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Ax = b.

• � ð û ò ��î � û�þ/� ï�ò
� � �f��Üfg�n A,x
o�cfe.Ó, ¤wig

b.
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okcfe.Ó, ,wmg

x.
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f (x) ∈ C[0, 1]
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F (x) =

∫ x

0 f (t) dt
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� � �f��Üfg�n f(x) ∈ C[0, 1],
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F (x)
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� � �f��Üfg:n F (0) = 0
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F (x) ∈ C1[0, 1],
ÛSnW£

f (x) =
F ′ (x)
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u(x)
cf¢Hg�À¤p�wmxWgU���<�

− (k(x)u′)
′
= f(x), 0 < x < 1

�/�³wmx±¢Hcf WnW£,��hiÀ.okcfnS£¤�¶wi�³c?nWp
u(0) = 0 = u(1),

wmx,g:hme
�f�Ho�cfnW£¤ So7wm��Üd�¶wÅÀ
k(x), 0 ≤ x ≤

1
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f(x)
£¤gkwig�hie.�³n,gA£±¢dÀ±wmx,g�x,gA��w�pmcf ,hyokg s

� ð û ò �fî;� û<þ�� ï�ò
� � �?�³Ü?g�n�ÓW��hy��e.g�wmg�hyp
k(x), f(x),

ÛWnW£
u(x) = u(x; k).ýkñ��Sò û�� ò � û�þ/� ï�ò
� � �f��Üfg�n

f(x)
��nW£�e.g:�?pÈ ,hig�e.g:n?w�c�j

u(x),
ÛWnW£

k(x).
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F
jlhmc?e

F = Kf
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f = K−1F,
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Ax = b
xW�?p�n,c
pÈc?�³ ,wm��cfn0q

[
1 1
1 1

] [
x1

x2

]
=

[
0
1

]

«,s�ã xW��pupmÀ¤pÅwig�e2xS�fp���n¤ÛWn,�³wmg:�³À�e.�fndÀ±pÈc?�³ ,wm��cfnWp:q
[

1 1
1 1

] [
x1

x2

]
=

[
0
0

]

¦Ws�ã xW��pEpmÀ¤pÅwig�e xS�fp�n,c pmcf�� ¤wm��cfnÍjlcfh
ε 6= 0

��nW£Í��n¤ÛWn,�³wmg:�³ÀÍe.�fndÀ jlcfh
ε = 0,

pmcpmcf�� ¤wi�³c?nWp/£¤c.n,c�wuÜ��fhmÀ±o�cfnCwm��nd ,cf SpÈ��À
�/�¶wixæÓW��hy��e.gkwig�h
ε
q

[
1 1
1 1

] [
x1

x2

]
=

[
0
ε

]
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ã x,��pºwm ,hinWpºcf ¤w�wmc*¢SgÒg:ÉC ,��Ü�����g�nCw�wmc*pmcf��Üd�³nW�wmxWg
|H���7�
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AT Ax = AT b,� pmÀdpÈwmg:e �/xW��oyx���pU�f S��hy��nCwmg:g:£�wmc!xW�<Ü?gÃ� pÈc?�³ ,wm��cfn s��  WhÈwix,g�hAzL��gÃo��fn­pÈg:g.wmxW��w*�³j

Ax = b
xW�fpÍ��|WÐPpÈc?�³ ¤wi�³c?n0zºwmx,g:nag�Üfg:hmÀPpÈc?�³ ¤wi�³c?n wic�wmx,g�n,cfhie
���/g:ÉC W��wm��cfnWp.��pÃ�pmcf�� ¤wm��cfnæwic

Ax = b.
ã x,��puwihm��oy¯�gkÝdwmg:nW£,p�wmcÃe.cfhig��f¢WpÅwihi�?o7w�����n,g:�fh�cfÓHg�hy��wicfhyp

K
cfjg:ÉC W��wm��cfnWp

Kx = y
 SpÈ��n,�Ãwix,g.okcfnSokg�Ó,w]c�j �È�?£��Åcf��nCw 	EcfÓHg�hy��wicfhyp

K∗
�/x,��oyx!Ó,���<À�wmx,gÓW�fhÈw/c�j��¿wmhy��nWpmÓHc?pmg]e
��wihm�³Ý

AT .ë
� þ �­ò � ò�� ò ÿ ð�ò � � V ñ ð��Qí òdñLò � �¡Íg �Èhmg:�f ,����hi�³²:g 	
wmxWg�Ó,hicf¢W�³g:e s ¡�g-_ �³�����³�� WpÈwmhy��wig��³w¿¢dÀ�cfnWg�ÓW�fhÈwi��o� ,����h�¯d��nW£­cfjhig��f W���fhm��²:��wm��cfn0z¤o��f�³��g:£aÏç�
	:�W��|4��}�hmg:�f ,����hi�³²A��wi�³c?n s °]n,g��³nCwmhic¤£¤ Wo�g:pu�.hig��? ,���fhm��²:��wm��cfnÓW�fhi�fe¿g�wmg:h

α > 0
��n�pm Woyx±�E���<À*wmxW��w�pme
�����

α
�f��Üfg] Wp��EÓ,hicf¢,��g�e wixW��w���p �mok��c?pmg 	/wmcwmxWg�cfhi���f��nW��� s á¸n.wix,g]o:�fpmguc�j4wmxWg�n,c?hme
���Wg:ÉC W��wi�³c?nWp:z?c?n,g�o��fnÃpÈxWc�� wixW��w�e¿��n,��e.�³²:�³n,�wmxWgUe¿c¤£¤�³ÛWgA£�hig:pm��£¤ W���

‖b−Ax‖2 + α ‖x‖2��g:�f£Wp wmcUwix,g/�³��n,gA��hÆpmÀ¤pÅwig�e (
AT A + αI

)
x = AT b,

�/x,g:hmg
I
��p#wix,g/��£¤g�nCwm�³wÅÀ¿e.��wmhi�¶Ý s°]n,g/o��fn*pmx,c���wix,guokcdg 
Ão��³g:n?w#e
��wihm�³Ý

AT A+αI
��p#�������<À¤pLn,cfnWpm��n,�f ,����h sçã x,g:hmg�jlcfhigfzwmxWgUÓ,hmc?¢,��g�e2xW�?p/�¿ ,n,��É? WgEpÈc?�³ ¤wi�³c?n së

� � þ ð �?ò þ ü � ò

Sí ï�� û ð,�-�¤îAð þ ñ9� � û �[�­òCîAò û¡axW��w±pmx,c? ,��£J��g £¤c­��¢Hcf ¤w
α?

ã x,��p.��p
cfn,gæcfj]wix,g e.cfhig�jl WnW£,��e.g:n?wy��� § ��nW£��n?wihm���f W�³n,�dªºÓ,hmc?¢,��g�e
p�c�j��³ndÜ?g�hypÈg]wmx,g:cfhiÀ s �çgkw _ p/�fnW����Àd²�g�cfn,gUcfjLc? ,h�pm�³e.Ó,��gEpÈÀ¤pÈwmg:e.pjlcfh/��nWpm�³�?xCw:z,pi�<À
[

1 1
1 1

] [
x1

x2

]
=

[
1
1

]

á¸ndÜ<�fhm����¢W�³À?z?c? ,hº��n,Ó, ,w�£,��wi��jlcfhºwmx,gÒ��nCÜ?g�hypÈg�Ó,hmc?¢,��g�eæz
(1, 1),

xW�?pÆg:hmhicfhº�³n��¶wAzdpi�<À��g/xW�<Üfg
(1+δ1, 1+δ2)

jlcfhº£,��wy���³nWpÈwmgA�f£ s �0g�w
δ = δ1 +δ2.

ã x,g/hig��? ,���fhm��²�gA£�pmÀ¤pÅwig�e¢Hg:okc?e.g:p
[

2 + α 2
2 2 + α

] [
x1

x2

]
=

[
2 + δ
2 + δ

]
= (2 + δ)

[
1
1

]

�/x,��oyx�xS�fp� ,n,��ÉC ,gEpmcf�� ¤wm��cfn
[

x1

x2

]
=

[
2 + α 2

2 2 + α

]−1

(2 + δ)

[
1
1

]
=

2 + δ

4 + α

[
1
1

]

ë

Ä



� � þ ð �?ò þ ü � ò

Sí ï�� û ð,�-�¤îAð þ ñ9� � û �[�­òCîAò û
[

x1

x2

]
=

[
2 + α 2

2 2 + α

]−1

(2 + δ)

[
1
1

]
=

2 + δ

4 + α

[
1
1

]

°]¢Wpmg�hiÜfg�wmxW��wÆ�³jHwix,gu��n,Ó, ¤wºg�hihmc?h
δ
��g�hig

0,
�f�³�,��g/��cf ,��£¿xW�<Üfg�wmc*£¤cU��p×�³g�w

α→ 0��nS£���g.�ºc? ,��£Í�fg�wUwmx,g.Ü�������£�pmcf�� ¤wi�³c?n 1
2 (1, 1).

�º ,wE�f��Üfg�nÍwmxS��w�wmx,g
��n,Ó, ,w�g�hihmc?h]��pn,cfwÆ²�g:hmcSz�wi�f¯C��n,��wix,g����³e.�³wº�fp
α→ 0

�f��ÜfgAp# Wpº���ºc?hipmgu��Ó,ÓWhmc<Ý¤��e.��wm��cfn�wmc��Epmcf�� ¤wi�³c?nwmxS��næ�ºgU��cf W��£�c�wix,g�hi�/��pmg��fg�wu¢CÀ�oyx,cdc?pm�³nW�
α ≈ 2δ.

§ °] WhupÈc?�³ ¤wi�³c?nWp/�������<Àdp/pi��wi��pÈjlÀ
x1 = x2

zQpÈc±wmc�pm��wm��pÅjlÀ
x1 + x2 = 1

��g�nWg�g:£
x1 = x2 = 1

2

cfh��fpÒok��c?pmg*�fp��ºg¿o��fn�fg�w�wmc
�³w s ªã x,g�hig
��hig*e
�fnCÀ!ÉC ,gApÅwi�³c?nWp�x,g:hmg?z0g s � s zQx,c�� £,c���g¿¯CnWc��é��nÍ�?g�n,g:hi�f� �/xS��w�wmx,g¢Hg:pÈw�oyx,c?��o�g�cfjçhmg:�f ,����hi��²:��wi�³c?n
ÓW��hy��e.g�wmg�hº��p:zd�¶j���ndÀ[] ã x,��p��fnW£Ãcfwmx,g:hº��pmpm ,gAp��fhmg�wmx,gpm ,¢ �Åg:okw/e.��wÈwig�hucfj �.okc? ,hipmg��³næ��ndÜfg�hypmg�wix,g�c?hmÀ së
�0î � � ð�ï\ðlî 
á¸næwmx,��p�pmÓHg:ok����� o��?pÈg?z,�ºgU�?gkw]pÈwi�f¢,���³�³wÅÀÃjlc?h/jlhmg:g

�
jlcfh�g:�foyx��m~Îµf»¤�³���7� � ~yÌæÓ,hicf¢W�³g:e s¡�g¿o:��n,n,cfw]x,c?ÓSg�wmc�xW�<Üfg*pÅwy��¢,���³�³wÅÀ�jlcfh]wmx,g¿ ,n,hig��? ,����hi�³²:g:£æÓ,hicf¢,��g�e

Ax = b
pm��nWokg

A−1 £¤cdg:pmn�_ w�g:Üfg:n�g�Ý¤��pÈw s�� ¤wºwix,��n,�?p���higug:Üfg�n±e¿c?hmgÒokc?e¿ÓW�³��o���wmg:£0q � cfhºwmx,gÒ�fg:n,g�hy���S�³��n,g:�fhºÓWhmc?¢,�³g:e
Kx =

y,
g�Ü?g�n��¶j

K−1 ��p/��g����0£¤g�ÛWn,g:£�wix,gU�³ndÜ?g�hypÈgÒÓ,hicf¢,��g�e2e
�<ÀÃnWc�wu¢HgEpÅwy��¢,��g § �f�¶wix,cf ,�?xpÈwi��¢W�³���¶wÅÀ xS��Ó,ÓHg�nWpÒ��n�pmcfe.g¿o��fpmg:pyª s*® c���g�Üfg:h:zH��g*xW�<Ü?gEwic���cdcf¯æwmc���n¤ÛWn,�³wmg
£¤��e.g�n¤�pm�³c?nW���,g�Ý,��e.Ó,��g:pÆpm WoyxÃ�?p×cf Whº£¤���Hg:hmg:nCwm����wm��cfn
g�Ý,��e.Ó,��g § c?ÓSg:hi��wmcfh
K
��pÆ�³nCwig��fhy��wi�³c?nSª7z�/x,g:hmgE�³wÒo:��n!¢Hg*pmx,c��/næwixW��w

K−1 § £¤���4g�hig�nCwm����wi�³c?nSª/g�Ýd��pÈwip]¢, ¤w]��p]n,c�w�okcfnCwi�³nd ,c? Wp�zg�Ü?g�n�wmx,c? ,�fx
K
��p së

� �*þ ñ4îAð�ñQí þ í � ýkñ��Sò û�� ò � û�þ/� ï�ò
�
�0g�w

K : C[0, 1] → C[0, 1]
ÜC���.wix,g�hi ,��g

Kf(x) =
∫ x

0
f(y) dy

ã x,��p���p��Ãcfn,g��\wic��cfnWg]jl WnWo7wi�³c?n s×¬ g:�?pÈ WhmgUpm�³²:gÒ¢dÀ
wix,gEpm ,Óæn,cfhieæq
‖f‖ = sup

0≤x≤1
|f(x)|

pmc.wmxW��w/wmx,g �mok��c?pmg�nWg:pip 	]cfj
f(x)

�fnW£
g(x)

��p�£¤g�wmg:hme.��n,g:£�¢dÀÃwix,gEnd ,e�¢Hg�h ‖f − g‖ .ã x,g:n�c?n,gEo��fn�pmx,c�� wmxW��w/wmx,gEc?ÓSg:hi��wmc?h
K
��puo�cfnCwm��nd ,cf Wp���næwmx,gEpmg�nSpÈg�wixW��wu�³j

f(x)��nS£
g(x)

�fhmgUo��³cCpÈg?zdwmx,g:næpmc
��hig
Kf(x)

�fnW£
Kg(x).�0g�w

R = K(C[0, 1]),
wmx,gUhy��n,�?g]cfj

K.
ã x,g�n

K−1 : R→ C[0, 1]
��pu�f��pmc¿cfn,g��\wic��cfnWg s �� ¤wu�¶wu��p�n,cfw�okcfnCwi�³nd ,c? Wp së

� �Wð�ï�í û ò þ ü �Qî � � ð\ï�ð�î 
t cfnWpm��£¤g�h�wix,g�jl ,nWokwm��cfn
gε(x) = ε sin

( x

ε2

)
,

Ø



�/x,g:hmg
ε > 0.

¡�gUxW�<Ü?g ‖gε‖ = ‖gε − 0‖ ≤ ε
s b¤c.jlcfhupme.�f�³�

ε, gε(x)
��puo��³cCpÈgÒwic.wmx,g²�g:hmc*jl ,nWokwm��cfn s Õ×gkw:z

K−1gε(x) = gε(x)′ =
ε

ε2
cos

( x

ε2

)
=

1

ε
cos

( x

ε2

)

pmc±wixW��w ∥∥K−1gε

∥∥ = 1
ε

zçpmc±wixW��w
K−1gε

¢Hg:o�cfe.g:p]j��fh]jlhicfe ²:g�hic��?p
ε → 0.

® g:nWokg
K−1 ��p�n,cfw��.okcfnCwi�³nd ,c? Wp�cfÓHg�hy��wicfh së
� ��òdñLò û �,ï � û �[�­ò � þSû $

L��� �Æ���iÌ*���m�?�k��~k�okc?nWpm��pÈwip�c�j
• ¨ e.c¤£¤g:�Qjl ,���³À�pÈÓHg:o��¶ÛWgA£�¢CÀ § Ó,xdÀ¤pÈ��o��f��ªºÓW�fhi�fe.gkwmg:hip

m
s

• ¨ ¯dn,c��/n�jl ,nWokwm��cfn
G
wixW��wAz0��Ìf~y����� Ð�zSe
�fÓWp�ÓW��hy��e.g�wmg�hypºwmc
£,��wi�

d
¢dÀ±���<À
c�j

d = G (m) .

� ��»¤�m~��U{k|W}�~k�y��~����m�?�k�³~����p�wmc.ÛWnW£
m
�?�³Ü?g�n�cf¢Wpmg�hiÜ���wm��cfnSp

d
s¡Íg*x,cfÓHg § © ª�wixW��w]wmx,��p]e¿gA��nWpuwmc�o�����ok W����wmg

m = G−1 (d)
zH¢, ¤wÒ�/xW��wÒ�ºgEhig:�f�³��À�fg�wupÅwi Woy¯Ã�/�³wmxæ��p

� ���m�?�k�Y���y��� �*{k|W}�~k�y��~]���m�f���³~����p�wmc.ÛWnW£
m
�?�³Ü?g�n�cf¢Wpmg�hiÜ���wm��cfnSp

d = dtrue + η
pÈc¿wixW��wugAÉ? S��wm��cfn±wmc
¢HgU�³ndÜ?g�hmwmg:£���p

d = G (mtrue) + η.

¡axW��wu��gU��higÒwmg�e.Ó¤wig:£�wmcÃ£,c¿��p���nCÜ?g�hmw�wmx,gUgAÉ? S��wm��cfn
d = G (mapprox)

��nS£
¢Sg]xW��ÓWÓCÀ.�/�³wmx
mapprox

s�� n¤jlcfhmwm ,nS��wmg:�³À?z
mapprox

e
�<À.¢Hg]�EÓHcdcfh���Ó,Ó,hic<Ý¤�³e
���wm��cfn�wmc
mtrue

s×ã xW��p/e
�f¯fg:p�c? ,h �Åcf¢ �¿�/x,cf��g��³cfw�wmcf W�fx,g:h
�
�fnW£��³nCwig�hig:pÈwm��n,�W©ë

!



� þ ï�î:ò û<û �Íýkñ4îAò

 û �,ïXW �Qí��¤îAð þ ñ �°] ,h�o�cfnCwm��nd ,cf Wpu�³ndÜfg:hipmg�Ó,hicf¢,��g�e gkÝ,��e.Ó,��gU��p��
pÈÓHg:o����f�ço��?pÈgUcfj wix,��p/�³e.ÓHcfhmwi�fn?wok���fpip�c�j�Ó,hicf¢,��g�e
p:q
� ò %�ñ ðlî:ð þ ñ ��� ¨ n�gAÉC W��wi�³c?n�cfjLwix,g�jlcfhie

d (s) =

∫ s

a

g (s, x, m(x)) dx

��p/o�������g:£����S��� �¸~��7�m�.��|W�¸~Îµ��i���L~ ��»W���Y����|��ÈÑU�l�,~��Æ�y�7� 	���|HÌ § � � Ê ª s áÎwu��pU� ��|H~y�����³j
g (s, x, m(x)) = g (s, x) ·m(x)

��n �/x,��oyx!o:�fpmg
g (s, x)

��p/wix,g 	?~k�7|4~k�#cfj�wmx,gEgAÉC W��wi�³c?n s °�wmx,g:hm�/��pÈgU�³w]��p��!|H��|S� ��|H~y���� ��Ê.s
á¸næcf ,h/g�Ý¤�fe.Ó,�³g

d (s) =
∫ s

a
m (x) dx

zHpÈc
g (s, x) = 1

z
a = 0

së
� û ò ÿ � þ ï�� ý�ñ4î:ò

 û �,ïXW �Qí��,î:ð þ ñ �¿þ ü/î �Lò � ð û�� î�� ð�ñ ÿ
	 ý � ���¨ n,cfwmx,g:hu��e¿ÓHcfhmwi�fnCw/o����?pmp�cfj Ó,hicf¢W�³g:e.p:q
� ò %�ñ ðlî:ð þ ñ �
� ¨ n�gAÉC W��wi�³c?n�cfjLwix,g�jlcfhie

d (s) =

∫ b

a

g (s, x, m(x)) dx

��p/o�������g:£�� 
Q�m~yÌA�,���¶� ��|S�Î~Îµf�m���L~ ��»W���Y����|��ÅÑ��l�,~��×�y�7� 	���|HÌ § á ��Ê ª s áÎwu��pE� ��|H~y���*�¶j
g (s, x, m(x)) = g (s, x) ·m(x)

��n��/xW��oyxæo��?pÈg
g (s, x)

��p�wmx,g 	?~��7|H~��LcfjçwmxWgUg:ÉC W��wi�³c?n s áÎjÅz¤jl ,hmwmx,g:h:z
g (s, x) = g(s− x)

wmxWgUg:ÉC W��wi�³c?n���p/o��f�³��g:£�� �y��|W}����¶»¤�\����|�g:ÉC W��wm��cfn s
WZY��[�\��ï�ò

t cfnWpm��£¤g�h#c? ,h×gkÝ,�fe¿ÓW�³g
d (s) =

∫ s

0
m (x) dx

zd���C����n s Ú]gkÛSn,g/wmxWg ® gA�<ÜC��pm��£¤g�jl ,nSo7�wm��cfn
H (w)

wmc
¢Hg
1
�¶j

w
��p/nWcfn,n,g:�?��wm��Üfg���nW£

0
c�wmxWg�hi�/��pmg s#ã x,g:n

d (s) =

∫ s

0

m (x) dx =

∫ ∞

0

H (s− x) m (x) dx.

ã xd Wp:zfwix,��p��#c?�¶wig�hihi�U��nCwmg:�fhy���WgAÉC W��wi�³c?n±o��fnÃ¢SgÒÜd�³g:�ºgA£Ã�fpº�Eá ��Ê ��nS£±��o�cfndÜfc?�³ ,wm��cfng:ÉC W��wm��cfnæ�fp���g����Q�/�¶wix okcfndÜ?cf�� ¤wm��cfn�¯fg�hin,g:�
g (s, x) = H (s− x)

së

Â



��ò YQî;WZY��[�\��ï�ò
���m��}A���¸���Y����|H��� ��|H���
���¶Ð����#µ��i��»¤|HÌÃ�³~�}<~��LÌ�»W~��¸�±��»¤�7��~iÌ �#���m~��.���i��/x,g:hmg
• v hicf WnW£±��g�Ü?g��Q��p�wmxWg x

�Î��Ý¤��p s
• h (x)

q�wmxWgE£¤g�Ó¤wixæc�j wmx,gU�/��hmgU��w
x
s

• ρ (x)
q#��p�wmx,gE£¤g:nWpm�¶wÅÀ�c�jçwix,gU�/��hmgU��w

x
s

• d (s)
q#e.g:�?pÈ Whmg:e¿g:nCw�cfjLwix,gE��n,c?e
����ÀÃ��wuÓHc?pm�¶wi�³c?n

s
z,�?hmc? ,nW£Ã��g�Ü?g�� s

ã x,��p/Ó,hicf¢,��g�e2��g:�?£,p�wmc.���³nWg:��hu�fnW£ § x,���fx,��À,ª�n,cfnW�³��n,g:�fh/�³ndÜ?g�hypÈgÒÓ,hicf¢,��g�e
p

� ó4D�����öL÷ 3����
	 5 õ�÷�� 3
� ÷�� 3 ÷/øLø 5 ôEõ
�XHJG ��� ��!�� *�M !�� ���4K�L7MINPOZQTS
ë
�	� ò�WZY��[�\��ï�ò
ÏS�¿~k�7�\���
���¸~Ò�l�,~Ò�
�<�y�Ò�ÅÑÒ��àH�³��|H~��Æ�ÅÑ 	�|4���#|æ�m�fÌ���»d� �L�¤���³~E��|æ�l�,~ � �����7�³~k�y� ���7»¤�lÑk�f�y~A·°]¢Wpmg�hiÜfg��¿Ó,hmc �Åg:okwm���³gÒwmxWhmc��/n±jlhmc?e pmcfe.g�ÓSc?�³nCwu��nW£�e.g:�?pÈ WhmgÒ�¶wypu���³wm�³wm S£¤g s

� hicfe wmx,��pU��g¿xWcfÓHg.wmc g:pÈwm��e
��wig.wmx,gÃ�?o�okg:�³g:hi��wm��cfn
a
£¤ ,g.wic �fhy�<ÜC�³wÅÀ!��nS£�wix,g�n WpmgUÔug���wicfn�_ p/���<�up�c�j��fhy�<ÜC�³wi��wm��cfn±�fnW£�e.c�wm��cfn�wmc.c?¢¤wi�f�³n�jlhicfe

GMm

R2
= ma

wmxS��w
M =

aR2

G
.

W �Qí��¤îAð þ ñ �.þ ü � þ î:ð þ ñ
Ë ß×�����k»¤� »d��{�àH�m�?�k�³~��
·¡axW��wu��p�wix,gUÜfg:hÈwi��o:���4ÓScCpÈ�³wm��cfn

y (t)
c�j wmx,gUÓWhmc �Åg:o7wi�³��gU�fp/�*jl ,nWokwm��cfnæc�jLwm��e.g ]

�f SpÅwu��nCwmg��?hi��wmg]wmx,gEo�cfnWpÈwi�fnCw/�?o�o�g���g�hy��wm��cfn±wÅ�/��o�gÒwmc.cf¢¤wy����n

y (t) = m1 + m2t−
1

2
at2.

¡�g�jlcf���³c��awix,g�wmg�Ýdw���nW£��/hi�¶wig���w/wm��e.g
tk
z,�ºg�xW�<Ü?g�cf¢Wpmg�hiÜfgA£ÃÜ����� ,g

dk
�fnW£

dk = y (tk) = m1 + t m2 −
1

2
t2m3

�/x,g:hmg
k = 1, 2, . . . , m
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• E [m] = mtrue

• ® g�nWo�gfz¿e.cd£,�¶ÛWgA£ ��g:�fpÈwÍpiÉC W��hig:p!pmcf�� ¤wi�³c?n���pÍ��n í ñ � ð�� � ò ÿ ò � î:ð,� �¤î þSû cfj
mtrue

s
• ® g�nWo�gU�ºgUo:��næokcfnSpÅwihm Wokwu�
okcfn,ÛS£¤g�nSokg��³nCwig�hiÜ<�f�4jlcfh/c? ,h�gkÝ¤ÓSg:hm��e.g�nCw:q

m± 1.96 · diag (Cov (m))
1/2

• ¡axS��wu�³jLwix,g § o�cfnWpÈwi�fn?w7ª�Ü���hi���fnWokgÒ��p� Wn,¯dn,c��/n�]!bCwi W£¤g:n?w _ p/w/wmc¿wmx,gUhig:piok Wgf©
® c��V£¤c.�ºg���nCwmg�hiÓ,higkw�wmxWg:pmgUhmgApÈ ,�³wip^]ë
ì
íLî:ï\ð�ò û��ã x,g:pmg.��hig¿£¤��piokcfhy£,�fn?w�£,��wy�,zQÓHc?pipÈ��¢,��À!£¤ ,g*wmcæc�wix,g�h�g:hmhicfh]cfhUpÈ��e.Ó,��À ¢W�f£��³ Woy¯ s¡axW��w/wmc
£¤c�]
• � pÈgEpÈwi��wm��pÅwi��o:���QgApÅwi�³e
��wi�³c?n±wicÃ£¤��pmo:��hy£
wmxWgUcf ¤wi�³��g�hyp s
• � pÈg���£¤���4g�hig�nCw�n,c?hme jlhicfe ‖·‖2 sÍã x,g 1

�Yn,c?hme ��p���nP���³wmg�hinW��wm��Üfgfz ¢, ¤w¿wmxW��pe
�f¯fg:pue.��wÈwig�hyp/e� Woyx e.c?hmgEo�cfe.Ó,����o:��wmgA£Q© t cfnWpm��£,g�h/wix,gEcfÓ,wm��e¿��²:��wm��cfnæÓ,hicf¢¤���g�e
‖d−GmL2

‖1 = min
m
‖d−Gm‖1

® c��V£¤c.�ºg���nCwmg�hiÓ,higkw�wmxWg:pmgUhmgApÈ ,�³wip^]
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� � þ î:ð �[�,î:ð�ñ�
 W Y��[� � ï\ò � ýkñ4îAò�
 û �,ïXW �Qí��¤îAð þ ñ �
ß×��|S�Î��|W���
��|W�EÏ,�m��|W�\àW���7�
�0g�w

C (x, t)
¢Sg.wix,gÃokc?nWokg:nCwmhy��wm��cfnÍc�j/��ÓSc?�³�� ¤wi�fnCw���wEÓHcf��n?w

x
��n��æ�³��n,gA��hEpÈwmhig:��eæzwm��e.g

t
z¤�/x,g�hig

0 ≤ x <∞ ��nW£
0 ≤ t ≤ T

s#ã x,gU£¤g�ÛWn,��n,�
e.c¤£¤g��
∂C

∂t
= D

∂2C

∂x2
− v

∂C

∂x
C (0, t) = Cin (t)

C (x, t) → 0, x→∞
C (x, 0) = C0 (x)

� þ ï\íçîAð þ ñ
�4��� »¤�Y����|H·á¸n�wmx,gEo:�fpmg]wixW��w

C0 (x) ≡ 0
zdwix,gUgkÝ¤Ó,����o��¶w�pmcf�� ¤wi�³c?n���p

C (x, T ) =

∫ T

0

Cin (t) f (x, T − t) dt,

�/x,g:hmg

f (x, τ) =
x

2
√

πDτ3
e−(x−vτ)2/(4Dτ)

�	� ò!ýkñ��Hò û�� ò�� û�þ/� ï�ò
�
���m�?�k��~k�
·
v ��Üfg�nEpm��e� ,�³wi�fn,g�c? WpQe.g:�?pÈ ,hig�e.g:n?wyp0��wçwm��e¿g

T
z�wicug:pÈwm��e
��wig#wmx,gºokcfnCwy��e.�³nS��nCwç��n�`Wc��x,��pÅwicfhiÀ s#ã xW��w���p:z,�f��Üfg:n�£,��wi�

di = C (xi, T ) , i = 1, 2, . . . , m,

wmc.gApÅwi�³e
��wig
Cin (t) , 0 ≤ t ≤ T.
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� þ �­ò � òCî � þ0ÿ �¬ cfhig��fg:n,g�hy�����³À
���m�?�k��~k�
·
v ��Üfg�n�wmxWgUá � Ê

d (s) =

∫ b

a

g (x, s) m (x) dx

��nS£*�]ÛWn,�³wmgupi��e.Ó,��g�c�j4Ü<�f�³ Wg:p
d (si)

z
i = 1, 2, . . . , m

z�wmc�gApÅwi�³e
��wig�ÓW��hy��e.gkwig�h
m (x)

s
¬ gkwix,c¤£,p/��gU£¤��piok Spmp/��w/wmx,gU¢Hc?�fhi£Qq
r?s   S�f£¤hy��wi ,hmg
«,s�è g�Ó,hig:pmg�nCwmg:hip
¦Ws °�wix,g�h t xWcf��okg:p�cfj ã hi���f� �  ,nWokwm��cfnWp

�XH�� � 
 M 
"&/M !�
 &[S � S�! -"� 
 U
ë
�
í�� ÿLû �¤î:í û ò
� �<�7����{�Ìf~y���k·¨ ÓWÓ,hmc<Ý¤��e
��wmg]wmxWgU�³nCwmg:�fhy����p

di ≈ d(si) =

∫ b

a

g (si, x) m (x) dx ≡
∫ b

a

gi (x) m (x) dx, i = 1, 2, . . . , m

§ �/xWg�hig]wix,gUhig�Ó,hig:pmg�nCwmg:hipºcfhu£W��wi�¿¯?g�hin,g���p
gi (x) = gi (si, x)

ª�¢dÀ
• b¤g���g:o7wi�³nW���Ãpmgkw�cfjÆokc?�³��c¤o���wi�³c?næÓSc?�³nCwip xj , j = 1, 2, . . . , n

s�§ áÎw]e.�³�?xCw�¢Sg*�/��pmgwic
g�nWpm ,hig
n < m

s ª
• b¤g���g:o7w ��n��³nCwig��fhy��wi�³c?nÒ�fÓ,Ó,hic<Ý¤�³e
��wi�³c?n�e.gkwix,c¤£�¢W�fpmg:£Òc?n]wix,gÆo�cf���³c¤o���wm��cfnÒÓSc?�³nCwyp s
• � pÈg�wix,gE��nCwmg��?hi��wm��cfn���Ó,Ó,hic<Ý¤�³e
��wm��cfnWpºwmc
c?¢¤wi�f�³næ�.���³n,gA��hupmÀ¤pÅwig�e Gm = d

�³nwig�hie
p/c�jLwmx,gU ,nW¯CnWc��/nWp
mj ≡ m (xj)

z
j = 1, 2, . . . , n

s
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m
��wÒ��nW£¤��Üd��£¤ S����ÓSc?�³nCwyp�z4wy��¯fg.�Ã�?�³c?¢W���Üd�³g:�(wixW��w

m (x)
���³Ü?g:p���n��*jl ,nWokwm��cfn pmÓW�fo�g]�/x,��oyx���p/pmÓW��nWn,g:£�¢dÀ
wmx,g û ò�� û ò � òdñ4î:ò ûjl ,nWokwm��cfnWp

g1 (x) , g2 (x) , . . . , gn (x) , . . .
� �<�7����{�Ìf~y���k·
• ¬ ��¯fg/��pmg���g:o7wi�³c?n.c�jWwix,gu¢W�?pÈ��p jl ,nWokwm��cfnWp g1 (x) , g2 (x) , . . . , gn (x)

wmcE�fÓ,Ó,hic<ÝC���e
��wig
m (x)

z,pi�<À
m (x) ≈

n∑

j=1

αjgj (x)

• Ú]g�hi��ÜfgU�.pÈÀ¤pÈwmg�e Γm = d
�/�³wmx � v hi�fe¿����n�okcdg 
Ão��³g:n?wue
��wmhi�¶Ý

Γi,j = 〈gi, gj〉 =
∫ b

a

gi (x) gj (x) dx

WZY��[�\��ï�ò
Ï4�,~E���<�7��
L���
��»d�����m���*����|��ÈÑ±ÏH�W~k��Ë]���³·
• b¤ ,Ó,ÓHc?pmgUwmx,g*¢W�fpm��p�jl ,nWokwm��cfnWp�wm ,hin cf ,wuwmcÃ¢Hg gi (x) = xi−1

z
i = 1, 2, . . . , m

zc?n�wmx,gU��nCwmg�hiÜ����
[0, 1]

s
• Ç ÝdxW�³¢,�³wuwix,gU�³n,j���e.cf Wp ® �³��¢Hg�hmwue.��wmhi�¶Ý s

�XH�� � S � S+&/M�Q ����M !�� ���ZU
ë
ì.î �Lò û>� � þ ð �fò �.þ ü � û ð��,ï � íLñ ��îAð þ ñ �ã �f¯fg
�æpÅwi�³���×e.cfhig.�f��cf¢W�f��ÜC��g��éwmxW��w

m (x)
���³Ü?g:p���n���jl ,nSo7wm��cfn�pmÓW�fo�g¿pmÓW�fn,n,g:£¢dÀ±�.pÈÓS��n,n,��n,�
pmgkwu�/x,��oyx�e
�<À!|4����¢Sg�wix,gUhig�Ó,hig:pmg�nCwmg:hip:©

� �<�7����{�Ìf~y���k·
• ¬ ��¯fg×�/pmg���g:okwm��cfn�c�jCwmxWg×¢W�fpm��p4jl ,nWokwm��cfnWp h1 (x) , h2 (x) , . . . , hn (x)

�/�³wmxU���³n,gA��hpmÓW�fn
Hn

§ o�������g:£��Åwmhi�����ºjl ,nWo7wi�³c?nWp 	��³nPwmxWg���g����fxCwig:£�hig:pm��£, W�����³�³wmg:hi��wm ,higAªEwmc�fÓ,Ó,hic<Ý¤�³e
��wig
m (x)

zWpi�<À

m (x) ≈
n∑

j=1

αjhj (x)

• Ú]g�hi��ÜfgU�.pÈÀ¤pÈwmg�e Gα = d
�/�³wmx �.okcdg 

o��³g:nCw�e
��wmhi�¶Ý

Gi,j = 〈gi, hj〉 =
∫ b

a

gi (x) hj (x) dx
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���7���W�mµC��|4���S{:Ìf~y�f·
¨ nJ��Ó,ÓHg:�f�³��n,��oyxWcf��okg±cfju¢W�fpm��p�Ü?g:o7wicfhypE��p*�fn­cfhmwmxWcfn,c?hme
��� § c s n s ª pÈg�w*c�junWcfn,²:g�hicÜfgAo7wicfhyp s áÎj ��gU£¤c
pÈcSq

• ‖m (x)‖ =

n∑

j=1

α2
j

• ProjHn
(gi (x)) =

∑n
j=1 〈gi, hj〉hj (x)

z
i = 1, . . . , m

s
• ¬ g:��nW�³n,�.cfj i

wmx�g:ÉC W��wm��cfn0q 〈
ProjHn

(gi) , m
〉

= di
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ë
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� û�þ/� ï�ò
� � ��gu����nCwÆwic�gApÅwi�³e
��wig
m (x)

��w��*pÈ��n,�?�³g]ÓSc?�³nCw
x̂
 Wpm�³n,��wmx,gÒ�<Ü��������f¢,�³g£,��wi�,z,�fnW£�£¤c
�¶wu��g���� s�® c��(wic
Ó,hmc¤o�g�g:£�]

� �<�7����{�Ìf~y���k·
• ¡�hi�¶wig m (x̂) ≈ m̂ =

∑m
j=1 cjdj

��nW£
dj =

∫ b

a gj (x) m (x) dx
s

• è g:£¤ Wo�g wmxWg���n?wig��?hi�f��okc?nW£¤�³wm��cfnWp.wic m̂ =
∫ b

a
A (x) m (x) dx

�/�³wmx
A (x) =∑m

j=1 cjgj (x)
s

• áÅ£,g:������À A (x) = δ (x− x̂)
s ¡axW��w _ p�wmx,gUnWgkÝdw/¢SgApÅw/wix,�³nW��]

ú � � $0í � & ��ð\ï � ò û îAW �Qí��¤î:ð þ ñ �
ß×��|W�y�Y�m����|W�\�U��|��l�,~¿��}�~k�m�:µ���|dµ 	f~��7|H~��

A (x)
·

• � ��hipÈw:z,�fn��fhmgA��o�cfnWpÈwmhy����nCw:qLwmc�wy���Q��hig:� ∫ b

a
A (x) dx = 1

s bdg�w
qj =

∫ b

a
gj (x) dx�fnW£��fg�w

qT c = 1
s

• b¤g:okc?nW£¤��Àfz,e.��n,��e¿��²�gEpmg:o�cfnW£�e.cfe.g�nCw ∫ b

a
A (x)2 (x− x̂)2 dx

s
• ã xW��pç¢SgAokcfe.gAp0��É? S�f£¤hy��wi��o�Ó,hicf�?hi�fe.e¿��n,��Ó,hicf¢,��g�eæq4cf¢ �ÅgAo7wi�³Ü?g�jl ,nWo7wi�³c?nEÉC W�f£¤hy��wi��o�fnW£æokc?nWpÅwihi�f�³nCwypº����n,g:�fh s
• á¸nÃj��fo7wAz?�³wº��pÆo�cfndÜfg�ÝQzf� s g s zCcf¢ �ÅgAo7wi�³Ü?g/jl ,nWokwm��cfnÃe
��wihm�³Ý.��pÆÓScCpÈ�³wm��Üfg�£,gkÛWn,�³wmg s ¡ÍgxS�<ÜfgU�*wmcdcf�4jlc?hupÈc?�³Üd��n,�¿wmx,��p�q _�>��?� ��]�	�H�& CN� s
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• °]nWgæo�cf ,��£JokcfnSpÅwihi�f�³n wmx,gæÜ���hi���fnWokg�c�j]wmx,gægApÅwi�³e
��wig
m̂
z�pm�<À m∑

i=1

c2
i σ

2
i ≤ ∆

z
�/xWg�hig

σi
��pUwix,gÃ¯dn,c��/n�Ü���hi���fnWokg
cfj

di
sæã xW��pU��p��æe.c?hmgÃo�cfe.Ó,����o:��wmgA£�cfÓ¤wi�¶�e.��²:��wm��cfnæÓ,hicf¢,��g�e s
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·
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��wigU�¶wypupm�³²:g]wicÃ�fpipÈgApmp�£,�fe
���fg���nS£ÛWn,gAp�z��fp¿��g����u�fp
o�cfn¤ÛWhie c?h.£,g�ndÀ ok������e
p
��¢Hcf ¤w.wix,g!��e.cf Wn?wyp¿¢CÀ wmx,g o�cfe.ÓW��ndÀc��/n,��n,�*wmx,g�j��?o7wmc?hmÀ s
• ¡�g�o�cfnCwmhicf�/e.g:�?pÈ Whmg:e¿g:nCwip.¢, ¤wÃxS�<Üfg ��nÙ ,Ó,ÓHg�h±¢Sc? ,nW£ÙcfnJwix,g nd ,e�¢Hg�hÃcfjpi��e.Ó,��g:p���gUo��fn�xS��nW£¤��gfzdwixW��wu��p:z,��wue.c?pÈw

100
s

• ¬ g:�fpm ,hig�e.g�nCwyp�e
�<À ¢Hg�wy��¯fg:nÍ��w�£¤���4g�hig�nCw]wi�³e.gAp�zQ¢, ,wU��wÒe.cCpÅw 20
ÓSg:h]wi�³e.g��w�£¤���Hg:hmg:n?w/��c¤o�����g:p s

• ® c��é��cf ,��£��ºg
£¤gApÈ���fn���wmgApÅwi�³n,� ÓWhmc¤okgA£¤ ,hig�wixW��w��?o�o�cf ,nCwipÒjlc?hE��nW£Íhig:�fpmcfn,��f¢,��À�g:pÈwm��e.��wmgAp�wix,��p.ÓSc?�³�� ¤wm��cfnJ£¤ ,e.Ó,��n,�� WpÈ��n,�Íwmx,g o�cfnCwi�fe¿��nW�fn?w*wmhy��nWpmÓHcfhmwgAÉC W��wi�³c?n��?p�cf ,h/e.c¤£¤g��']
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σ1, σ2, . . . , σq

���m~»¤|W����»W~�� Ð±Ìf~��Î~��7�¿��|H~yÌ±��Ð
G
�

� ò %�ñ ðlî:ð þ ñ ùSù � ¡a�³wmx¿n,cfwi��wi�³c?n*�?pL��n*wmx,gubd�ÒÚ ã x,g�c?hmg:e�z��fnW£
Up
z
Vp

wix,g�e
��wmhi��okg:pokc?nWpm��pÈwm��n,�±cfj×wmxWg�ÛWhypÈw
p
okc?�³ ,e.nWpÒcfj

U
z
V
zQhig:pmÓSgAo7wi�³Ü?g���ÀfzQ��nW£

Sp
wmxWg*ÛShipÈw

p
hic��up��nS£¿o�cf�� ,e.nWp#cfj

S
zf�/x,g:hmg

σp
��p#wmxWgu���?pÅw×nWcfn,²:g�hic�pm��n,�f ,����h#Ü��f�³ ,g?z�wix,g�n
wix,g � þ0þSû ò &

��òdñ û�þ � ò�� � òdí ÿ þ ð�ñ��Sò û�� ò c�j
G
��p

G† = VpS
−1
p UT

p ≡
p∑

j=1

1

σj
VjU

T
j

s

r:¥



� �¤îAï�� � � ñ þ � � ý7ît ��hihmÀ
c? ¤w/wmxWg:pmg�o:����ok ,����wi�³c?nWp���n ¬ ��wm����¢çq
�U
Z X8
�+Fe +^a%
,'*/�D
a�6W
�e�������=Fh�
��@�� ��������E) ��������Fh�6W
��� ��2'F-2��ZP��

��@�� ��������E) ��������F/���=� \ H

 ���6W
� [ ��	?3e�
&��-%�
+`a%��?^ 
� a"$8 �

��+�?^��

XF� �F��$"9MD0-�
� [ `�^����G��	��+�?^��U
�H


	���	�HX��%7
�&?>-,?�
	�����,'>����LH?bGF 
ë

� ����ï�ð � �¤î:ð þ ñ �.þ ü�î �Lò � � �
� pmg�n,c�wy��wm��cfn���¢Hc�Üfg]�fnW£Ãhig:o:�����HwmxW��wºwix,g�nC W�³�QpmÓW�fo�gÒ�fnW£±o�cf�� ,e.n�pmÓW�fo�g § hi�fn,�fg<ªc�j e
��wmhi�³Ý

G
�fhmg

N (G) = {x ∈ R
n |Gx = 0} �fnW£

R (G) = {y ∈ R
m |y = Gx, x ∈ R

n} = span {G1,G2, . . . ,Gn}

�	� ò þWû ò
� ù � � �
� �
rank (G) = p

��|4Ì
G =

p∑

j=1

σjUjV
T
j

��� �
N (G) = span {Vp+1,Vp+2, . . . ,Vn}

ê
R (G) =

span {V1,V2, . . . ,Vp}
��� �

N
(
GT

)
= span {Up+1,Up+2, . . . ,Um}

ê
R (G) = span {U1,U2, . . . ,Up}��� �

m† = G†d
���U�l�,~��³~y�<�7�º� ��»W���i~7������� »¤�Y����|Í�Î�

Gm = d
�ÅÑU�¿��|W���¿»¤�

2
¾¸|H���7� �

� ò
� û î þ ü/î �Lò � ð�� �?íLï�î:ð\ò � � ðlî � � ò
� � î � �Qí�� û ò � � þ ï�íLî:ð þ ñ �
� pmg�wmx,gUÓWhmg:ÜC��cf SpºnWc�wi��wm��cfn0z,pmc¿wmxW��w

G
��p

m× n
�/�³wmxæhy��n,¯

p
��nS£æb¤�]Ú*z,gkwyoU�fp��¢Hc�Üfg s ��À ÿ �¤î � � ��� �?ò ��g]e.g:�fnÃwix,g�Üfg:okwmc?h�pmÓW�fo�g

R
m �fnW£Ã¢dÀ � þçÿ òdï � ��� �?ò �ºge.g:�fn

R
n s

¹�� ����| 	E¼¿~ �º����~k|4�kÐf·
ã x,��p�e.g:��nSp�wmxW��w

p = m = n
sºt c?e.e¿g:nCwip:q

• ã xW��p/e.gA��nWp�wixW��wund ,���0pÈÓS�fokg�cfj ¢Hc�wix G
��nW£

GT �fhmgÒwmhi��ÜC����� § ¢Scfwmx {0} ª s
• ã xWg�nÃwix,g�hig���p��EÓHg�hmjlg:o7w�okc?hmhig:pmÓSc?nW£¤g:nWokgu¢HgkwÅ��g�g:nÃÜfgAo7wicfhyp×��n±£,��wy��pmÓW�fo�g���nS£e.c¤£¤g:�çpÈÓS�fokg?q

Gm = d, m = G−1d = G†d.

• ã xW��p/��p�wmxWgU��£¤gA��� s �� ¤w���hig]��g�cf ¤wucfjçwix,gU�ºcdc¤£,p^]
• Ô�cWz¤��gÒpÈwm�����HxS�<Üfguwic¿£,g:���4�/�³wmxæ£,��wy��g:hmhicfh���nW£±�³���³�Îo�cfnW£¤�³wm��cfnW�³n,�¿c�jçwmx,gUokcdg 
¿�o��³g:nCwue.��wmhi�¶Ý § hig�e.g�e*¢Sg:h ® ���³¢Hg�hmw^]<ª s
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� � î � �Qí�� û ò � � þ ï�íLî:ð þ ñ �
� pmg�wmx,gUnWc�wi��wm��cfn

m† = G†d
s

��� � ����| 	�¼¿~ �º����~k|4�kÐf·
ã x,��p�e.g:��nSp�wmxW��w

d = n < m
sÆt cfe.e.g�nCwip:q

• ã xW��p/e.gA��nWp�wixW��wund ,���0pÈÓS�fokg�cfj G
��p�wihm��Üd���f�\z¤¢, ,w/wmxW��wuc�j

GT ��p�nWc�w s
• ® g�hig m†

��p�wmx,gU Wn,��ÉC ,g���g:�?pÅw�piÉC W��hig:p�pmcf�� ¤wm��cfn s
• ¨ nW£ m†

��p×wix,gÒgkÝ,�fokwºpÈc?�³ ,wm��cfn
wic
Gm = d

gkÝ,�fokwm��À*�³j
d
��pº�³n
wix,gÒhi�fn,�fgucfj

G
s

• �� ¤w m
��p/��nWpmg�nWpm�³wm��ÜfgÒwmc
��ndÀ
wihi�fnWpm����wm��cfn

d + d0
�/�³wmx

d0 ∈ N
(
G†

)

� ò
� û î þ ü/î �Lò � ð�� �?íLï�î:ð\ò � � ðlî � � ò
� � î � �Qí�� û ò � � þ ï�íLî:ð þ ñ �
ß×��� »¤�¿| �]��| 	E¼¿~ ���k��~�|H��Ðf·
ã x,��p�e.g:��nSp

p = m < n
sºt c?e.e¿g:nCwip:q

• ã xW��p/e.gA��nWp�wixW��wund ,���0pÈÓS�fokg�cfj GT ��p�wmhi�³Üd�����Yz¤¢, ¤wuwixW��w/cfj
G
��p�nWc�w s

• ® g�hig m†
��pu�.pÈc?�³ ¤wi�³c?n�cfj e.��n,��e� ,e

2
�În,cfhie s

• ¨ nW£ m† + m0
��p/����pÈc.�
pÈc?�³ ,wm��cfn�wmc

Gm = d
jlcfhu�fnCÀ

m0 ∈ N (G)
s

• b¤c d
��p/��nWpmg�nWpm�¶wi�³Ü?gÒwmc
��ndÀ
wihi�fnWpÈ����wi�³c?n

m† + m0
�/�³wmx

m0 ∈ N (G)
s

� ò
� û î þ ü/î �Lò � ð�� �?íLï�î:ð\ò � � ðlî � � ò
� � î � �Qí�� û ò � � þ ï�íLî:ð þ ñ �
��� �(��|HÌ�ß×��� »¤�¿| �]��| 	*¼¿~ ���k��~�|H��Ðf·
ã x,��p�e.g:��nSp

p < min {m, n} sºt cfe.e.g�nCwip:q
• ã xW��p/e.gA��nWp�wixW��wund ,���0pÈÓS�fokg�cfj ¢Hc�wix G

��nW£
GT �fhmg�n,c?n?wihm��Üd���f� s

• ® g�hig m†
��pu�¿�³gA�fpÈw/piÉC W��hig:p�pmcf�� ¤wm��cfn s

• ¡�gUxW�<Ü?g]wihmc? ,¢,��g��³næ¢Hc�wmx £¤��hig:o7wi�³c?nWp s
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�*þ �[� û ð��,ñ �fò �,ñ ÿ � ò �:þ ï�íLî:ð þ ñ
� ò %�ñ ðlî:ð þ ñ ù�� � ã xWg � þ0ÿ òCï û ò �Aþ ï\íçîAð þ ñ � �¤î û ð�Y jlcfh�wix,g
Ó,hicf¢,��g�e

Gm = d
��p

Rm = G†G
s

ß×��|W�k~ ��»W~k|4�y~7��·
• Rm = VpV

T
p

z¤�/x,��oyx���p �Å WpÈw
In

�¶j
G
xW�fp�jl ,���ço�cf�� ,e.n�hy��nW¯ s

• áÎj Gmtrue = d
zdwmx,g:n

E [m†] = Rmmtrue

• ã xd Wp:z�wmxWg!¢,���fpÃ��nÙwmxWg!�fg:hmg:hi�f�³��²�gA£ ��ndÜfg�hypmg!pÈc?�³ ¤wi�³c?nÙ��p
E [m†] − mtrue =

(Rm − I)mtrue = −V0V
T
0 mtrue

�/�³wmx
V = [VpV0]

s
• b¤�³e.�����fhm��Àfz¤��n±wix,gEo��?pÈgÒc�j ��£,g�nCwm��o��f�³��À±£¤��pÅwihm��¢, ¤wig:£�£,��wy���/�³wmxæÜ���hi����nWo�g σ2 z¤wmx,go�c�Ü���hi���fnWokgÒe
��wmhi�³Ý±��p

Cov (m†) = σ2G†
(
G†

)T
= σ2

∑p
i=1

ViV
T

i

σ2

i

.

• � hmc?e g�ÝdÓHg:okwmgA£�Ü<�f�³ Wg:pU��g
cf¢¤wy����n�� û ò �Aþ ï\íçîAð þ ñ î:ò � î qE�³j/� £,���f�fcfnS���#g�nCwihmÀ�fhmgÒok��c?pmguwic
1
zd��g]o����f�³eÖ�?cCc¤£
hig:pmcf�� ¤wi�³c?n
c�j0wixW��w/okcdcfhy£¤��nW��wigfz?c�wmxWg�hi�/��pmg�n,cfw s

� H�� '
�ZU
!
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ë
ýkñ � î � � ð�ï�ð�î 
 þ ü ��òCñ ò û �,ï�ð,�fò ÿ ýkñ��Sò û�� ò � þ ï�íLî:ð þ ñ
Ï4�,~ 	f~�ÐÃ�m~k�7»¤� �\�k·
• � cfh

n× n
pmÉC W�fhmgÒe
��wihm�³Ý

G cond2 (G) = ‖G‖2
∥∥G−1

∥∥
2

= σ1/σn
s

• ã xW��p��³nWpmÓ,��hmgAp�wmxWg�£¤gkÛSn,�¶wi�³c?n0qºwmx,g�o�cfnW£,�¶wi�³c?n�nd ,e*¢Sg:h�cfj��fn m× n
e
��wmhi�¶Ý

G��p
σ1/σq

�/x,g�hig
q = min {m, n} s

• Ô�c�wigfq#�³j σq = 0
zdwix,gEokc?nW£¤�³wm��cfnænd ,e�¢Hg�h/��p���n¤ÛWn,�³wÅÀ s áÅp�wix,��p/n,c�wi�³c?n� SpÈg�jl ,� ]

• áÎj £,��wy� d
Üfg:okwmc?hÆ��pÆÓHg�hmwm ,hi¢Hg:£
wic

d′
zChig:pm ,�³wm��n,����n���ÓSg:hÈwi ,hi¢W��wi�³c?nÃc�jQwix,g]�?g�n¤�

g:hi�f�³��²�gA£±��ndÜfg:hipmgÒpmcf�� ¤wi�³c?n
m†

wmc
m′

†

z¤wmx,g:n ‖m′
†−m†‖

2

‖m†‖2

≤ cond (G)
‖d′−d‖

2

‖d‖
2

.
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 ý � � íLò �
� � �a���W~7��~ºÑk�f�������È½�~y�k�º�7�Î�?�k��� ���YÐf·
• áÎj cond (G)

��pºnWc�wÆwicdc�����hi�fgfzfwmx,g:n
wmxWgÒpmcf�� ¤wm��cfn±��p�pÅwy��¢,��guwic�ÓHg�hmwm ,hi¢W��wm��cfnWpÆ�³n£W��wi� s
• áÎj σ1 � σp

zdwmx,g:hmg���p���ÓHc�wig�nCwm�����4jlc?h���nWpÈwi�f¢,�³���³wÅÀ s áÎw/��p�£¤��e.�³nW��pmx,g:£��³jLwix,gU£,��wy��³wipmg��³jSxS�fp pÈe
�����¤okc?e¿ÓHcfnWg�nCwipL�³n�wmx,g/£¤��hig:o7wi�³c?nEc�jHpÈ��n,�f W���fhLÜ?g:o7wicfhypço�cfhihmgApÈÓHcfnW£¤���n,�.wic.pme
�����0pÈ��n,�? ,���fh/Ü����� ,g:p s
• áÎj σ1 � σp

z?�fnW£Ewix,g�hig���p#��ok��g:�fh#£¤g����³nWg:��wi�³c?n*¢HgkwÅ��g�g:n �mpme.�f�³� 	�pm�³nW�f ,����h�Ü����� ,g:p�fnW£�wix,g�hmgApÅwAz#�ºg�pÈ��e.Ó,�³gæ£¤��pmo:��hy£�wmx,gæpme.�f�³�/pm�³nW�f ,����h*Ü<�f�³ Wg:p¿��nW£­wmhig:��w*wmx,gÓWhmc?¢,�³g:e��fp�c?n,g�c�j#pÈe
�f�³��g�h/hy��n,¯
�/�³wmx �È�fcdc¤£)	Òpm�³nW�f ,����h/Ü����� ,gAp s
• áÎj σ1 � σp

z/��nW£Pwix,g�higæ��p
nWc­ok��g:��hÃ£,g����³n,gA��wi�³c?nJ¢HgkwÅ��g�g:n �Èpme
����� 	�pm��n,�f ,����hÜ��f�³ ,gAp��fnW£�wmxWg±hig:pÈw:z��ºg±xW�<Üfg.wicÍ£¤��pmo:��hy£�pÈc?e¿g±c�j/wmxWg�eæz#¢, ¤w¿�/x,��oyx cfn,gAp ]
ã xW��p���g:�f£Wp#wmc¿hig��f W���fhm��²:��wm��cfn.��pipm ,g:p s á¸n���ndÀ.o��fpmgfzd��ndÀ.e.gkwix,c¤£
wmxS��w�£,��pio��fhi£,ppme
�����0pÈ��n,�? ,���fh/Ü����� ,g:p�Ó,hic¤£¤ Wo�g:p/� î û í ñ�� �¤î:ò ÿ � � � §\ã bd�]Ú�ª/pmcf�� ¤wm��cfn s
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(�454 67��#�# 89�:��%
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� �<�7����{�Ìf~y�?·
¨ hi�<À¿g�e
��nS��wmgAp#jlhicfeÖc?n,g�¯dn,c��/n
ÓHcf��nCwºwic¿�fn,c�wix,g�h�����cfn,����¯dn,c��/nÃÓW��wmx

`
zC�/�³wmx��£¤g�wmg:okwi�f¢,�³g�Ó,hmc?ÓSg:hÈwÅÀ±�/x,��oyx ��puc?¢Wpmg�hiÜ<�f¢,��gE£,��wy� s�ã x,g:pmg�£,��wi�
��higU Wpmg:£�wicÃg:pÈwm��e
��wmg�*wmhy�<Üfg:�QÓ,hmc?ÓSg:hÈwÅÀ
cfjLwix,gUe.g:£¤�� ,e s � cfh/g�Ý¤�fe.Ó,�³g?z,��gkw/wmxWgUÓ,hmc?ÓSg:hÈwÅÀ±¢Sg�wihi�<Ü?g��4wm��e.gfzpmc*wixW��wAq

• ã hy�<Üfg��Hwi�³e.gU��p/�f��Üfg:n±¢dÀ t =

∫

`

dt

dx
dx =

∫

`

1

v (x)
dx

• ¡�gEo��fn�����n,g:�fhm��²�g�¢dÀÃe
��¯d��n,�.ÓW��wixWpupÈwmhy�����fxCw�����n,g:p s
• Ú]��pmo�hmg�wm��²�g�¢CÀ�g:e�¢Hg:£,£¤��n,�]wmx,g�e.g:£,�³ ,e ��n*�ÒpiÉ? S��hig § o� ,¢Sg<ª ��nW£*pÈ ,¢4£¤��Üd��£¤��n,�Ò�¶w��nCwmcUhig��? ,���fh#pÈ ,¢SpmÉC W�fhmgAp § ok ,¢Hg:pyª ��n¿�/xW��oyx.��g��?pmpm ,e.g��Èpm��c��/n,g:pip 	 § ÓW��hy��e.g�wmg�hcfjLwix,gUÓ,hicf¢,��g�eÃªº��puokc?nWpÅwy��nCw s
• ã hy��nWpme.�¶w*wmx,g�hi�<À�����cfn,�!pmÓHg:ok�³ÛWgA£­ÓW��wmxWp*��nW£­o�cf���³gAo7w*wmg�e.ÓHcfhy����£,��wy� wmcÍ¢Sg SpÈgA£���næg:pÈwm��e
��wm��n,� �mpÈ��c��/n,g:pip 	 s
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��ùã x,guÛS�f ,hig/jlcfhÆwmx,��pºgkÝ¤ÓSg:hm��e.g�nCw § �fpipÈ We¿g�g:�foyxÃpm ,¢WpiÉC W��hig/xW�?pºpm��£,g:p×cfj0�³g:n,��wix
1
zpmc*wix,gEpm�³²:gÒcfjçwix,gU���fhm�?gÒpiÉC W��hig���p

3× 3
ªkq

1211 13

21 22 23

31 32 33

t1
t2 t3

t4

t

t5

6

t8

t7

WZY��[�\��ï�ò ù � . �,ñ ÿ �
��ùt cfhihmgApÈÓHcfnS£¤�³nW��e
��wihm�³Ý�cfj�£¤��pÅwy��nWo�g:p
G
§ hic��up�c�j

G
hig�Ó,hig:pmg�nCwU£¤��pÈwi�fnWokgApU����cfn,�okc?hmhig:pmÓHcfnW£¤��n,�]ÓW��wix0zfokc?�³ We¿nSp wmx,g/hy�<ÀE£¤��pÅwy��nWo�g:p��fo�hmcCpmpLg:�?oyx¿pm ,¢,¢,��c¤oy¯,ªL�fnW£*hmgApÈ ,�³wÈ���n,�
pÈÀ¤pÈwmg�eæq

Gm =




1 0 0 1 0 0 1 0 0
0 1 0 0 1 0 0 1 0
0 0 1 0 0 1 0 0 1
1 1 1 0 0 0 0 0 0
0 0 0 1 1 1 0 0 0
0 0 0 0 0 0 1 1 1√
2 0 0 0

√
2 0 0 0

√
2

0 0 0 0 0 0 0 0
√

2







s11

s12

s13

s21

s22

s23

s31

s32

s33




=




t1
t2
t3
t4
t5
t6
t7
t8




= d

°]¢Wpmg�hiÜfgfq���n wmxW��p Ç Ý,��e.Ó,��g
m = 8

��nW£
n = 9

z4pmc
wix,��pÒ��p�hy��nW¯�£¤g�ÛSok��g�nCw s Ô�c��hi ,n!wix,g*g�Ý,��e.Ó,��g�ÛW��g*jlcfhÒwmx,��pÒgkÝ,��e.Ó,��g s ¡�g¿n,g�gA£!wicÃÛ,Ý!wix,g¿ÓW��wix s�¨ pipm ,e.�³n,���ºg��higÒ�³n�wmxWgE£¤�³hig:okwmc?hmÀ ¬ ��wm����¢ ã cdcf��p�z,£,c*wix,g�jlcf����c��/�³n,�Sq
�?������]�����^������ ���$��]-,
����� \ ^��
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