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〈

∂f
∂x

, ∂f
∂y

, ∂f
∂z

〉
= 〈fx, fy, fz〉�3�
� 5 · F
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F = 〈F, G〉 �mR{IKJMb 5 · F =
∂F
∂x

+ ∂G
∂y

= Fx + Gy

x
�G���¯z°jGSfbKQMRN��`�b��PL¬±s²�³´³=µ·¶��Pb�U�_K` � UD�Pb��¤j���L~I4UDLmQM`�b
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∫

Ω

5 · Fdx =

∫

∂Ω

F · ndx.

½¬J7TNJ���o � SKLN�PbK[/R{IKJ¾Q7`Db�|DJ7b
R{�P`�b¯RNI4UZR?¿ dx À TWJ7eKTWJ7LNJMb
R{LARNIKJ�UDeKeKTW`�eKTW�YUZRNJV_K�PÁ9J7T¢�JMb�RN�YUDO.JMO�J � J7b
R7x/�¸`DTiJÂrKU � eKOPJD�¸�Pj
F
��Li�=��_K� � J7bKLW��`�bKUDOÃ� dx
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R{L«_K�PÁ9J7T¢�JMb�RN�YUDOÄ|�`�OPS � J/UZbK_d��bdQ;UDOPQ7SKOPSKLhbK`ZR�UZRN��`�b��~J¬�~`�SKOP_dI4U;|�J/SKLNJM_�RNIKTNJMJ¬�Pb
R{J7[DT{UDOLW��[�bKLMx
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(x, y)
�Pb�UR£�~`Z�£_K� � JMbKLN�P`�b4UDO9TNJM[���`�b+`�T (x, y, z)

�Pb U�RNIKTNJMJs�£_f� � J7bKLW��`�b4UZO�TNJM[���`Db?xä¬Jsr�R;��LWSKeKel`�LNJ�RNI4UZR"R{IKJ+|ZUDTN��UD]KOPJ
N
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\�LN�PQ;UDO¬��S4UDb
R{�¤R£\�OP��nZJel`�eKSKO�UZR{�P`�b?� � UDLWL7�¸J7bKJMTN[D\D�¸JMR{QZxP�4RNI4UZR¬��L/_K�PLWR{TW��]KSÄR{J7_�`´|�JMTiLWe4UDQ7J�UDbK_ � U;\�|ZUDT}\��/�PRNIR{� � JZxåH�IfJ7b��PR��PL�bKJMQ7J7LWL{UDT}\�R{` � J;UDLWSKTNJ¦RNIKJÝæ�³=ç�æ�èsç4µyéWêDµ3ëÃ³=çì�G`�T§í�èsçf±së·µ3îf�"`Dj©R{IK�PLLNSf]KLWR{UDbKQ7JZx+�4`�T^JsrfU � eKO�JZ�.��b§R{I4UZR%Q7UDLNJ"`Dj�U+LN�PbK[�OPJaLNe4UDQMJ�_K� � JMbKLN�P`�b��GRNIKJdLN� � eKOPJ7LWRQ;UZLNJ´�i�~J��~`�SKO�_áIKU´|DJ�R{I4U=R
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Ω
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R � �PLNbK` � J7TMx�HATNUD_K�¤R{��`Db4UDO�O¤\��?RNIKJ�O�U´�ô�^IKU´|DJ%øWSKL}R_KJMLNQ7TW��]lJ7_���L�U�ù�êDò¤êDç�æ�è�ò¤êDúV�h�/IK��OPJ�U�æ�³=çf±´èséÂû=êDµyëÃ³=ç�ò¤êDúô��L�U¦]4UDO�UDbKQ7J�OYU;�ô��b­�/If��Q�IR{IfJ7TNJ©�PL�bK`�LW`�SKTWQ7J^R{JMT � x��J¯bfJ7J7_�`�bKJ � `DTNJ^R{JMT � �4b4U � J7OP\�U�¿ ö SÄr À R{JMT � Φ

R{I4UZR¬TWJ7eKTWJ7LNJMb
R{L«RNIKJ�U � `�Sfb�R`Dj
Φ
RNI4UZR ö `´�/L�UDQ7TW`�LNL�U^SKbK�¤RVLNeKUZR{��UDOKJ7OPJ � J7b
R¾`Dj ∂Ω

elJ7TVSKbf�PRVR{� � JZxhó�SKQ�I�U¨jGSKbKQsR{�P`�bQ;UZb�]lJa|�J7T}\§Q7` � eKOP��Q;U=R{J7_§UZbK_�_fJ7elJ7bK_�bK`DR©`�bKO¤\á`�b§LNeKUZR{��UDOhQ7`�`�TW_K��b4U=R{J7L©UZbK_*RN� � JD�]KSfR�JM|�JMb
N
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ö `´�/L¨I4U;|DJaU�_K�PTNJ7QsR{�P`�b�UZLi�~J7O�OAUDL«U � UZ[�bK�PRNSK_KJZxi�A��b4UDOPOP\D�f�XJ¯�mUDb
R¨RN`�UDOPO�`´�°jG`DTiR{IfJel`�LNLW��]K�PO��PR£\ R{I4U=R¯RNIKJ � UZR{JMTN��UDOV��L©]lJ7��bf[�LN`DSKTNQMJ7_)`�T%LN�PbKnDJM_)UDQ7QM`�TN_f��bK[�R{`¦U�¿¢LW`�SKTNQMJ À�3TNUZR{J;�ijGSKbKQsR{��`Db
f
�/IK`�LWJ�SfbK�PRNL©UDTNJ

[N ] /T
xaH�IK��L^jGSKbKQsR{�P`�b§Q7`�SKOP_§_KJ7elJ7bK_�`�báR{� � JZ�el`�LN�¤R{��`Db¯UZbK_�JM|DJ7b

N
xA��JDopO�O�LNSfeKeKTNJMLNLh�¤R{LAUDTN[DS � JMb
RqOP��LWR7xCäi`´�)�XJZo�TWJX[�`D��bK[/R{`iJsrÄeKTNJMLNL�PR/�Pb�LW\ � ]l`�O�LMxh�­JZo�TWJ¯TWJ;UD_Ä\�jG`�TmR{IfJ%�Pb
R{J7[DT{UDO�jG`DT � SKO�UZR{�P`�b?�
�/IK�PQ�I L}R�UDT}R{L¬UDL
d

dt

∫

Ω

N(x, t)dx = −
∫

∂Ω

Φ · ndx +

∫

Ω

fdx

UDbK_���LdR{TNUDbKLWjG`DT � J7_Ý]
\Ýº©»«HüR{`*R{IKJ LN`Z��Q;UDOPO�J7_®��b
RNJ7[�TNUDOmjG`�T � SKOYUZRN��`�b�`Dj¨Q7`�bKLWJ7T}|DUF�R{�P`�b¸ýZ]KUDOYUDbfQ7J
d

dt

∫

Ω

N(x, t)dx =

∫

Ω

(−5 ·Φ + f) dx.

äi`´�ã�XJ � UDnDJdU�QMTNSKQM�YUDOqUDLNLWS � eÄR{��`Db§UD]9`DSfR N
��bKU � JMOP\�R{I4U=R^�PR^�PL^L � `Ä`ZR{I¦�Pb§UDO�OA�Pj�PRNL¬|ZUDTW�YUD]fO�J7L¬UDbf_ �~JaUDLNLWS � J¯R{IKUZR Ω

��LiU�]l`�SKbK_KJM_¦TNJM[���`Db?x�H�IKJ7b¦�~J � U;\�R�UDnZJ�R{IfJ_KJMTN�P|ZUZRN�P|DJ^LN��[Db��PbKLN�P_KJ©UDbK_�`�]fR{UD��b
∫

Ω

{
∂N(x, t)

∂t
− (−5 ·Φ + f)

}
dx.
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Ω
`Dj

R
xVziLNLWS � �PbK[�RNIKJ¨��b
RNJ7[�TNUDbK_���L~Q7`�b
RN��b�SK`�SKLM�R{IfJ%`DbKOP\��mU;\�jG`�TmRNIK��LmRN`"]lJ^R{TWSKJ©��LmR{IKUZR

Nt(x, t) + 5 · Φ = f,�/IK�PQ�I �PLmR{IKJ©LN`=�£Q;UZO�O�JM_*íDë �¨èsé{èsç4µyë3êDòDð;³=éÂ²ü`ZjhUdQ7`�bfLNJ7T}|ZUZR{�P`�b¸ýZ]4UZOYUDbKQMJ¨OYU;�©xH�IKJabfJsr�R^��SKJ7L}R{�P`�b�R{`�]9JaUZbKLW�~J7TWJ7_§��L¬R{IKJ%jG`�T � `DjVRNIKJ ö SÄr R{JMT � x��CJ7TNIKUDeKL¨R{IfJ� `�LWR/j3U � `�SKL/`DjAR{IKJMLNJ��PL¬�q��Q�nZJDopL«OYU;�©�4R{IKUZRiUDLNLWJ7TWRNLiRNI4UZR¬R{IKJ%��S4UDb
R{�¤R£\�R{J7bf_KLiRN` ö `´�jGTN` � If��[�IKJMT¯QM`�bKQMJ7b
R{TNUZR{�P`�b­R{`�O�`´�XJMT�UZR�U�T{U=R{J�efTN`�el`�TWRN��`�bKUDOhR{`�RNIKJ�QM`�bKQMJ7b
R{TNUZR{�P`�b[�TNUD_K��JMb
R;xV�£b�LW\ � ]l`�O�L
Φ = −D 5 N.�£b�R{IKJ � `�L}R�[�J7bfJ7T{UZO?Q;UDLWJ D

��L/U�R{JMbKLN`DT���SKUDb
R{�PR£\D�KR{I4U=R���LM�K��b�`�SfTmLNJsRNR{�PbK[K�4U � UZRNTN�¤r9x� `�TWJ7`´|�JMT7�l��b UDO�O�Q;UDLWJ7L7�
D
��L¬UDLNLWS � J7_ RN`�]lJ¯U"L}\ �"� JMR{TW��Q^el`�LN�¤R{�¤|�J©_KJM¥KbK�PRNJ � UZRNTN�¤r9�LN`�RNI4UZR^]
\�LN` � J�`�T}R{IK`�[D`�b4UDOCQ�I4UDbK[DJ�`Dj�Q7`�`�TN_f��b4UZRNJ7L¬�XJaQ7UDbá|Ä�PJM� D

UDL^U�_K�YUD[D`�b4UDO
� UZR{TW�¤r��/�¤R{I+el`�LN�¤R{�P|DJ©_K�YUD[D`�b4UDO?JMb
R{TN�PJ7LMxX��jqRNIKJM\�UZTNJ%UDO�O�J7��S4UDOy�K�XJ¯Q;UDb+R�UDnZJ D

R{`"]lJUae9`DLN�PRN�P|DJ¨LNQ7UDOYUDTM�Ä�/IK�PQ�I+Q7`�SKOP_+]9J©U�jGSKbfQMR{�P`�b+`DjCe9`DLN�PRN��`�b�UDbK_+`DR{IfJ7Tm|ZUDTN��UD]KOPJ7L7��JM|DJ7b
N
�PRNLNJMOPj¢x�£b+R{IK�PL�Q;UDLWJ%RNIKJ©_K�PÁ9J7TWJ7b
R{��UDO�jG`�T � `DjAQ7`DbKLNJMTW|ZUZR{�P`�b+]9JMQ7` � J7L

Nt(x, t) = 5 · (D 5 N) + f.H�IK�PLA�PL.RNIKJ � `�L}RA[DJ7bKJMT{UDO
jG`�T � `DjKR{IfJ~_K�¤Á�SfLN��`Db¯JM��SKUZR{�P`�b?xA�.JsR;opLqLWe9JMQ7�YUZO��	�MJhR{`¬R{IKJ�Q;UDLWJ�/IKJMTNJ
D
��L©U�QM`�bKLWR{UDb
R;�CU�|�JMTW\áQM` �"� `�b§UZbK_áSKLNJsjGSKOVQ;UZLNJDx�H�IKJd_K�PÁ9SKLN�P`�b¦JM��SKUZR{�P`�bbK`´�°R{UDnDJML¬RNIKJ^jG`�T �

Nt(x, t) = D 4 N + f,�/IKJMTNJ 4 ��L"R{IKJ¦�CUZeKOYUDQM�YUDb�`�elJ7T{U=R{`�TMxãóÄ` � JMR{� � JML�`DRNIKJ7T�Q7`�`�TN_K�Pb4UZRNJ�LW\�L}R{J � L+UDTWJeKTWJMjGJ7TNUD]KOPJ«R{`dQ;UZTWR{JMLN��UDb?xV�£b+QM\�O��PbK_KTW��Q;UZO�UDbf_�LNeKIKJMTN�PQ;UDO?QM`Ä`DTN_K�Pb4UZR{JML7�fjG`DTmJsrfU � eKO�JZ�Ä�~JI4U;|�J©R{IfJ©jG`DT � SKO�UDL
4N =

1

r

∂

∂r

(
r
∂N

∂r

)
+

1

r2

∂2N

∂θ2

4N =
1

r2

∂

∂r

(
r2∂N

∂r

)
+

1

r2 sin φ

∂

∂φ

(
sin φ

∂N

∂φ

)
+

1

r2 sin2 φ

∂2N

∂θ2

�£b�RNIKJ«Q7UDLNJi`Dj?LWeKIKJMTN��Q7UDOlQ7`�`�TN_K�Pb4UZRNJ7LV�/�PRNI�jGSKbKQsR{�P`�bKL¾R{I4UZRXUDTWJi�PbK_KJ7elJ7bf_KJ7b
Rm`Zj.UDbK[�OPJD�R{IfJ¯�.UDefOYUDQM�YUDb�LW� � eKO��¤¥4J7L�R{`

4N =
∂2N

∂r2
+

2

r

∂N

∂rUDbK_���b�Qs\�O���bf_KTN�PQ;UDO?QM`Ä`DTN_K�Pb4UZR{JMLXR{`

4N =
∂2N

∂r2
+

1

r

∂N

∂r
.
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∂N

∂t
= D

∂2N

∂x2
, −∞ < x < ∞, t > 0

N(x, 0) = f(x), −∞ < x < ∞.
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ÑPÊ�ËMÐDÏ9Ê?ÐDÏ9Ê?ÌÄÉ���ËiË7É��9ÍlÈKÌfË  
½iJMTNJ

f(x)
��L%UDLNLWS � J7_§R{`�]9Ja�~J7O�OV]lJ7IKU´|DJ7_)UZbK_§_KJ7Q7U´\��PbK[�TNUDeK��_fOP\���LW`�RNI4UZR%�4`�SKTW��JMTR{TNUDbKL}jG`�T � L�Q;UDb�]lJ¯UZeKeKO��PJ7_?xh»«`�LW`"UDbK_�`�]fR�UZ��b

∂N̂

∂t
= −Dξ2N̂ ,

LN`dR{IKUZR/`�bKJ©`�]fR{UD��bfL
N̂ = f̂ e−Dξ2t = f̂

̂{
e−x2/(4Dt)

√
4πDt

}

UDbK_+R{I�SKL�RNIKJ©Q7`�b
|�`DO�SfRN��`�b�R{IfJ7`�TWJ � \���JMO�_KLmRNI4UZR

N(x, t) = f(x) ?
e−x2/(4Dt)

√
4πDt

=

∫
∞

−∞

1√
4πDt

e−(x−y)2/(4Dt)f(y)dy.

� ³=ë·ç4µ"!?³=ñÄé{æ�è�± � cX`DbKLN�P_KJ7T%U+e9`��Pb
R^LN`�SfTNQ7Jd�/�PRNI§��b
R{JMbKLN�¤R£\
M
�.R{I4UZR%�PL7�.UDb*��bK�¤R{��UDO_K�PLWR{TW��]KSÄR{��`Db

f(x) = Mδ(x)�/IK�PQ�I [��¤|�JML¬LW`�O�SÄR{��`Db
N(x, t) =

M√
4πDt

e−
x
2

4Dt .

HCT{UDbKLWe9`DTWR¬HAJMT � L�£b
R{TW`Ä_fSKQ7J¯U�R{T{UZbKLNel`�TWR/RNJ7T � ��b
R{`�RNIKJ©eKTN`�]fO�J � �KLW`dRNI4UZR/R{IfJ ö SÄr�R{JMT � �PL�bK`´�
Φ = −D 5 N + v0,�/IKJMTNJ

v0
��L/U�Q7`DbKLWR{UDb
RiLWe9JMJ7_ UZRm�/IK�PQ�I�R{IKJ � UZR{JMTN��UDO9�PLm]lJ7��bf[�R{T{UZbKLNel`�TWRNJ7_+LNeKUZR{��UDO�O¤\�x�3�£báIf��[�IKJMT¨_K� � JMbKLN�P`�bKLiRNIK��L«LNelJ7J7_á�~`�SKOP_*]lJaU�|DJ7O�`�Q7�¤R£\ |DJ7QsR{`�TMxv�§H�IKJaQ7`�bfLNJ7T}|ZUZR{�P`�bLW\�L}R{J � bf`F� ]9JMQ7` � J7L

∂N

∂t
= D

∂2N

∂x2
− v0N, −∞ < x < ∞, t > 0

N(x, 0) = f(x), −∞ < x < ∞.z°Q�IKUDbK[�J¨`Zj�|DUZTN�YUZ]KO�JML
z = x− v0t

OPJ;UD_KL�R{`�RNIKJ¨JM��SKUZR{�P`�b
Nt = DNzz

UDbK_�IfJ7bKQMJ^]�\�/I4UZR/�~J©I4U;|�J¯UDO�TWJ;UD_f\�_K`�bKJZ�¸U"LW`�O�SÄR{��`Db
N(x, t) =

∫
∞

−∞

1√
4πDt

e−(x−v0t−y)2/(4Dt)f(y)dy.

# jqQM`�SKTWLNJD�4RNIK��L�[��¤|�JML¬SfLiUabK�PQ7J^jG`�T � SKOYU¯��b�R{IKJ©Q7UDLNJ©R{I4U=R f(x) = Mδ(x)
�lbKU � JMOP\D�

N(x, t) =
M√
4πDt

e−
(x−v0t)2

4Dt .

$mê
íDë3êDò�%©ë �/ñ
±sëÃ³=ç�úVë·µ·¶'&)(+*4³=ç�èsç4µyë3êDò-,mé{³=úVµ·¶ � �£b+R{IK�PL�Q;UDLWJ%RNIKJ.�¾»¨ª ]9JMQ7` � J7L
∂N

∂t
= D

(
∂2N

∂r2
+

2

r

∂N

∂r

)
+ aN,

�/IKJMTNJ
a
�PL%U [�TW`F��RNI�T{U=R{J��3`�T%U _fJ7Q;U;\�T{UZRNJDx�� HA` [�JMR�U�jGJMJ7O¾jG`�T^R{IKJ�[�TN`´��R{I*R{JMT � �� � UD[��PbKJ�RNI4UZRdR{IKJMTNJ���LdbK`*_K��LWe9JMTNLW��`�b?��]KSfR�LN� � efOP\�JÂrÄe9`�bfJ7b
R{��UDO�[�TN`´��RNI UZR�Uá¥frÄJ7_el`���b
R;xh��IKUZR��XJ©R{IfJ7b�I4U;|�J%��L/UDb # »¨ª

dN/dt = aN
x~H�IK�PL/��L�SKLWJMjGSKO��Pb�el`�eKSfOYUZRN��`�b

� `Ä_KJMO�L¬`Dj¾UDbf� � UDO�[�TN`´��RNI�R{I4U=RiRNTW\+R{`�UZQ7Q7`DSKb
R«jG`�T¬TNJMeKTN`�_KSKQsR{��`DbáUDbK_¦_f��LNelJ7TWLN�P`�b��Pb
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U�LN�PbK[�OPJ � `Ä_KJMOÃxA��R�Q;UDb+]lJ¨LNIf`F�/b��GLNJ7J"tvu�wY��R{IKUZR/U�LW`�O�SfRN��`�b�R{`�R{If��LmeKTW`�]KOPJ � �/�PRNI+UDb��bfLWR�UZb�R{UDbK�P`�SKL�el`���b
R�LW`�SKTNQMJ�U=R

r = 0
UDbK_

t = 0 Mδ(r)
��L/[��¤|�J7b+]
\

N(x, t) =
M

4πDt
exp

(
at − r2

4Dt

)
.

0�165.1'��E7�8�Aß3ÚáØ¯Ü4Ù7Ú�Ù9�aØ¯<96l8FEy6�@C<l@CÙ:��<l@C:=B�Ú�Ù
H�IKJMLNJaLW`�SKTNQMJ7L � UDnZJ¯R{IfJ7��TiUDeKelJ;UZT{UDbKQMJ7Li��b�]l`�SKbf_4UDTW\�QM`�bK_K�¤R{��`DbKLi`DTiQM`�b
R{��b�SK`DSKL��b
RNJ7TN�P`�TmLW`�SKTNQMJ7LMx���JDopO�O?L}R{�PQ�n�R{`aR{IfJ©jG`DT � J7T7x
$/è�æsµ3ë·ò ë·ç�èNêDé;%©ë �/ñ
±sëÃ³=ç°úVë·µ·¶�ê=<~³=çf±sµÃêDç4µ?>¨³=ñ�çlí
êDésî@<~³=çlíDë·µ3ëÃ³=ç � ½iJ7TWJ*U®LW� � eKO�J� `Ä_KJMO?eKTW`�]KO�J � �Pb�`DbKJ©LNe4UDQMJ©_K� � J7bKLW��`�b��PL

∂N

∂t
= D

∂2N

∂x2
, 0 < x < ∞, t > 0

N(x, 0) = f(x), 0 < x < ∞
N(0, t) = N∗.H�IKJ©LN`DO�SfRN��`�b�RN`"RNIK��L�eKTW`�]KOPJ � �PL�`�]fR{UD��bKJM_+]�\��.UDefOYUDQMJ«R{TNUDbKLWjG`DT � LiUZbK_+��L

N = N∗ erfc
x√
4Dt�/IKJMTNJ

erfc z = 1 − erf z = 1 − 2√
π

∫ z

0

e−ξ2

dξ

0�1	A?1CB <�>CÚ�ßED%:F<GFqßGÚH��ÙJI�<¸:;�98F@A>LK
��J¬�/�PO�O�jG`ÄQMSKL¾`�b�TNUD_K��UDOK_K�¤Á�SKLW��`�b�xC��JDopTNJ¬bK`DR¾[�`D��bK[^R{`©QM`�bKLN�P_KJ7T�U«¿¢el`���b
RVLW`�SKTWQ7J ÀUDbK_)�~J � U;\­�XUDb
RdR{`§`�bKO¤\­QM`�bKLN�P_KJ7T"U¦¥4bK�¤R{J�_K` � UD�Pb?x��4SKT}R{IKJMT � `�TNJZ�V�XJ��XUDb
R"RN`UDOPO�`´��jG`�T�LN` � J^Q7` � eKOPJsr�TNJ;UZQMR{�P`�b�R{JMT � L7x~óÄ`dIKJ7TWJ©��LmR{IfJ%[DJ7bKJMT{UDO�L}R�UZRNJ � J7b
R; 
B <�>.Ú�ß�M�Ü4>CE3Ü4ßND¯:F<GFAß3ÚH�O�

∂N

∂t
= D

(
∂2N

∂r2
+

1

r

∂N

∂r

)
+ f(r, t, N), 0 < r0 < r < R ≤ ∞, t > 0

N(r, 0) = f(r),R{`D[�JMRNIKJ7T��/�¤R{I LWSK�PR{UD]KOPJ ]l`�SKbK_KUDTW\�Q7`�bf_K�PRN��`�bKL�UZR
r = r0

UDbf_
r = R

xï½i`´�XJs|�JMT7�eKTW`�]KO�J � L^�/�¤R{I r0 = 0
`�T

R = ∞ eKTNJMLNJ7b
RaLWe9JMQ7��UDO¾eKTN`�]fO�J � L©�Pj��XJ���b
R{JMbK_­RN` QM`�bÄ�LWRNTNSKQsR«b�S � J7TW��Q7UDO.UDeKeKTW`;rf� � U=R{��`DbKLmR{`dR{IKJMLNJ¯LN`�OPSfR{�P`�bKL7x~äi`ZR{J©R{I4UZRikmUZbKn�L¬jG`�Q7SKLWJ7Li`�beKTW`�]KO�J � L%�/IKJ7TWJ�R{IfJ7TNJ+UZTNJ�JÂrÄeKO��PQ7�PR�UDb4UZOP\�R{�PQ;UDO¾LN`DO�SfRN��`�bKLM�hJM|DJ7b��Pj¢�CjG`�T�UZO�O�eKT{UDQsR{�PQ;UDOeKSKTWe9`DLNJ7LM�ARNIKJ7LWJ�LW`�O�SfRN��`�bfL©UDTNJaR{IfJ � LNJ7O¤|�JML%|DJ7TW\*_K�6P"Q7SKO¤R^R{`�Q;UDOPQ7SKO�UZR{JZx�ó�`��~J�IKU´|DJR{`"¥4bKJMLNLiRNIKJ%LNelJ7Q7��UDO.]9`DSKbK_4UDT}\+Q7`�bf_K�PRN��`�bKLM�¸UDbK_�R{IKJMTNJ�UZTNJ � UDb
\��XU;\ÄL¬R{I4U=Ri�~J�Q7UDb_K`aR{If��L7x
QSRUT)V�WGXHY[Zfxv¹�xP¡]\.�­J¬Q;UDb�� � e9`�LWJ¬»«��TW��Q�IKOPJMR�]9`DSKbK_4UDT}\"Q7`�bK_f�PR{�P`�bKLM���/If��Q�I � J;UDbfLR{IKUZR«�~J�LNelJ7QM�Pj·\+R{IfJ¯|ZUDO�SfJ�`Dj

N
UZR«J;UDQ�Iá]l`�SKbK_KUDTW\DxiH�IKJMLNJ�|ZUDOPSKJ7LiQ;UDb¦]lJ�QM`�bKL}R�UDb
R`�T/JM|DJ7b¦|ZUDT}\��/�PR{I

t
xm��jhRNIKJ7LWJ�UDTWJ©`�TN_K�Pb4UDT}\�jGSKbKQsR{��`DbKL7�4R{IfJ7LNJ¯eKTN`D]KO�J � L¬UDTWJ¯I4UZbK_KO�JM_j3UD�PTNOP\�J;UZLN��O¤\�]
\�R{IfJ # QsR�U;|�J¯LNQ7TW��efR"^`_badcdegf]cghEi7j§�4`�T�JÂrKU � eKOPJD�KLWSKeKel`�LNJ%�XJ%I4UD_�øWSKL}R�/TN�¤RNRNJ7b¯RNIKJ�Q7`�_KJXUZbK_¯�XUDb
R{JM_�R{`/R{JMLWRh�¤R;xC��JMR7o�LAeKSKO�O�RNIKJ�LWR�UZbK_4UDTW_�eKTW`�[�T{U ��� J7TMo�L�R{TW��Q�nUDbK_¦RNTW\��PR¨`DSfR^`�b§U�eKTW`�]KOPJ � �/�PR{I§U�n�bK`´�/b§LN`DO�SfRN��`�b?x%ó�`�LWR�UZTWR¨�/�¤R{I¦R{IfJ�LN`�OPSfR{�P`�b?x
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ófU;\

N(r, t) = er2/2−t � 1 ≤ r ≤ 2
UDbf_

t ≥ 0
x¨ziLNLNS � J�_f�PÁ9SKLN�P`�b QM`ÄJlP"Q7��JMb
R D = 1

xäi`´�°Q7` � eKSfRNJ©RNIKJ©_KJ7TW�P|ZUZRN�P|�JML/UDbK_�[�JMR��/�¤R{I�UdO��PRWR{OPJi�~`�TNn�RNI4UZR
Nt −

1

r
(rNr)r = −

(
3 + r2

)
N,

LN`dR{IfJ©RNJ7L}RiefTN`�]KOPJ � ��L
Nt = −1

r
(rNr)r −

(
3 + r2

)
N, 1 < r < 2, t > 0,

N(1, t) = e1/2−t, N(2, t) = e2−t, t > 0,

N(r, 0) = er2/2.äi`´� � UDLNLNUD[�J�RNIKJ�¥4OPJ:^`_�adcdemf]c]hEi7j®LW`¦R{I4UZR��PR�L{UZRN��LW¥KJ7L�R{IfJ7LNJ�QM`�bK_K�¤R{�P`�bKL7x)�ÃcXIKJMQ�nR{IfJ�OYUZRNJ7L}R«|�JMTNLW��`�b¦�Pb � \;�VSK]KOP��Q�_f��TNJMQMRN`�TW\Dxv��H�IKJMb¦R£\�e9J��Pb
R{J7TNUDQMRN�P|DJ7OP\��PbáUDb¦`�QMR{U´|DJLNJMLNLW��`�b­�G�/IK�PQ�I�k~Hm� �XTWJ7QM`�TN_KJM_�SKLW��bK[aRNIKJ©_K�YUDT}\�jGJ7UZR{SKTWJ´�Â 
n _�o�emp�qsrut]v=wyx]_zcG{b|HoEr cdegfG{�ed}z~�{�cG{g_b�3}mq9oEi7j

n _�o�emp�qsrut]v=w�og�1q�x n }��do3{ n a�o n og��{]x�|dc n�� }mqzj�{gx��-��cN��o3�z�Hqg�m|N��c`�mtd�mt1�bo��
n _�o�emp�qsrut]v=w��dq9o=og�1q�{�a�{�o3{�ed}d{z�de9o3{ n a3x n �Ho n ^�og�1q@��em�
n _�o�emp�qsrut]v�a��=tH���ucma n fdq�x���}�{�a3xb|1e1_9q)� �¡�¢t���a�£3�g�¥¤]�ucma n fdq�x��@cga n fdq�x¦�¢tsr�a��¦�

n _�o�emp�qsr�§Hv=w@a1qm�go�og�`q�{�a�{bo3{�ed}�_ n adfG{bo3{ n a
n _�o�emp�qsr�§Hv=�����=qm�m|N��cga n fdq�x�i¢¨zcma n fdq�xg�mt`�¥�
n _�o�emp�qsr�©dv=wy_9ed}H_��G}me9o�q�o]�1q�x n }��Ho3{ n a
n _�o�emp�qsr�©dv�x]}�a���}Hx n f�q)�H¤u^`_�adcdemf]c]hN¤]�u�d�-�dªu���«t]¬G�¥�
n _�o�emp�qsru­]v=w@|G} n o�x n }��Ho3{ n aye9adf�qg�de�_�o�x n }z�Ho3{ n a�e9o=od�Ht
n _�o�emp�qsru­]v�_]}mq]emcm|3} n oN��� n }�f n aE�u�]cG{�f
n _�o�emp�qsru®]v�|3} n os��cga n fdq�xU�¯xg}�aN�°t��dr°�¥¤l�
n _�o�emp�qsr�±Hv�|3} n os��cga n fdq�xU�«qm�m|N�«cma n fdq1x)i¢¨zcma n fdq�xH�mt1��tG�]�
n _�o�emp�qsr�²Hv=w�} n]nz³ x´a�{g_9qsi]iHi«}mq9oN¤µx�x9q]q@og�1q�j`em��qmc]c n c
n _�o�emp�qsr�²Hv�q3���¶a n c9jS�lxg}�aN�¢t-�dr°�¥¤µ�9qm�m|N��cga n fdq�x-i¢¨zcma n fdq�xH�mt1��tG�¥�µ{�a1^G�
qG�´�=�si��]�]�g§H�g©d·]·
n _�o�emp�qsru·]v=w@a n o � emfSiHi]i«}mq9oS¤¯x@o�q�xzo�og�`q�¸9�`ed}d{boH� n ^ n �dc�x n }z�Ho3{ n a
n _�o�emp�qsru·]v=wyxH{�a3_mq�x�|1e9o3{�e�}�qgc]c n c�{gx¶¹)��f]c`�mt1�¥�º�1ed}�p3{�ad�=og�1q�x�o�q9|3xH{��dq
n _�o�emp�qsru·]v=wyxb� n �3}�f»_b�Ho=og�1q=qmc]c n c�f n �ga � ��e �3n �Ho�©Si }mq9oN¤¯x�x9qHqsi]i
n _�o�emp�qsru·]v�a���©����ucma n fdq�x���}�{�a3xb|1e1_9q)� �¡�¢t���a�£3�g�¥¤]�ucma n fdq�x��@cga n fdq�x¦�¢tsr�a��¦�

n _�o�emp�qsrµ���Hv=�d���=qm�m|N�«cma n fdq1x)i¢¨zcma n fdq�xg�gt1�¥�
n _�o�emp�qsrµ�]�zv�xg}�a���}Hx n fdq)�H¤�^`_badcdegf]cghN¤]���d���dªu�-�«tm¬G�¥�
n _�o�emp�qsrµ��tHv=w���q¶� n aS¤uo �3n og�1qmc=�3{�og��|3} n oGx)iHi
n _�o�emp�qsrµ��tHv�q]t��¶a n c9jE�µxg}�aN�°t��dr°�¥¤l��qm�m|N�«cma n fdq`x)i¢¨zc]a n fdq`xg�mt1�mt1�¥�µ{�ad^G�
q]t���±Ni�®g§]²H·]q`���]­
n _�o�emp�qsrµ�b§dv�qG���mq]t
e�a3x¶��§Siu·]·]tg±
n _�o�emp�qsrµ��©�v=w���q�}]}U�8{bo=�3{bp�q�x�e¶c�qmfm�3_�o�{ n ay^de�_zo n c n ^�e �Gn �Ho�©Si � n]n f

q�a n �d�m��i
n _�o�emp�qsrµ��©�v�¸9��{bo
¼�`�S � ��[�I
R�bK`DR{J�RNI4UZRa�Pb�R{IKJ�j3UZQ7J�`Dj«UDb)SKbKn�bK`´�/b�LN`�OPSfR{�P`�b?�hI4UZOP|���bK[�LWR{JMe�LW�	�MJ`�T¯`DR{IKJMT � `Ä_f�P¥4Q7UZR{�P`�bKL^I4U;|�J+UZbK`DR{IfJ7T�UZeKeKO��PQ;UZRN��`�b� ��Pj~\�`�S)IKU´|DJ�_K`�Sf]fR{LaUZ]9`�SÄR�R{IfJ|ZUDO��P_K�PR£\%`DjlR{IfJ�LN`�OPSfR{�P`�b?��_KSfJmR{`©LN` � J���bfLWR�UZ]K��OP�PR£\%��b�RNIKJ�b�S � JMTN�PQ;UDOKLWQ�IKJ � JD��I4UZOPjlLWRNJ7e
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LN���7JMLXUDbf_�LNJMJi�¤j9\D`�S�[DJMR~LN� � ��O�UDTqTWJ7LWSKOPRNL7xh��j�bK`DR;��\�`DS�bKJMJ7_�RN`¯TWJMRNIK��bKn�\D`�SKT�b�S � JMTN�PQ;UDOe4UDTNU � JMR{JMTNL�`�T�RNIKJ©LNQ�IKJ � J©�PRNLNJMOPj¢x

QSRUT)V�WGXHY8Zfx�¹Äxv��\�ä¬Jsr�R;�lO�JsR;opL¬RNTW\�R{`"LN`DOP|�J¯U�efTN`�]KOPJ � �/�¤R{I�U"OPJMj·R ö SÄr�QM`�bK_K�¤R{��`Db�yUÄx�n¸x�Ufx�¿}äiJMS � UDbKb­QM`�bK_K�¤R{�P`�b À �Âx�óÄSKeKel`�LWJ�R{IKUZR��/I4U=R��PL¯I4UZeKe9JMbK��bf[���b*R£�X`�_K� � J7bÄ�LN�P`�b4UDO/LWe4UDQ7J ��LdR{I4U=R"�~J¦bK`´� UDTWJ �Pb=øWJ7QsR{�PbK[­UZb U � `�SKb
R q
�3elJ7T�SfbK�PRdR{� � J;��`Dj¨R{IfJ� UZR{JMTN�YUZO N UDOP`�bK[�RNIKJ©]9`DSKbK_4UDT}\�`DjqUaQ7�PTNQ7OPJ

r = r0
xs¾¬J � J � ]9JMTmR{I4U=R�R{IKJ ö S�r�jGSKbKQÂ�R{�P`�b*��b�R£�~`¦_K� � JMbKLN�P`�bKL©TNJMeKTNJMLNJMb�RNL � U=R{J7TW�YUDO ö `´�/��bK[�UDQ7TW`�LNL%R{IKJ�]9`�SfbK_4UDT}\�x���j�R{IfJR{`ZR�UDO4U � `�Sfb�R ö `F�/�PbK[%UDQ7TW`�LNLVRNIKJ/Q7��TWQ7OPJ���L q(t) ��RNIKJ7bdR{IKUZRVR{IKJ/QM`�TNTWJ7QMR��P_KJ7b
R{�¤R£\aUZR¾RNIKJ]l`�SKbK_4UZTW\��PL

ö SÄr = −DNr =
q(t)

2πr0

,

LN`*R{I4U=R
Nr = q(t)/ (2πr0D)

x�ä¬`´� � UDLWL{UD[DJ+RNIKJ ¥KO�J
^`_�adcdemf]^`}��d�ghEi�j�LN`*R{I4UZR��PRL{U=R{��L}¥4J7L^RNIKJ7LWJ�QM`�bK_K�¤R{��`DbKL¨jG`�T^`�SKT¨RNJ7L}R¯efTN`�]KOPJ � N(r, t) = er2/2−t x�óÄ�PbKQ7J��~J�n�bK`´�R{IKUZR
Nr(1, t) = e1/2−t �f�XJ©LWJ7J^R{I4U=R�R{IKJ^QM`�TNTWJ7QMR/Q�If`���QMJ©jG`DT q(t)

��L
q(t) = −2πe1/2−t x

�VO�SK[^RNIK��LV�Pb�RN`^R{IKJ�¥4OPJ/UDbK_"bK`´�ÝR{JMLWR�`�SKT¾TWJ7LNSfOPR{LV�/�¤R{I"UDb"��b
R{JMT{UDQsR{�P|DJ # QMR�U;|DJiLWJ7LNLW��`�b� 
n _�o�emp�qsrut]v=wyx]_zcG{b|HoEr cdegfG{�ed}���q��gj`e�aHa�i7j

n _�o�emp�qsrut]v=w�og�1q�x n }��do3{ n a�o n og��{]x�|dc n�� }mqzj�{gx��-��cN��o3�z�Hqg�m|N��c`�mtd�mt1�bo��
n _�o�emp�qsrut]v=w��dq9o=og�1q�{�a�{�o3{�ed}d{z�de9o3{ n a n �Ho n ^�o]�1q¶�1em�
n _�o�emp�qsrut]v�a��=tH���ucma n fdq�x���}�{�a3xb|1e1_9q)� �¡�¢t���a�£3�]�¥¤]�uc]a n fdq`x��gcma n fdq�xU� �¥r�a¡�¥�
n _�o�emp�qsr�§Hv=w@a1qm�go�og�`q�{�a�{bo3{�ed}�_ n adfG{bo3{ n a
n _�o�emp�qsr�§Hv=�����=qm�m|N��cga n fdq�x�i¢¨zcma n fdq�xg�mt`�¥�
n _�o�emp�qsr�©dv=wy_9ed}H_��G}me9o�q�o]�1q�x n }��Ho3{ n a
n _�o�emp�qsr�©dv�x]}�a���}Hx n f�q)�H¤u^`_�adcdemf]^`}��d�ghN¤H�u�d���dª«���«tm¬��¥�
n _�o�emp�qsru­]v=w@|G} n o�x n }��Ho3{ n aye9adf�qg�de�_�o�x n }z�Ho3{ n a�e9o=od�Ht
n _�o�emp�qsru­]v�_]}mq]emcm|3} n oN��� n }�f n aE�u�]cG{�f
n _�o�emp�qsru®]v�|3} n os��cga n fdq�xU�¯xg}�aN�°t��dr°�¥¤l�
n _�o�emp�qsr�±Hv�|3} n os��cga n fdq�xU�«qm�m|N�«cma n fdq1x)i¢¨zcma n fdq�xH�mt1��tG�]�
n _�o�emp�qsr�²Hv=w@a n o�e�x�� n]n f�e�x´og�1q@~3{�cG{g_��G}mq9o�|dc n�� }mqzj�� � �Ho�o]��{gx�{gx´od�m|�{g_9e�}
n _�o�emp�qsr�²Hv=wy_b�1q�_ ³ o]�1qOjGem�G{ jH�]j�qgc]c n c
n _�o�emp�qsr�²Hv�q3���¶a n c9jS�lxg}�aN�¢t-�dr°�¥¤µ�9qm�m|N��cga n fdq�x-i¢¨zcma n fdq�xH�mt1��tG�¥�µ{�a1^G�
qG�´�=�si��]�]�]­m©H©H§]§
n _�o�emp�qsru·]v=w nz³ �¿}mq9oN¤µx´�`ed}zp�q�og�1q�x�o�q9|3xH{��dq
n _�o�emp�qsru·]v�a���©����ucma n fdq�x���}�{�a3xb|1e1_9q)� �¡�¢t���a�£3�]�¥¤]�uc]a n fdq`x��gcma n fdq�xU� �¥r�a¡�¥�
n _�o�emp�qsrµ���Hv=�d���=qm�m|N�«cma n fdq1x)i¢¨zcma n fdq�xg�gt1�¥�
n _�o�emp�qsrµ�]�zv�xg}�a���}Hx n fdq)�H¤�^`_badcdegf]^1}��d�]hN¤]�u�d�-�dªu���«t]¬G�¥�
n _�o�emp�qsrµ��tHv�|G} n os�«cma n fdq1x¦�¯xg}�aS�¢t��dr°�¦¤µ�
n _�o�emp�qsrµ�b§dv�q]t��¶a n c9jE�µxg}�aN�°t��dr°�¥¤l��qm�m|N�«cma n fdq`x)i¢¨zc]a n fdq`xg�mt1�mt1�¥�µ{�ad^G�
q]t��=�si��]�]�G�b§d®]tg±
n _�o�emp�qsrµ��©�v�qG���mq]t
e�a3x¶��§Siu·]·m©d­
n _�o�emp�qsrµ��­Hv=w n a�_9q�eg�de1{�aS�Àe �3n �Ho�©Si
n _�o�emp�qsrµ��­Hv�¸9��{bo

QSRUT)V�WGXHY:Zfxv¹�x��`\�ä¬`F�®LWSKeKel`�LNJmRNI4UZRq�~JX�XUDb
RhR{` � `�_KJ7OÄU«el`�eKSKO�UZR{�P`�b©R{I4UZRq`�]lJM\�LR{IfJ%[D`F|DJ7TWbK��bK["J7��S4U=R{��`DbKL
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∂N

∂t
= D

(
∂2N

∂r2
+

1

r

∂N

∂r

)
+ f(r, t, N), 0 < r < ∞, t > 0

N(r, 0) = Mδ(r), 0 < r < ∞.�3H�IfJ7TNJ%��L¬UDbf`DR{IKJMT/� � eKO��PQ7�PR~Q7`DbK_K�PRN��`�b� hR{IKJ%LN`�OPSfR{�P`�b+LNIK`DSKO�_�TNJ � UD�Pb�]9`DSKbK_KJM_?xv�"H�IKJ� SKLWn�T{UZR+el`�eKSKO�UZR{�P`�bÝJÂrfU � efO�J¦`Dj¯kmUZbKn�L§t uK�ie?x ���mÂZw«LNJMTW|�JML�UDL+UDb�JsrfU � eKOPJ¦`Dj¯U_K�¤Á�SKLW��`�b�eKIKJ7bf` � JMbK`�b¦�/�¤R{IáJsrÄel`�bKJMb�RN�YUDOA[�TN`´��RNI®� f = aN)
���/IKJ7TWJ

a
��L^U�el`�LN�¤R{�¤|�J[�TW`F��RNI TNUZR{JZx»«JMOPR{U�Q7`�bf_K�PRN��`�bKL«UDTNJ¯TNJ7UDO�O¤\+_K��P"Q7SfOPR¬R{`�QM`Ä_KJ�SKeáb�S � JMTN�PQ;UDOPOP\�]lJ7Q7UDSKLNJ�RNIKJM\�UDTWJUaeKTNJsRNR£\�LWJM|DJ7TNJ©jG`�T � `DjC_K�PLNQ7`Db�RN��b�SK�¤R£\�xh��J^Q;UDb+¥4bKJMLNL�R{IK�PL���b
R{`dU � `�TNJ«b�S � JMTN��Q7UDO�O¤\U � J7b4UZ]KO�JmefTN`�]KOPJ � UDLVjG`�O�OP`F�/LM CUDLNna`�SfTNLNJMOP|DJ7LV�/I4UZR�I4UDefe9JMbKL�U©L � UZO�OÄRN� � J�UZj·RNJ7ThR{� � J

t = 0
xm��J¯JÂrÄe9JMQMR«RNIKJ��PbKLWR{UDb
R�UDbfJ7`�SKL¬eKSKOPLNJ©R{`�JM|�`DOP|�J¯��b
R{`�U�L � `�`DRNI¦º©UDSKLWLN�YUZbÄ�£OP��nDJ_K�PLWR{TW��]KSÄR{��`Db?xÝz [�`�`Ä_®Q7OPSKJ+��LdR{IKJ�JsrÄeKOP��Q7�¤RdjG`�T � RN`*RNIKJ�JÂrfel`�bKJMb
R{�YUZO¬[DTN`´��R{I�T{UZRNJeKTW`�]KO�J � �}t uK�4e?x¾���
¹=wY�

N(r, t) =
M

4πDt
eat−r2/(4Dt).óÄ`��XJ§Q7UDb�RNTNJ7UZR+R{IK�PL���bKL}R�UDb
R�UZbKJ7`�SfL�LW`�SKTWQ7J*eKTN`�]fO�J � UDL�U)eKTN`�]fO�J � �/�PR{I�U ö SÄrQ7`DbK_K�PRN��`�b�UZR¬R{IfJ¯OPJMj·R¬]9`DSKbK_4UDT}\��¸]KSfR«T{UZRNIKJ7T�RNI4UDb�IKU´|DJ�UDb ��bKL}R�UDb
R{UDbKJ7`DSKLiLW`�SKTWQ7J�U=R

t = 0
�¾�~J�Q7UDb®LNeKTWJ;UD_®`�SfRaRNIKJ+eKSKO�LWJ+`F|DJ7T"UáLNIK`DTWRdR{� � J��Pb®U§L � `�`DRNI�j3UDLNIK�P`�b�]
\_KJs¥4bK��bf[

q(t) =
2M

σ
√

2π
e−t2/(2σ2)

�/IKJMTNJ
σ
�PL/U"L � UZO�O9|ZUDTW�YUDbfQ7JDx¾ä¬`DR{J¨RNI4UZR

∫
∞

0

q(t)dt = M.

óÄ`¦�~J��/��OPO�TWJ7eKO�UDQ7J�R{IKJ��PbKLWR{UDb
R�UDbKJM`�SKL�LW`�SKTWQ7J�]
\)U¦QM`�b
R{��b�SK`DSKL�LN`DSKTNQMJ�R{I4UZR�J � �PR{LUD]l`�SfR�R{IKJ«L{U � J¨U � `�SKb
R7� M �K`´|�J7TmU¯TNJMOYUZRN�P|DJ7OP\dLWIK`�T}RXR{� � J¬LNeKUDb�]
\�SfLN��bf[�R{IKJ«UD]l`F|DJjG`�T � SKOYU�jG`DT q(t)
�/�PRNI UaLWSK�PR{UD]KO�J^Q�If`���QMJ%`Zj

σ
x

QSR)Y3Ã�ÄLÅÇÆ�Y;ZfxÈÂ`\CHAUDnZJ«U^Q7TW�PRN��Q;UZOfO�`�`�n�UZRVR{IKJ/JÂrKU � eKOPJ�`Dj�kmUDbKn�Lit uK��e�xV���mÂZwyxVó�`�OP|DJR{If��L©eKTN`D]KO�J � b�S � JMTN�PQ;UDOPOP\ SKLN�PbK[�RNIKJdjGSKbKQMRN��`�bá¥4OPJajGQ7bKTNUD_ ö SÄr�¾©x � xÉ¼�`DS � ��[�I
R©SKLWJ
M = 1

UDL/��b�R{IKJ%eKTWJM|���`�SfL¬JÂrfU � efO�J©UDbK_ UDb���b
R{JMTW|ZUDO�jGTW` � 1
RN`�LW` � JsR{IK�PbK[dO��PnDJ 150

�UDOP`�bK[��/�PRNI
σ = 1

R{` � � � ��Q�n�UDb*��bKL}R�UDb
R�UZbKJ7`�SfL%LW`�SKTWQ7JDx"z«L%kmUZbKn�L � J7b
R{�P`�bKLM�?\�`�SQ7`DSKO�_§SKLWJ
a = 2.65

ýF\ÄT©UZbK_
D = 12.2

xa��`�`�n¦UZR^RNIKJd[�T{UZeKIKL%UDbK_§LNJMJd�Pj�R{IKJaTNUD_K��SfL`Dj�R{IKJdjGTN`Db�R%TW`�SK[�IKO¤\¦QM`�TNTWJ7LNel`�bK_fL%RN`�RNIKJd_4UZR�U+[��¤|�J7b�x"��I4U=R�UZTNJaR{IKJ"UDefeKTN`;rÄ� � UZR{Jel`�eKSKO�UZR{�P`�bKL/��b�RNIKJ�\DJ;UDTWL
2, 4, 6, 8

UDbK_
10
�/IKJMTNJ��~J�Q7`DSKb
R

1905
UDLi\�J;UZT��7JMTN`]Ê®»«`\�`DS ]lJ7OP��JM|DJ^R{IK�PL � `�_KJ7OËÊ

QSR)Y3Ã�ÄLÅÇÆ�Y
ZÄxvg1\.óÄSfeKe9`DLNJmR{IKUZRq�~J � `�_KJMO?�GQ7TN� � �Pb4UDOY��_KTNSK[«L{UDOPJ7LVUDLqT{UD_K��UZR{�PbK[/jGTN` �U^LN�PbK[�O�JXLWR{J7UD_f\aLW`�SKTWQ7J/�/IK`�LNJ/OP`ÄQ7UZR{�P`�b��~J¬n�bK`´� UDbK_"`�]9Js\���bK[©U^T{UZ_K�YUDOÄ_K�PÁ9SKLW��`�baO�U´�©xäi`´�
N(r, t)

TNJMeKTNJMLNJMb�RNLaR{IKJ�_KJMbKLN�¤R£\�`Dj¬_KTWSK[á��bfQ7��_fJ7b
R{LMx­½¬J7TNJ+UZTNJ��PLNLNSfJ7L�R{`¦RNIK��bfnUD]l`�SfR¬UDbf_��~J^�/��O�O9_K��LWQ7SKLWL¬RNIKJ � ��b+LNJ � �Pb4UDT7 ¡�xq½i`´�®Q;UDb��~J�LNJsRVSKe�RNIKJXjGSKbKQsR{�P`�b¯¥4OPJ7LqRN`¨I4UDbf_KO�JXU¨Q7`�b
R{�Pb�SK`�SKLhQM`�bKL}R�UDb
RVLW`�SKTNQMJ`DjlT{UZ_K�YUDO�_K�¤Á�SKLW��`�b��D[��¤|�J7b"U¨QM`�bKLWR{UDb
R¾_K�PÁ9SKLW��`�b�QM`ÄJlP"Q7��JMb
R�UDbK_�R{IfJ�LN�	�MJm`Dj¸R{IfJ�LN`�SKTWQ7JZx��I4UZRmUDTNJ/R{IfJ¨UDeKefTN`�eKTW�YUZRNJ/]9`�SfbK_4UDT}\�QM`�bK_K�¤R{�P`�bKL¯Ê��y»«`%R{IK�PL�jG`DTXU�QM`�b
R{�Pb�Sf`�SKL � `�_KJ7OUDL/��b�ªqrfU � eKO�J0Zfx�¹Äx���LN`dR{I4U=Ri�¤R���L�TWJ;UD_Ä\�R{`"[�`ajG`�TmR{IfJ%TWJ7L}Ri`ZjARNIK��L�eKTW`�]KOPJ � xv�
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�Äx¾ä¬`´��LNSKefe9`�LWJ«R{IKUZR~�~J¨UZTNJ¬[��P|DJ7b�_fTNSK[¯Q7TN� � J¬_4UZR{U%`Db�U¯[DTN��_�� � UDe�`Dj�RNIKJ«QM�PR£\��TNJ7UDO�O¤\f�sxV½¬`F�°Q;UDb+�~J%RNT{UDbKLWOYUZRNJ«R{If��L/��b
R{`a�PbfjG`�T � UZRN��`�b�UD]9`DSfR N(r, t)

Ê�fx�º©�¤|�JMb�R{If��L©��bfjG`DT � UZR{�P`�báUD]l`�SfR N(r, t)
�qIK`´�ìQ7UDb*�~J�SfLNJ"�PR©R{`�J7L}R{� � UZRNJdRNIKJ_K�¤Á�SKLW��`�b�QM`ÄJlP"Q7��JMb
Ri`ZjqR{IfJ � `�_KJ7OËÊ�Kxi�3½«UDTW_KJ7T+Ív����I4UZR¬�¤jC�~J%_K`�b?o R/n�bK`´� R{IKJ©QMJ7b
R{JMT7�¸]KSfR¬]lJ7O��PJM|DJ¨R{IKJMTNJ©��L�`�bfJbÊ
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