Rulesfor Iterated Integrals

Rule 0. When an iterated integral is set up in a coairsystemONLY variables from that coordinate
system are allowed.

(E.g., in polar coordinates, you can't hawva y present anywhere in the final iterated integraly o and0.)

Rulel. A variableNEVER can be present in its own limits of integrationirothe limits of integration of
a variable integrated after it is.

(So if we're integrating in the ordeglxdzdy |, the limiis x can involve only and z, the limits onz can

involve onlyy, and the limits ony must be constants.)

Fact: Each limit of integration represents an éignaobtained from the variable being integratqdads its
limits.

dzdydx , the limits represent the equatios=0
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Rule 2. EVERY limit of integration in an iterated integisl UST represent one of the following three
types of equations:

Type 1. Actual boundaries of the region coveredhiy iterated integral.
Type 2. Equalities of the limits from an earlierdgtation in this iterated integral.
Type 3. Formal limits on a variable.

Formal limits are limits on the range of a variathles to the coordinate system being used. Thidean
because our differential requires it (e.g. in polordinatesdA =r dr déd assumé&s>0 ), because
going past it is unnecessary (and often anti-ivelite.g. in spherical coordinates we keg® 0 ) or
because going further will duplicate part of thgioa (we often keef) < @ < 277 for this reason). In
rectangular coordinates there are no formal liexisept fortoo | used in some improper integrals.

Important: Equations of Types 2 and 3 do not always get,usgidhose equations should not normally
be between the limits that are used on a varialso, equations are nevsimultaneously Type 1 and
Type 2.

Rule 3. Every actual piece (curve in 2D, surface in 8bjhe boundary of the region abdvlJST be
present as a Type 1 limit in the iterated integral.

Critical consequence of rules2 and 3: On the actual boundaries of theregion, there can be at most

two (there may be less, but only if there's also mfddimit) waysto solvefor the variableto be
integrated first. If you must integrate starting with a variable Wehich this is false, then you must do the
multiple integral as a sum of two or more iteratgdgrals.



