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­�à�á � ª â-ãvá ävå �)(

f :�O�4 OW023 \ 3 4ÕO-HæpXLM?B^ O�FK1vcP4Õç � è�éëê�ìZíXî ïlê�ð)ñ�òæìdó
L´6 45:j3 6D1=0�4 1;��45:;LM?X^ \ 3 450�OBg'L¡4SL[1v?�O-HæH�� 45:;L�?�p O�FK1vcP4
LM? J OP45:B3;J OP4SLT8P6dx

ô cB3P6Ó4SL[1v?
−→

� ?d6Ó\ 3K0

� ? éæõ÷ö�ìdêuø5ì ïlê�ð)ñ�òæìdó HI1%1Gp]6 H¶LMpÎ3 45:KL´6dx

ô cB3P6Ó4SL[1v?
←−

� ?d6Ó\ 3K0

ª â-ãvá ävå � ÙÆù � :B3 ^hO�J 3 ��H�OS�R3Zg 1v? � Y 6R:j1Z\
ú �B3d1G�eOW0ûg���üSx ^÷L|@X3;? 45:B3 O�?Z6Ó\ 3;0_<X6qOS� 45:j3 ýGcj3�6�4SLT1G?�,

� 8�45ceO-HæH��R<§45:KL´6 698;:j3KJ O�4SLT8 g�1%3P6R?hþ�4 ý"cKL¡4�3 8BO���45c�023
45:j3 023XO�H�ÿ§O�@X1=0 1�� LM?A@B3K0t6D3 ��021GF-HI3;J 6d, > 4 6R:j1vc�H g
HI1%1Gp J 1=023 H¶L�pÎ3

ô cj3�6Ó4SL[1G?
←−

� � �-�W021d±�LMJ O�4�3B� � ?d6Ó\ 3;0
�



ª â-ãvá ävå � � ù � :B3 ^hO�J 3 ��H�OS�R3Zg 1v? � Y 6R:j1Z\
ú f :j3d3;Hh1�� ��1h0�45c�?B35üS,

� éæê�ìdíWî ïlê�ð)ñ�òæìdó � L|� 6D1GJ 3A1v?j3 6qOS�j6 45:j3 J 3P6�6qOB^�3�<
�R1Gc 6R�K3;HæHvL¡4�,

� õ'öËìZêCø5ì ïlê�ð)ñ�òæìdó � L|�v6D1GJ 3A1v?j3 6R�;3KHæH¡6 45:B3 J 3P6�6qOX^l3
�°O��-�W021d±�LMJ O�4�3;H �e�5<G�R1vc 6qOË� L¡4�,

o 3K023 OW023 6D1GJ 3 ó �=î	�lìZó �=î éæí
�KòV35±;O�J ��HI3�6dx

ª â-ãvá ävå � � ù En1vH��-?B1GJ L¶O-H`021%1�476A,

� éæê�ìdíWî�ï�ê�ð)ñ-ò ìdó � ^'L|@B3K? O �K1vH��-?B1GJ L¶O-HM<
�Ü?Bg O�HëHKL|476
0u1%1�476d,

� õ'öËìZêCø5ì ïlê�ð)ñ�ò ìZó � ^'L|@B3K? O H~L´6Ó4 1�� 021%1e476A< ��?Xg O
�;1vH��)?j1vJ L¶O-Hl\ L|45: 35±;OB8545H�� 45:j1l6D3 021'1�476d,

¨ à�� � ù � :KL´6 L´6 1v?j3 1;��45:B1K6D3 ��0�OW023B� 6ËL|45c�O�4SL[1v?d6 LM?
\ :KLT8�: 45:B3 LM?A@B3K0C6�3 �W021vF�H´3;J L 6 J cX8�: 3XOd6�L[3K0 45:�O-?
45:j3 g'LM023d854 ��021GF-HI3;J �
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ª â-ãvá ävå � � ù � :B3
m×n

J O�450�L¡±
A

<
n×1

@X3d8�4�1h0

x
O�?Xg

m× 1
@X3d854�1=0

b
6ÎO�4SL´67�b�

Ax = b.

� éæê�ìdíWî ï�ê�ð-ñ-ò ìdó � ^'L|@B3K?
A,x

8�1vJ �-c�4�3
b.

� õ'öËìZêCø5ì ï�ê�ð-ñ-ò ìdó � ^'L|@B3K?
A,b,

8�1vJ �-cP4�3
x.

ª â-ãvá ävå � � ù �Dz L|{}3;023K?P4SL¶O�4SL[1v?��

� éæê�ìdíWî ï�ê�ð-ñ-ò ìdó � ^'L|@B3K?
f(x) ∈ C[0,1],

��?Xg 45:B3
LM?Bg�3��Ü?KL¡4�3 LM?�4�3d^G0�O�H

F (x) =

∫ x
0
f(y) dy.

� õ'öËìZêCø5ì ï�ê�ð)ñ-ò ìdó � ^'L|@B3K?
F (0) = 0

O-?Bg
F (x) ∈

C1[0,1],
�Ü?Xg

F ′(x).

�D³�3d8jO-HæHv45:eOP4
C[0,1]

�
C1[0,1]

� L´6 45:B3 6D354 1�� O�HëH
8�1v?P4SLM?-cB1GcZ6 �²c-?B854SL[1G?Z6 ���°c-?B854SL[1v?d6 \ L¡45: 8A1G?�4SLM?-c]Q
1GcZ6 gl3K0�LI@eO�4SL|@B3X� 1v? 45:B3 LM?�4�3;0¯@eO-H

[0,1].
�

�



ª â-ãvá ävå � � ù �DEÆO�0�O�J 354�3;0 LTg�3;?�4SL��`8jO�4SL[1v? >#x O-?
3BOZ6Ó� �W021vF�HI3KJ ,�� z LT^�3P6Ó4SLMF-HI3 J OP4�3K0�L¶O�HR�eOd6�6D3P6�45:-021GcX^G:
O g'LT^�3P6Ó4SL|@B3 6Ó�j6Ó4�3;J �°O 8jOA@KL¡4�� 1;��@X1GHëc�J 3

V
� \ L¡45:

8�1v?B8A3;?�450bO�4SL[1v?
S(t)

1;� J OP4�3K0�L~O�H��;3K0 c-?KL¡4 @B1vHæc-J 3
LM? 45:j3 67�Z6Ó4�3;J OP4 4SLMJ 3

t
O�?Xg c-?;L|��1=0#J O�?Xg LM?RQ

6�4ÕO-?B3A1vcd6 J L|±lLM?X^`, � :B3 J O�4�3;0�L¶O-H L 6 O-Fd6D1h0�FK3Zg
LM?P4�1 45:B3 6Ó�j6Ó4�3;J O�4 O 0�O�4�3 �W021v�K1=0�4SL[1v?�O-HÆ4�1 45:B3
8�1v?B8A3;?�450bO�4SL[1v? \ L¡45: O-FZ6�1h0#�P4SL[1v? �#OX8�4�1h0

a.
� :B3

J 3dg'LMc-J 450�O�?Z6R�K1=0�4SLM?X^ 45:B3 J OP4�3K0�L¶O�HR�eOd6�6D3P6�45:-021GcX^G:
OP4 8�1v?d6Ó4ÕO-?P4 6R�K3A3dg`<�6D1 45:eOP4 45:j3 0�O�4�3 1��§3;J ��4��KLM?X^
L´6
q

LM? c-?;L|476 1���@X1GHëc�J 3 �K3;0�c-?KL¡4 4SLMJ 3-, / LI@B3;? 45:B3
8�1v?B8A3;?�450bO�4SL[1v? 1�� J OP4�3K0�L¶O�HÆ3K?P4�3K0�LM?B^ 45:B3 8jOA@KL¡4��R<
S0(t),

O-?Xg 45:B3 ?-c-J FK3;0C6
V

<
q

O-?Bg
S(0)

<`\ 3 O�0u3
4�1 gl3]4�3;0#J L�?j3 45:j3 O-Fd6D1h0���4SL[1v? 0�OP4�3

r
FeOd6D3Zg 1G? O

6ËL�?B^GHI3 J 3BOZ6]c-023;J 3;?�4
S(t0)

,

� éæê�ìdíWî�� ê�ð-ñ-ò ìdó �;õ-è ��ð-ò��=î é ð)õ�� / LI@B3;?
S(0)

<
S0(t)

<
V

<
q

O-?Xg
α
< gl3]4�3;0#J LM?B3

S(t0)
<
t0 > 0

, � 1
6�1vH�@X3 45:KL´6A<}FeO�HTO-?X8�3 0�O�4�3P6 1�� 8�:eO�?X^�3 O-?Bg 1GF�4ÕOKLM?
V dS
dt = qS0(t)− qS(t)− aS(t)

\ :KLT8�:h<n1v? 6D354²4SLM?X^
(q + a)/V = α,

:�OZ6 6�1vHæc�4SL[1v?

S(t) = S(0)e−αt +
∫ t
0
e−α(t−r)S0(r) dr.

�



� õ'öËìZêCø5ì � ê�ð)ñ�òæìdó �Kõ�è ��ð-ò��=î é ð)õ�� / L|@B3K? / L|@B3K?

S(0)
<
S0(t)

<
V

<
q

O�?Xg
S(t0)

<
t0 > 0

<Ügl3]4�3;0#J L�?j3

α
, � 1 6D1vH�@B3 45:;L´6A< ?B1�4�3 45:�O�4

S(t0) = S(0)e−αt0 +

∫ t0
0
e−αxS0(t0 − x) dx.

>�? ^�3;?B3;0�O-HM< L|�
f(x)

L´6 8A1G?�4SLM?-cj1vcZ6�< ?B1v?�?B3d^hOP4SLI@B3
O�?Xg ?B1G?Zs�3;021 1G?

[0, t0]
<G45:B3;? 45:B3 J O-�-�;LM?X^

G : α→ S(t0) = S(0)e−αt0 +

∫ t0
0
e−αxf(x) dx

L´6 c-?;LI��1h0�J H�� 8�1v?P4SL�?�cB1GcZ6A<n6Ó450�LT8�45H � J 1G?B1�4�1G?B3 gl3�Q
8�023BOZ6�LM?B^ O-?Bg

G : [0,∞)→ (0,
∫ t0
0 f(x) dx].

� :B3;023ËQ
��1h0u3-<�45:B3 LM?�@X3;0C6D3 �W021GF-HI3KJ 1;�Æ6D1GH�@lLM?X^ :

= G(α)
L´6

\ 3;HëH��K1l6�3Zg�<v45:j1vcB^G: 3]±)�K3;0�LMJ 3;?�4ÕO�HëH�� \ 3 0#c-? LM?�4�1
45:j3 �W021vF�HI3KJ 45:�O�4 35±=�;3K0�LMJ 3K?P4ÕO-H�J 3XOd6Rc-0u3KJ 3K?P476
J LT^G:P4 FK3 OP4 45:B3 3;?Xg"�K1%LM?P4 1h0 3R@B3K? �#O-HæH§1vcP476�LTg�3
45:j3 0bO-?X^l3

(0, ‖f‖1]
��45:B3 c-�-�;3K0 3;?Xg�< 45:eO�4 L´6d,M�

y�1v?B3545:B3;HI3�6 6A< 45:B3 LM?A@B3K0t6D3 ��021GF-HI3;J O��-�K3BOW0C6 4�1
F;3 J O�45:j3KJ O�4SLT8jO-HæH�� 6Ó4ÕO-F�H´3 \ L¡45: 023P6R�K3d8�4 4�1 45:B3
J 3BOZ6Rc�023KJ 3;?�4

h = S(t0)
O-?Xg

f(x) = S0(t0− x).
�



Û ­ �Ëã!�#" ( �#" & ãvå $ �"!#( ä �h& �#"&% � à $ ¦ $ % �"!#(5� $ ! à 'lÞ
å � á ¦ *÷f 3 6D3d3 45:eOP4 45:B3 �²c�?X8�4SL[1v?

G ( cZ6Ó4 gl3
��?B3dg
8jO-? FK3 \ 0�L¡4²4�3K? OZ6

G(α) = S(t0) = X,
\ :B3;023 ?B1d\ \ 3 45:;L�?�p 1��

X
Od6 O ê)�Kõ-èlð)ó ö*�Bê#é+�;ñ-ò ì

X
\ :KLT8�: L´6 1GF�4ÕO;L�?j3Zg FË� �;3K0¯��1h0�J LM?X^ 45:B3 35±=�;3K0�L�Q

J 3;?�4 O-?Xg 4ÕO�pXLM?X^ 45:j3 J 3BOZ6]c-023;J 3;?�4 OP4 45:j3 �'±X3Zg
4SLMJ 3

t0
, �V021vJ 45:;L´6 �K1%LM?P4 1;��@lL[35\ <�\ 3 6D3d3 45:eOP4

αL´6 O�H|6�1 O 0�O�?Xg�1GJ @eOW0�L¶O-F-HI3 6�LM?X8�3
α = G−1(X)

L 6
O �°c-?X8�4SL[1v? 1;� O 0�O-?Bg�1vJ @�OW0�L¶O-F�H´3 O�?Xg 45:B3;023]��1=023
L¡476D3;H�� O 0�O�?Xgl1vJ @eO�0�L¶O�F-HI3),

y�1Z\ \ 3 8BO�? 6]�K3XO�p 1;� 6qO�J ��H~LM?B^ O-?Xg 6Ó4ÕOP4SL´6Ó4SLT8P6
6]cX8�: Od6 45:j3 J 3BO-? @�O�Hëcj3 1;� O 6qO�J ��H´3�<%354�8-, � :;L´6
FW0�LM?X^;6 45:j3 3;?�4SLM023 6Rc-F ( 3d854 1�� 6Ó4ÕO�4SL´6Ó4SLT8R6 4�1 FK3BO�0
1G? 45:j3 L�?�@X3;0C6D3 �W021vF�HI3KJ 1�� LM?�4�3;023P6Ó4�, f 3 6R:j1vc�H g
?j1�4�3 45:eOP4 45:KL´6 6Ó4ÕOP4SL 6�4SL�8jO-H 45:KLM?-pBL�?B^ L´6 �K1K6�6�LMF-HI3
1G?-H�� F;3Z8jO-cd6D3 45:j3 ��O�0bO-J 3]4�3;0�4�1 FK3 L�gl3K?P4SL���3Zg L 6
O 698jO-HTO�0_, f 3 8�1vc-H´g O�H¡6D1 FW0�LM?X^ 6Ó4ÕOP4SL´6Ó4SLT8P6 4�1 FK3BO�0
1G? 45:j3 ��021GF-HI3;J LI� 45:j3 �eOW0�O-J 3]4�3;0C6 LM? ýGcB3P6Ó4SL[1v?
\ 3;023 J c-H 4SLM�-HI3 698jO-HTOW0C6A< \ :KLT8�: 8�1vc-H´g F;3 OZ6 6D3KJ Q
F�HI3Zg LM?�4�1 O 6�LM?B^GHI3 0�O-?Bg�1vJ @B3d854�1=0�,

,



ª â-ãvá ävå � - ù �DE�OW0�O�J 354�3K0 LTgl3K?P4SL.��8BOP4SLT1G? >C>�x O
:�O�02g�3;0 �W021GF-HI3KJ ,M� o 3XOP4 ÿv1Z\ 6 LM? O 6Ó4�3BOXge� 6Ó4ÕOP4�3
45:�021vcB^G: O�? LM?Z6]c-HTO�4�3dg LM?-:j1vJ 1)^l3K?j3d1GcZ6 021%g \ L¡45:
O p�?B1d\ ? :j3XOP4 6D1Gc-0û8�3 O�?Xg 45:B3 4�3KJ �K3;0�O�45c�023 :j3KH´g
OP4 s�3K0u1 O�4 45:j3 3;?XgG�;1%LM?�476d,   ?Bg�3;0 J 1"gl3�6�4 023�Q
6�450�LT854SL[1v?d6A<j45:j3 4�3KJ �K3;0�O�45c�023 �²c-?B854SL[1G?

u(x)
1vFK3]�j6

45:j3 H�Oq\

−
(
k(x)u′

)′
= f(x), 0 < x < 1

\ L¡45: F;1vc-?BghOW0¯� 8A1G?Xg÷L|4SL[1G?Z6
u(0) = 0 = u(1),45:j3K0�J O�H%8�1v?BgGcB854SL|@KL|4#�

k(x), 0 ≤ x ≤ 1
O-?Bg

f(x)gl3]4�3;0#J LM?B3dg FË� 45:B3 :j3XOP4 6D1Gc-0û8�3),

� éæê�ìdíWî � ê�ð)ñ�òæìdó � ^÷LI@B3;? �eOW0�O�J 354�3K0t6
k(x), f(x),��?Xg

u(x) = u(x; k).

� õ'öËìZêCø5ì � ê�ð)ñ�òæìdó � ^÷L|@X3;?
f(x)

O-?Bg J 3BOZ6Rc�023KJ 3;?�4
1��
u(x),

�Ü?Xg
k(x).

� :B3 J O-���KLM?X^ �°021vJ �eOW0�O-J 3]4�3;0 6�3]4 �ÓLM?-�-cP476q� 4�1
6�1vHæc�4SL[1v?d6 � 1vcP45�-cP476q� L´6 ?B1e4 O H~LM?j3XOW0h�°c-?B854SL[1v?=<hL , 3-,�<
u(x; k1 + k2) 6= u(x; k1) + u(x; k2),

O�?Xg L¡476 LM?]Q
@B3;0C6D3 J OS� ?j1�4 3R@B3K? FK3 gl3
�Ü?j3Zg / 6�1

k(x)
L´6 ?B1e4

?j3Z8�3P6�6qOW0�LMH � LTgl3K?P4SL.�VO-F-HI3 �²0u1vJ O-?�� 1vcP45�-c�4760�
1



Û 2 �"$h�"! ãvå�­ � �3�#" $�4
f :�O�4 J O-pÎ3�6 L�?�@X3;0C6D3 ��0u1vF-HI3;J 6 O-?A� g'L|{}3K0u3K?P4Ü�²021GJ
g÷LM023Z8�4 �W021vF�HI3KJ 6qç >�? 6�1vJ 3 8jOZ6�3�6A< 45:B3;023 023BO-HæH��
L´6R?=þ 4 J cB8;: g'L|{}3;023K?B8A3-, f :�O�4 J OP45:B3;J OP4SL�8WL¶O-?d6
p�?B1d\ O�?Xg HI1�@X3 L´6 45:B3 pBL�?Bg 1����W021vF�HI3KJ g�3��Ü?j3Zg FË�
o OXghO�J OW0ûg O�0u1vc-?Bg 45:B3 FK3d^'LM?-?;LM?X^ 1;� 45:B3 4#\ 3;?RQ
4SL[3545: 8�3K?P45c-0¯�P, � 5 � å�å ÞËä�à (5�76 ä ! à 'vå � á L´6 8;:�O�0�Q
OB854�3;0�L´s�3dg FË� 45:-0u3d3 �W021v�;3K0�4SL[3P6dx

+-, � :j3 �W021GF-HI3KJ :�OZ6 O 6�1vHæc�4SL[1v?h,

mn, � :j3 6�1vHæc�4SL[1v? L´6 c�?KLTýGcj3),

kn, � :B3 6D1GHëcP4SL[1v? L 6 ødî8�;ñ-ò ìB< 45:eOP4 L´6A< L¡4 @�OW0�L[3�6
8�1v?P4SLM?-cB1GcZ6RH�� \ L¡45: 45:B3 ^'L|@B3K? �eOW0�O�J 354�3K0t6 1;� 45:B3
�W021GF-HI3KJ ,

� ��0u1vF-HI3;J 45:eO�4 L´6 ?B1e4 \ 3;HæH QÕ�K1l6D3dg L´6 8BO�HëHI3dg " å�å Þ
ävà (��76 ,

>�? ?-c�J 3;0�LT8BO�H O-?eO�H��j6�L´6 \ 3 O�0u3 �²0u3Zý"cB3;?�45H�� 8jO-cRQ
4SL[1G?B3dg 4�1 J O-pÎ3 6]c-023 45:�O�4 O �W021GF-HI3KJ L´6 \ 3;HæH
�;1l6D3dg FK3]��1=023 \ 3 g�3P6�LT^G? 6�1vHæc�4SL[1v? O-H´^�1=0�L¡45:-J 6d,

9



w�354Pþ 6 023]45c�0#? 4�1 6D1GJ 3 1�� 1Gc-0Ü35±;O�J ��HI3�6d, f 3 6ÎOS\
3BOW0#H¶LT3;0�45:eOP4 LM?A@B3K0C6�3 �W021vF�H´3;J 6 ?B3A3Zg ?j1�4 FK3 H¶LM?B3BO�0
�W021"8�3P6�6D3P6d, y 1v?j3]45:j3KHI3P6�6A< H¶LM?B3BO�0 ��021GF-HI3;J 6 O�023 O
��1"8jO-H �K1%LM?P4 1;� LM?A@B3;0C6D3 45:B3A1h0��P, >�� H¶L�?j3XOW0 LM?A@B3;0C6D3
�W021GF-HI3KJ 6 �W023P6D3K?P4 ��0u1vF-HI3;J 6�<'\ 3 8jO-? 1v?�H � LMJ OB^WQ
LM?j3 :j1Z\ J cB8;: J 1h023 g÷L.: 8�c-H 4 ?j1v?-H¶LM?B3BOW0 ��0u1vF-HI3;J 6
J LT^G:P4 FK3-,

� 6 O 8jOZ6D3 LM? �K1%LM?P4P<Æ8�1v?d6�LTg�3;0 �V±�O-J �-HI3 � �
Ax =

b
�#; J c-H 4SLM�-H¶LT8BOP4SL[1v? FS� 45:B3

m × n
J O�450�L¡±

A
8BO�?

F;3 45:j1vcB^G:�4 1;� OZ6 O H¶LM?B3BOW0�1v�;3K0�OP4�1h0 ��023BOXg ú H¶LM?B3BO�0
�°c-?B854SL[1v?PüÓ�

K : Rn → Rm.
>�? 45:;L 6 H�O�?X^"ceOX^l3-<�45:B3

g÷LM023Z8�4 �W021GF-HI3KJ L´6 4�1 ��?Xg
y = Kx,

^÷L|@X3;?
A,x,O�?Xg 45:j3 LM?A@B3K0t6D3 �W021vF�HI3KJ L 6 4�1 ��?Xg

x,
^÷L|@X3;?

K, yO�?Xg
Kx = y.

w�LMpq35\ L´6D3�<"�V±�O-J �-HI3 � �_g'L|{}3K023;?�4SL¶OP4SLT1G?e� L´6 O H¶LM?B3BO�0
�W021GF-HI3KJ , � :B3;023 L´6 O 8�cZ6�4�1vJ O�0¯� \ OË� 1;��35±)��023P6�6²Q
LM?B^ 45:KL´6 3]±�O-J �-HI3 LM? 45:B3 HTO-?X^"ceOB^�3 1;� ú LM?�4�3d^G0�O�H
3dýGc�O�4SL[1v?d6d,Tü z 3��Ü?j3

k(x, y)
FS�

Ø=<



k(x, y) =

{
0,

L|�
0 ≤ x < y ≤ 1

1,
L|�

0 ≤ y ≤ x ≤ 1
6�1 45:�O�4

F (x) =
∫ x
0 f(y) dy

8jO-? FK3 35±=�W023P6�6D3dg Od6

F (x) =

∫ x
0
k(x, y)f(y) dy =

∫ 1

0
k(x, y)f(y) dy

� :KL´6 L´6 O >Vð)ò î�ìdê#ê=� éæõ�î�ì@?"ê=�Kòhì0A7�B�)î éæð-õ ðDC�î	�lì E)êuøAî
F éæõ-è L|��45:B3 HTOZ6�4 4�3;0#J L´6 g�3;HI3]4�3dg O-?Xg O GVê�ìdè!�lð)òæó
éæõ�î�ì@?"ê=�Kò)ìHAI�J�=î é ð)õ ðDC�î	�lì E-êuødî F éëõ�è L|�Ü45:B3 J LTg�gGHI3
4�3;0#J L 6 g�3;HI3]4�3dgn, z 3;?B1e4�3 FË�

K
45:B3 1G�K3K0bO�4�1=0

45:�O�4 J O-�d6
f(x)

4�1
F (x).

� :B3 �-c-?B8;: H~LM?j3 L´6 45:B3
6ÎO-J 3 OZ6 LM? �V±�O-J �-HI3 � �

Ax = b)
<e45:eO�4 L´6A<;6D1vH�@KL�?B^

45:j3 H¶LM?B3BOW0 1v�K3;0�OP4�1h0 3dýGc�O�4SL[1v?
Kf = F

��1h0
F

L´6
45:j3 g'LM023d8�4 �W021GF-HI3KJ < O-?Bg 6D1vH�@KL�?B^ L|4 ��1h0

f
L´6 45:B3

LM?�@X3;0C6D3 �W021vF�H´3;J ,

Un1 \ :�O�4Pþ~6 45:j3 �°cZ6�6Îç � :B3 g'LM023d8�4 �W021vF�H´3;J 1;�
8�1vJ �-cP4SLM?X^

F
�²021GJ

F = Kf
L´6 3XOd67� O�?Xg 45:B3

6�1vHæc�4SL[1v? 4�1 45:j3 LM?A@B3K0t6D3 �W021vF�H´3;J L´6
f = K−1F,0�L�^":�4Õç

Ø�Ø



f 0u1v?X^K� � HæH§1�� o OXg=O-J O�0ûg�þ 6 \ 3KHæH QÎ�K1K6D3Zg"?B3P6�6 023�Q
ý"cKLM023;J 3;?�476 �#O-HæH FS� 45:B3 \ OS�j6ËL�gl3-< 3]@X3;? ��1=0 45:B3
ú 6�LMJ ��H´35ü LM?A@B3K0C6�3 ��0u1vF-HI3;J 1�� 6D1vH�@KLM?X^ ��1=0

x
\ L¡45:

Ax = b
O H~LM?j3XOW0 67�Z6Ó4�3;J ,

+-, � :j3 6Ó�j6Ó4�3;J
[

1 1
1 1

] [
x1
x2

]
=

[
0
1

]

:�OZ6 ?B1 6D1vHæc�4SL[1G?L�

mn, � :j3 6Ó�j6Ó4�3;J
[

1 1
1 1

] [
x1
x2

]
=

[
0
0

]

:�OZ6 L�?M�Ü?KL¡4�3;H�� J O�?A� 6D1GHëcP4SL[1v?Z6A,

kn, � :j3 6Ó�j6Ó4�3;J
[

1 1
1 1

] [
x1
x2

]
=

[
0
ε

]

:�OZ6 ?B1 6�1vHæc�4SL[1v? ��1h0
ε 6= 0

O-?Bg LM?N�Ü?;L¡4�3KH�� J O-?��
��1h0

ε = 0,
6D1 6D1GHëcP4SL[1v?Z6 g�1 ?B1e4 @eO�0�� 8A1G?�4SLM?-cj1vcZ6]H �

\ L¡45: 45:j3 �eOW0�O-J 3]4�3;0
ε.

Ø)�



¤ O � � �74QP å~ã ! "SR�ã!��" à $ ¦ 6G� ã

o 1Z\ 8jO-? \ 3 3]±A450�LT8BOP4�3 1vc-0t6D3KH�@B3�6 �°021vJ 45:B3P6D3 ��0u1vFRQ
HI3;J 6�<�LI� 1v?�H�� ��1h0�45:B3 ú 6�LMJ �-HI35ü 67�Z6Ó4�3KJ

Ax = b?

ª âI" ( � �"$'&��Æ* f 3 cd6D3 O�? 1GH g 450�LT8;pKx HI3BOZ6Ó4 69ýGc�O�023P6A<
\ :KLT8�: �Ü?Xg;6 45:B3

x
45:eO�4 J LM?KLMJ L sP3�6�45:B3 6�L´s�3 1;��45:B3

0u3�6�LTg"ceO-Hj�#69ýGc�O�023dgh�
‖b−Ax‖2 .

� :KL´6�45c-0#?d6 1Gc�4}4�1
F;3 3dýGc;L|@�O�H´3;?�4 4�1 6�1vH�@lLM?B^ 45:j3 õlðeê�ó �;ò`ì0A7�B�)î éæð-õjø

ATAx = ATb,
O 6Ó�j6Ó4�3;J \ :KLT8�: L´6 ^Gc�O�0�O�?�4�3A3Zg 4�1 :�OA@B3 O 6D1vHæc]Q
4SL[1G?�, �Vc-0�45:j3K0_<�\ 3 8jO-? 6D3A3 45:�O�4 LI�

Ax = b
:eOd6

�;õ#T 6�1vHæc�4SL[1v?=< 45:B3;? 3]@X3;0¯� 6�1vHæc�4SL[1v? 4�1 45:B3 ?j1h0 Q
J O-H 3dýGc�O�4SL[1v?d6 L 6 O 6�1vHæc�4SL[1v? 4�1

Ax = b.
� :KL´6

450�L�8�p 3]±A4�3;?XgK6 4�1 J 1h0u3 O-FZ6�450�OX8�4 H¶LM?B3BO�0 1v�K3;0�OP4�1h0C6

K
1;� 3Zý"ceOP4SLT1G?Z6

Kx = y
cd6�LM?X^ 45:B3 8�1v?X8�3;��4 1��

ú OXg ( 1%LM?P4²ü 1v�;3K0�OP4�1h0t6
K∗

\ :KLT8�: �-HTOË� 45:B3 ��O�0�4 1;�
O 450�O�?Z6R�K1K6D3 J O�450�L¡±

AT .

Ø)�



£ $ "SU Ph�"$h�)(5(�* f 3 ú 023Z^"c-HTOW0�L´s�3]ü 45:j3 �W021vF�H´3;J , ³ OP45:B3;0
45:�O-? ^'L|@B3 45:j3 ^�3;?B3;0�O-H÷45:j3d1=0¯�R<Æ\ 3�þ�HæH�LMHæHëcd6Ó450�OP4�3 L¡4
FS� 1v?j3 �eOW0�4SLT8;c�HTO�0 pXLM?Bg 1;� 023d^Gc-HTOW0�L´sjO�4SL[1G?h<Ü8BO�HæH´3dg
V é F ��ð-õ�ð'ö 023Z^"c-HTOW0�L´sjO�4SL[1v?h, r ?B3 L�?P45021"g"cX8�3�6 O 0u3Z^XQ
c�HTO�0�L´sjOP4SL[1v? �eOW0�O�J 354�3K0

α > 0
LM? 6]cX8�: O \ OS� 45:eOP4

6]J O�HëH
α

^'L|@X3 cd6 O �W021GF-HI3KJ 45:�O�4 L´6 ú 8;HI1K6D3]ü 4�1
45:j3 1=0�LT^'LM?eO�H�, >�? 45:B3 8BOd6D3 1�� 45:B3 ?B1=0#J O�H�3Zý"ceORQ
4SL[1G?Z6A<`1G?B3 8BO�? 6R:j1Z\ 45:eOP4 J LM?;L�J L´sWLM?X^ 45:B3 J 1"gWQ
L���3dg 023�6ËL�g"ceO�H

‖b−Ax‖2 + α ‖x‖2

HI3BOXg;6�4�1 45:B3 H~LM?j3XOW0=67�Z6Ó4�3KJ (
ATA+ αI

)
x = ATb,\ :B3;023

I
L´6 45:j3 L�gl3K?P4SL¡4�� J OP450�L¡±', r ?B3 8BO�? 6]:B1d\

45:j3 8A1'3
: 8WLT3;?�4 J OP450�L¡±
ATA+αI

L´6 O�H�\ OS�j6 ?B1G?RQ
6ËL�?B^Gc�H�OW0�, � :j3K023]��1=023�<`45:j3 �W021GF-HI3KJ :�OZ6 O c-?;L�ý"cB3
6�1vHæc�4SL[1v?h, f :eOP4 6R:j1vc-H´g \ 3 g�1 O�FK1vcP4

α?
� :KL´6 L´6

1G?B3 1�� 45:B3 J 1h0u3 �²c�?Xg=O-J 3K?P4ÕO-H��°O-?Xg LM?�450�L�^"cKLM?X^=�
�W021GF-HI3KJ 6 1;� LM?A@B3;0C6D3 45:j3d1=0¯�P, w�354Pþ 6 O-?�O-H��Zs�3 1G?B3
1�� 1Gc-0 6ËL�J �-HI3 6Ó�j6Ó4�3;J 6 ��1h0 L�?d6�LT^G:P4P<V6qOS�

[
1 1
1 1

] [
x1
x2

]
=

[
1
1

]

Ø �



>�?A@eO�0�L~O�F-H��R<`1Gc-0 LM?-�-cP4 g=O�4ÕO ��1h0 45:j3 LM?A@B3K0C6�3 �W021vF]Q
HI3;J <

(1,1),
:eOZ6 3K0#0u1h0 LM? L¡4P< 6qOS� \ 3 :eOA@B3

(1 +

δ1,1 + δ2)
��1=0 ghOP4ÕO L�?d6Ó4�3BOXgn, w�354

δ = δ1 + δ2.� :B3 023d^Gc�H�OW0�L´s�3dg 6Ó�j6Ó4�3;J FK3d8�1vJ 3�6
[

2 + α 2
2 2 + α

] [
x1
x2

]
=

[
2 + δ
2 + δ

]
= (2+δ)

[
1
1

]

\ :KLT8�: :�OZ6 c�?KLTýGcj3 6�1vHæc�4SL[1v?
[
x1
x2

]
=

[
2 + α 2

2 2 + α

]−1

(2+δ)

[
1
1

]
=

2 + δ

4 + α

[
1
1

]

r Fd6D3;0¯@X3 45:eOP4 L|�}45:j3 LM?-�-cP4 3;0#021=0
δ

\ 3;023
0,

O-HæHj\ 3
\ 1vc�H´g :�OA@B3 4�1 g�1 L´6 H´354

α→ 0
O-?Xg \ 3 \ 1vc-H´g ^�354

45:j3 @eO-H¶LTg 6D1vHæc�4SL[1G? 1
2(1,1).

a c�4 ^'L|@B3K? 45:�O�4 45:B3
LM?��-c�4 3;0#021=0�L 6 ?j1�4 s�3;021n<d4ÕO-pBL�?B^ 45:B3 H¶L�J L¡4 OZ6

α→ 0^÷L|@X3P6 cZ6 O \ 1=0C6D3 O��-�W021d±�LMJ O�4SL[1v? 4�1 O 6�1vHæc�4SL[1v?
45:�O-? \ 3 \ 1vc-H´g 1�45:j3K0 \ L´6D3 ^l3]4 FË� 8�:B1'1l6�LM?X^

α ≈
2δ.

� :B3;023 OW023 J O�?A� ýGcj3�6Ó4SL[1G?Z6 :B3;023-< 3-,ë^`,�< :B1d\ g�1
\ 3 pe?j1Z\ LM? ^l3K?j3K0�O�H \ :�O�4 45:B3 FK3P6Ó4 8�:B1'L�8�3 1;�
0u3Z^"c-HTO�0�L sZO�4SL[1v? ��O�0�O�J 354�3;0 L´6A< L|� O-?���ç � :KL´6 O�?Xg
1e45:B3;0 L´6�6]cB3P6 \ 1vc-H´g FK3 45:B3 6Rc�F ( 3Z8�4 J O�4²4�3;0 1�� O
8�1vc�0C6D3 LM? LM?�@X3;0C6D3 45:B3A1=0¯�P,

Ø �



­ �SãW'D" åX"Y�[Z * f 3 ^l3]4 45:KL´6 ��1=0 �°023d3 / ��1h0 3XOB8;: ê�ì\?7]
�;ò+�Bê#é_^eìdè ��021GF-HI3;J , f 3 8BO�?-?j1�4 :B1G�K3 4�1 :eOA@B3
6�4ÕO-FKLMH¶L¡4�� ��1=0�45:B3 c-?�023Z^"c-HTOW0�L´s�3Zg ��021GF-HI3;J

Kx = y,3]@B3K? L|�
K−1 L 6 \ 3;HëHng�3��Ü?j3Zg �°O�H 45:B1vcB^G: 6Ó4ÕO�FKLMH¶L¡4��

:�O-���K3K?d6 LM? 6D1GJ 3 8BOd6D3�6Î�], o}1d\ 3]@X3;0_< \ 3 :eOA@B3
4�1 H´1'1vp 4�1 LM?N��?KL¡4�3 g÷L�J 3;?Z6�L[1v?�O-H�3]±�O-J �-HI3P6 6RcB8;:
Od6 1vc�0 �V±�O-J �-HI3 � � 1G�K3K0bO�4�1=0

K
L´6 LM?�4�3d^G0�OP4SLT1G?e�5<

\ :B3;023 L¡4 8BO�? FK3 6R:j1Z\ ? 45:eOP4
K−1 �_g÷LI{}3;023;?�4SL¶ORQ

4SL[1G?e� 3]±lL´6Ó476 F-cP4 L´6 ?B1e4 8�1v?P4SLM?-cB1GcZ6A<�3R@B3;? 45:B1GcX^G:

K
L´6d, U��K3d8�L��`8jO-HæH��R<W\ 3 :�OA@B3

K : C[0,1]→ C[0,1]@KL¶O 45:B3 0#c-HI3
Kf(x) =

∫ x
0 f(y) dy

L 6 O 1v?B3ËQ 4�1WQ²1v?j3
�°c-?B854SL[1v?h, N 3BOZ6Rc�023 6�L´s�3 FË� 45:j3 6]c-� ?B1=0#J x

‖f‖ = sup
0≤x≤1

|f(x)|

6�1 45:eO�4 45:j3 ú 8�HI1l6D3;?B3P6�6Óü 1��
f(x)

O-?Bg
g(x)

L´6 g�3ËQ
4�3;0#J LM?B3dg FS� 45:B3 ?-c-J FK3;0

‖f − g‖ .
� :B3;? 1v?j3 8BO�?

6]:B1d\ 45:eO�4 45:j3 1G�K3K0bO�4�1=0
K

L 6 8�1v?P4SLM?-cB1GcZ6 LM? 45:B3
6�3K?d6D3 45:eOP4 L|�

f(x)
O�?Xg

g(x)
OW023 8�H´1K6D3�< 45:j3K? 6�1

OW023
Kf(x)

O�?Xg
Kg(x).

Ø=�



w�354
R = K(C[0,1]),

45:B3 0�O�?X^l3 1��
K.

� :B3;?
K−1 : R→ C[0,1]

L´6 O-H¡6D1 1v?B3ËQ 4�1WQ²1v?j3), a c�4 L¡4 L´6
?j1�4 8�1v?P4SLM?-cB1GcZ6d, ��1h0 8A1G?Z6�LTgl3K0�45:B3 �²c�?X8�4SLT1G?

gε(x) = ε sin

(
x

ε2

)
,

\ :B3;023
ε > 0.

f 3 :�OA@B3
‖gε‖ = ‖gε − 0‖ ≤ ε

, Un1
��1h0 6RJ O-HæH

ε, gε(x)
L´6 8�HI1l6D3 4�1 45:j3 s�3;021 �²c�?X8�4SLT1G?�,

��354P<

K−1gε(x) = gε(x)
′ =

ε

ε2
cos

(
x

ε2

)
=

1

ε
cos

(
x

ε2

)

6�1 45:eO�4 ∥∥∥K−1gε
∥∥∥ = 1

ε

<�6�1 45:eO�4
K−1gε

FK3d8�1vJ 3�6
�#O�0 �²021GJ s�3;021 Od6

ε → 0.
o 3K?B8A3

K−1 L´6 ?j1�4 O
8�1v?P4SLM?-cB1GcZ6 1G�K3;0�O�4�1=0�,

� :B3P6D3 8jO-H´8�c-HTO�4SL[1G?Z6 0�O;L´6D3 O ýGcB3P6Ó4SL[1v?hx o}1d\ g�1 \ 3
ú 023Z^"c-HTOW0�L´s�3]ü 45:B3 g'L|{}3;023K?P4SL¶O�4SL[1v? 1v�K3;0�O�4�1=0�ç � :j3K0u3
L´6 O � L�p�:B1G?B1;@ 023d^Gc�H�OW0�L´sjOP4SLT1G?h< F�c�4 \ 3 \ O�?�4 4�1
6]:B1d\ O-?B1e45:B3;0)6D1GJ 35\ :�O�4�6�LMJ �-HI3K0÷O-����021hOX8�:h<d\ :KLT8�:
?;LT8A3;H�� LMHæHæcZ6Ó450bO�4�3P6 45:j3 3R{}3d85476 1;� ?B1'L 6Ó� g=O�4ÕOh,

U�c��-�K1K6D3 \ 3 8BO�? 6qO-J �-HI3 ����±�� OP4 3dýGc�O-HæH�� 6R��OX8�3Zg
?j1"g�3P6

xk = kh, k = 0,1, . . . , n
O�?Xg

h = 1/n.
Ø ,



r ��8�1vc�0C6D3 45:B3;023 L´6 ?j1%L´6D3 LM? 45:B3 ghOP4ÕOh<-6D1 LM?Z6Ó4�3BOXg
1��
Fk = F (xk),

\ 3 ^�354
Fk+δk

\ L¡45: 3BOX8�:
|δk| ≤ δ,6ÎOË�P, f 3�þ�HæH�cZ6�3 8�3K?P4�3K0u3Zg g'L|{}3K0u3K?B8A3P6 4�1 O-����021d±PQ

LMJ O�4�3 45:B3 g�3;0�L|@�OP4SLI@B3 @�O�Hëcj3�6
F ′k = F ′(xk), k =

1, . . . , n− 1.
f 3 p�?B1d\ �°021vJ 8jO-H´8�c-HæcZ6 45:eO�4

Fk+1 − Fk−1

2h
= F ′k +O(h2)

o 3K023 ú
O(t)

ü J 3BO-?Z6 0u1vcX^":-H�� ú O ýGceO�?�4SL¡4�� ?B1 FKLT^WQ
^l3K0h45:eO-? O 8�1v?d6Ó4ÕO-?P4 J c�H�4SLM��H´3 1��

t
��1h0"6]cN: 8�L[3;?�45H��

6]J O�HëH
t
,Tü f :eOP4 \ 3 �KíXî`�B�KòæòaT 8BO�H´8;c�H�OP4�3 L´6

F̂ ′k =

(
Fk+1 + δk+1

)
− (Fk−1 + δk−1)

2h

=
Fk+1 − Fk−1

2h
+
δk+1 − δk−1

2h

= F ′k +O(h2) +O(
δ

h
)

� :KLM?-p 1��
h

1=0
n

OZ6 45:B3 023d^Gc�H�OW0�L´sjOP4SLT1G? �eOW0�O-J 3]4�3;0
��0u3Z8jO-HæH 45:�O�4

h = 1/n)
, >�? 45:B3 LTg�3BO-H \ 1=0#H´g 1��

35±�OX8�4 ghO�4ÕO O-?Xg 8jO-H´8�c-HTO�4SL[1G?Z6A< \ 3 \ 1Gc-H´g 6�LMJ �-H��
HI354

h→ 0
4�1 1vF�4ÕO;LM? 3]@B3K0 FK3]4²4�3;0 O-?d6Ó\ 3;0C6d,
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>�? 45:j3 LMJ �K3;0¯��3d854 023BO-HÕ\ 1h0#H´g�<W45:j3 8jO-H´8�c-HTO�4�3dg 4�3K0�J
6]:B1d\ 6 8;HI3BO�0#H�� 45:eOP4 L¡4 L´6 ?B1e4 \ L 6�3 4�1 HI3]4

h → 0LM? 45:j3 6ËL|45c�O�4SL[1v? 1;� O ?B1G?Zs�3;021 6ÎO-J �-H¶LM?X^ 3;0#021=0
δ.³ OP45:B3;0�\ 3 6R:B1Gc-H´g 450¯� 4�1 F�O-HTO-?B8A3 45:B3 3;0#021=0-4�3K0#J 6

LM? 6RcX8�: O \ OS� 45:eO�4 45:B3 45:B3A1h02354SLT8BO�Hh3;0#021=0
O(h2)�W023dg�1GJ LM?eOP4�3�6A, f 3 J LT^":�4 450¯�

O(h2) ≥ O(δh),\ :KLT8�: 6RcB^-^�3P6Ó476 ��1h0}6�1vJ 3 8�1v?d6Ó4ÕO-?P4
c,

45:�O�4
h2 ≥

cδ
h ,

45:eO�4 L´6A<
h ≥ (cδ)1/3 .

� :KL´6 L 6 O �#O-J LMH~L¶OW0 HI3P6�6D1v?
LM? 3;HI3KJ 3;?�4ÕOW0¯� ?-c�J 3;0�LT8BO�HBO-?�O-H��j6ËL 6 \ :B3;? 1G?B3 450¯�j6
4�1 OX8A8�1vc-?P4 ��1=0 45:j3 L�J �eOB854 1;� �Ü?KL¡4�3 �W023d8�L´6�L[1v?
8jO-H´8�c-HTO�4SL[1G?Z6 1v? ?�c-J 3K0�L�8jO-H=g'L|{}3K0u3K?P4SL~OP4SL[1v?�,

r � 8�1vc-0t6D3-< 45:B3;023 OW023 1�45:j3K0 O��-�W021�OB8;:j3�6A, r ?B3
@B3;0¯� cZ6D3]�²c�H�LTg�3BO L 6 4�1 O-�-�W021d±�LMJ O�4�3;H�� LM?�4�3;0#�K1GH�OP4�3
45:j3 ghOP4ÕO \ L|45: 6�1vJ 3 6D1=0�4 1;� 6RJ 1%1�45: 8;c�0¯@X3 ��H¶L�pÎ3
O 6R�-H¶LM?B3B� O-?Bg 45:j3K? g'L|{}3K023;?�4SL¶OP4�3 45:B3 6RJ 1'1�45:
8�c-0�@X3-, � @B3;0¯� 8�:eOW0#J L�?B^ �W023�6�3K?P4ÕO�4SL[1v? 8�1vJ �eOW0�Q
LM?B^ 8A3;?�4�3;023dg g'L|{}3;023K?B8A3P6 O�?Xg ?�O�45c-0bO-HÎ8;c�FKLT8 6]�-H¶LM?B3P6
\ OZ6 ^'L|@B3K? LM? O 023d8A3;?�4 � J 3K0�L�8jO-? N O�45: N 1v?P45:-H��R<
@B1vH +j�l�`< �R3XOW0 m=�-�v+), >�?�4�3;023P6Ó4SLM?X^GH�� 3;?B1GcX^":h< O
8jOW023R�°c-H O�?eO-H��Z6�L´6 ^'L|@B3�6 45:B3 6qO-J 3 6D1=0�4 1;� HI1Z\ 3K0
F;1vc-?BgK6 1G? 6Ó4�3;� 6�L´s�3

h
OZ6 \ 3 6qOq\ O-FK1�@X3-,
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6�45023XO�J 1=0 O J 354ÕO-F;1vH¶L¡4�3 L´6 O�Hë0u3XOBg�� LM? 45:j3 F-HI1%1"g
6�45023XO�J <-O�?Xg L´6 45:B3;?X8�3 35±�8�:eO�?X^�3dg \ L¡45: O�? 1h02^hO-?
\ L¡45:KLM? 45:B3 FK1"ge� 45:-021GcX^": FK1vc�?Xg'LM?B^ J 3;J FW0�O-?j3�6A,
f 3�þ HëHKOd6�6Rc-J 3 45:eOP4 45:B3 3]±W8�:eO-?B^�3 0�O�4�3P6 F;3]4#\ 3A3K?
45:j3�6�3 4#\ 1 HI1"8jO-HI3P6 O�023 ��021G�K1=0�4SL[1v?eO�HÕ4�1 45:B3 6D1Gc-0û8�3
1��ÜJ 3]4ÕO�FK1vH¶L¡4�3 FK3eLM?B^ 450�O-?d6R�K1=0�4�3dg OX8�021K6�6�45:B3 J 3;J Q
FW0�O�?B3P6 O-?Bg 45:eOP4 45:j3 0bO�4�3 8A1'3
: 8WLT3;?�476 O�0u3 ?j1v?]Q
?j3Z^=O�4SL|@B3 8�1v?d6Ó4ÕO-?P476d, o}3K0u3 L´6 O 698�:B3;J OP4SLT8 ��1=0
45:j3 OX8�4SLT1G? �

t
L´6 4SLMJ 3X�]x

a

b(1) (2)
Blood Organ

c

i (t)
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f 3 OW023 LM?�4�3;023�6�4�3Zg LM? 45:j3 8A1G?X8�3K?P450�O�4SL[1v?d6
xi(t)

1;�
45:j3 J 354ÕO-FK1GH~L¡4�3 LM? 3XOB8;: 8A1GJ ��O�0�45J 3;?�4

i.
�9y 1e4�3)x

@B1vHæc�J 3P6 :eO�@X3 FK3A3K? LM?B8A1=0#�K1=0�O�4�3dg LM?�4�1 45:j3 0�OP4�3
?�c-J FK3;0C6A<'\ :KLT8�: O�023 í�ð)õ-í�ìdõ÷î ê=�)î éæð-õ 0bO�4�3P6 1;� 35±�Q
8�:eO�?X^l3),M� � :j3�6�3 �²c-?B854SL[1G?Z6 O�023 ^�1;@B3;0#?B3dg FË� O
g÷L|{�3;023;?�4SL¶O-H÷3dýGc�O�4SL[1v? 1�� 45:B3 ��1=0#J ��>#þ J O-���K3;?XgWQ
LM?B^ 45:j3 1G��4SL[1v?�O-H�LM?-��c�4 LM? �eOW023;?�45:B3P6D3P6d,M�
[
x1(t)
x2(t)

]′
=

[
−(a+ c) b

a −b

] [
x1(t)
x2(t)

](
+

[
i1(t)
i2(t)

])

� :KL´6 L´6 O�? 3]±�O-J �-HI3 1;� O ú 8A1GJ ��O�0 45J 3;?�4 J 1"gl3KH�,Tü
r ?j3 8A1Gc-H´g LMJ OX^÷L�?j3 J 1h023 8�1vJ �eOW0�45J 3K?P476A<ÜJ 1=023
45:�O-? 1v?B3 gG0#cB^ 1=0 J 354ÕO-FK1GH¶L|4�3 c-?Xgl3K0 8�1v?d6�LTg�3;0�ORQ
4SL[1G? O-?Bg LM?-��c�476 LM?�4�1 6D1vJ 3 1;��45:j3 8�1vJ �eOW0�45J 3K?P476
45:�O�4 \ 1vc�H´g ?B1�4 F;3 023;�W023�6�3K?P4ÕO�4�3dg FS� 0�OP4�3 8A1%3]�2Q
��8�L[3;?�476A< F-cP4 FS� LM?��-c�4 �°c-?B854SL[1v?d6d,
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¨ à��Ëã!�#"æà $h( � à ! ® à�á ä�ã ! �Pá �"$ � b à 6v� å *
x(t)′ =

Ax(t) +Bw(t)

• x(t) = (x1(t), x2(t))
L 6 45:B3 !#�)( ä�à $�(�� �fPv$'& Þ

�#"æà $ ,

• y(t) =
[
1 0

] [ x1(t)
x2(t)

]
= Cx(t)

L´6�45:B3 à P ��Þ
ä P � �fPv$'& �#"æà $ ,

• C
L´6 45:B3 à P ��ä P � ( ãvá ävåX" $�4 á ã!� ! "¶â ,

• w(t) = (u1(t), u2(t))
L´6 O (�� � à � & à $ � ! à å�å �76

" $ ä P � ( ,

• u(t) =

[
1 0
0 1

] [
i1(t)
i2(t)

]
= Bw(t)

L´6 45:B3 " $ Þ
ä P � �fPv$'& �#"æà $ ,

• B
L 6 45:B3 " $ ä P � 6 " ( � ! "g' P ��"æà $ á ã!� ! "¶â ,

�h�



f L¡45: O-HæHË1;�G45:KL´6 ?B1�4ÕOP4SL[1v?h<X45:j3 ^�1;@B3;0#?KLM?X^ g��-?eO�J Q
LT8R6 1�� 45:;L´6 8�1vJ �eOW0�45J 3K?P4 J 1"gl3KHB8BO�? FK3 ^'L|@B3K? OZ6

x′(t) = Ax(t) +Bw(t)

Ý " !#�h& � ä ! à '�å � á * / L|@X3;? 45:j3 J 1"g�3;HM< 8�1vJ �-cP4�3
45:j3 L�?��-cP4 �²c�?X8�4SLT1G?

u(t) = Bw(t)
O�?Xg 1vc�45��c�4

�°c-?B854SL[1v?
y(t) = Cx(t).

¦ $ % �"!#(�� $ ! à 'vå � á * / L|@X3;? 45:B3 LM?-�-cP476 O�?Xg 1vc�4©Q
��c�476A<Æ8�1vJ �-c�4�3 45:B3 J OP450�L¡±

A.

y�1�4�3-x � :KL´6 LM?�@X3;0C6D3 �W021vF�H´3;J L´6 O 6R�K3d8�L¶O�H 6D1h0 4
1�� ��O�0bO-J 3]4�3;0�LTg�3;?�4SL��`8jO�4SL[1v? �W021vF�H´3;J <-\ :j3K0u3 45:B3
��O�0bO-J 3]4�3;0C6 O�0u3 8A1G?Z6Ó4ÕO�?�476d, � :B3 ^�1hO-H�L´6 4�1 023BO-HæH��
LTgl3K?P4SLI��� 45:B3;J �°O�4 HI3XOd6Ó4 L�? �W0�LM?X8WLM�-HI3B�5<�6D1 6RpXLM� 023d^WQ
c�HTO�0�L´sjOP4SL[1v? �eOW0�O�J 354�3K0t6A< ?B3BOW0#FË� 6D1vHæc�4SL[1G?Z6A< 3]4�8�,
> � p�?B1d\ HI3dg-^�3 1�� 45:j3 LM?��-c�476 O-?Xg 1vcP45�-cP476 L´6 6RcM: Q
8WL[3K?P4 4�1 8�1vJ �-cP4�3 45:j3 ��O�0�O�J 354�3;0C6 35±)�-H¶LT8�L¡45H�� �ÓL�?
�W0�LM?X8WLM�-HI3B�5<�\ 3 6qOË� 45:j3 67�j6�4�3KJ L´6 " 6v�%$ �#"&i ã�'�å � ,
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w�354Pþ 6 35±;O�J LM?B3 1vc�0�3]±�O-J �-HI3 ��\ L¡45:B1Gc�4 LM?-�-cP476q� LM?
gl3]4ÕO;LMH`O-?Bg 6�3d3 L|� \ 3 8jO-? gl3�6ËL�^"? O�? 3]±)�K3;0�LMJ 3;?�4
45:�O�4 :j3KHæ�Z6 cd6 LTgl3K?P4SLI��� 45:j3 67�Z6Ó4�3;J , o 3K023 1vc�0
6Ó�j6Ó4�3;J L´6

[
x1(t)
x2(t)

]′
=

[
−(a+ c) b

a −b

] [
x1(t)
x2(t)

]
.

O�?Xg 1vc�0 1vcP45�-cP4 �²c-?B854SL[1G? L´6

y(t) =
[
1 0

] [ x1(t)
x2(t)

]
= x1(t).

f 3 8jO-H´8�c-HTO�4�3 45:B3 8�:eOW0�OX8�4�3;0�L´6Ó4SLT8 �K1vH��-?B1GJ L¶O-H�1;�
A

Od6

p(s) =

∣∣∣∣∣
−(a+ c)− s b

a −b− s

∣∣∣∣∣

= s2 + (a+ b+ c)s+ bc
\ :KLT8�: :�OZ6 g÷L´698;0�L�J LM?eO�?�4

(a+ b+ c)2 − 4cb = (b− c)2 + a2 + 2a(b+ c).
� :KL´6 4�3KHæH¡6 cZ6 45:eO�4 45:j3 3eLT^l3K?�@�O�Hëcj3�6 1;�

A
O�0u3 023ËQ

�;3XOP4�3Zg L|�
b = c

O-?Bg
a = 0,

O-?Bg 1e45:B3;0�\ L´6D3 45:B3]�
OW023 023BO-H"O�?Xg g'L´6Ó4SLM?X8�4�,
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a}3]��1=023 \ 3 O�?eO-H��Zs�3 45:B3 35±;O�J ��H´3P6A< \ 3 g�3��Ü?B3 O
6 ã!�Ëã ä�à�" $ � 4�1 FK3 O-?A� 698jO-HTOW0Ü8�1vJ �K1v?j3K?P4 1;� 45:B3
1Gc�45��c�4 @X3d854�1=0 1=0}45:j3 023P6R�K1G?Z6D3 @B3d854�1=0 O�4 O ��O�0�Q
4SLT8�c-HTOW0 4SLMJ 3), f 3 \ LMHæH O-H \ OË�Z6 8A1Gc-?�4 45:B3 �Ü0C6�4
4SLMJ 3 1;� J 3XOd6Rc-023;J 3K?P4 OZ6

t = 0.
� :-cd6A< ��1h0 35±PQ

O�J ��HI3-<VL|� �P1Gc :�OA@B3 LM?KL¡4SL¶O-Hl8�1v?Bg'L¡4SL[1v?Z6 ��1=0Ü45:j3 023�Q
6]�K1v?d6D3 �°c-?B854SL[1v? 1;� 1vc�0 35±;O�J ��H´3 67�j6�4�3KJ < 45:j3K?
�R1Gc :eOA@B3 O-Hæ023BOXg�� 4#\ 1 ghOP4ÕO �K1'L�?P476d, a � f < \ 3
J O-pÎ3 ?j1 � ïlê#é ð�ê#é%OZ6�6]c-J ��4SL[1v?d6 O�FK1vcP4 pe?j1Z\ HI3Zg�^�3
1�� LM?;L|4SL¶O�HÜ8�1v?Xg÷L¡4SLT1G?Z6 ��1h0 45:B3 0u3�6R�;1v?Z6�3 �°c-?B854SL[1v?
1�� 1vc-0 J 1%g�3;H , f :eOP4 \ 3 \ O�?�4 4�1 pe?B1d\ L´6 \ :eO�4
g=O�4ÕO �K1'LM?�476A<%L|��O-?��R<hOW023 6RcM: 8�L[3;?�4 4�1 LTg�3;?�4SL|��� 45:B3
0bO�4�3 �eOW0�O�J 354�3K0t6 1;� 45:KL´6 �W021vF�HI3KJ ,

® ã (�� Ù * �D³�3;�K3XOP4�3Zg 021%1e476q� >�? 45:;L´6 8BOd6D3 \ 3 OZ6²Q
6]c-J 3 45:eO�4 \ 3 p�?B1d\ O �W0�L[1h0�L=45:�O�4 45:B3 021%1e476 OW023
0u3K�K3BO�4�3dg`<�L , 3-,�<

a = 0
O-?Bg

b = c.
>�? 45:;L´6 8jOZ6�3 \ 3

p�?B1d\ 45:eOP4 45:B3 1v?-H�� 3eLT^�3;?A@eO-Hæcj3 4�1 45:j3 67�Z6Ó4�3;J
L´6 ^'L|@B3K? FS�

λ2 + 2cλ+ c2 = 0,
6D1

λ = −c.
� :j3

^l3K?j3K0bO-H=6D1GHëcP4SL[1v? 4�1 45:j3 6Ó�j6Ó4�3;J L´6

x1(t) = d1cte
−ct + d2e

−ct

x2(t) = d1e
−ct
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r c�0!�Ü0C6Ó4�g=O�4ÕO �K1%LM?�4�1"8A8�c-0C6 OP4
t = 0,

6qOS�
x1(0) =

x
(0)
1 ,

6D1 \ 3 ^l3]4
d2 = x

(0)
1 .

>�� \ 3 4ÕO�� 45:j3 1vc�4©Q
��c�476 OP4 4#\ 1 HTO�4�3;0 4SLMJ 3�6A< 6qOS�

t1
O-?Xg

t2,
\ 3 ^�354

4�\ 1 ?B1v?�H¶L�?j3XOW0 3dýGc�O�4SL[1v?d6 LM?
d1

O-?Bg
c

45:�O�4 8jO-?
F;3 6�1vH�@X3dg FS� O y�3]\ 4�1v?hþ~6 J 3]45:j1"gn, > � 1G?B3 1;�
1Gc-0}ghOP4ÕO �K1%LM?P476 L´6 ?B1e4 O-? 1Gc�45��c�4P<�F-cP4 O-? LM?;L|4SL¶O�H
8�1v?Bg'L¡4SL[1v?=< 6qOS�

x2(0) = x
(0)
2 ,

45:B3;? \ 3 LMJ J 3dg'L�Q
OP4�3KH�� 1GF�4ÕOKLM? 45:eOP4

d1 = y0
O-?Bg 1G?B3 J 1=023 1Gc�45�-cP4

x
(1)
1 = x1(t1)

\ LMHæHÜ^÷LI@B3 cd6 3;?B1GcX^": LM?���1=0#J OP4SL[1v?
4�1 6D1vH�@B3 ��1=0 8-, � :-cd6 \ 3 ?j3d3dg 45:�023d3 �°O�4 HI3BOZ6Ó4H���
g=O�4ÕO �;1%LM?�476 4�1 LTg�3;?�4SL|�b� 45:B3 ��O�0bO-J 3]4�3;0C6 c�?KLTýGcj3KH��P,

¨ ù Ú ù f :A� ú OP4 HI3XOd6Ó4²üÓç � :j3 �W021GF-HI3KJ L´6 O H¶L¡4²45HI3
450�L�8�pXL[3;0Ü45:�O-? L¡4 O-���K3BO�0C6Ax 1G?B3 8jO-? ^�354 45:B3 6ÎO-J 3
@eO-Hæcj3

x1(t)
OP4 4�\ 1 6�3K��O�0�OP4�3 4SLMJ 3�6�<%�KLT3;H´g'LM?X^ 45:B3

6ÎO-J 3 3dýGc�O�4SL[1v?d6 L�? 45:B3 @eOW0�L¶O-F-HI3
x = ct.

� 8�1vJ Q
J 1v? 023;J 3dg�� L´6 4�1 6qO-J �-HI3 J O�?A� ghOP4ÕO �K1'LM?�476A<
45:j3K? �Ü?Xg @�O�HæcB3P6 1;� 45:B3 �eOW0�O�J 354�3K0t6 45:�O�4 J LM?KL�Q
J L´s�3 45:B3 6Rc-J 1;�G6DýGceOW023P6 1;�Ü023P6�LTgGc�O-H¡6 ∥∥∥∥x1(tk)− x(k)1

∥∥∥∥
2

0u3�6Rc�H 4SL�?B^ �²021GJ 3XOB8;: g=O�4ÕO �K1'LM?�4 ��ð��=î�ïj�=î ò ìk�Aødî
ø#AI�B�jê�ìÎø J 3]45:j1"gl; OBg-g O 023d^Gc�H�OW0�L´sjOP4SLT1G? 4�3;0#J 4�1
^l3]4 45:B3 ï`ìdõm�Kòæé_^eìdè ò ìM��ødî ø�AI�J�Bê�ìqø J 3]45:j1"gn,M� >�?
O�?A� 8jOZ6D3�<"45:KL´6 6Ó�j6Ó4�3;J L´6 éæèlìZõ�î égEm�Kñ-ò ìB,
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® ã (�� � ù �Dz L´6Ó4SLM?X8�4 023BO-H=0u1%1�476q� o 3K023 45:B3 ^l3K?j3K0�O�H
6�1vHæc�4SL[1v? L´6

x1(t) = d11e
λ1t + d12e

λ2t

x2(t) = d21e
λ1t + d22e

λ2t

\ :B3;023
λ1, λ2

OW023 45:B3 3eLT^�3;?A@eO-Hæcj3�6 1��
A.

f 3 O-H¡6D1
:�OA@B3 45:eOP4

λ1λ2 = bc

λ1 + λ2 = −(a+ b+ c)
6�1 45:eOP4 FK1�45:

λ1, λ2
OW023 ?B1v?]QÎ�K1K6�L¡4SLI@B3-, � :�cZ6A<

��1vc�0'1Gc�45��c�476�6R:j1vc-H´g 6RcM: 8A3 4�1 g�354�3K0#J LM?B3
d11, λ1, d12O�?Xg

λ2.
� :-cZ6

x1(t)
L´6 g�354�3;0#J LM?j3Zg LM? �W0�LM?X8WL Q

��HI3 O�?Xg O-HæH��°c-0�45:j3K0 1vcP45�-c�476 OXg�g ?j1�45:KLM?B^ 4�1 1vc�0
p�?B1d\ HI3dg-^�3 F-cP4 8�1v?M�Ü0#J O�4SL[1v? 1;�'45:j3 ��1h0#J 1;�

x1(t).� :KL´6 LM?���1=0#J OP4SL[1v? 8A1GJ 3P6 8;HI1l6�3 4�1 gl3]4�3;0#J L�?;LM?X^
45:j3 8�3A1n: 8�L[3;?�476 1��

A
L�? @lL[35\ 1;� 45:B3 O�FK1;@B3 4#\ 1

3dýGc�O�4SL[1v?d6d, o}1d\ 3]@B3K0_<;45:j3�6�3 3dýGc�O�4SL[1v?d6 O�0u3 LM?d6RcA�uQ
��8�L[3;?�4 4�1 g�354�3K0#J LM?B3 O�HëH�45:�023A3 1��

a, b, c.
� :j3K0u3�Q

��1h0u3-<W45:KL´6 67�Z6Ó4�3;J L´6 õ�ð÷î éëèlìZõ�î éoE
�Kñ�òæì OZ6 L¡4 6Ó4ÕO-?BgK6p�
� ,



� � á �76 " �)(;*
�9+B� > � L�?;L¡4SL~O�H=8�1v?Bg'L¡4SL[1v?d6 OW023 O�@�O;LMH�O�F-HI3�<ÜcZ6�3 45:B3;J
Od6�45:B3 ��0C6Ó4Ü4#\ 1 ghO�4ÕO �K1%LM?P476d, � :B3;? 6qO-J �-HI3 45:-023A3
J 1=023 1vcP45�-c�476A, � 6 O�FK1;@B3�<v\ 3 8jO-? g�354�3K0#J LM?B3

x1(t) = d11e
λ1t + d12e

λ2t

35±)�-H¶LT8�L¡45H��P, z L|{}3K0u3K?P4SL~OP4�3 45:;L´6 6D1GHæc�4SL[1v? ��1=0
x1(t)O�?Xg 3R@eO-Hæc�O�4�3 OP4

t = 0
4�1 1vFP4ÕOKLM?

d11λ1+d12λ2 = x′1(0) = −(a+c)x1(0)+bx2(0)� :B3 1v?�H � 4SLMJ 3 45:;L 6 3Zý"ceO�4SL[1G? \ 1vc-H´g ?j1�4 OXg�g ?j3]\
LM?���1=0#J OP4SL[1v? L´6 \ :j3K? FK1e45:

x1(0)
O-?Bg

x2(0)
OW023

sP3K021 1h0 1�� 6qO�J 3 J OX^"?KL¡45cXgl3 O�?Xg 1v�-�;1l6�L¡4�3 6ËL�^"?�,
y�3eL¡45:B3;0�1;�}45:j3�6D3 8A1G?Xg'L¡4SL[1v?d6 ^'L|@X3 �-:A�Z6�LT8jO-HhLM?;L|4SL¶O�H
8�1v?Bg'L¡4SL[1v?d6d, � :KL´6 \ LMHæHh6D1vH�@B3 45:j3 �W021vF�H´3;J O�?Xg LM?
45:;L´6 8�1v?�4�35±A4P<"45:B3 67�Z6Ó4�3KJ L 6 éæè�ìdõ÷î éoE
�Kñ�ò ìX,
� mh� U�O-J �-HI3 45:j3 1Gc�45��c�476 \ L¡45: LM?-��c�4 �°c-?B854SL[1v?
u(t) = [u2(t)].

� ? O-�-�W021G��0�L¶OP4�3 L�?��-cP4P<Æ3-,ë^`,�<

u2(t) =

{
0,

��1=0
0 ≤ t < 1

1,
��1=0

1 ≤ t <∞
� 1=0 J 1l6�4 LM?��-c�476�< 023BO-HæH��e� \ LMHæH��KL[3KH´g 6RcM: 8WL[3K?P4 LM?RQ
��1h0�J OP4SLT1G? 4�1 LTg�3;?�4SL|��� 45:B3 67�Z6Ó4�3KJ ,

�h1



� ? �n±=�K1G?B3;?�4SL¶O-Hv/ 021d\ 45: N 1"gl3KH

U�c��-�K1K6D3 O �K1v��c-HTO�4SL[1v? �°c-?B854SL[1v?
u(t)

8jO-? FK3 J 1"gWQ
3;HI3Zg FS� 45:j3 3]±)�K1v?j3K?P4SL¶O-H�^"021Z\ 45: HTOq\

du

dt
= ru

\ :B3;023
r = r(t)

L´6 O ?j1v?]Q�8A1G?Z6Ó4ÕO�?�4 ^"021Z\ 45: 0bO�4�3-,

Ý " !#�h& � ä ! àq'�å � á * / L|@B3K? 45:j3 J 1"gl3KHM<lL , 3-,�<�^G021d\ 45:
0bO�4�3 �²c-?B854SL[1G?

r(t)
<;8A1GJ ��c�4�3 45:B3 �K1v��c-HTO�4SL[1v? ^G021d\ 45:

�°c-?B854SL[1v?
u(t).

¦ $ % �"!#(�� $ ! à 'vå � á * / L|@X3;? 45:B3 �K1v��c-HTO�4SL[1v? �²c�?X8SQ
4SL[1G?

u(t),
8�1vJ �-cP4�3 45:B3 ^"021d\ 45: 0�O�4�3 �²c-?B854SL[1G?

r(t).

>�? 45:;L´6 8jOZ6D3�<G45:B3 LM?A@B3K0t6D3 ��021GF-HI3;J 6D3d3;J 6 3BOZ67��x

r(t) =
du/dt

u
=

d

dt
lnu(t).
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Un1 O-HæH�\ 3 :�OA@B3 4�1 g�1 L´6 4ÕO�pq3 45:j3 ?�O�45c�0�O-H HI1)^
1�� 45:j3 g=O�4ÕO O-?Bg g÷LI{}3;023;?�4SL¶O�4�3 45:�O�4 �²c-?B854SL[1G? � 1=0
g÷L|{�3;023;?�4SL¶O�4�3 O-?Xg g'L|@KLTg�3 FË� 45:j3 �°c-?B854SL[1v?h,��

f :�O�4 8�1vc�H´g FK3 6�LMJ �-HI3;0_<�0�LT^G:P4Õç

f 0u1v?X^K� �Ü1Gc pe?B1d\ \ :�O�4 45:B3 8BOP4�8;: L´6 �²021GJ
w�3d8545c�023 +)x ?-c-J 3;0�LT8BO�H g'L|{}3;023K?P4SL¶O�4SL[1v? 1�� g=O�4ÕO
\ L¡45: 3K0�021h0t6 LM? L¡4 L 6 J cX8�: J 1h0u3 g'L�: 8�c-H 4 45:�O-?
L¡4 6D1vc�?Xg;6A< O�?Xg 4ÕO-pBL�?B^ 45:B3 HI1-^ 1�� 45:B3 ghOP4ÕO �Ü0C6�4
8�1vc�H´g J O�pq3 45:KLM?X^;6 3R@B3K? \ 1h0C6�3), > �v\ 3 :eOA@B3 4SLMJ 3�<
\ 3�þ�HæHG:eO�@X3 6D1GJ 3 �°c-? \ L¡45: 45:;L 6 3]±�O-J �-HI3 HTO�4�3;0 FË�
\ OS� 1�� 45:j3 N �V� w�� a /   > y c-J g�3;0�L|@÷,
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Û ­ "SR � Ý � ä �"$�6v�%$ � $ à�ä P å¶ãr�#"æà $ b à 6G� å

� :B3 g÷LM023Z8�4 ��0u1vF-HI3;J :B3;023 L 6 O J 1"g�3;H���1=0 O �K1v�]Q
c�HTO�4SL[1v? gl3K?d6�L¡4�� �²c�?X8�4SL[1v?

v = v(x, t)
\ :B3;023

t ≥ 0L´6 4SLMJ 3 O-?Bg
x, 0 ≤ x ≤ 1

L´6 O 698jO-HI3Zg 6�L´s�3 8�H�Od6�6
@eOW0�L¶O-F-HI3-, � :;L�?�p 1;�

x
Od6 O pBL�?Bg 1;� ��O�0bO-J 3]4�3;0

45:�O�4 ý"ceO-?P4SL���3�6 6D1vJ 3 8;:�O�0�OB854�3;0�L´6Ó4SLT8 1;� 45:B3 �K1v�]Q
c�HTO�4SL[1v?h, �÷1=0 3]±�O-J �-HI3�<

x
8A1Gc-H´g FK3 OX^l3!;�023;J 3KJ Q

F;3K0 45:�O�4 \ 3 :eO�@X3 698jO-HI3Zg
x

6D1 45:eOP4 L�? 698BO�HI3Zg
?�c-J FK3;0C6

0
L 6 45:B3 OX^�3 1�� O ?j3]\ FK1=0#? O-?Bg

1
L 6

45:j3 HTO�02^�3P6Ó4 OB^�3 OB8;:;L[3R@B3Zg FË� O�?A� J 3;J FK3;0§1�� 45:B3
�;1v�-c�HTOX8�3), � ?B1e45:B3;0%35±�O-J �-HI3 L´6 45:�O�4

x
8�1vc�H´g 023;�RQ

0u3�6D3;?�4 698jO-HI3dg 6�L´s�3-, f :eO�4�3]@B3K0v45:j3 8�:eOW0�OX8�4�3;0�L´6Ó4SLT8
1�� 45:;L´6 �eOW0�O�J 354�3K0 < \ 3 OZ6 6Rc-J 3 45:eOP4 J 3KJ FK3;0C6
1�� 45:B3 �K1G�-c�H�OB8A3 ��021-^G023P6�6 6Ó4�3XOBg'LMH�� LM? 4SLMJ 3 �²021GJ
8�HTOZ6�6 6�L´s�3

0
4�1 8;HTOd6�6 6�L´s�3

1
O�?Xg O-HI1G?X^ 45:B3 \ OS�

^÷L|@X3 F;L�0 45: 4�1 ?j3]\ FK1h0�?Z6 1;�Ü8;HTOZ6 6 6ËL sP3
0

OB8d8�1=0ûg'LM?X^
4�1 6D1GJ 3 8�HTOZ6�6 6�L´s�3 FKLM0�45: 0�O�4�3 �°c-?B854SL[1v?h,
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� :B3 FeOd6�LT8 �eOW0�O-J 3]4�3;0 �²c�?X8�4SL[1v?Z6 ��1=0 45:KL´6 J 1"gl3KH�x

• v(x, t)
L 6}45:B3 �;1v�-c�HTO�4SL[1v? g�3;?Z6�L¡4�� 1��}J 3;J FK3;0C6

1�� 45:j3 6R�K3d8�L[3P6 \ L¡45: 8;HTOd6�6 6ËL sP3
x

O�4 4SL�J 3
t.

• g(x)
L´6 O 6�L´s�3 g�3;�K3;?Xg�3;?�4 ^G021d\ 45: 0�O�4�3-,

• µ(x)
L 6 O 6�L´s�3 g�3;�K3K?Bg�3;?�4 J 1=0�4ÕO-H¶L¡4�� 0�OP4�3),

• p(x)
L´6 O 6�L´s�3 g�3;�K3;?Xgl3K?P4 FKLM0�45: 0�OP4�3),

• ψ(x)
L´6 45:j3 LM?;L|4SL¶O�H;�K1v��c-HTO�4SL[1v? g'L´6Ó450�LMF-cP4SL[1v? OP4

4SLMJ 3
t = 0.

� FeO�HTO-?X8�3 HTOS\ O-?�O-H��j6ËL 6 �KLT3;H´gK6 J 1"gl3KH;3Zý"ceO�4SL[1G?Z6dx

vt + (gv)x = −µv, 0 ≤ x ≤ 1, t ≥ 0

g(0)v(0, t) =

∫ 1

0
p(s)v(s, t) ds, t ≥ 0

v(x,0) = ψ(x), 0 ≤ x ≤ 1
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Ý " !#�h& � $ ! à '�å � á * / L|@B3K?
g(x), µ(x), p(x)

O-?Bg
Ψ(x),

8�1vJ �-cP4�3 45:B3 �;1v�-c�HTO�4SL[1v? g�3;?Z6ËL|4#� �²c-?B854SL[1G?
v(x, t).

¦ $ % �"!#(�� $ ! à 'vå � á * / L|@B3K? O�HæH F-cP4 1G?B3 1�� 45:B3
�°c-?B854SL[1v?d6

g(x), µ(x), p(x)
O�?Xg

Ψ(x),
O�?Xg 6RcKL¡4©Q

O�F-HI3 g=O�4ÕO 6qO�J ��H~LM?B^ 1;�
v(x, t),

8A1GJ ��c�4�3 45:j3 023ËQ
J OKLM?;L�?B^ �eOW0�O-J 3]4�3;0 �²c�?X8�4SL[1v?�,

� :KL´6 L´6 1v?B^�1%LM?B^ 023�6�3XOW0û8�: ( 1%LM?�45H�� \ L¡45: � H´35±�O-?Xg=O�0
z 3;?Z6�L[1;@�, o}3;023 L´6 O 6qO�J ��H~LM?B^ 1;� \ :eOP4 \ 3�þ¶@B3 g'L´6²Q
8�1;@B3;023Zg 6D1 ��OW0�, ³�3d^hOW0ûg'LM?B^ 45:j3 g÷LM023Z8�4 �W021GF-HI3KJ x

+), �§@B3;? 45:B3 g÷LM023Z8�4 ��021GF-HI3;J L´6 ?j1v?P450�L|@lL¶O-H�, r ?B3
:�OZ6 4�1 g�1 O H~L¡4²45HI3 \ 1=0#p 4�1 6R:j1Z\ L¡4 L´6 O \ 3;HæH Q
�K1K6D3dg �W021vF�HI3KJ �ÓL¡4 L´6d,M�

mV, y c�J 3;0�LT8jO-HK8�1vJ �-cP4ÕO�4SL[1v? 1�� 45:B3 g÷L�0u3Z8�4 �W021vF]Q
HI3;J L´6 O�H|6�1 ?j1v?�450�LI@KL¶O-HM< F�c�4 \ 3 :eO�@X3 O�? O-�RQ
��O�023;?�45H�� gl3Z8�3K?P4 J 3]45:j1"gn,
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³�3d^hOW0ûg÷L�?B^ LM?�@X3;0C6D3 �W021vF�H´3;J 6dx

+), U�c��-�K1K6D3
g(x) = g

L 6 O 8A1G?Z6Ó4ÕO�?�4P<
T = 1/gO�?Xg O�HëHh��O�0�O�J 354�3;0C6 35±W8A3;��4

µ
OW023 ^÷L|@X3;?�,   ?RQ

gl3K0 6D1GJ 3 0u3XOd6D1v?�O-F-HI3 0u3�6Ó450�L�8�4SL[1v?d6A<
µ(x)

L´6
c�?KLTýGcj3KH�� g�354�3;0#J LM?j3Zg FS� 45:B3 g=O�4ÕO

v(1, t), 0 ≤

t ≤ T
O-?Bg Y 1vH 4�3;0#0�O LM?�4�3d^G0�O�Hh3Zý"ceOP4SLT1G?

∫ x
1
µ(s) ds = g ln



u(1, 1−xg )

φ(x)


 , 0 ≤ x ≤ 1.

mV, U�c��-�K1K6D3
g(x) = g

L´6 O 8A1G?Z6Ó4ÕO�?�4 O-?Bg O-HæHG�eO]Q
0�O�J 354�3;0C6 35±W8A3;��4

q(x)
OW023 ^'L|@B3K?h, >�? ^�3;?B3;0�O-HM<

q(x)
8jO-?-?j1�4 F;3 c�?KLTýGcj3KH�� g�354�3K0�J LM?B3dg FS� �;õ#T

J 3XOd6Rc-0u3KJ 3K?P476 1;�
v(x, t).
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