2 − 4) = 0, (∗)

which we obtained by successive isolating and

squaring radicals in x =

√
3 +
√

7−
√

8− 2
√

7.
We are given that x is rational. Since both

sides of an equation are equal, both sides of
(∗) must be rational. As sums, differences,
and products of rational numbers are rational,
it follows that x4 + 6x2 + 8 is rational, and so
2
√

7(x2 − 4) is rational too.
By the first lemma,

√
7 is irrational. By the

second lemma, 2
√

7(x2 − 4) = 0. So x must be a
simultaneous solution to the equations

x2 − 4 = 0 x4 − 6x2 + 8 = 0 + 2
√

7(x2 − 4)
x = ±2 x4 − 6x2 + 8 = 0

x = ±2,±
√

2.

(We obtained the solutions to the second equa-
tion using the quadratic formula on (x2)2 −
6(x2) + 8 = 0.)

We now know that x = ±2,±
√

2. But the so-
lutions have to be in common, so x = ±2. Fi-
nally, x must be positive by definition. We con-
clude that x = 2.
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The square root of 7 is irrational

One of the lemmas used in our solution to the
Rational Radical Task was the irrationality of√

7.

The square root of 7 is irrational. Show that
√

7
is irrational. You can use Euclid’s Lemma in your
proof.

Euclid’s Lemma states that if r and s are integers
and a prime p is a factor of rs, then p must be a factor
of r, or of s, or of both r and s.

Proving irrationality follows the same struc-
ture as proving that

√
2 is irrational, which is

sometimes used in the high school curriculum
as an introduction to proof by contradiction.

On the next page are four teachers’ explana-
tions of the irrationality of

√
7. As you read

them, think about the following questions, jot-
ting down notes if that helps you. The online
form will ask you to submit an analysis for the
second question.

• What are potential language considerations
when using variables and symbols?

• What assumptions are being made about
the variables a and b, and how are these as-
sumptions used in the proof?

• Describe the different ways that variables
and symbols were used by the teachers in
their explanations.

• What are potential language considerations
when talking about factors, prime factors,
and divisibility?
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Teacher A’s explanation

Proposition. The square root of 7 is irrational.

Lemma (Euclid’s Lemma). Let r, s be integers. If
p is prime and is a factor of rs, then p divides r and/or
p divides s.

Proof. By way of contradiction, suppose that
√

7
is rational. We can express

√
7 as a

b where a and
b have no factors in common, then obtain:

√
7 =

a
b√

7b = a
7b2 = a2.

As 7 is a factor of the left hand side, it is a fac-
tor of the right hand side a2, because left hand
and right hand sides of equations are equal. By
Euclid’s Lemma, 7 is a factor of a; then 72 is a
factor of a2 and hence also of the left-hand side
7b2. If 72 is a factor of 7b2, then 7 is a factor of b2.
Applying Euclid’s Lemma once more, 7 is a fac-
tor of b. However, we had assumed that a and b
don’t have common factors, and we just showed
that 7 is a factor of a and b. This is a contradic-
tion. So our initial assumption must be false; we
have shown that

√
7 is not rational.

Teacher B’s explanation

Proposition. The square root of 7 is irrational.

Lemma (Euclid’s Lemma). Let a, b be integers. If
p is prime and is a factor of ab, then p divides a
and/or p divides b.

Proof. By way of contradiction, suppose that√
7 is rational. So there are nonzero, relatively

prime integers a and b such that
√

7 = a
b . Ma-

nipulating this equation, we find that:
√

7 =
a
b −→

√
7b = a −→ 7b2 = a2. We can see that 7

is a factor of the left hand side. So it is a factor of
the right hand side, because left hand and right
hand sides of equations are equal. This means
that 7 is a factor of a2. By Euclid’s Lemma, 7
must also be a factor of a. Suppose that when
we divide 7 by a, we get the integer c. In other
words, a = 7c. Putting this into the work we
did above, we get 7b2 = a2 −→ 7b2 = (7c)2 −→
7b2 = 72c2 −→ b2 = 7c2. Using similar reason-
ing to what we did with a, we get that 7 is a fac-
tor of b. However, we had assumed that a and b
don’t have common factors, and we just showed

that 7 is a factor of a and b. This is a contradic-
tion. So our initial assumption must be false; we
have shown that

√
7 is not rational.

Teacher C’s explanation

Proposition.
√

7 is irrational.

Lemma (Euclid’s Lemma). Let b, c be integers. If
p is prime and bc is divisible by p, then p divides c
and/or p divides c.

Proof. By way of contradiction, suppose that
there are nonzero integers a and b so that

√
7 =

a/b. Then
√

7b = a, so 7b2 = a2. By Euclid’s
Lemma, 7 divides a. Then 72 divides 7b2, so it
divides b. This means that there are three factors
of 7 on the left-hand side, but only two factors of
7 on the right-hand side. Since the two sides of
an equation should be equal, they should have
the same number of factors of 7. We have just
found a contradiction. So our initial assumption
must be false; we have shown that

√
7 is not ra-

tional.

Teacher D’s explanation

Proposition.
√

7 ∈ R \Q.

Lemma (Euclid’s Lemma). Let a, b be integers. If
p is prime and divides rs, then p divides r and/or p
divides s.

Proof. By way of contradiction, suppose that
there are nonzero integers a and b so that

√
7 =

a/b. We also can assume that a and b have no
factors in common. By definition of a and b, we
get
√

7b = a, so 7b2 = a2. By Euclid’s Lemma,
7 divides a. Then 72 divides 7b2, so it divides b.
Suppose that a contains exactly m factors of 7,
and b contains exactly n factors of 7. This means
that the left-hand side contains exactly 2n + 1
factors of 7, and the right-hand side contains ex-
actly 2m factors of 7. Since the two sides of an
equation should be equal, they should have the
same number of factors of 7. But 2n + 1 is an
odd number, and 2m is an even number, so they
can’t be equal. We have just found a contradic-
tion. So our initial assumption must be false; we
have shown that

√
7 is not rational.
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Multiplication, rationals, and
irrationals

Another lemma that we used in our solution to
the Rational Radical Task had to do with the
product of an irrational number and rational
number. The product of two rational numbers is
rational; for homework, you will explore what
happens with products of rational numbers and
irrational numbers in general. For now, we will
focus on explanations of the following.

When a rational and irrational multiply to
zero. Show that if the product of a rational number
and an irrational number is rational, then the prod-
uct must equal 0.

As you read through the three teachers’ expla-
nations on the next page, think about following
questions, jotting down notes if that helps. The
online form will ask you to submit an analysis
for the first question.

• What are features of a good explanation?
Use examples from the explanations on the
next page to support your answer.

• What are language considerations around
the meaning and phrasing of mathematical
statements? Around choice and usage of
notation?

• What are language considerations when
giving an explanation that uses proof by
contradiction?
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Teacher A’s explanation

Proposition. If the product of a rational number
and an irrational number is rational, then the ratio-
nal multiplicand must have been 0.

Proof. Let r be a rational number, and i be an ir-
rational number. If ri is rational, then there are
integers a and b so that ri = a

b . Let’s try to solve
for i in terms of the other terms. If r 6= 0, then
i = a

br , and i would be rational. But this can’t be,
because i must be irrational. This false conclu-
sion would hold for any nonzero r, so it must be
that r = 0.

Teacher B’s explanation

Before explaining, Teacher B says, “I think that
Teacher A has over complicated things. I have
an easier way.”

Proposition. When the product of a rational num-
ber r and an irrational number α is rational, the prod-
uct rα equals zero.

Proof. Suppose r = 0. Since the product of 0 and
any other number is 0, rα = 0. We have shown
the claim.

Teacher C’s explanation

Before explaining, Teacher C says, “Although
I don’t agree with Teacher B’s reasoning, I do
agree with the proposition that Teacher B has
tried to prove. I also think that Teacher B’s
proposition could follow from Teacher A’s, and
I’ve tried to do something like that in my expla-
nation.”

Proposition. Let r be a rational number and α be an
irrational number. Then rα ∈ Q implies r = 0, and
this implies that rα = 0.

Proof. If rα ∈ Q, then there are integers a and b
so that rα = a

b . Either r is nonzero or it is zero.
We’ll show it has to be zero by showing a con-
tradiction when it is nonzero. Suppose that r is
nonzero. Then α = a

b ·
1
r . Since nonzero ratio-

nals are closed under multiplication and divi-
sion, it follows that α ∈ Q, which is a contra-
diction since we defined α to be irrational. So r
has to be zero. The product of any number and
0 is 0, so if we know that r has to be 0, then rα
must also be 0. We have shown the claim.
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