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Ÿ ZTU?UW>A< —hi=HwdB>3ë

� t
Ÿ <cHJK >3ë

� V ( S; t )
Ÿ lMZ:I�‹&> L6f Z3X LY—�<cH‰L�X

V = C
f=L*iìZ d•Z:I�I

Z3XQ[

V = P
f=L*i Z —:‹�<�ë

� �
Ÿ l&L�IwZ�<cHŽI,H“<²_ L6f ‹3XQ[3>�i4I®_jHŽX&x ZTU?UW>A<�ë
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Ÿ >A@h>�iídhHîU·> —†i=Hwd�>:ë

� T
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Š IwZ&d�„(‡ÏPFd�a•L�Im>�U fkL i ” K >�i=Hwd&Z3X L�—�<cH‰L�X i|>T[Y‹Qd�>�U <?L

>A@�HîUÏ<?>jX&dB> L6fuZ:X Z•U?U·>^< —†ikH�d�>

Sf ( t )
fkL i�>&ZQd6a <cHJK >

t
;ÉZ ð4fÉi|>B> vjL�‹3XQ[ ZhiŒ_�ñÇC)Ue‹&d�a <AaMZ�<ì<Aa•> L�—�<cH‰LYX Uea•L�‹3Iî[

X•L6< vj> >^@Q>ji|d†HVUW>T[ LYX L�X&> UáHw[3> L�f

Sf ( t )
Z:X&[ Uea&LY‹:IV[

LYX <Aa&> L6<Aa&>�i UáHw[3>3OìUWL <Aa†Z�<

Sf ( t )
HîU Z3X L�—�<cHŽK Z:I

—hi=Hwd�>-9 Pu—j>Td†Hnò�d•Z:I�I®_eO�UW>A<

F = S � E
Hmf <Aa&> L�—�<cH‰L�X

HVU Z d&Z3IóI�Z:XQ[

F = E � S
Hnf <Aa&> LY—�<cH‰L�X HVU Z —:‹�<�9

` a&>�X

V ( S; t)
K ‹•UÏ< Z:IÈS Z{_•U U(Z�<cHVUpfâ_ <Aa•> d�L�XTUÇ<AiôZ�HŽX�<

V ( S; t) � max f F; 0g:
G a•>ji|> <Aa•> d�L�XTUÇ<AiôZ�HŽX�< HVU Z3X >TžY‹†Z:I,H“<²_eO�S > aMZ�lQ> Z

Š IwZ&d�„(‡ÏPFd�a•L�Im>�U õ�ö3÷Tø ù†újû�õØüŽý

@V

@t
+

1

2
S2 @2V

@S2 + r S
@V

@S
� r V < 0

Z3XQ[ S a&>�i|> <Aa•> d�L�XTUÇ<AiôZ�HŽX�< HVU UÇ<Ai=HwdA<�O:S > aMZBl&> <Aa&>

Š IwZ&d�„(‡ÏPFd�a•L�Im>�U ÷Tø ù†újû�õØüŽý

@V

@t
+

1

2
S2 @2V

@S2 + r S
@V

@S
� r V = 0:

G > Z:I“UWL aMZBl&> <Aa&> ‹TUe‹MZ3I v�L�‹:X&[ ZhiŒ_ Z3XQ[ HJX�Hn<cH,Z3I

d�L�X&[5H“<cH‰L�XTU L�f <Aa&> d•Z:I�I“U Z3XQ[ —:‹�<pUB9

þ
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] L1>�U <Aa&> fNi|>B> v�L�‹:X&[ ZhiŒ_ >^l&>jX >A@�HîUÏ<�� •Âf X•L6<�O

<Aa•> LY—�<cH‰L�X U^a&L�‹3IV[ X&L6< v�> >A@h>�iídhHîU·>•[ HŽK K >•[�H"Z�<?>jI®_

;ÉZhi4v�Hn<AiâZQx3>&CAO UWL H“< HVU L�—�<cHJK Z:I+<?L S ZjH“< ‹:X�<cHJI�<Aa&>

>A@-—jHJiŒ_ [*Z�<?> <?L >A@Q>jiídhHVUW> H“< Z:X&[ <Aa&> ” K >�i=Hwd&Z3X

LY—�<cH‰L�X i|>T[Y‹Qd�>�U <?L Z:X ‚ ‹:i|LY—j>&Z:X L�—�<cH‰LYX$9 G >

a†ZBl&>-Ÿ
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•kX <Aa&> d•Z•UW> <Aa†Z�< <Aa&>�i|> HVU Z fÉi|>B> vjL�‹3XQ[ ZhiŒ_eO S >

X•>T>T[ >^@B<AiôZ dBLYXQ[�Hn<cH‰LYX•U Z�<ì<Aa&> fÉi|>T> v�L�‹:X&[ ZhiŒ_ <AaMZ�<

a•>jI�— <?L U^—j>•dhHnfâ_ Hn<�O*XMZ3K >�I®_ <Aa†Z�<

V ( S; t)
HVU UeK L1L6<Aa

<Aa•>ji•> S H“<Aa

@V

@S
( Sf ( t ) ; t ) = � 1

‹TUáHJXQx

+
f=L*i Z d&Z3I�I1Z:X&[

�
fkL i Z —3‹�<�9

�
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` L „(>T>�— <AajHJX&xjU UáHJK —3IV>3OQS >�� IóIáf=L�d6‹•U L�X ” K >�i=Hwd&Z3X

—3‹�<pUBOQUáHJXQd�> ” K >jikH�d•Z:X d&Z3I�InUìS Hn<Aa [5Hnl�Hw[�>jX&[ i•>•ž�‹jHJi|>

U^I"Hwx�a�<AI®_ [�Hmœ)>�i|>�X�< Ue‹3v•UÇ<cH“<A‹�<cH‰LYX•U ;4UW>B> <?>A@T<�O P•>Td{‡

<cH‰LYX ��9�€•9�€ C^9 ’•>Td&Z3I�I•;ßP•>•dá<cH‰L�X

q

9

™

L6f <?>A@T<DC <AaMZ�<

S > K Z3„Ú> <Aa&> Ue‹3v•UÇ<cH“<A‹�<cH‰LYX•U

S = E ex ; t = T � � =
1

2
� 2; P = E e�x + � � u( x; � ) ;

S a&>�i|>

k = r =
1

2
� 2 ; � = �

1

2
( k � 1) ; � = �

1

4
( k + 1) 2

Z3XQ[

g( x; � ) = e
1
4 ( k+1) 2 � max f e

1
2 ( k� 1) x � e

1
2 ( k+1 ) x ; 0g:

ƒ X•> L�v�<DZjHJX•U <Aa&> Š IwZQd6„Ú‡ÏPFd6a&LYIm>�U >•ž�‹MZ�<cHwLYX Z3XQ[

v�L�‹:X&[ ZhiŒ_�� HJXjH“<cH,Z:I d�L�X&[5H“<cH‰L�X•U HŽX <Aa&> K ‹Qd6a UáHJK ‡

—3Im>ji f=L*i4K

@u

@�
=

@2u

@x2 ; �1 < x < 1 ; � > 0;

u( x; 0) = g( x; 0) ; �1 < x < 1 ;
u( �1 ; � ) = g( 1 ; � ) ; � > 0;

u( 1 ; � ) = g( 1 ; � ) ; � > 0:
�



•kX —hiôZ&dA<cHwd�>:O�S > i|>�—:IwZQd�>

�1
vc_

� xN
OYS a•>ji|>

xN
HVU IwZ†iíx�>-9 ” InU·L•O)<Aa•> dBLYX•UÇ<AiâZjHJX�< dBLYXQ[5H“<cH‰L�X <AiôZ3X•UN‡

fkL i K U <?L

u( x; � ) � g( x; � )
Z3XQ[ <Aa&> fÉi|>T> v�L�‹:X&[ ZhiŒ_ <AiôZ:XTUpf=L*i4K U <?L

x f ( � )
Z:XQ[

<Aa•> UeK L1LM<Aa:X&>�U?U d�L�X&[5H“<cH‰L�X LYX

P ( S; t)
d•Z†i i=H‰>�U L6lQ>�i

<?L

u( x; � )
9

g HJXMZ:I�I®_eO$S a&>�i|> <Aa&> d�L�X•UÏ<AiôZjHJX�< HVU Z3X >TžY‹†Z:I,H“<²_eO�S >

a†ZBl&> Z Š IwZ&d�„(‡ÏPFd�a•L�Im>�U õ�ö3÷Tø ù†újû�õØüŽý

�
@u

@�
+

@2u

@x2 < 0
L i

@u

@�
�

@2u

@x2 > 0
Z3XQ[ S a&>�i|> <Aa•> d�L�XTUÇ<AiôZ�HŽX�< HVU UÇ<Ai=HwdA<�O:S > aMZBl&> <Aa&>

>TžY‹†Z:I,H“<²_

@u

@�
�

@2u

@x2 = 0:

�



˜uL6<cHwdB> <AaMZ�< <AajHVU ð d6IwZ•U?U{H�d•Z:I�—hi|LYv:Im>jK ñÚO�dBLYX•UáHVUÇ<cHJXQx

L6f•Z3X HJX&>TžY‹†Z:I,H“<²_ dBLYX•UÇ<AiâZjHJX�< L�X <Aa•> UeK L5L6<Aa UWL�I�‹^‡

<cH‰LYX O1Z E ] ‚ S a�Hwd�a <Aa&> UWL�I�‹�<cH‰LYX UÚZ�<cHVUpò�>�U LYX <Aa&>

i•>•x�HwLYX L�f UÇ<AikH�dá< HJX&>TžY‹MZ3I,Hn<4_eOÞvjL�‹3XQ[*Z†iŒ_ Z:XQ[ HJX�Hn<cH,Z3I

d�L�X&[5H“<cH‰L�XTUBO)HVU >A@�Z&dA<AI®_ >TžY‹jHnlMZ:Im>�X�< <?L Z UWLh‡Ïd•Z:I�Im>•[

û�õ�ö3÷�ú�� ����� �5û ÷�� ÷Tö�ü ú��4õØüŽý ��� �"!:û ÷��

 
@u
@�

�
@2u
@x2

!

� ( u � g) = 0;

@u

@�
�

@2u

@x2 � 0;

u � g � 0:
` a&> vjHwx ZQ[Ml6Z3X�<DZ&x3> L�fì<Aa�HîU IwZ�<N<?>ji¦f=L*i4K ‹3IwZ�<cH‰L�X HîU

<Aa†Z�< <Aa&>�i|> HîU X•L K >�X�<cH‰LYX L�f <Aa•> fNi•>T> vjL�‹3XQ[ ZhiŒ_�9

•Í< HîU d�L�K —:‹�<?>•[ Z —jLjUÇ<?>jikHwL*i=HMfNi|LYK <Aa•> d�L�K —:‹�<?>T[

U·L�I�‹�<cH‰L�X <?L <Aa&> I"HJX•>QZhi d�L�K —:Im>jK >�X�<DZhi=H“<²_ —hi|L�v^‡

Im>�K 9 ˜ìL•S HJK ZQx�HŽX•> fkL i0Z K L�K >�X�< <Aa†Z�< f=L*i¦UWL�K >

UÏ<AiôZ:X&x3> i|>&Z•UWLYX S > ZQdá<A‹MZ3IóI®_ #†ö3÷
$ S aMZ�<

@u=@�
S >�i|>:O UÚZc_

@u=@� = f
9 ;Éƒ [:[�O v:‹�< S > a†ZBl&> ‹:I–‡

<?>�i=H‰L*i K LM<cHml&>�UBOÞUWL —3I�Zc_ Z3ImL�XQx S H“<Aa H“<�9ŽC ` ajHVU HîU

<Aa•> UWL*i›< L�f —†i•L�v:Im>�K S > S Z:X�< <?L <DZQd6„MIm> HJX <Aa&>

X•>^@B< UW>Tdá<cHwLYX$9

%
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` a&> —hi|LYv:Im>jK S > Zhi|> x�L1HJXQx <?L d�L�XTUáHw[3>�i HVU Z UWL†‡

d•Z:I�Im>T[ ��!�+Tü ú,�Bû ÷ ��� �"!:û ÷-� O�<Aa•L�‹Qx�a <AajHVU >�X�<cHJi|> [5HVUN‡

d6‹•U}UáH‰L�X d•Z†i4ikHw>�U L6lQ>�i <?L K L i|> d�L�K —:I,Hwd&Z�<?>•[ UW>Td{‡

LYXQ[ L ií[�>ji >jI�I,HJ—�<cHwd vjLY‹:XQ[*Z†i›_ lMZ:I�‹&> —hi|LYv:Im>jK U HJX

Z iôZ�<Aa•>ji•Z3v•UÇ<AiôZ&dA< U·>^<N<cHJXQx ;4UW>T> G a�H“<?>"�"U <?>^@B< i|>^f}9

‘ C fkL i Z i|>&Z:I�I®_ XjHwd�> v:‹�< x�>jX�<AIm> —†i•>�UW>�X�<DZ�<cH‰L�X L�f

<Aa•> K L*i|> Z3v•UÇ<AiâZQdá< UW>A<N<cHŽX&x•9 Rì>ji|>��"U Z —jHwdá<A‹:i|> L�f

Z —jLjU?UáHJv:Im> U~d�>jX†Z†i=H‰L•Ÿ

.



•kK Z&x5HJX&> Z:X Hw[3>&Z:I UÇ<Ai=HJXQx HJX UÇ<?>&ZQ[6_ UÇ<DZ�<?> Iˆ_jHJXQx

L6lQ>�i)Z3X LYv•UÇ<DZ&d�Im> S H“<Aa <?>�X•U{HwLYX

T
Z:X&[ Z —†i•>�U?U^‹:i|>

fÉ‹:X&dA<cH‰L�X

p( x)
O

0 � x � 1
9 /$>A<

f ( x) = p( x) =T
9

/$>A<

u( x)
vj> <Aa&> lQ>�i›<cHwd&Z3I [5HVUe—:IwZ&dB>�K >�X�< L6f <Aa&>

UÏ<Ai=HJXQx Z3XQ[

g( x)
<Aa&> xYiâZ:—:a L�f <Aa&> UeK L5L6<Aa L�v^‡

UÏ<DZQd6IV>:9 Pu‹:—:—�L�UW> <Aa&> UÇ<Ai=HJX&x HVU f4Z•UÇ<?>�X&>T[ Z�< a&>†HwxYa�<

0

>ji|L LYX v�L6<Aa UáHw[3>�U ZÚS Z{_ fÉi|L�K <Aa&> LYv•UÇ<DZ&d�Im>3O*UÚZc_

Z�< —jL1HJX�<pU

(0 ; 0)
Z3XQ[

(1 ; 0)
9 /$>^<

D
vj> <Aa&> UW>^< L6f

—�L1HJX�<pU HJX

(0 ; 1)
Z�< S ajHwd6a <Aa&> UÏ<Ai=HJXQx K Z:„(>�U d�L�X^‡

<DZ&dA< S H“<Aa <Aa•> L�v•UÏ<DZQd6IV>:9 G > Z:I“UWL U^‹:—:—�L�UW> <AaMZ�<

<Aa•> LYv•UÇ<DZ&d�Im> HVU Ue‹�1 dhH‰>jX�<AI®_ d�L�X�lQ>A@ Z�< —jL5HŽX�<pU L�f

d�L�X�<DZQdá<�O <AaMZ�< HVUBO

� gxx � f ( x)
f=L*i

x 2 D
9 g$L i

f ( x) � 0
;ß[�L•S X�S Z†i|[ —hi|>�U?Ue‹:i•>QC <Aa�HVU HVU Z l6Z&d�‹^‡

LY‹•U aB_:—jL6<Aa•>�U{HîUB9 G > Z3InU·L S Z3X�< <?L Z:I�ImLTS f=L*iì<Aa&>

—�L�U?UáHJv�HŽI,H“<²_ <Aa†Z�< <Aa&>�i|> HVU Z f=L*iídB> —†i|LY—jL*i›<cH‰L�XMZ3Ij<?L

<Aa•> [5HVUe—:IwZ&dB>�K >�X�< ZQdá<cHJXQx L�X <Aa&> UÇ<AikHŽX&x ZTU S >jI�IJO

U(Z{_

� cu
O�S a&>�i|>

c � 0
9

2
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¨

�•�N� ��
"�:�A����� 7 g HJXQ[ Z fN‹:X&dA<cH‰LYX

u( x)
S H“<Aa dBLYX�<cHJX:‹•L�‹•U UW>TdBLYXQ[ [3>�i=Hnl6Z�<cHml&> <Aa†Z�<ìUÚZ�<cHîUÇò�>�U

� uxx + cu = f
LYX

[0 ; 1] nD ;

u = g
L�X

D ;

� uxx + cu � f
LYX

[0 ; 1] ;

u � g
L�X

[0 ; 1] ;

u(0) = 0;

u(1) = 0:
˜uL6<?> <Aa•> a&LYK L:x3>�X&>BL�‹•U vjLY‹:X&[ ZhiŒ_ dBLYXQ[�Hn<cH‰LYX•UBO

S ajHwd6a S > S LY‹:IV[ X•L6< a†ZBl&> HJX <Aa&> Š IwZQd6„Ú‡ÏPFd6a&LYIm>�U

d�L�X�<?>^@B<�9 ˜ìLYXe‡(a•L�K L-x3>�X&>BL�‹TU vjL�‹3XQ[*Z†iŒ_ d�L�XQ[�H®‡

<cH‰LYX•U Zhi|> f²Z�HŽi Iˆ_ >&Z•Up_ <?L aMZ3XQ[YIm>3O•v3‹�< S > >^@hd�I�‹&[3>

<Aa•>jK f=L*i dBLYXBl&>jX�H‰>jX&dB>:9 ` a&> <Aa•>TL*i|>�K S > Zhi|>

x�L1HJXQx <?L [�>el&>jImLY— a•L�IV[jU f=L*i X&L�X^‡(a&LYK L:x3>�X&>BL�‹TU

d�L�X&[5H“<cH‰L�XTU Z•U S >�I�IØ9

G > S L�X)� < x�HnlQ> Z f=L*i4K Z:I [�>eò�XjH“<cH‰L�X L�f >jI�I,HJ—�<cHwd

—hi|LYv:Im>jK UBO*v:‹�<0<Aa•>�UW> Zhi|> <cHJK > HJX&[3>�—j>jX&[3>�X�< —hi|L�v^‡

Im>�K U UÇ<?>&ZQ[M_ UÇ<DZ�<?> vjL�‹3XQ[*Z†iŒ_ lMZ:I�‹•> S ajHwd6a HŽX&d�I�‹&[3>

>TžY‹†Z�<cH‰L�XTU I,HJ„Ú>

� uxx = f
O HŽX <Aa&> d&ZTUW> L�f LYX&>

U^—MZQd�> l6Zhi=H,Z:v3Im>-9
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l&>A@�C UW>A<

K
d�L�XTUáHVUÇ<cHJXQx L�fu<?>�UÇ< fÉ‹:X&dA<cH‰L�XTU UeK L1L6<Aa

Z3XQ[ UÚZ�<cHVUpf´_�HJX&x

v( x) � g( x)
LYX

[0 ; 1]
O Z3XQ[ UÚZ�<cHVUN‡

f´_�HJX&x <Aa&> vjLY‹:XQ[*Z†i›_ d�L�XQ[�H“<cHwLYX•U

v(0) = 0 = v(1)
9

` a&> —hi|L�v3IV>�K HVU <?L ò0X&[ Z

u( x) 2 K
<AaMZ�< K HŽX�H®‡

K H

0

>�U <Aa•> >jX•>jiíxM_ fN‹:X&dA<cH‰LYXMZ:I

E ( v) =
1

2

Z 1

0

�
v2

x + cv2 � 2vf
�

dx
L6lQ>�i Z:I�I

v 2 K
9 Pu‹Qd6a Z fN‹:X&dA<cH‰LYX HVU Z:X ÷Tö3÷-�87&ý

+9�-ûJù*ü�õ:�-ö*9
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�•�N� 7
g+HJXQ[ Z

u 2 K
Ue‹&d�a <AaMZ�< <Aa&>

÷Tû�û�õ;��ü�õ<� =cú��4õ,ú*ü�õ:�-ö�újû•õ�ö�÷•ø*ùMújû�õØüŽý ;W‚¦… •íC

Z 1

0
( ux ( v � u) x + u ( v � u)) dx �

Z 1

0
f �( v � u) dx

a•L�IV[jU fkL i Z3IóI

v 2 K
9 Pu‹&d�a Z

u
HVU d•Z:I�Im>•[ Z =Úú>�4õ,ú�?

ü�õ:�:öjújûFõ�ö�÷•ø*ùMújû�õØüŽý +@�:ûJù*ü�õ:�-ö*9

G a†Z�< Z†i|> <Aa&> d�L�X3X&>TdA<cH‰L�XTU v�>^<4S >B>jX <Aa•>�UW> f=L*i4K U

L6f <Aa•> —†i|LYv:Im>�K O0Hnf Z3XB_��
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Ì µW¸ ¯Ç¶TÃ·¯p¸DÅÏÆô¹ ¶(¼ ¸DÃ·¸(¾RN�� ­cÃ·» Ê~­·¾½Áˆ­ÏÆ²ÁÈ¶TÃ~­c¬•Á‰Ã·¸pÓBÔ~­c¬nÁ ÆP�
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u( x)
µ~­ÏÊW¸
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G a†Z�< S > Z†i|> K ZjHJX3Iˆ_ HJX�<?>ji|>�UÇ<?>T[ HŽX HVU <Aa&> fkL�I�ImL•S ‡

HJX&x —†i|LYv:Im>�K Ÿ /$>^<

D
vj> <Aa&> UW>A< L�f Z3IóIš—jL1HJX�<pU HJX

<Aa•>

xt
‡(—3IwZ:X&> U^‹Qd6a <Aa†Z�<

u( x; t ) = g( x; t )
Z:X&[ Im>A<

U·>^<pU

K ( t)
d�L�XTUáHVUÇ<cHJXQx L�f UeK L1L6<Aa <?>�UÇ< fÉ‹:X&dA<cH‰L�XTU

U(Z�<cHVUpfâ_jHJXQx

v( x; t ) � g( x; t )
LYX

[0 ; 1] � [0 ; T ]
OÞZ3XQ[

U(Z�<cHVUpfâ_jHJXQx <Aa•> vjLY‹:X&[ ZhiŒ_ d�L�XQ[�H“<cHwLYX•U

v(0 ; t ) =
0 = v(1 ; t )

9

ª 
,�$�á���ó	j��


¨

�•�N� ��
"�-�A����� 7
g HJXQ[ Z fÉ‹:XQdá<cH‰L�X

u( x; t )
S H“<Aa UeK L1LM<Aa UW>•d�L�X&[ —†Z†i›<cH,Z3InU <AaMZ�< UÚZ�<cHVUpò�>�U

ut � uxx = f
L�X

[0 ; 1] � [0 ; T ]nD ;

u = g
L�X

D ;

ut � uxx � f
LYX

[0 ; 1] � [0 ; T ];

u � g
L�X

[0 ; 1] � [0 ; T ];

u(0 ; t ) = 0;

u(1 ; t ) = 0;

u( x; 0) = u0( x) 2 K (0)
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���N� 7 g+HJX&[ Z fN‹3XQdá<cH‰L�X

u( x; t )
U^‹Qd6a

<Aa†Z�<

u( �; t ) 2 K ( t)
f=L*i

t 2 [0 ; T ]
Z:X&[

ut
HVU [�>eò0X•>•[

Z3XQ[ HJX�<?>TxYiôZ3v:Im> HJX Z d�>ji›<DZ�HJX UW>jXTUW> Ue‹&d�a <AaMZ�< <Aa&>

—†Z†iâZ:vjLYI"Hwd =Úú>� õ"ú-ü�õ:�-öjú�û•õ�ö3÷Tø ù†újû�õØüŽý ;WEs… •íC

Z 1

0
ut ( v � u) dx+

Z 1

0
ux ( v � u) x dx �

Z 1

0
f ( v � u) dx

a•L�IV[jU f=L*i Z:I�I

v 2 K ( t)
Z:X&[ ðÏZ3I�K LjUÇ< Z3I�I®ñ

t
Z:X&[

Pu‹&d�a Z

u
HVU d•Z:I�Im>•[ Z =Úú��4õ,ú*ü�õ:�-ö�újû1õ�ö3÷Tø ù†újû�õØüŽý +@�-ûJù�?

ü�õ:�:ö 9

G a†Z�< Z†i|> <Aa&> d�L�X3X&>TdA<cH‰L�XTU v�>^<4S >B>jX <Aa•>�UW> f=L*i4K U

L6f <Aa•> —†i|LYv:Im>�K O0Hnf Z3XB_��
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` a&>�UW> <Aa•>TL*i|>�K U Zhi|> iôZ�<Aa&>�i K L*i|> Ue‹:v�<AIV>:9 P•>B>

’•>^f}9 € f=L*i Z d•Z†i|>^fN‹3I —hi|>�UW>jX�<DZ�<cH‰L�X L6f <Aa�HîU <Aa&>BL†‡

i•>jK Z3XQ[ L6<Aa•>ji i|>�U^‹:IÈ<pUT9
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G > Z†i•> x�L1HJXQx <?L d�L�XTUáHw[3>�i <Aa&> —jL�U?U{HŽv�HJI"H“<²_ <AaMZ�<

<?>�UÇ< fN‹3XQdá<cH‰L�X•U <DZ:„(> l6Z3Ió‹•>�U LM<Aa&>�iì<AaMZ:X

0

>ji•LF9 P•L

S > i|>T[3>^ò0X&> Z ;ßd�ImLjUW>•[�O d�L�XBl&>A@�C U·>^<

K
d�L�X•U{HîUÏ< ‡

HJX&x L�f <?>�UÇ< fN‹:X&dA<cH‰LYX•U UeK L1L6<Aa Z:XQ[ U(Z�<cHVUpfâ_jHJXQx

v( x) � g( x)
L�X

[0 ; 1]
O1Z:X&[ U(Z�<cHVUpfâ_jHJXQx <Aa•> vjL�‹3XQ[Q‡

ZhiŒ_ dBLYXQ[5H“<cH‰L�XTU

v(0) = g(0)
Z3XQ[

v(1) = g(1)
9

` a&> —hi|L�v3IV>�K HVU <?L ò0X&[ Z

u( x) 2 K
<AaMZ�< K HŽX�H®‡

K H

0

>�U <Aa•> >jX•>jiíxM_ fN‹:X&dA<cH‰LYXMZ:I

E ( v) =
1

2

Z 1

0

�
v2

x + cv2 � 2vf
�

dx
L6lQ>�i Z3I�I

v 2 K
9

G > Z†i•> x3L5HJXQx <?L Z:—3—†i•L•@�HJK Z�<?> <Aa�HîU HJX�ò0XjH“<?> [�Hˆ‡

K >�X•UáH‰L�X†Z:I�—†i•L�v:Im>�K vc_ Z ò0X�Hn<?> [5HJK >jXTUáH‰L�XMZ3I-LYX&>
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N
Ÿ X3‹:K vj>ji L�f ‹:X3„MX•L•S X X&L1[3>�UT9

h =
1

N + 1
Ÿ X3‹:K vj>�i�L6f+U^‹:vjHJX�<?>jiŒlMZ:I“U ;4UÇ<?>�— U{H

0

>QC^9

x j = j � h
Ÿ

j
<Aa X&L1[3>3O

j = 0; : : : ; N + 1
9

kj = k( x j )
Ÿ f=L*i Z x5Hnl&>jX fN‹3XQdá<cH‰L�X

k( x) 2 C[0 ; 1]
9

K h
Ÿ <Aa&> UW>A< L�f Z3I�I

v( x) 2 C[0 ; 1]
Ue‹&d�a <Aa†Z�<

vj � gj
Z:XQ[

v( x)
HVU I,HJX&>&Zhi L�X <Aa&> Ue‹:v�HŽX�<?>ji›l6Z3InU

[x j ; x j +1 ]
O

j = 1; : : : ; N
9

N i ( x)
Ÿ <Aa•> —jH‰>•d�>AS HVUW> I,HŽX•>QZhiÞfÉ‹:X&dA<cH‰L�X ;hmjú-ü n|ù�ö"�o?

ü�õ:�:öQU9p �-m�úq��÷�ú:ù n|ùjö��hü�õ:�:ö�+op �eú>�sr3õ�öjújû n•ùjö"�Qü�õ:�-ö�+†C

LYX Ue‹3vjHJX�<?>�iŒlMZ:I“U

[x j ; x j +1 ]
Ue‹&d�a <AaMZ�<

N i ( x j ) =

8
<

:
1;

Hnf

j = i

0
L6<Aa&>�i›S HîU·>

:
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1

x x x x x xn n+1n-1

NN NNn n+1

0 1 2 x3

0 1 N2

Hat Functions on [0,1]: x  = 0, x  = 1.
0 1

u �3�

¨

��	†�h7
” XB_ dBLYX�<cHJX:‹•L�‹TU fÉ‹:X&dA<cH‰L�X

k( x)
<AaMZ�<

HVU I"HJX•>QZhi•LYX U^‹:vjHJX�<?>jiŒlMZ:I“U

[x j ; x j +1 ]
O

j = 0; : : : ; N
O

HVU ‹:XjHwž�‹&>�Iˆ_ i|>�—†i•>�UW>�X�<?>T[ v{_ <Aa&> fkL i K ‹3I�Z

k( x) =
N +1X

j =0
k( x j ) N j ( x) :

` a&> i|>QZTUWL�X HVU >QZTUáHJI®_ UW>B>�X$Ÿ I"HJX•>QZhi d�L�K vjHJXMZ�<cHwLYX•U

L6f d�L�X�<cHŽX3‹&LY‹•U fÉ‹:XQdá<cH‰L�XTU I,HŽX•>QZhi•LYX <Aa•> U^‹:vjHJX�<?>jiÂ‡

lMZ:I“U aMZBl&> <Aa&> UÚZ3K > —†i|LY—j>�i›<²_�9 P•L <Aa&> i=HwxYa�< a†Z:XQ[

U{H�[�> HVU d�L�X�<cHJX3‹&L�‹TU Z3XQ[ —�H‰>•d�>^S HVUW> I,HJX&>&Zhi�9 b L*i|>á‡

L6lQ>�ißOuHn< ZQxYi•>T>�U S H“<Aa

k( x)
Z�< >&ZQd6a L6f <Aa•> X•L�[3>�U

x j
O

j = 0; : : : ; N + 1
9 P�HJX&dB> I,HJX&>&Z†i)fÉ‹:XQdá<cH‰L�XTU Zhi|>

‹3XjHwžY‹•>jI®_ [3>A<?>ji K HJX&>T[ vc_ < S L l6Z3I�‹&>�UBO)<Aa&> i•>�Ue‹3IÈ<

fkL�I�ImL•S UT9
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• f

k( x)
HVU X•L6< —�H‰>•d�>^S HVUW> I,HŽX•>QZhißO <Aa•> Z:vjL6lQ> f=L*iÂ‡

K ‹:IwZ x�Hml&>�U <Aa&> U·L†‡Ïd•Z:I�Im>•[ û�õ�ö3÷�ú>� õ�ö�ü²÷-�v�w�:û"ú�ö�ü úq��?

��� �yx õ<� ú*ü�õ:�-ö

kh( x)
<?L

k( x)
O�<Aa†Z�< HVUBO

kh( x) =
N +1X

j =0
k( x j ) N j ( x) :
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è
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” <?>•d6a:X�Hwd&Z3I [3>A<DZjHJI Z:vjLY‹�< a†Z�< fÉ‹:XQdá<cH‰L�XTU HîU <Aa&>

K Z�<N<?>�i�L6fuZ [3>�i=Hnl6Z�<cHnlQ> fN‹:X&dA<cH‰LYX$9 ƒ v�l�H‰L�‹TUeI®_eO�LYX&>

[�L1>�UeXz��< >A@�HîUÏ< Z�< vj>jX&[jUBO UWL

N ( x)
[3L1>�UeXz��< aMZBl&>

Z [3>�i=Hnl6Z�<cHml&> HŽX <Aa•> d6I�ZTU?UáHwd•Z:I¦UW>�X•UW>:9 G > r�÷�{:ö3÷

N 0
j ( x)

<?L vj>

1=h
LYX <Aa&> HŽX�<?>ji›l6Z3I

( x j � 1; x j ]
O

� 1=h
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g$L*i <Aa&> K L�K >jX�<�O Im>A<`� U H�x�X&L*i|> <Aa&> d�L�X•UÏ<AiôZjHJX�<pU

LYX <Aa&>

vj
� UB9 ” U HJX d&Z3Iîd6‹:I�‹TUBO S > S L�‹3IV[ [5Hnf|‡
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k �
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>>>:
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<?L [3>&Z:I�S H“<Aa HVU UáHJK —:Im>�ißO v3‹�< <Aa•> dBLYX:X&>Tdá<cHwLYX <?L

ƒ ] ‚šU HVU <AaMZ�< L�X•> ‹•UW>�U <Aa&> ` Zc_:IVL*i UW>�i=H‰>�U „&HJXQ[jU

L6f Z†iíx�‹:K >jX�< S >��Âi•> Z:vjLY‹�< <?L UW>T> HJX Z3X >�U?UW>�X�<cH,Z3I

S Zc_ HJX Z:XMZ3I®_

0
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k
9 /$>^<

t j = j
Z3XQ[
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