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� 2 �
NSB+w

m = 0; 1; : : : ; n;
×

ÒIŸ“žTž*Ü












dm

d� m F (� ) �
NX

k= � M

F (wk )
g(wk )

dm

d� m [g(� )S(k; h) � � (� )]
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F (xk )
� 0(xk )

�
�
�
�
�

� L exp(� (2� d�M )1=2):
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Ÿ
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·¹³†®—¯+°?·‡¯

� (x) = ln x;
Ã,°ƒ®/µ~®/¶ƒ»:±T«�¯~°ƒ®�ª“«ƒ®/½H¶?·T¸|ª|¯~ª“®/³$±¹«
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µ~®*²I¶?¬
®�¯+±

jF (� )j � K
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�
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­

Lc � � (D (x)cx )x + (v(x)c)x + � (x)c = f (x); x > 0
×

�ƒŸ“ž*Ü

Ac(0) + B cx (0) = G; B 6= 0
×

�ƒŸeÒTÜ

c(1 ) = 0
×

�?Ÿ �HÜ

Ã,°ƒ®/µ~®

c = c(x): ©

®/¬
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A = v(0)
·T«?²

B = � D(0)
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®
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Ÿ

�
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×

�ƒŸ
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Z 1
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(Dcx ux � vcux + �cu )dx

ª



·T«?²

×

�ƒŸ
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Z 1

0
f (x)udx+ (� D (0)cx (0) + v(0)c(0)) u(0):

­
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Ÿ
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� j wj dj :

L

®
¯

Diag(�)
²I®
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Ÿ
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«ƒ±T¯~®�·M¿T®/¬�¯~±¹µ�±[´,«ƒ±I²I®5®/¿‡·[¸“¶?·‡¯+ª|±¹«?³�±[´,¯+°ƒ®!´Š¶ƒ«G¬z¯~ª“±T«

f (x)
·‡¯2«ƒ±I²I®*³

x j ;

j = � M x ; : : : ; Nx :
É

±c·D¿¹±Tªœ²š³~¶ƒÀ?³+¬�µ+ª“»I¯)·[­)Àƒª“ÅT¶ƒª|¯nºTÂP¸“®�¯

d(x) = ~cm (x):
�

®�³†®/®!´Šµ+±T­
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�ƒŸ“ž��¹Ü

¯~°G·‡¯
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j = � M x

:
L

®�¯~¯~ª“«ƒÅ
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ª“« ×
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Â
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�ƒŸ“ž
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º_ª“®
¸œ²ƒ³•¯~°ƒ®�¿¹®/¬�¯~±Tµl³

Ti = I (1) Diag(Dw) Vec(q0
i ) � I (1) Diag(vw) Vec(qi ) + h Diag(

�w
� 0 ) Vec(qi )

+ h Diag(
Dw0

� 0 ) Vec(q0
i ) � h Diag(

vw0

� 0 ) Vec(qi ):
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®
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Â:¯~°ƒ®%²Iªœ³~¬
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¯~ª��
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R(c;uj ); j = � M x ; : : : ; Nx
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×

�ƒŸ“ž

Û
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Rdis � h Diag(
w
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�ƒŸ

Ø

Ü

Ã,ª|¯~°

uj =

wS(j; h) � �
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(f (x) � � (x)c)dx = D(0)cx (0) � v(0)c(0)

×

�ƒŸeÒIžDÜ

= D(0)
G
B

� c0

�
v(0) +

A
B

D(0)
�

±
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� d
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M x ;
¯~°?®�Ê?µl³n¯�·¹³~³~®
µ~¯~ª“±T«�±[´F¯~°?®�¯~°ƒ®/±Tµ+®
­

´Š±¹¸|¸“±‡Ã•³�´Šµ~±¹­

L

®/­—­!·¹³$Ú

Ÿ“ž

·T«?²�Ú

ŸeÒIŸ

É

±!®/³†¯~ª“­%·[¯~®(¯+°ƒ®�®
µ+µ+±Tµ$ª|«M·T»ƒ»ƒµ+±DÁIª|­!·‡¯+ª|«?Å

c(0);
Ã�®�¸“®�¯

H = v(0) + A
B D(0)

Â:³†±—¯+°?·‡¯

×

�ƒŸeÒIž*Ü

À:®/¬�±¹­%®/³

Z 1

0
(f � � (~c + Gq0 + c(0)q1))dx: = D(0) G

B � c(0)H
×ŠÚ

Ÿ|žDÒTÜ

þ!}



É

°_¶?³$Ã•®(°?·D¿T®

×iÚ

Ÿ“ž��¹Ü

� h
f k

� 0
k

� h
� k

� 0
k

(~c + Gq0 + c(0)q1)k � e3 = D(0)
G
B

� c(0)H

Ã,°ƒ®/µ~®

e3
ªœ³R¯+°ƒ®•®/µ~µ+±TµR»ƒµ+±I²I¶?¬
®/²—À_º)»:®
µ~´Š±Tµ+­%ª|«ƒÅ�³~ª“«?¬z¾Y½H¶?·T²Iµl·‡¯+¶ƒµ+®�±¹«M×ŠÚ

Ÿ“ž*Ò¹Ü

·T³•³~»:®/¬�ª|Ê?®*²

À_º

É

°ƒ®/±Tµ+®
­

ÒIŸ

Ø

ŸV�

´•ª|«Ý×ŠÚ

Ÿ|ž7�¹Ü

Ã�®—µ+®
»ƒ¸œ·T¬
®

c(0)
ÀHº

c0
Â

~c
À_º

~cm ;
·[«?²c²I®
¸“®�¯+®)¯+°ƒ®—®
µ+µ~±¹µ

¯+®
µ+­

e3;
Ã•®�±¹ÀI¯+·Tª|«'×

�?Ÿ Ò

Ð

Ü

ÂTÃ,°ƒª“¬l°—ªœ³F¯~°ƒ®$®/½H¶?·[¯~ª“±T«—¶?³~®/²2¯~±(³†±¹¸|¿¹®•´Š±¹µ

c0:
©_¶?ÀI¯~µl·T¬�¯,×

�ƒŸeÒ

Ð

Ü

´Šµ+±T­ ×iÚ

Ÿ“ž��HÜ

·T«?²�¯~°ƒ®/µ~®(µ+®/³~¶ƒ¸‹¯l³

×iÚ

Ÿ“ž

Ú

Ü

� h
� k

� 0
k

((~c � ~cm ) + (c(0) � c0)q1)k � e3 = � (c(0) � c0)H :

©_±—¯+°ƒ®�®
µ+µ~±¹µ

e = c(0) � c0
³+·‡¯+ª“³†Ê?®/³

×iÚ

Ÿ“ž

Ð

Ü

�
H � h

(�q 1)k

� 0
k

�
e = � h

� k

� 0
k

(~c � ~cm )k + e3:

®

±[¯~®™¯+°?·‡¯š·T³

m ! 1 ; h � k
� 0

k
!

R1
0 � (x) dx

¯~°ƒ® ¬�±_®�Þ5¬�ª“®
«H¯M±T´

e
¯~®/«?²ƒ³�¯+±

H �
R1

0 � (x)q1(x) dx;
Ã,°?ª“¬l°Ýªœ³5·™«ƒ±T«X�
®
µ+±Æ¬�±¹«?³n¯l·[«H¯5À_ºÈ±¹¶ƒµ!°_ºH»:±[¯+°ƒ®/³~®/³

Ÿ ÿ

¶ƒµ~¯~°ƒ®/µ~­%±Tµ+®TÂ

e3
ª“³$À:±T¶ƒ«G²I®/²�À_º�·)¬
±T«?³†¯+·T«H¯•­)¶ƒ¸‹¯+ª|»?¸|®�±T´

exp(�
p

� d�M x )
·T«?²

h � k
� 0

k

ªœ³$À:±T¶ƒ«?²ƒ®/²�ÀHº�·

­)¶ƒ¸‹¯+ª|»?¸|®•±T´

M 1=2 À_º—±T¶ƒµ•°Hº_»:±[¯+°ƒ®/³~ª“³•±T«

� 0;
¯+°ƒ®�²I®
Ê?«ƒª|¯~ª“±T«!±T´

h
·[«?²—¯+°ƒ®•´i·¹¬z¯•¯+°?·‡¯

� (x)
ªœ³•À:±T¶?«?²I®/²

Ÿ

É

°_¶?³/Â_ª‹´	Ã•®•¯l·[Ì¹®�·[ÀG³†±¹¸|¶I¯+®•¿‡·[¸“¶ƒ®/³�±[´;ÀG±T¯~°�³~ª“²ƒ®/³/Â_²ƒª|¿_ªœ²I®SÀ_º—¯~°ƒ®(¬�±_®
Þ!¬
ª|®/«H¯

±T´

e
·T«?²!¶?³~®•¯+°ƒ®�Ê?µ+³†¯•·¹³~³~®
µ~¯~ª“±T«!±T´”¯~°ƒªœ³•¯~°ƒ®/±Tµ+®
­'Â_Ã�®�±TÀI¯l·[ª“«!¯~°?·[¯•´Š±¹µ•³~±T­%®�¬
±T«?³†¯+·T«H¯

C
ª“«?²I®/»G®/«?²I®
«H¯•±T´

M x ;

×iÚ

Ÿ“ž

Ø

Ü

jc(0) � c0j � CM 5=2
x exp(�

p
� d�M x ):

�

�

®�µ+®
­!·[µ+Ìš¯~°?·[¯)¯+°ƒ®�¯~®/¬l°?«ƒª“¬/·[¸$°_º_»G±T¯~°ƒ®*³†®*³2±T´•¯~°ƒ®'³~®/¬�±¹«?²Æ»?·Tµ†¯—±[´•¯+°ƒ®�»ƒµ~®*¬�®*²Iª|«?Å

¯+°ƒ®
±¹µ~®/­ ·Tµ~®)®/·T³~ª“¸|º'³~·[¯~ªœ³nÊG®/²�À_º'­%±¹³†¯�»ƒµ+±TÀƒ¸“®
­!³

Ÿ��

´

�
ªœ³S«?±T«T�/®
µ+±�·[«_º_Ã,°ƒ®
µ+®TÂG¯~°?®2Ê?µl³†¯

¬
±T«?²Iª|¯~ª“±T«™¬
·T«Æ³~·[¯~ªœ³nÊ?®*²

Ÿ

�
«G²š¯~°ƒ®5¬
±T«?²Iª|¯~ª“±T«™±¹«

� 0 ªœ³�®*·T³~ª|¸“º�³~®
®
«š¯+±�ÀG®%¯+µ~¶ƒ®%´Š±¹µ(¯~°ƒ®

¯nÃ•±)­%±H³n¯•¬�±¹­%­—±¹«ƒ¸“º5¶?³~®/²�¬l°ƒ±Tªœ¬�®*³�±T´

�;
«?·T­%®
¸“º

� (x) = ln x
·[«?²

� (x) = ln(sinh(u)) :
�

®(¬
±T«?¬
¸|¶G²I®�¯~°ƒªœ³,³†®*¬z¯+ª|±¹«�Ã,ª|¯~°'·—²ƒª“³+¬�¶?³+³~ª|±¹«�±[´w¯~°ƒ®(­!·‡¯+µ~ª|Á

M :
�

®(¶?³~®�¯~°ƒ®(ª“«IÊ?«ƒª|¯nº

«ƒ±¹µ~­ ª“«�¯~°ƒªœ³F²Iª“³+¬�¶G³~³~ª|±¹«

Ÿ

É

°ƒ®�ª“²ƒ®/·[¸_³~ª‹¯+¶?·‡¯+ª|±¹«�Ã�±¹¶ƒ¸“²(À:®•´Š±¹µ

cond(M )
¯~±�ÀG®�»G±¹¸|º_«ƒ±¹­—ªœ·[¸

Ÿ

�S±‡Ã�®/¿T®
µ*Â
«_¶ƒ­%®/µ~ªœ¬
·T¸[®
¿_ªœ²I®
«?¬
®•´Šµ+±T­ ®/·¹¬l°�­%·[¯~µ+ª‹Á(¶?³~®/²(ª“«�¯~°?ª“³;»?·[»:®
µF³†¶?ÅTÅT®*³n¯l³›¯~°G·‡¯

kM k
Å¹µ~±‡Ã•³�®�ÁI»:±T«ƒ®/«¹¯+ª“·T¸|¸“º

Ÿ

­

«I´Š±Tµ~¯~¶ƒ«G·‡¯~®/¸|º¹ÂI¯~°?ª“³,ªœ³,²I®/­—±¹«?³†¯~µl·[Àƒ¸“º!¯~µ+¶ƒ®(ªœ³•³†±¹­%®(¬/·T³~®/³

Ÿ

þ!’



��Î�¿TYÄÏ…µ9.›r-<»r-< L

®
¯

D(x) = 1; v(x) = 0; � (x) = 1; 
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±T«H¯~µ+ª|À?¶I¯~ª“±T«%±[´:¯~°?®,´Š±T¶ƒµ~¯~°—¯+®
µ+­�ÂHÃ,°ƒªœ¬l°

Ã•®(«ƒ±‡ÃÑ®
ÁI·T­%ª|«ƒ®

Ÿ

L

®�¯

D = Diag(1=x3=2
k )

³~±—¯~°?·[¯,¯~°ƒªœ³$¯~®/µ~­ ÀG®*¬�±T­%®*³

(1=h)B ;
Ã,°ƒ®/µ~®

×iÚ

Ÿ“ž

Û

Ü

B = (D I (1) )T DI (1) Diag(xk ):

��®/µ†¯l·[ª“«ƒ¸|º

1=h > 1;
³~±�ª|¯(³~¶IÞ5¬�®*³•¯+±�®
ÁI·T­%ª|«ƒ®2¯~°ƒ®—­!·‡¯+µ~ª|Á

B :
�

®%³†®/®�¯+°?·‡¯�¯~°ƒ®

(1; 1)
¾

¯+°c®/«¹¯+µ~º�±[´

B
ªœ³(»ƒµ+±I²I¶?¬z¯�±T´•·'³†¶?­ ±[´,³~½H¶?·Tµ~®*³S±T´•¯+°ƒ®!®
«H¯~µ+ª“®/³(±[´�¯~°ƒ®—Ê?µl³†¯�¬
±T¸“¶ƒ­%«™±[´

DI (1) ·T«?²c¯~°ƒ®5Ê?µ+³†¯�®
«H¯+µ~ºc±[´•¯~°ƒ®�²ƒª“·TÅT±T«G·[¸R­!·‡¯+µ~ª|Á

Diag(xk ):
®

±‡Ã0µ+®/¬/·[¸“¸P¯~°?·[¯

xk =

exp(� kh); k = � M x : : : Nx :
É

°_¶?³/Â:¯~°ƒ®—³†®*¬�±¹«?²'®
«H¯~µ+º�ª|«�¯~°ƒ®2Ê?µ+³†¯�¬
±T¸“¶ƒ­%«�±[´

DI (1)

ªœ³

exp((M x � 1)h(3=2)):
�•®/«?¬�®�¯~°ƒ®

(1; 1)
¾€¯~°'®
«H¯+µ~º�±[´

B
ªœ³S·5³~¶ƒ­ ±[´•³+½¹¶G·[µ+®/³/Âƒ±T«ƒ®2±[´

Ã,°ƒªœ¬l°�ªœ³

exp(3(M x � 1)h)
­2¶?¸‹¯+ª|»ƒ¸“ª“®/²cÀHº

exp(� M x h):
É

°ƒªœ³�®/«H¯~µ+ºM¬
·[«�ÀG®!³~°ƒ±‡Ã,«M¯+±

À:®%±[´�±¹µ+²ƒ®
µ

exp(AM 1=2
x )

´Š±Tµ�³~±T­%®—»G±H³†ª|¯~ª“¿T®!¬�±¹«?³†¯+·[«H¯

A
×ŠÃ•®—±¹­%ª‹¯(¯~°?®5²I®�¯l·[ª“¸“³(°ƒ®/µ~®

ÜzŸ

É

°_¶?³

kM k1
Å¹µ~±‡Ã•³•®�ÁI»:±T«ƒ®/«H¯~ªœ·[¸“¸|º5Ã,ª|¯~°

M x
Ÿ

ÿ

±¹µ†¯+¶ƒ«?·[¯~®
¸“ºTÂ•±T¶ƒµ%®
µ+µ+±Tµ2®*³n¯+ª|­!·[¯~®/³—ª“«_¿T±T¸“¿T®

kM � 1k
·T«?²Ç«?±[¯

cond(M )
Ÿ

®

±‡Ã ª|¯%ªœ³

¬
¶?³n¯+±T­!·[µ+º'¯~±M¬
±T«?³~ªœ²I®
µ�¯~°?®5¬�±T«G²Iª‹¯+ª|±¹«™«H¶?­2À:®
µ�±[´•¯~°?®M×Šª“«H¿¹®
µ~¯~ª“Àƒ¸“®

Ü

¬�±_®
Þ!¬
ª|®/«H¯(­!·[¯~µ+ª‹Á

±T´�·�¸“ª“«ƒ®/·Tµ(³~ºI³n¯+®
­

M x = b
·T³�¯~°?®%²ƒ®/¬�ªœ²Iª“«ƒÅ�´i·T¬�¯~±Tµ�´Š±Tµ�·¹¬
¬
¶ƒµ+·¹¬�º¹Â›·¹³Sª|¯2·[»?»G®*·[µl³�·¹³�·

¬
±H®
Þ5¬�ª“®
«H¯(¯~°?·[¯�·T­%»ƒ¸|ª|Ê?®*³(®
µ+µ~±¹µ

Ÿ

�•±‡Ã•®
¿T®/µ/Â”Ã•®!¬
·T«cÅ¹®�¯�·'²Iª‹¼›®
µ+®
«H¯�»:®
µl³†»:®/¬�¯~ª“¿T®%ª‹´$Ã•®

Ã•®2°?·D¿¹®�¯+±�ÅT±�À?·T¬lÌ�¯+±�¯+°ƒ®—¬
¸“·¹³~³~ªœ¬
·[¸w´Š±Tµ+Ã•·Tµ+²'®/µ~µ+±Tµ�ª|«?®/½H¶?·[¸“ª|¯nº'·T«?²�®
Á_»?µ~®*³~³�ª‹¯(ª“«M¯~°?ª“³

´Š±¹µ~­›�

�

´

M x = b
·[«G²

(M + � M )(x + � x) = b+ � b
·[«?²

r =



 � M M � 1




 < 1

¯+°ƒ®
«

Ã•®(°?·D¿T®

k� xk
kxk

�




 M � 1






1 � r

�
k� M k + kM k

k� bk
kbk

�
:

®

±‡Ã Ã,°ƒ®
«šÃ�®—³†±¹¸|¿¹®)·�³†ºI³†¯~®/­

«

Á

= b;
À_º�À?·T¬lÌ_Ã$·[µl²ƒ³•®/µ~µ+±Tµ�·[«?·T¸|ºI³~ª“³/Â›Ã�®—®�¼›®/¬�¯~ª“¿T®
¸“º

³~±T¸“¿T®(·%³†ºI³†¯~®
­ Ã,ª‹¯+°�»:®
µ~¯~¶?µ~À:®/²�¬�±_®�Þ5¬
ª|®/«¹¯•­!·[¯~µ+ª‹Á�·¹³,·[À:±‡¿T®

Ÿ

Ó�«ƒ¸“º5ª“«ƒ»ƒ¶I¯S±¹µ$ª|«?²ƒ®
»:®
«I¾

²I®/«H¯—¬
·T¸“¬
¶ƒ¸œ·‡¯~ª“±T«Æ±T´

b
Ã,ª|¸“¸•ª|«H¯~µ+±I²I¶?¬
®5¯~°?®�®
µ+µ+±Tµ�¯+®
µ+­

� b:
É

°_¶?³
ÂPÅ¹ª|¿¹®
«™¯~°G·‡¯




 M � 1






Å¹µ~±‡Ã•³�­%±Tµ+®�³~¸|±‡Ã,¸“º!Ã,ª|¯~°�ª‹¯l³•³†ª��
®�¯~°G·[«

kM k
·T«?²

kM k
Å¹µ~±‡Ã•³�®�ÁI»:±T«ƒ®/«H¯~ªœ·[¸“¸|º!Ã,ª|¯~°�³~ª»�/®TÂ

þ
ª



Ã•®�³~®
®�¯+°ƒ®(ª|­%»:±Tµ~¯+·[«G¬�®(±[´P³n¯l·[µ~¯~ª“«ƒÅ)Ã,ª|¯~°�·T«�·T¬/¬�¶ƒµl·‡¯+®�µ+ª“ÅT°H¯•°G·[«?²�³†ªœ²I®

b
±Tµl²I®
µ•¯~±%°?·D¿¹®

¯+°ƒ®•¯+®
µ+­




 M � 1




 À:®•¯+°ƒ®$­!·K
n±TµF³†±¹¶ƒµl¬�®•±T´G·[­%»ƒ¸“ª|ÊG¬
·[¯~ª“±T«2±T´?®
µ+µ+±Tµwµl·‡¯+°ƒ®
µw¯~°?·T«

cond(M ):
®

¶?­—®/µ~ªœ¬
·T¸I®�ÁI»:®
µ+ª|­%®
«H¯l³;ª“«?²Iªœ¬
·[¯~®•¯~°G·‡¯P¯~°ƒ®$À:®
°?·D¿_ª“±TµF±[´

kM � 1k
ªœ³R½H¶ƒª‹¯+®,¬�±T­%»ƒ¸“®�Á

Ÿ-�

«

ÿ

ª“ÅT¶ƒµ+®�Ú

Ÿ|ž

Ã•®�»ƒ¸“±[¯,«ƒ±¹µ~­!³•¿T®/µ+³~¶?³�­!·‡¯~µ+ª|Á�²Iª|­%®/«?³†ª“±T«�´Š±Tµ,²Iª|¼›®
µ+®
«H¯•¬�±_®�Þ5¬�ª“®
«H¯$­!·‡¯~µ+ªœ¬�®/³

M
¯~°?·[¯�¬�±¹­%®(´Šµ~±¹­ ¯+°ƒ®�¯~®*³n¯�»ƒµ~±¹Àƒ¸“®
­!³,ª“«'¯~°ƒ®�´Š±¹¸|¸“±‡Ã,ª“«ƒÅ5³†®*¬z¯+ª|±¹«	ÂG·T«?²'²Iª|­%®/«?³†ª“±T«

m =

1; : : : ; 320:
×

�

«%³†ª“«?¬•·[»ƒ»?¸|ªœ¬
·[¯~ª“±T«?³/Â‡­%±¹³†¯F®
ÁI·T­%»ƒ¸|®*³P·[µ+®•³+·‡¯+ª“³†´i·T¬�¯~±Tµ+ª“¸|º�³~±T¸“¿T®/²�ÀHº�­!·[¯~µ+ª“¬
®/³

ª“«M¯+°ƒª“³(µl·[«?ÅT®

ŸeÜ§�

«c®*·T¬l°š¬
·T³~®TÂ:¯+°ƒ®%®�ÁI»G±¹«ƒ®
«H¯+ª“·T¸FÅ¹µ~±‡Ã$¯+°M±[´

kM k
ªœ³�·[»ƒ»G·[µ+®
«H¯

Ÿ

Ó�«�¯~°ƒ®

±T¯~°ƒ®/µ5°?·[«G²”Â




 M � 1




 ·[»?»G®*·[µl³%¯~±ÇÅ¹µ~±‡Ã ¸“ª|«ƒ®*·[µ+¸|º ±‡¿T®/µ�·Æ¸œ·[µ+ÅT®�µl·[«ƒÅ¹®�±[´�²Iª“­—®/«?³~ª|±¹«?³
Â

¯+°ƒ®
«�·[À?µ~¶ƒ»ƒ¯~¸“º�¬l°?·T«ƒÅT®*³•¯~±5½H¶?·T²ƒµ+·[¯~ªœ¬�Å¹µ~±‡Ã$¯+°�´Š±¹¸|¸“±‡Ã•®/²�À_º�³~¶ƒÀI¾Y½¹¶G·T²Iµl·‡¯+ª“¬�ÅTµ+±‡Ã$¯~°

Ÿ�ÿ

±Tµ

­!·‡¯+µ~ªœ¬�®*³Rª“«%¯~°ƒ®�¸|ª“«ƒ®/·Tµ•µl·[«ƒÅ¹®,Ã�®•®
ÁI»G®*¬z¯•¯+±2³†®/®•±TÀ_¿_ª“±T¶?³P®
Á_»:±T«?®
«H¯~ªœ·[¸:¬�±T«_¿¹®
µ+ÅT®
«G¬�®•µ+·[¯~®/³

±T´F³~±T¸“¶I¯~ª“±T«?³/Âƒ·[«G²�±¹¶ƒµ$¯~®*³n¯•»ƒµ+±TÀ?¸|®/­%³$Ã,ª“¸“¸	ÀG®*·[µ$¯+°ƒª“³$±¹¶I¯

Ÿ

É

°ƒ®�­!·‡¯+µ~ª|Á

I (1) ªœ³S¬
®
«H¯~µl·[¸”ª“«�¯~°ƒ®)¬�±T«G³n¯+µ~¶?¬�¯~ª“±T«�±[´

M :
É

°ƒ®/µ~®�ªœ³•·%Ã•®
¸“¸	Ì_«ƒ±‡Ã,«�¬
±T«I¾


n®*¬z¯~¶?µ~®!ª“«È³~ª|«?¬—¯+°ƒ®
±¹µ~º�¯~°?·[¯




 (I (1) )� 1




 Å¹µ~±‡Ã•³(¸“ª“«ƒ®/·Tµ~¸“º�Ã,ª|¯~°™¯+°ƒ®�³~ª»�/®!±[´$¯~°?®5­!·‡¯~µ+ª|Á›Â

Ã,°ƒ®/«�ª|¯�ª“³�ª“«H¿¹®
µ~¯~ª“Àƒ¸“®TÂ”·[«?²M¯~°_¶?³




 (I (1) )� 2




 Ã•±T¶ƒ¸œ²MÅ¹µ~±‡Ã ½H¶?·T²ƒµ+·[¯~ªœ¬
·[¸“¸“º

Ÿ

Ô•¿T®/«cª“«_¿T®/µ†¯~¾

ª“Àƒª“¸|ª|¯nºÆÃ•·¹³—¶ƒ«ƒÌ_«ƒ±‡Ã,«È¶?«¹¯+ª|¸,µ+®/¬
®
«H¯~¸“ºÆÃ,°ƒ®/« ª|¯!Ã•·¹³)»?µ~±‡¿¹®/² Í

�DÎ

¯~°G·‡¯

I (1) ª“³—ª“«H¿¹®
µ~¯~ª“Àƒ¸“®

ª|´$¯~°ƒ®5­!·[¯~µ+ª‹Ášª“³�±T´•®/¿T®/«Æ±Tµl²I®
µ

Ÿ

É

°_¶?³/Âw¯+°ƒ®5®�ÁI»:±T«ƒ®/«H¯~ªœ·[¸•¬
±T«_¿T®/µ~Å¹®
«?¬
®)±T´�¯+°ƒ®5­%®�¯+°ƒ±I²

µ+®
­!·[ª“«?³�·c¬�±¹«K
n®/¬�¯~¶ƒµ+®

Ÿ

�S±‡Ã�®/¿T®/µ/ÂF®�ÁI»:±T«ƒ®/«¹¯+ª“·T¸�¬
±T«_¿T®/µ~Å¹®
«?¬
®—ªœ³—²I®
­%±T«G³n¯+µ+·[¯~®/²™±¹«™¯~°ƒ®

¯+®/³†¯$»?µ~±¹Àƒ¸|®/­!³$ª|«�¯~°?®(´Š±T¸“¸|±‡Ã,ª“«ƒÅ%³†®*¬z¯~ª“±T«

Ÿ

Ð

Ÿž&)¦�Ÿ� ƒ£”¨Š§�
	¡›ÐV X�/¦�¡z¢��

�

«'ÔRÁƒ·[­%»ƒ¸“®/³•Ð

Ÿ|ž%¬

Ð

Ÿ

Ú—ÀG®/¸|±‡Ã�ÂIÃ•®�¬�±T«G³†ªœ²I®
µ$¯+°ƒ®�³†¯~®/·¹²IºH¾–³†¯+·[¯~®�»ƒµ+±TÀƒ¸“®
­

� ((1 � 0:5e� 2x )cx )x + cx + c = f (x); x > 0
×sÐ

Ÿ“ž*Ü

c(0) � 0:5cx (0) = G
×sÐ

Ÿ Ò¹Ü

c(1 ) = 0:
×sÐ

Ÿ �HÜ

�

«�®/·¹¬l°�®
ÁI·T­%»ƒ¸|®�¯+°ƒ®�Ã�®/ª|Å¹°H¯•´Š¶?«?¬z¯+ª|±¹«



±T´$×

�ƒŸ“ž��HÜ

Ã$·T³$¬l°ƒ±H³†®/«�¯+±%ÀG®

×€Ð

Ÿ

Ú

Ü


 (x) =
x

(10 + x)2 :

É

°ƒªœ³P¬l°ƒ±Tªœ¬�®•®
«G³†¶ƒµ+®/³w¯~°G·‡¯

(
 (x)S(k; h) � � (x))0 ª“³R¬
±T«H¯~ª“«_¶ƒ±T¶G³;·T«?²�ª“«H¯~®
Å¹µ+·TÀƒ¸“®•±T«

[0; 1 ):
ÓS¯+°ƒ®
µ—¬l°ƒ±Tªœ¬�®*³�±[´



·[µ+®5»:±¹³+³†ª“Àƒ¸“®TÂ•·T«?²™¯~°?®

10
ª“«Ç¯+°ƒ®�²ƒ®
«ƒ±¹­—ª“«?·[¯~±Tµ)ª“³—·[µ+Àƒª|¯~µl·[µ+ºTÂFÀƒ¶I¯

³~®
µ+¿T®*³$¯~±5­%±‡¿¹®�¯~°ƒ®—³†ª“«ƒÅ¹¶ƒ¸“·Tµ~ª|¯nº�±T´


 (x)
·DÃ$·Dº!´Šµ+±T­ ¯~°?®)²I±¹­%·Tª|«

(0; 1 )
Ã,°?ª“¬l°�µ+®/³~¶ƒ¸|¯+³

ª“«%ÅTµ+®/·‡¯+®
µR·T¬/¬�¶ƒµl·T¬
º�ª|«!²I®/µ~ª“¿‡·‡¯+ª|¿¹®$·T»ƒ»ƒµ+±DÁIª|­!·‡¯+ª|±¹«

Ÿ

�S±‡Ã�®/¿T®
µ*ÂD¯~°?ª“³Rª“«?¬
µ~®*·T³~®�ª“«!·T¬
¬
¶ƒµl·T¬�º

¯l·[»:®
µl³$±[¼�·T³•¯+°ƒ®�³~ª|«ƒÅ¹¶ƒ¸œ·[µ+ª‹¯nº5·T»ƒ»ƒµ+±¹·T¬l°?®/³

�1
Ÿ

�

«�µ+®
Å¹·Tµ+²?³•¯~±!¯+°ƒ®�ª“­—»?¸|®/­—®/«H¯+·‡¯+ª|±¹«'±[´P¯~°ƒ®)¬�±I²I®TÂ?¯~°ƒ®/µ~®)·[µ+®�³†®/¿T®
µl·[¸	²ƒ®�¯+·Tª|¸œ³,Ã•®�­%®
«I¾

¯+ª|±¹«

Ÿ�ÿ

ª|µl³n¯*Â”ª‹´$·�³~±T¸“¶I¯+ª|±¹«Mª“³(·¹³~³~¶ƒ­%®/²M¯~±�°?·D¿T®)®�ÁI»G±¹«ƒ®
«H¯+ª“·T¸F²I®*¬
·Dº�·[«G²�¯~°?®%¬
±T«I´Š±¹µ~­!·T¸

þ!²



10
1

10
2

10
3

10
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10
0

10
1

10
2

10
3

10
4
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5

10
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10
7

10
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Dimension

N
or

m

||M-1 ||

||M||

Example 5.1

Example 5.3

Example 5.4

¢$¨6,w¦	£q ÒÑ	Ó9ÔXÓ

L

±¹Å[¾–¸|±¹Å�»ƒ¸“±[¯%±[´S«ƒ±¹µ~­!³2±[´

kM k
·[«?²




 M � 1




 ´Š±Tµ)¯~°?®

¬�±_®�Þ5¬
ª|®/«¹¯!­!·‡¯+µ~ªœ¬�®*³—±[´�Ô•ÁI·T­%»ƒ¸|®*³!Ð

Ÿ“ž

Â�Ð

Ÿ �

·[«?²ÝÐ

Ÿ

Ú™·[Å¹·Tª|«G³n¯—­%·[¯~µ+ª‹Á

²Iª“­—®/«?³~ª|±¹«

Ÿ

­!·[»?»ƒª|«?Å

� (x)
ª“³—¶?³~®/²”Â•¯~°ƒ®/«È¯+°ƒ®'»ƒµ+®/³+¬�µ+ª|»I¯+ª|±¹«Æ´Š±Tµ!¬
±T­%»ƒ¶I¯+ª|«ƒÅ

N
ª|« ×

ÒƒŸ|ž*Ù¹Ü

Â•«?·[­%®
¸“º

N = d�
� M e;

¬
·[«�À:®�µ~®/»ƒ¸“·¹¬�®*²�À_º!¯+°ƒ®(´Š±Tµ+­2¶ƒ¸œ·

N = d
1
h

ln
�

�
�

M h
�

e

Ã,°ƒª“¸“®�»ƒµ+®/³~®
µ+¿_ª|«ƒÅ'¯+°ƒ®�®�ÁI»G±¹«ƒ®
«H¯+ª“·T¸�·T¬/¬�¶ƒµl·T¬
º�±T´S³†ª“«?¬�·T»ƒ»ƒµ+±DÁIª|­!·‡¯+ª|±¹«?³5×s³†®/®�ÍeÐIÂR»

Ÿ

���

Î

´Š±¹µ�·�²Iª“³+¬�¶G³~³~ª|±¹«c±T´�¯+°ƒªœ³�»:±Tª“«¹¯

Ÿ Ü

É

°ƒ®
µ+®%µ~®*³†¶ƒ¸|¯+³2·�¬�±T«G³†ªœ²I®
µl·[À?¸|®—µ~®*²I¶?¬�¯~ª“±T«™ª|«š¯+°ƒ®�³~ª»�/®

±T´S¯~°?®M³†ºI³†¯~®
­!³%«ƒ®/®/²I®*²Ç´Š±¹µ%¯~°ƒ®�®
Áƒ·[­%»ƒ¸“®/³

Ÿ

É

°?ª“³%®*¬�±T«?±T­%ª»�*·‡¯+ª|±¹«Èªœ³5·[»ƒ»?¸|ª“®/²È¯~±™®/·¹¬l°

±T´R¯~°ƒ®)´Š±T¸“¸|±‡Ã,ª“«ƒÅ�®�Áƒ·[­%»ƒ¸“®/³�®�Áƒ¬�®/»I¯�Ô•ÁI·T­%»ƒ¸|®!Ð

Ÿ �

Â›Ã,°ƒ®/µ~®2¯~°ƒ®%³~±T¸“¶I¯~ª“±T«M°G·T³�»G±¹¸|º_«ƒ±¹­—ªœ·[¸

²I®*¬
·Dº

Ÿ

«

±¹µ~®/±‡¿T®
µ*Â	¯+°ƒ®
µ+®�·Tµ~®�¬
·T³~®/³2ª|« Ã,°ƒªœ¬l°

I (1) ¬
±T¶ƒ¸œ²Ç·T¬�¯~¶?·T¸|¸“º™ÀG®'·�´i·¹¬z¯+±Tµ2±T´,¯~°ƒ®

¬
±H®
Þ5¬�ª“®
«H¯�­!·‡¯+µ~ª|Á

M :
É

±—®
«G³†¶ƒµ+®S«?±T«?³~ª|«?ÅT¶ƒ¸œ·[µ+ª‹¯nº¹Â¹Ã•®(·T² 
n¶?³†¯•¯~°ƒ®(³†ª��
®�±[´w¯~°ƒ®�¬�±_®
Þ!¬
ª|®/«H¯

­!·‡¯+µ~ª|Á!À_º!±T«ƒ®�ª‹´F«ƒ®/¬
®/³+³~·Tµ~º¹ÂH³~±)¯~°?·[¯$³~ª»�/®�ªœ³$®
¿¹®
«

Ÿ

É

°ƒ®*³†®�µ+®/³~¶ƒ¸‹¯l³•Ã•®
µ+®�ÅT®
«?®
µl·‡¯~®*²!¶?³~ª|«?Å
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