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¯ , =`1Q, °�Gs*u,0O = . (��J,&I =9Ou� G¨E±> Sk=`1²=9. ,�EF,01¦>C3
P³1Q(�. � ; G´ª ; � , ªu=JIµª � I´=�EF, E ; , >§(<I � E¶G«(�O�3·� ; G´ª ;
G�O E ; Gµ> ��Gµ>§ª � >F>�G«(�O GK> = S0(<S � I´=�E¶G´(<O P � O-ª�E¶G«(�O (&P
>§(<. , >§(A1�EC� : ¸ S0G´ªu=JI�I ¸ 3 = PH(A1¡� =`1¢� Se1Q(</9I¤,&. Gµ>
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� IÈ=�E¶G«(�O GK> °�1Q( � S0,z� =uª?ªC(�1¢��G�O-° EF( = >gE�1 � ª�E � 1²=JI
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��GK>��

ª+1Q,�EF, >gEL=-°�,C>?� £�(�S � I´=CE¶G«(�O GK> �J,�EF,&1
. G�OV,z� =�E
��Gµ>§ª&1Q,�EF, E¶G�. ,�>

tj, j = 0,1, . . .
=9Ou� S&(�S � I´=CE¶G«(�O

(+P E ; ,
j
�\E ; >gEL=-°�, =CE E¶G�. ,

tk
GK>

nj(tk)
� ¥ÉE Gµ>

=?>F> � . ,?� E ; =�E G�O-��Gs*0G´� � =JI¨> � G¨E ; G�O = >gEL=-°�, =`1Q,
G´�J,&OCE¶G´ªV=9IÊ� Ë ,?ª�EF(�1 (&P =JItI!>gEL=-°�, S0(<S � IÈ=�E¶G«(�Oz> =�E
E¶G�. ,

tk
GK> E ; ,

m
�^*u,?ª�EF(�1

n(tk) =
[

nj(tk)
]m

j=1

�
¯ , =`1Q, °�Gs*u,0O = Ì§S`1Q( � ,?ª�E¶G«(�O . =CE�1�G¨W¼Í

A(tk)
E ; =CE

. = ¸ *k=e1 ¸ � G¨E ; E¶G�. ,8� ¯ , =`1Q, °�Gs*-,&O G�O0G¨E¶G�=9IzªC(�O��
��GsE¶G«(<O

n(t0) = n0
=9Ou� S0(<S � IÈ=�E¶G«(�O � ¸ Ok=9. G´ª�>¼½

n(tk+1) = A(tk)n(tk)
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� ; ,&1Q,
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j

Pj
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Gj
½ /0,�E
� ,?,&O|�a>ÓEL=-°J, E�1²=9O?>�G¨E¶G«(�O 1{=CEF, P³1Q(�. >gEL=u°J,

j
EF( >gEL=u°J,

j + 1
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=uª?ªC(A1Q��G�O-° EF( = >gE�1 � ª�E � 1²=JI S`1Q(<S0,01�E ¸ > � ª ; =z>
=u°J, (�1 � ,eG´° ; E G�O�EF(

m
��GK>�ª+1Q,�EF, >gEL=-°�,C>¼� £4(�S � �

I´=CE¶G«(<O GK> ��,�EF,&1
. GÊOV,z� =�E ��GK>�ª+1Q,�EF, E¶GÊ. ,�>
tj, j =

0,1, . . .
=9Ou� S0(�S � I´=CE¶G«(�O (+P E ; ,

j
�\E ; >ÓEL=-°J, =CE

E¶G�. ,
tk

GK>
nj(tk)

� ¥ÞE GK> =?>F> � . ,?� E ; =�E G�O-��G¤*0G´� � �
=JIs> � G¨E ; G�O = >gEL=-°�, =e1Q, G´�J,&OCE¶G´ªV=9I�3�,�W`ªC,0S�E P�(�1 =
��,|*u,0I¤(<S9. ,0O�EL=9I�G�Ou�J,�W�3 I�G�MN, =u°J,9� Ë ,?ª�EF(A1 (&P =9I�I
>gEL=u°J, S0(<S � I´=�E¶G´(<Oz> =�E E¶G�. ,

t
Gµ> E ; ,

m
�^*u,zª�EF(�1

n(t) =
[

nj(t)
]m

j=1

� £�(�S � I´=CE¶G«(�O � ¸ Ok=J. G´ª|>?½

dnj(t)

dt
= Rj(t)−Mj(t)−µj(t)nj(t), j = 1, . . . m, t > 0

� ; ,&1Q,

µj
½ E ; , ��,-=�E ; 1{=CEF, G�O >ÓEL=-°J,

j

Rj
½ 1Q,zª+1 � GsE�. ,&OCE 1²=CEF, EF( >gEL=u°J,

j

Mj
½ . =CE � 1²=CE¶G«(<O 1²=�EF, P³1Q(�. >gEL=-°�,

j
EF( >gEL=u°J,

j + 1 ß



Ø ��� �A�gÙ<Ç E ¸ S&GÈªV=9I�I ¸ 3�� , ,�W8S0,zª�E E ; =CE

Rj(t) = Mj−1(t)
=JO-�

Mj(t) = Rj(t − τj)e
−

∫ t
t−τj

µj(s)ds

� ; ,&1Q,
τj

GK> E ; , � � 1{=CE¶G«(�O (&P >gEL=-°�,
j
�

Ï Á ���  ���� ¿ � q m�Y\[
náà fih+j�]0l�m�Y\noh9p q h�cJb?lsr 3 5�O-�
���4�¡3 � =JI R =z>g� ,0I�I�3 @�G�Ok= � ,01 �\5�7J7!Tu���Ê� â E
� (e�
>gEL=u°J, . (���,0I�P�(�1 � � *u,&O0G�I¤,C> �

nJ(t)
� =9Ou� =u� � IãE±>

�
nA(t)

���
dnJ

dt
= RJ(t) − MJ(t) − µJnJ(t)

dnA

dt
= RA(t) − µAnA(t)

� ; ,&1Q,

RA(t) = MJ(t)

MJ(t) = RJ(t − τ)e−µJτ .
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G�O-°!38R ì D @��Ñ'�@�  @�,01�G«,�>¼3`@�¥»â D ��TVU9U0í���P�(�16. (�1Q,
ªC(�. S9I¤,�W 1Q,&O-��G¨E¶G«(�O?>?�´î £�(�S � I´=CE¶G«(�O GK> ª+I´=z>F>ÑG¤Ô�,z�
=uª?ªC(A1Q��G�O-° EF( = ª¼(<OCE¶G�O � ( � > >gE�1 � ª�E � 1Q, Sk=`1²=9. �
,�EF,01

x
> � ª ; =z> =-°�,93 >�GKÒC,9� ï�,�E

n(x, t)
/0, E ; ,

S0(<S � IÈ=�E¶G«(�O ��,0O?>�G¨E ¸ �FS0(<S � IÈ=�E¶G«(�Okðe>gE�1 � ª�E � 1Q,-� =�E
>gE�1 � ª�E � 1Q, *+=JI � ,

x
=9O-� E¶G�. ,

t
� â >�G�. SJIK, ªC(�O��

>§,&1×*k=CE¶G«(�O I´=ñ� =JOk=9I ¸ >�GK> ¸ G«,0IK�&> E ; , £ ò �
∂n

∂t
+

∂

∂x
(γ(x, t)n(x, t)) = −µ(x, t)n(x, t), x ≥ 0, t > 0

� GsE ; E ; , OV(�O��NI¤(�ªu=JI~/0( � O-��=e1 ¸ ªC(�Ou��G¨E¶G«(�O

n(0, t) =

∫ ∞

0
β(x, t)n(x, t) dt, t > 0

=JO-� GÊO&G¨E¶G"=JI�ªC(�O-��G¨E¶G´(<O

n(x,0) = n0(x), x ≥ 0,� ; ,&1Q,

γ
½ >gE�1 � ª�E � 1{=9I�°�1Q(z� E ; 1{=CEF,

β
½ /0G�1¡E ; 1²=CEF,

ó



Ø ��� �A�gÙ<Ç : ; GK> . (��J,&I GK> ªu=JI�IK,?� E ; , @�G�O9MN(e�
@�E�1Q,eGsP�,&1 . (���,0I4��TVU9ô0�����

Ï Á ���  ���� ¿ : ; , . (�>ÓE � G´�J,&I ¸ >gE � ��G´,?� >|S0,?ª`G"=JI
ªV=z>§, (&P4E ; GK> . (���,0IzGK> E ; , D ªJ� ,0Ou�<1�G´ª+Mñ�^*u(�O  �(`�
,&1¦>gEF,&1 =u°J,Ñ�a>gE�1 � ª�E � 1Q,?� . (���,0I
∂n

∂t
+

∂n(x, t)

∂a
= −µ(a, t)n(a, t), a ≥ 0, t > 0

� GsE ; E ; , OV(�O��NI¤(�ªu=JI~/0( � O-��=e1 ¸ ªC(�Ou��G¨E¶G«(�O

n(0, t) =
∫ ∞

0
β(x, t)n(x, t) dt, t > 0

=JO-� GÊO&G¨E¶G"=JI�ªC(�O-��G¨E¶G´(<O

n(a,0) = n0(a), a ≥ 0,
� ; ,&1Q,

a
½ =-°�, �
>§( E ; =CE °�1Q(?� E ; 1²=CEF, GK> ª+I¤,-=`1
I ¸

1
�

β
½ /0G�1¡E ; 1²=CEF,
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â ItIxGK> Ou(+E IK(0>gEC� ¯ , ; (�S0, E ; =�E E ; , ��=CEL= S9I � >
( � 1 (?� O /0G�=z>ø,C> =9/0( � E E ; , Oe=CE � 1Q, (&P E ; , � G�I�I
I¤,u=-� EF( =JO =uª?ªC,&SCE¶G�/9I¤, =9SJSe1B(zW�G�. =�EF, =9O?>g� ,&1ý�

: � ( /e=z>�G´ª =9SJSe1Q(A=-ª ; ,�>?½

T9� ò ,�EF,01
. G�O0GK>gE¶G´ª þ P � �9°�, P
=-ª�EF(A1¦> �\,8��°���3y1Q,?° � �
I´=`1�GKÒV=CE¶G«(�O Se=e1²=J. ,�EF,&1¦>ñ��E ; =CE . =JMñ, E ; , S`1Q(�/JIK,&.
� ,0I�I��NS0(0>§,?���

5�� @�EL=CE¶GK>gE¶G´ªu=JI���=CEL= Ô�E�E¶G�O-°4�
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����+�� � ����� ­Z����� ��® 
��gÙ

: ; , P�(�1¡� =e1¢� S`1Q(�/JIK,&. I¤(�(�M�> I�G�Mñ,

AP (N) = 0

� ; ,&1Q,
AP

GK> >§(�. , (<S0,01{=CEF(�1���,0S0,&O-��G�O-° (�O E ; ,
Se=e1²=J. ,�EF,&1¦>

P
� : ; , P�(�1¡� =e1Q� Se1B(�/9I¤,&. Gµ> EF(

G�O¼*u,&1¡E E ; Gµ> (�S0,&1²=�EF(A1ZEF( >ø(�Iã*-, PH(A1
N
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¯ , ªV=9O ,�W8S`1Q,C> > E ; GK> > ¸ . /0(<I"G´ªV=9I�I ¸ =z>

N = F (P )

� ; ,&1Q, E ; , �J,&S0,&O-��,0Ouª¼, (&P E ; , P�(�1¡� =e1Q� S`1Q(�/��
I¤,&. (<O

P
°�,�E±> S`1Q(�. (+EF,?� EF( =9O =`1¢° � . ,0O�EC� ì � E

E ; Gµ> �J(�,�>|O��ÈE Ô�E ,�W�S&,01�G�. ,0O�E±>?� ¥ P E ; , (�S&,01²=�EF(A1
H

1B,0S`1Q,�>§,0O�E±> E ; , ��GK>�ª+1Q,�E¶GKÒV=CE¶G«(�O (+P E ; , ��=CEL=
N

EF( G¨E±> ,�W�S0,&1�G�. ,0O�EL=9IyPH(A1
.
n

�\,9��°���3 ,�*+=JI � =|�
E¶G«(�O =�E ªC,&1¡EL=0G�O S0(�G�OCE±>ñ� E ; ,&O E ; , =9SJSe1B(�S`1�G�=CEF,
(<S0,01{=CEF(�1 PH(A1 G�OC*-,&1¦>�G«(�O GK>

F (D) = n = HN.
� Ouª¼, � , ; =C*-, S0,&1×PH(A1
. ,?� ( � 1 ,�W�S0,&1�G�. ,0O�E±>¼3
� , ; =¼*u, =9O ,�W8S0,&1�G�. ,&OCEL=JI~=9S9S`1Q(?WJG�. =CE¶G«(�O

y ≈

n
�

@�EF,&Sz> EF( EL=JMñ,9½

¾6¿ $ # 	����
� ��#�� � ��� �  ��A���!� � � ���y	�� � Å # Â �A�8���<��� ¿
� ��°���3 G�O ,C>ÓE¶GÊ. =CE¶G�Ou° = ªC(�O�E¶GÊO � ( � > Sk=`1²=9. ,�EF,&1
I�G�Mñ,

µ(s)
3 =z> > � . , = P�(�1
. P�(�1 E ; , Sk=`1²=9. ,�EF,01

I�G�Mñ, = S0(�I ¸ Ou(<. G�=9Ie(+P = ª¼,&1¡EL=0G�O �J,?°<1Q,¼, (�1 = ª � �
/&GÈª >|SJI�GÊOV, (&P = ªC,01�EL=0G�O �J,?°<1Q,¼,8�

¬
	



Ø ��� �A�gÙ<Ç : ; , ��GK>�ª&1B,�E¶GKÒV=�E¶G´(<O > ; ( � IK� (���,01�E ; ,
S0(0>F>�G�/0G�I�G¨E ¸ (+P ªC(�O¼*u,&1¢°�G�O-° EF( E ; , ª¼(�1
1Q,?ª�E

µ
�

: ; GK> >gEF,&S GK> pJh�Y Ou,?ª¼,�>F>ñ=`1 ¸ GsP E ; , Sk=`1²=9. ,�EF,&1
>§,�E GK> =9I�1Q,u=-� ¸ ��GK>�ª&1B,�EF,J3+,8��°���39= . =�E�1�G¨W . (��J,&I¶(�1
= �J,&I´= ¸ ,?�`�Ó��G
�Z,&1Q,&OCE¶G�=9IZ,zº � =CE¶G«(<O . (��J,&I�� ; ,&1Q,
E ; , Sk=`1²=J. ,�EF,01»> =`1Q, MeOu(?� O EF( /0, ª¼(<Oz>gEL=JOCE±>?�
¥HO =9I�IZªV=z>ø,C> � , ,&O-� � S � GsE ; = Ô�O0G¨EF, ��G�. ,&O|�
>�G«(<Ok=9Iu*u,zª�EF(A1

p
E ; =CE =-��,zº � =�EF,0I ¸ 1Q,&Se1Q,�>§,&OCE±>

P
�

Û�¿ � � 
�
 ��� ��� � �!� � �·Å # Â �A�8���<��� ¿
: ; GK> Se1B(&*0GÈ��,C> = . ,?ª ; =9O&Gµ>�. PH(A1 Se=z>F>ÑGÊOu° P�1Q(<.
n

EF(
N

�  �(A1 ,�W&=J. SJI¤,93 GsP
N = n(a, t)
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