AN INVERSE COEFFICIENT PROBLEM FOR AN
INTEGRO-DIFFERENTIAL EQUATION

A. M. DENISOV AND T. S. SHORES

ABsTrRACT. In this paper we consider the inverse coefficient problem of recovering the function
¢(x) system of partial differential equations that can be reduced to a second order integro-
differential equation —uzs+c(@)uz+de(z)u—ydp(z) [, e~ Yt~ y(z, 1) dr = 0 with boundary
conditions. We prove the existence and uniqueness of solutions to the inverse problem and
develop a numerical algorithm for solving this problem. Computational results for some

examples are presented.

1. INTRODUCTION

The direct problem we study is a system of partial differential equations of the form

(1.1) c1(z)uy +a; = Diugy

(1.2) ar = y((z)u—a)

for 0 <x <L, 0 <t<T subject to the boundary and initial conditions
(1.3) w(0,t) = pu(t), 0<t<T
(1.4) w(L,t) 4 fug(L,t) = 0,0<t<T

(1.5) a(z,0) = 0,0<z<L

It is possible to consider the direct problem (1.1)—(1.5) as a one dimensional mathematical
model of adsorption dynamics. Here the function ¢(x) describes a spatially varying property of
the adsorbing medium. The inverse problem (IP) that we consider here is as follows: given that
u(z,t) is a solution to the direct problem given by (1.1)—(1.5), and exact data

(L6) g(@) = u(@,T), 0< 2 < I,

to determine the coefficient function ¢(z), = € [0, L], given in (1.2).

We shall reduce the direct problem (1.1)—(1.5) to a boundary value problem for an integro-
differential equation, and consider the inverse problem for this equation. We first derive the
properties of solutions to this integro-differential equation that are needed for an analysis of
the inverse problem. The main results of this paper are theorems of existence and uniqueness
of solutions to the inverse problem. We shall use the monotone operator method [4] to prove
existence of solutions to the inverse problem. Other examples of the application of this method
to solve inverse problems can be found in the papers [1],[2] and [3]. In the last section of this
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paper we develop a numerical method for solving the inverse problem and illustrate this method

with several numerical examples.

2. AN INTEGRO-DIFFERENTIAL EQUATION

2.1. Classical Boundary Value Problems. We first consider the simple boundary value

problem

(2.1) Lv=—v"+p@)v +q(x)v = H(x), 0<x<L
(2.2) v(0) = 0

(2.3) v(L) + pv,(L) = 0.

We assume that 3 and ¢(z) are positive and the functions p(x), ¢(z), H(z) are continuous. The
boundary value problem (2.1)—(2.3) can be put into selfadjoint form by multiplying (2.1) by an
integrating factor e~ Jo P(€)% o obtain

(2.4) — (e~ I3 POdE Yy | =[5 PO (1) (2) = e~ S0 PEOE (),

The Green’s function G(z, &) for (2.4), (2.2) and (2.3) is easily seen to be non-negative over its
domain. First of all we note that equations (2.1) and (2.4) for the homogeneous case H(x) = 0
are equivalent. Next, we choose a solution y(z) to the homogeneous differential equation Ly = 0
such that y(0) = 0 and y’(0) = 1. There can be no positive local maxima in the interior of
the interval [0, L], since at such an zy we have y”(x¢) = ¢(xo)y(zo) > 0. Consequently, y is
positive and increasing on the interval (0, L]. A similar argument yields a solution z(z) to the
homogeneous equation Ly = 0 satisfying the right boundary conditions z(L) = S and 2/(L) = —1
which is positive and decreasing on the interval [0, L]. Recall that the Green’s function for the
boundary value problem (2.4), (2.2) and (2.3) is given by

VO s

_ C ’
G(z,8) = { y(@)z(8)

-5 <€
C = e Jo PO fy(2)/ () — ¢/ ()2(2)} = —2(0).

Consequently, G(z, ¢) is also non-negative. Moreover, the solution to (2.1)—(2.3) is given by
L

(23) ow) = [ K@ OHE &,
0

where K (z,¢) = G(z,&)e~ Jo P(5)3s which is also a non-negative function.

If we set k(z) = z(z)/2(0), we see that k(z) is a positive decreasing solution to (2.1) satisfying
the right boundary condition k(L) + Sk’(L) = 0 and left boundary condition k£(0) = 1. This
function is important for our analysis of the direct problem. In particular, it occurs in the
solution bounds that appear in Theorem 2.3 below, as well as in our analysis of the inverse
problem in Section 4. It also simplifies the description of the Green’s function for the non-

selfadjoint problem to

e~ S Py (), @ > €

(2.6) K(z,€) = { e J5 Pdsy () (¢), @< ¢
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To emphasize the dependence on a parameter such as ¢(x), we may write k(z) = k(x;q), y(z) =
y(z;q) and z(z) = z(z;q).
The following fact will be used in our analysis of the inverse problem.

Lemma 2.1. If 0 < q(z) < Cy for constant Cy and x € [0, L], then the families of functions
K. (z,§;q), K (x;q) are uniformly bounded by a constant Co independent of q(x).

Proof. In view of (2.6) it is clearly sufficient to show that y’(z) and &’(z) are uniformly bounded
on the interval [0, L]. Both of these functions are the second coordinate of solutions to an initial

value problem

Vie) = V.

In the case of y(z;q), a = 0 and V&' = (0,1). In the case of k(z;q), a = L and V| =
(8/2(0),—1/2(0)). In the latter case, note that since z(z;q) is decreasing, z(0;¢) > (3, so that
[IVoll <14 1/8. In either case, ||Vo|| is bounded by the constant 1 + 1/8, which is independent
of ¢(x). To establish a bound for y(z; q), integrate the differential equation from 0 to = and take

uniform norms to obtain that
xT 1 x
V@) < [Voll + / A IV ds < 1+ 5) + / (Ipll + Co + 1) [V(s)|| ds.

It follows from Gronwall’s inequality that for = € [0, L],

1 L N
V@) <+ B)exp/ (Ipll + Co + 1) ds = G
0

A similar argument gives the same bound for the case of k(x;¢q), which proves the lemma. O

2.2. Integro-Differential Boundary Value Problems. We next consider a integro-differential
equation which includes the reformulation of the direct problem in Section 3 for the function
u = u(z,t). Let Qr = [0, L] x [0, T].

Theorem 2.2. Let 3, v and q(x) be positive, F(x,t) and pu(t) non-negative and all functions

continuwous in the boundary value problem

(2.7) —Ugy —|—p(x)um + Q(x)u —q(z) /0 e_’Y(t_T)u(IJ T)dr = F(l’,t), (CL’,t) €Qr
(2.8) w(0,8) = ), 0<t<T
(2.9) W(Lt) + Bua(Lt) = 0, 0<t<T.

Then this problem has a unique non-negative solution u(x,t) € C[Qr] with continuous partials

ug(z,t) and ug,(x,t). Moreover, if Fy(xz,t) and u/(t) are continuous, then so is ui(x,t).

Proof. Let u(z,t) be a solution to the boundary value problem (2.7)—(2.9). We introduce the
function v(z,t) = u(z,t) — p(t)k(x), where k(z) is as in the discussion preceding this theorem.
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Then the function v(x, t) solves the boundary value problem

t

(2.10) — Uz + p(2)vy + q(z)v = F(2,t) + vq(x) / e YDy, 7Y dr, (,1) € Qr
0

(2.11) v(0,8) = 0,0<t<T

(2.12) v(L,t) 4+ Bug(L,t) = 0,0<t<T.

Apply (2.5) to v(z,t) and replace v(x,t) by u(z,t) — u(t)k(z) to obtain that the boundary value
problem (2.7)—(2.9) is equivalent to the integral equation

L L t
u(z,t) = p(t)k(z) + / K(r,O)F(E,t) de + / K (. €)y4(€) / (e 7) dr d,

that is,
(2.13) ua.t) = f(z.1) / / WK (2, €)yg(€u(€, 7) dE do,

where f(z,t) = u(t)k(z) + fo F(&,t) d¢. By the non-negativity of F(z,t), u(t), k(z) and
the kernel K (x,§)7 we see that f (m,t) is a non-negative function. The double integration in
(2.13) yields an integral equation of Volterra type for the function u(zx,t). Moreover, the integral
operator P given by

t L
Pu— /0 /0 e 1 K (2, €)yq(E)ulé, 7) dE dr

has a continuous non-negative kernel. It follows that the unique solution to the integral equation

(2.13) is given by the Neumann series
wu=f+Pf+Pf+-..

which shows that u(z, t) is non-negative. Finally, observe that if F'(z,t) and u(t) have continuous
derivatives Fi(x,t) and p'(t), then we obtain from (2.13) that u(x,t) has continuous derivative
ug(x,t). O

We next establish bounds for solutions in the source-free case. In the following result, we use
the function k(z) used in the construction of the Green’s function of (2.6). Recall that k(x) > 0
for0 <z < L.

Theorem 2.3. Let 3, v and q(x) be positive, F(x,t) = 0, u(t) non-negative and all functions
continuous in the boundary value problem (2.7)—(2.9). Then for (z,t) € Qr the solution u(z,t)
to the this boundary value problem satisfies

p()k(z) < u(z,t) < max u(t).

Proof. Suppose that for some (zg,to) € Qr,

u(zo, to) = (wrgsé)éT u(z, t).
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The case u(xg,to) = 0 is trivial, so suppose u(xo,to) > 0. From (2.9) we have that zo < L. If
xo > 0, then the integro-differential equation at (zg, to) yields

to
0 = wugz(wo,to) — glxo)u(zo,to) + 'yq(zo)/ e*'Y(t“*")u(:co,T) dr
0

to
< Ugz(To,t0) — q(zo)u(xo, to) (1 — 7/ e (=) dT) <0,
0

a contradiction. This proves that zo = 0 and u(z,t) < p(to), which establishes the upper bound
on u(z,t).
For the lower bound, observe that v(z,t) = u(x,t) — p(t)k(x) satisfies the boundary value

problem given by the integro-differential equation

e + p(@)Us + a(2)0 — 14(2) / ey (2, 7) dr = q(z) / ) u(r k() dr

together with boundary conditions (2.11)—(2.12). Since the right hand side of the integro-
differential equation is non-negative, Theorem 2.2 may be applied to yield v(z,t) > 0, which

establishes the lower bound on u(z,t). O

We note that a sharper upper bound can be established with the additional hypothesis that
' (t) > 0, namely that u(z,t) < u(t) for (z,t) € Qr. We omit the details.

3. THE DIRECT PROBLEM

We can give a fairly complete analysis of the direct problem (1.1)-(1.5), subject to suitable
conditions on the parameters of the problem. We shall make the following assumptions on the
parameters of the problem throughout this section.

Parameter Conditions:

(1) ¢ € C[0, L] and ¢(x) > 0 for = € [0, L].

(2) cix) € €O, L].

(3) The constants Dy, v and [ are positive.

(4) p € C[0,L] and p is non-negative on [0, 7.

(5) u € Cl[O L], 1(0) = 0 and p’ is positive on (0, T].
(6)

6 vfeV(t Dy (t)dr >0, for 0 <t <T.

We note that condition 6 is satisfied if, for example, p/(0) > 0 and p”(¢t) > 0. By a solution to
the direct problem (1.1)—(1.5), we mean a pair of functions u,a € C[@r] such that u,, uy.,a; €
C[Qr] and u, a solve the equations (1.1)—(1.5). In order to establish the existence and uniqueness
of a solution to the direct problem, we only use parameter conditions 1-4. However, in order to

provide bounds for solutions and a comparison theorem, we also require parameter conditions

(5) and (6).

Theorem 3.1. Assume parameter conditions 1-4. Then the direct problem has a unique solution

u(x,t), a(z,t) with both functions non-negative.
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Proof. We first recast the direct problem as follows. Integrate (1.2) and use the initial condition
(1.5) to obtain that for all (z,t) € Qr,

(3.1) a(z,t) = ’yd)(:c)/o eiW(th)u(:zr,T) dr.

If we substitute (1.2) and (3.1) into (1.1), we obtain the equation

¢
c1()ug + yo(z)u — ’y2¢(:c)/0 er(th)u(:c, 7)dr = D1ugy.

Now let ¢(z) = ¢1(x)/D; and d = /D1, and this equation becomes

(3.2) —Ugy + c(x)ug + dop(z)u — vdo(z) /t e "y, T)dr = 0.
0

It follows that the direct problem is equivalent to the problem (3.1), (3.2), (1.3) and (1.4). From
Theorem 2.2 we have that there exists a unique non-negative solution u(z,t) to the problem
(3.2), (1.3) and (1.4) with continuous derivatives u,, u,,. If we define a(z,t) using (3.1), we
obtain that a and a; are continuous in Qr and a is non-negative. Hence, u(z,t),a(z,t) is the

unique, non-negative solution to the direct problem. O
The bound established in Theorem 2.3 has the following application to the direct problem.

Theorem 3.2. Assume parameter conditions 1-5. If u,a is a solution to the direct problem,
then u; € C[Qr] and for (x,t) € Qr

w (t)k(x) < ug(z,t) < o%a%XTMI(t)7

where k(x) is the solution to (2.1) for p(x) = c¢(x), q(x) = dé(x), H(x) = 0 satisfying boundary
conditions k(0) =1 and k(L) + pk'(L) = 0.

Proof. From Theorem 2.2 we have u; € C[Qr]. Observe that for (z,t) € Qr

o t t
= / e "Dy, 7) dr = u(x, t) — 7/ e "Dy, 7) dr.
ot Jo 0

An application of (3.3) and integration by parts show that

(3.3)

¢ ¢
% e "Dy, 7) dr = e u(z,0) —|—/ e "y (1) dr
0
Since 1(0) = 0 we have that u(x,0) = 0. Therefore,

8 t

ot
Now set v(z,t) = w(z,t), differentiate (3.2), (1.3) and (1.4) with respect to ¢, and we obtain
that for (z,t) € Qr

t
e "y (x,7) dr = / e "Dy (2, 7) dr.
0

(3.4) —Vgg + c(@)vy + dp(z)v — ydp(x) /t e y(z, 1) dr =0
0

(3.5) 0(0,8) = W)
(3.6) v(L,t) + Pug(L,t) = 0.



AN INVERSE COEFFICIENT PROBLEM FOR AN INTEGRO-DIFFERENTIAL EQUATION 7

Theorem 2.2 implies that v(x,t) = u(z,t) > 0 for (z,t) € Qr. Theorem 2.3 may be applied to
v(x,t) to yield that p/(t)k(x) < v(x,t) = ui(z,t) < maxo<i<r /' (t) for (z,t) € Q. O

Finally, the additional parameter condition 6 is sufficient to obtain a comparison theorem.
To emphasize the dependence of the solution of the direct problem on the function ¢, we write
u(z,t) = u(z,t;¢), a(z,t) = a(z, t; §).

Theorem 3.3. Assume parameter conditions 1-6. Let u(x,t; $;),a(x,t; ;) be a solution to the
direct problem corresponding to ¢;, i = 1,2. If ¢1(x) < ¢o(x) for x € [0, L], then ui(x,t; 1) >
u(x,t; ¢2) for (z,t) € Qr.

Proof. Just as in the proof of Theorem 3.2, we have that v(x,t) = wu(x,t;¢) satisfies the
boundary value problem (3.4)—(3.6). Let v;(z,t) = ws(x,t;¢;), ¢ = 1,2. Also define V; =
fot e V¢ "yi(z,7)dr, i = 1,2, w = vy — vy and W = Vi — V. Tt follows from (3.3) that
the governing differential equation may be written in the forms

—(Vi)za + (@) (vi)o + di(2)(V)e = 0.
Subtract these equations for v1(z,t) and va(x,t) and rearrange terms to obtain
—Wgp + c(T)wy + do1 (2)We = d(¢2(z) — ¢1(2)) (Vo)

It therefore suffices to show that (V2); is non-negative, since an application of Theorem 2.2 then
shows that w(z,t) > 0, as required.

Since va(x,t) is a solution to (3.4) with ¢(z) = ¢2(z) and boundary conditions (3.5)—(3.6),
it is easily seen that V%, is also a solution to (3.4) with ¢ = ¢ and the conditions V5(0,t) =
fot e Y=/ (1) dr and Va(L,t) + B(Va).(L,t) = 0. Observe that

(Va)el0,6) = i (t) = / = (7 dr > 0,

where the last inequality follows from parameter condition 6. It follows from Theorem 3.2 that
(V2)¢(z,t) > 0, which completes the proof. O

4. THE INVERSE PROBLEM

4.1. An Operator Formulation of the Problem. Given data g(x) = € [0, L], we define a
solution to the inverse problem (IP), as given in Section 1, to be a positive continuous function
o(x), x € [0, L], such that the direct problem (1.1)-(1.5) has solution u(z, t) satisfying (1.6). We
first note that the data g(z) of (1.6) must also satisfy the boundary conditions g(0) = u(7T) and
g(L) + B¢’ (L) = 0, since u(z, T) satisfies these conditions. Moreover, it is clear that g(z) must
have a continuous second derivative.

The inverse problem can be expressed in terms of an operator equation as follows. Set t =T
in (3.2) and use (1.6) to obtain

T
§"(@) - () () = déz)ulz,T) - ydd(z) / e Ty (e, 7 dr

T
= d(b(z)/ er(T*T)ut(:c,T)dT,
0
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or

sy = I @@
dfy e TNy (x,7)dr

We see from this equation that the data function g(x) should satisfy ¢”(z) — ¢(z)g'(x) > 0 since

¢(z) and us(x,t) are positive, To summarize, the properties that a data function g(z) must have

are:

Data Conditions:

(1) g
(2 g
(3) g
We assume the function g(z) satisfies data conditions 1-3 and define the operator A by

_ 9" (x) — c(x)g'(x)
(4.1) Ag = dfoT g —

where u(z,t; ¢) is the solution of the direct problem (1.1)-(1.5) for the given ¢(x). It follows that
if the function ¢(z) is a solution to the inverse problem, then

(4.2) b= Ao

Conversely, suppose that q~5 is a positive continuous solution to (4.2). Then

(r) € C?[0, L] and g(z) is a positive function.
(0) = w(T) and g(L) + Bg'(L) = 0.
"(x) — c(z)g'(x) € C[0, L] and is a positive function on [0, L].

9" (x) — c(x)g' ()

T
46 (x)u(z, T; §) — dg()y / Ty (e, 7 §) dr

= umc(xa T g) - C(JC)UI (CC, T 5)

Since both g(x) and u(x,T;¢) satisfy the same boundary conditions, it follows that g(z) =

u(z, T; $) so that ¢(x) is a solution to the inverse problem.

4.2. Properties of the Operator A. Throughout this section, we shall assume that param-
eter conditions 2-6 hold. We now examine some properties of the operator A. It follows from
Theorem 3.2 that for a positive ¢(x),
" _ 1 " _ ’
ws) poe AW @) @)@y @)
df, e " Tz, m5¢)dr — df; eV Ty dr

where pp = maxo<i<r 1/ (t). We define
E = {¢(x) € C[0,L]| ¢(x) > h(z), = € [0, L]}.

Then E C P, the set of positive functions in C[0, L]. Throughout the following, we use the
uniform norms ||-|| in C[0, L] and C(Qr). The operator A is said to be monotone (see, for
example, [4, p. 581]) if, for functions ¢(z) and ¥(x) in the domain of A with ¢(x) < ¥(z) for
x € [0, L], we have A¢(z) < A¥(z) for z € [0, L]. The next two theorems exhibit the essential

properties of the operator A.

Theorem 4.1. The operator A : P — E given by (4.1) is a continuous and monotone operator.
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Proof. First observe that by the inequality (4.3) the operator A does indeed map positive ele-
ments of C[0, L] into the set E. Define

T
(4.4) B¢:/ eﬂV(T*T)ut(a:,T;d)) dr,
0

79//—69/ 1
A0 =" (B_<z>>

Now A¢ is bounded and bounded away from zero since by Theorem 3.2,

so that

T T
(4.5) 0 < k(x; qb)/ e " T=7) /(1) dr < Bg(z) < / e YTy dr,
0 0

where the first inequality is strict by parameter condition 5. Therefore A is continuous if B is
continuous. Moreover, since the integral operator v = fOT e~ " T=T)yp(z, 7) dr is clearly contin-
uous in the uniform norm, it suffices to show that the operator C'¢ = u.(z, T;¢) is continuous.
Let v;(z,t) = wi(z,t; i), ¢ = 1,2, and let w(z,t) = v1(z,t) — ve(z,t). Each v; solves the
boundary problem (3.4)-(3.6) with ¢ = ¢;. Subtract these differential equations and rearrange

terms to obtain

Wy + (@)W, + dy ()w — ydepy () /0 D, ) dr = F(a ),
where
46) Pt = 2d(on(0) ~ a(o) [ (o) dr = d(on(6) - et

Furthermore, w(x, t) satisfies homogeneous boundary conditions (3.5) and (3.6). As in Section 2,
we obtain that w(z,t) satisfies an integral equation of the form

L t L
@7 w(et) = /O K (2,6 1) F(&, 1) de + /0 /0 K (& d1)ydér (€)™ Dw(, 7) d€ dr,

where K (x, €; ¢1) is a continuous function on the square 0 < z,{ < L. Let Ky = maxo<ye<r |[K(2,&; ¢1)],
pn = maxo<i<r (' (t) and W(t) = ||w(-, t)| so that we obtain from (4.6), (4.7) and Theorem 3.2
that

t
W(t) < LKpduns (4T + 1) |61 — boll + LKy 1] / W () dr.

It follows from Gronwall’s inequality that
W(t) < LEadpn (3T + 1) [[ g1 — go|| "0 lonle,

from which the continuity of B and therefore A, follows.
To establish the monotonicity of A, apply Theorem 3.3 to obtain that if ¢;(z) < ¢2(x) then
Ut (Ia t; ¢1) > Uy (Ia t; ¢2) Thereforea

T T
(4.8) / G_W(T_T)ut(x,T;(ﬁg)dT S/ e_W(T_T)ut(:c,T;(bl)dT.

0 0
Both terms are positive by (4.5). Take reciprocals, multiply by the positive factor (¢ (z) —
¢(x)g’(z))/d and monotonicity follows, which completes the proof. O
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Theorem 4.2. The operator A : P — E given by (4.1) maps bounded sets into equicontinuous
sets.

Proof. We consider a bounded set of functions

Py ={¢(z) € C[0, L] [0 < ¢(z) < ¢o(x), x € [0, L]}
where ¢o(x) is a continuous function. Let 0 < 21,22 < L. Define the operator B as in (4.4) and
define r(z) = (¢ (z) — c(x)g'(x))/d, so that Ap = r/Bé¢. It follows that

(r(z1) — r(z2))Bé(w2) + r(x2)(Bé(w2) — Bo(x1))
Bo(z1)Bd(x2) '

There is a constant C; > 0 independent of z and ¢ such that B(x1)B¢(z2) > C7 and a constant

C2 > 0 such that Bg(z) < Cy thanks to (4.5). Let w,(h) be the modulus of continuity of r(z)

and we obtain that

(4.9) |Ag(21) — Ad(z2)| <

Ap(z1) — Ag(32) =

wr(|z1 = 22))Co + ||l [Bo(22) — Bo(a))|
Cy '

We shall show that for any ¢ € Py there exists a constant C3 such that
|Bo(x2) — Bo(z1)| < Cs |z — z1].

This fact, together with (4.9), establishes the theorem.
It follows from the proofs of Theorem 3.2 and Theorem 2.2 that v(z,t) = u.(z,t; ¢) satisfies
the integral equation

(4.10) v(a@.t) = f(a.1) / / WD K (1, € 6)ydo(€)u(€, ) dE dr,
where f(z,t) = 1/ (t)k(z). Evaluate (4.10) at z = 1, 2 and subtract to obtain
v(x,t) —v(ze,t) = (k(z1) — k(z2)) +
(4.11) / / WD (K (21,6 6) — K (w2, 6))ydo(€)v(€, 7) dé dr.

If ¢ is between z1 and o, we may write

K(21,&0) — K(72,85¢) = K(21,§6) — K(§,&0) + K(§,&¢0) — K(22,6¢).

Thus we can apply the mean value theorem to each term, as well as to the term k(x1) — k(x2).
Lemma 2.1 yields a uniform bound Cp on the functions K, (x,&; ¢) and k'(«) independent of ¢.
Let pin = maxyepo, ) ¢ (t) and C' = ||¢o|| Take absolute values of (4.11) and we obtain

(@1, 1) = v(x2,1)|

IN

¢

unCo |1 — 22| —|—/ 2Cy |x1 — x2| vdCup L dr
0

< Copar (14 2ydCLT) |zy — 22|

It follows that

T
Bé(a1) — Bé(az)| < / Ty, 1) — van, 1)] dr

0
< TCopns (14 2ydCLT) |21 — a5,
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which completes the proof. O

4.3. Properties of Solutions to the Inverse Problem.

Theorem 4.3. If parameter conditions 2-6 and data conditions 1-3 are satisfied, then a neces-
sary and sufficient condition for the inverse problem (IP) to have a solution is that there exist
a positive function ¢o(x) € C[0, L] for which A¢o(z) < ¢o(x), 0 <x < L.

Proof. If (IP) has a solution ¢(x), we have already in (4.2) that A¢ = ¢ and we may take
¢o = ¢. Conversely, suppose that positive continuous function ¢o(x) satisfies the inequality
Ago(x) < ¢o(z). By (4.3) we have that for any positive ¢(x) and = € [0, L], h(z) < Ad(x).
Consequently, the monotonicity of A implies that A maps the order interval

I'={¢(x) € C[0, L] [ h(z) < ¢(x) < do(x), 0 <2 < L}

into itself. By Theorems 4.1 and 4.2 the operator A : I — [ is a continuous monotone compact
operator. It follows (see [4, p. 581]) that the sequence of iterates ¢, Ao, A%¢y, ... converges
to a fixed point ¢ of A, which as we have seen in the introduction of this section, must satisfy
u(z, T;¢) = g(x), 0 <z < L. O

A sufficient condition for the existence of a solution is given by the following result.

Corollary 4.4. If parameter conditions 2-6 and data properties 1-8 are satisfied and, for some

positive constant ¢g, the condition

J'(2) - clw)g'(x) }
dfOT e—’Y(T—T)M/(T) dr < d)Ok( 7¢0)

is satisfied, then the inverse problem (IP) has a solution.

Proof. By Theorem 3.2 p/(t)k(x; o) < ue(x,t; ¢o), from which it follows that

_ g"(z) — c(z)g'(x) 9" (z) — c(z)g'(x)
A¢O - T S T S
dfo e YTy (z, 75 ¢0) dr dfo e~V T=7) /(1) d7 k(3 do)
Hence Theorem 4.3 applies. O

The following Corollary is useful for computational purposes.

Corollary 4.5. If the inverse problem (IP) has a solution, then the sequence of iterates h, Ah, Ah, ...
converges to a solution of (IP).

Proof. If ¢ is a solution, then ¢ is a fixed point of A and, as in Theorem 4.3, we have that
h(z) < ¢(z). Consequently, the iterates A™h are all bounded by ¢ and so by the compactness
and monotonicity of A, the iterates converge to a solution of (IP). O

It is conceivable that the iterates of the last corollary might converge to a solution other than
the solution ¢. However, we show that this is not the case, since solutions to (IP) are unique.

Theorem 4.6. If parameter conditons 2-6 and data conditions 1-3 are satisfied, then the inverse

problem (IP) has at most one solution.
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Proof. Suppose that ¢1 and ¢, are two distinct solutions to (IP), that is, if u;(x,t) = u(x, t; ¢;),
1 =1,2, then ui(x,T) = ua(z,T). As we saw earlier, it is also the case that A¢; = ¢;, i = 1,2.
There are two possibilities: either one function, say ¢;, is bounded above by ¢2 on the interval
[0, L], or ¢1(z) — ¢2(x) has both positive and negative values. In the second case, form the
function
¢3(z) = min{¢y (z), p2(z)}.

Then ¢3(z) < ¢1(z) and ¢3(z) < ¢2(x) on the interval [0, L], so by monotonicity of A, Aps < ¢s.
It follows from the proof of Theorem 4.3 that the iterates ¢z, Aps, A%¢s, ... form a decreasing
sequence of functions converging to a solution ¢4 to (IP) which is bounded above by each of
o1, P2, 3. So we obtain the first case for the functions ¢4(x) and ¢a(x). It remains to consider
the first case.

In this case it follows from Theorem 3.3 that ua(z,t) < ui(z,t) on Qr. As in the proof of
Theorem 3.3, set U, = fot e Yy (z,7)dr, k= 1,2, w = uy —uy and W = Uy — Uy. We
obtain that w(x,t) solves the equation

(4.12)  —wae + c(@)wy + dp1(z)w — dey (z)y /0 e VCw(z, 7) dr = d(ga(x) — dr(2))(Us).

with homogeneous boundary conditions (2.11) and (2.12). It is easily seen that U, is also a
solution to (3.2) for ¢ = ¢o that satisfies the boundary conditions U (0, t) = fot e~ (1) dr =
M (t) and Us(L,t) + B(Us)z(L,t) = 0. Observe that M (0) = 0 and Us(z,0) = 0. Also,

t t
M) =ult)~y [ e (rydr = [T an
0 0

since ©(0) = 0. Parameter condition 5 requires p/(t) > 0 for ¢ > 0. It follows that M’'(t) > 0 for
t > 0. Theorem 3.2 implies that (Us):(z,t) > M'(t)k(z) > 0 for ¢ > 0. Now evaluate (4.12) at
t = T. The left hand side is equal to

T
—d (I)”y/ er(T*T)w(z, T)dr <0, 2 €0, L]
0

since w(z,T) = 0, but the right hand side is positive for some = € [0, L]. This contradiction

proves uniqueness. O

There remains the matter of the stability of the inverse problem (IP). The following example
shows that (IP) is not stable.

Example 4.7. Let ¢o(z) = 1 and define an unbounded sequence of continuous positive functions
én(x) as follows: ¢, (x) = 1 for z outside an interval of width 1/(n + 1)? centered at 1/2. Inside
this interval, let ¢, (z) be a linear spike with peak of altitude (n + 2) centered at 1/2. Make
any choice of the remaining parameters that satisfies parameter conditions 2-6. Let u,(z,t) =
u(z,t;¢n), n =0,1,.... Bach function wu,(z,t) satisfies (3.2). Let wy,(z,t) = uo(x,t) — upz,t),
n =1,2,.... Subtract these equations for uy and w,, and rearrange terms to obtain that w,, (z, t)
satisfies the equation

(wn)aa + €(2)(wn)s + do(2)wn = F(z, £) + vdgo(x) / 1=y (2, 7) dr
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where
Fle.t) = d(o() — 6u(a)) {”y / e () dr — (o, t)} |

The function wy,(z,t) also satisfies homogeneous boundary conditions w,,(0) = 0 and w, (L) +
B(wy)x (L) = 0. It follows that w,, satisfies the integral equation

(4.13) wp(2,1) = /0 " K& o) {F(m) + ~dgo () / L (.7) dT} de

0
Since parameter conditions 1-6 are satisfied, we may apply Theorem 3.3 to obtain that u.(x, t; ¢,,) <
ug(x, t; o) for (z,t) € Qr. Integrate this inequality from 0 to ¢ and we obtain that w,(x,t) <
ug(w,t) for (x,t) € Qr. Let K¢ = maxo<ze<r K(7,&;¢0) and Ky = max(, e, uo(z,t). Note
that |¢o(z) — ¢n(z)] < n + 1 and that this difference vanishes outside an interval of width
1/(n+1)2. Take absolute values of both sides of (4.13), reverse order of integration in the second
term and we obtain that

dK ¢ (’}/TKU + KU)

n+1

t
(w2, 8)] < + vchL/ o (2, 7] dr.
0

An application of Gronwall’s inequality yields that

dKc Ky (’}/T + l)e'ychLt < dKc Ky (’}/T + 1) eVAKcLT

n(,1)] < <
|wn (z, 1)) i S

The latter term tends to 0 as n — oo. Therefore, the functions u, (z,T) = u(x, T; ¢,) converge
to ug(z,t) = u(x,t; ¢o) uniformly on [0, L], yet ||¢, — ¢o|| = n tends to oo with n.

5. NUMERICAL EXAMPLES

In this section we show that the inverse problem (IP) is amenable to numerical computation
under modest restrictions on the parameters, and present a few example calculations. We
confine our calculations to the function u(z,t) in the solution pair u,a of (IP), since a(z,t) is
easily recovered from u(z,t) by (3.1).

5.1. A Numerical Scheme for an Integro-Differential BVP.. We first develop an integro-
differential-BVP solver which can handle the general boundary value problem (2.7)—(2.9). We
assume that all the hypotheses of Theorem 2.2 are met, that is, 3, v and ¢(z) are positive,
F(z,t) and p(t) non-negative and all functions continuous. Let wu(z,t) be the solution to be

computed, and define
t
(5.1) Uz, t) = / e 7Oy(z, 7) dr.
0

Let Ax = L/M and At = T/N be step sizes in = and ¢ to be used in the discretization of
this problem, where M and N are positive integers. We view (2.7) and (5.1) as an evolutionary
system in the unknowns u and U. The evolutionary aspect of U is made clearer by the observation
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that

t—At t
(5.2) Ulx,t) = / e "y, 7) dT+/ e y(z, 7) dr
0 t—At
t

= e "AU(z,t — At) + / e "z, 1) dr.
t—At

Now set t, = nAt, n = 1,2,...N and xp = kAzx, k = 1,2,... M. Define p;, = p(kAx), qx =
q(kAz), pn, = p(nAt) and Fy, ,, = F(kAz,nAt). Likewise our approximations the exact solutions

are

Q

u(zg, tn) = u(kAz, nAt)
U(zk, tn) = U(kAx,nAt)

Uk,n

Uk,n

%

We shall obtain second order accurate approximations (in both Az and At) to these variables.
Therefore, we use centered first and second differences to discretize (2.7) and a trapezoidal
method to discretize (5.2). There results the system

Ax At Ax

(53) — <1 +pk7> Uk—1,n + {2 + (A.T)2Qk (1 — FYT) } Ukn — (1 _pk7> Uk+1,n = kan,
where

2 At At
(54) Gk,n - (AI) Fk,n + e K dk Uk,nfl + 7uk,n71 .
We also obtain

At At A
(5.5) Uppn =€ Uk no1 + 76 T2 (Up -1 + Uk,n) -
These equations account for the interior nodes (zx,t,), k = 1,...,M and n = 1,2,...N. The

terms ug,n, and wps41,, are eliminated by using the boundary conditions. The integro-differential
boundary value problem is now solved by single step marching method, which is explicit in time
and implicit in space. The BVP algorithm can be described as follows: given values of U, u at
the (n — 1)-th time level, solve the linear system (5.3)—(5.4) for values of u at the n-th level,
then use (5.5) to solve explicitly for U at the n-th level. The solvability of this system imposes
some stability restrictions, namely that At < 2/v and Ax < 2/ ||p||. With these restrictions, it
can be shown that the BVP algorithm converges to the solution with truncation errors in even
powers of the step sizes, so that it is second order in step sizes. Therefore, the algorithm can be
computed at step and half step sizes, followed by a single step of Richardson extrapolation to
yield a fourth order method.

5.2. An Algorithm for Operator Calculations. If one assumes exact data, discretization
of the operator A is very straightforward. First, discretize the data function ¢ and argument
function ¢ via g, = g(kAz), k=0,1,... M+1, and ¢y, = ¢(kAz), k =1,2,..., M. Next, observe
that v(z,t) = us(x,t) satisfies the equation (3.4), together with boundary conditions v(0,t) =
' (t) and v(L,t) + Pvg(L,t) = 0, so that the function V(z,t) =) f(f e YTy (2, 7) dr can be
approximated by the output of the BVP algorithm, applied to v(x,t), resulting in approximate
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node values Vi . Given an argument ® = (¢1,...,¢nr), the discretized operator is given by

(1+ cr8)gr-1— 20k + (1 — ek BE) grt1
de7N(A$)2

which is valid for £k = 1,2,... M. This requires a value for gps;y1, which could be obtained

(5.6) (An @), =

by using the flux condition that g(z) satisfies at the right endpoint and a centered difference
discretization of g(MAzx) + B¢’ (MAxz) = 0. It also requires go, which is determined by the
boundary condition ¢(0) = u(T). We can now use Corollary 4.5 to devise a simple method,
which we term the IP algorithm, for computing the solution to the inverse problem: let the
initial guess ®¢ be the discretization of h(z) as defined in (4.3). Then use fixed point iteration
of (5.6) until convergence. We illustrate the IP algorithm in the following three examples. In
these examples, we consider the direct problem (1.1)-(1.5) in its equivalent form as the boundary
value problem (3.2), (1.3) and (1.4).

5.3. Examples. We conclude with the following examples, which illustrate that the inverse
problem (IP) can be solved numerically without difficulty using the algorithm we have outlined
above, provided that the various data and parameter hypotheses that we have specified are met,
and that the noise level is not too great. These results were generated using MATLAB. Versions

of the programs used can be obtained from the authors (e.g. tshores@math.unl.edu).

Example 5.1. In this example, we let L = 2, T = 2, v = 8 = 1, ¢(x) = 1+ cos(3x)/3,
d(r) =2 —x/2 + 2?sin(3x)/3 and p(t) = (1 — e~ ")/, where o > 0. Tt is easily verified that
parameter conditions 2-5 are satisfied. Parameter condition 6 presents some difficulty. One
can check that the dividing point g is about 0.2031. For values less than «aq, condition 6 is
satisfied, and for larger values, it fails. We test two values, namely o = 0.2 and o = 3.0. In these
experiments, we set Ax = At = 0.01. We first used the extrapolated BVP algorithm to obtain
the data function g(z) to a higher order of accuracy than the expected accuracy of the solution
to the inverse problem. We then used the IP algorithm in tandem with the unextrapolated
BVP to compute the solution to this inverse problem. Our initial guess ¢o(x) in all cases is the
function h(z) of (4.3), which is iterate 1 in the figures.

As expected, fixed point iteration with the choice o = 0.2 exhibits an approximately linear
rate of convergence until about the fifth iteration, where the discretization error causes fixed
point iteration to stall. Here the initial guess for ¢(x) is the function ¢o(x) = h(z) of (4.3).
At the fourth iteration, the norm of the error is ||g — ¢4|| = 0.0021. The first four iterates and
exact solution g(z) are plotted in Figure 5.3, where the monotone behavior of the operator A
is evident. When we halved both Az and At, the final error in the same number of iterations
was decreased by a factor of about four, confirming that the BVP algorithm is second order
accurate.

Fixed point iteration with the choice a = 3.0 exhibits some interesting behavior. Again, the
initial guess for ¢(z) is the function ¢g(z) = h(z) of (4.3). The first four iterates and exact
solution g(z) are plotted in Figure 5.1. One sees from these plots that the operator A is no
longer monotone, which might be expected since parameter condition 6,which is needed in the
comparison theorem 3.3, is violated. In spite of this, convergence of the iterates is rapid. We
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Example 5.1 iterates with a=0.2.

2= T T T \ \
\‘ .
R Iterate 1
o T — - lterate 2
1.8 ~ T~ T — - lterate 3
- NN Iterate 4
16l \’\,\A\ \\ —— Exact Solution
1.4F ~
\4
1.2
= L
& 1
0.8
0.6
0.4j
0.2
0 | | | | | | | | [
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8
X
FIGURE 5.1

note, however, that this rapid convergence is to a solution which is visibly less accurate at the
left endpoint. We found that halving only Az did not improve this behavior, while halving only
At reduced the error by a factor of about two, which was the same result obtained from halving
both At and Ax. These experiments suggest that the BVP algorithm is possibly second order
accurate in space but only first order accurate in time when applied to this problem.

Our next example illustrates the effects of noise on these computations. These effects are quite
pronounced. Since the operator A is compact, one needs a regularization strategy. Indeed, the
discretization of the definition (4.1) of A by way of (5.6) is itself a regularization strategy with
regularization parameter Ax. Since the operator A is nonlinear, an exact analysis of the error
is difficult; however, one expects that the principal source of difficulty is in the discretization of
the numerator in (4.1). A simple Taylor series analysis shows that if the noise level is bounded
by 6, then the discretization error is bounded by a function of the form

) c10

_9 a0 2
(Az)? + Ax +e2(Ar)
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Fixed point iterates for Example 5.1 with a=3.0.

2.5 T T T T T
Iterate 1
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0 0.2 0.4 0.6 0.8 1 1.2 14 1.6 1.8
X
FIGURE 5.2

where ¢; is an upper bound on |c(x)|, 0 < z < L, and ¢o is a constant that depends on the
second and third derivatives of u; and c(x). This expression is minimized (to leading order
in Az) at Az = (c6)"/*, which supplies us with a regularization strategy. Unfortunately, it
is rather pessimistic. There are many alternatives. One could, for example, use Tikhonov
regularization on the operator equation ¢ = A¢. Of course, this would alter the numerical form
of our calculations significantly. Alternately, one could use some sort of smoothing or filtration
of the data in tandem with the discretization we employ in (5.6). A particularly simple minded
approach would be to do a least squares fit of the data points to a polynomial of some degree.
We illustrate these strategies in the following example.

Example 5.2. In this example we use the same parameters as in Example 5.1, but we restrict
« to the value o = 0.2, so that all the parameter and data conditions are met. We calculate the
data “exactly” using a higher accuracy calculation, and then add noise. The noise is random and
uniformly distributed on the interval [—§/2,0/2]. We took ¢ = 0.0001. In view of the discussion
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Fifth iterates Fifth iterate, polynomial :
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FIGURE 5.3

preceding this example, one might expect the optimum regularization parameter to be Ax =~ 0.1.
Since we are lacking a priori derivative information, trial and error will suggest an optimal value.
If we use Az = 0.01, as in Example 5.1, the results are very poor. Computations for Az = 0.05
and Az = 0.1 are illustrated in Figure 5.3, along with the exact solution. For purposes of
comparison, we then smoothed the data by doing a least squares fit of a tenth degree polynomial
to it, then applied our algorithm with Az = 0.01. The result is also plotted in Figure 5.3, which
clearly indicates that polynomial smoothing is a superior regularization for (IP) in this case.

Example 5.3. For our last example, welet L =1,T=3,y=0=1, ¢(z) = 1+ cos(3x)/2 and
u(t) = t2. Parameter conditions 2-6 are easily verified. We shall not specify the solution ¢(x), but
we will specify g(x). Of course, there are restrictions on our choice, namely the data conditions
1-3 must be satisfied. This example takes on the flavor of a control theory problem, since we
are not simulating a measurement of data, but rather specifying the data and attempting to
find a ¢(z) which will “steer” the system to the state u(z,T) = g(x). We make the selection
g(x) = u(T)e*. One checks that data condition 1-3 are satisfied with this choice of g(x). Again,
the initial guess for ¢(z) is the function ¢g(z) = h(x) of (4.3). The first five iterates are shown
in Figure ,5.3 and they appear to converge monotonely to a limit. Moreover, it turns out that
if u(x,T;¢s) is computed and compared to g(z), the norm of the difference is approximately
0.000139.
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Fixed point iterates for Example 5.3
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FIGURE 5.4
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