Thedifferentialsfor flux integrals
Math 208

Our text fails to explicitly state the formula fdh 0 when the surface is written as one variable is a

function of the other two. This is by far the mosmmon case used, and knowiRdgl o saves
several steps, so it should be known. Most ofteris a function ofx andy. In that case we get:

If the surface is part oz = f (X, y) ,themdo == (f,i+ f ] —k)dydx

yl -

The choice of sign depends on the orientation ®ftirface involved, + giving downward orientation,
- giving upward (since up/down is determined bykhmefficient). Also, be aware that the integral

can, of course, be dordydX  asindicaeltdy ,or evdidf Buttreatingndo asa

combination and taking the dot product with thetoetield F is almost always simpler than finding
N anddo separately, calculatifgen , and then multiglysy do . For example:

Example: Find the flux of F(X, Y, Z) =< 3X,3y ,— 2Z > over that portion of the upwandented

paraboloid X* + y2 —Z=0 which satisfieg <9

Solution: The surface equation, solved fargives usZ = X2 + y2 so we need

f(x,y)= X2 + y2. Since we want upward oriented,

ndo =-(f,i+ f,j —k)dydx=<-2x,-2y,1> dy dx,which leads to
j Fendo = "<3x,3y,—22>-<—2<,—3/,]>dydx
s Ry
= ([ (-6x? - 6y? - 22)dy dx
Rey
= ([ (-8x% - 8y?)dydx
Ry

But R, is the region in they-plane whereZ = X2 + y2 <9 , which means this integral is beaedo
in polar coordinates. We get:

” (—8x2 - 8y2)dydx

Rey

Isﬂjj—ar:”drde

(—2r4‘zj(9|§”) = - 3247



Note that one can “rotate” the roles of the vagabhnd get corresponding formulas:

If the surface is part ok = f(y,2) ,themdo =+ (=i + fj+ fk)dydz
and likewise

If the surface is part off = f (X,z) ,themdo =+ (f,i—]+ f,k)dxdz

Also note that the formulas f@lg"  in these settifvgsich are in the text at the bottom of p. 895 and
top of p. 896) are just the formulas for the lesgihthese vector differentials. In general, ififond
yourself having trouble memorizing all of the ditfatials for surface integrals, memorize the ooes f

ndo, and if you're doing a surface integral which & a flux integral, finddg by taking the
length of the vector part. The formula fardo is gelly simpler to memorize and use than the
formulas forn anddd done separately. (When donarségly, some extra square roots arise,
which eventually cancel.) Faido  we mainly use theve cases and the parametric case, where

again the combined differential is simpler to usantn anddo  separately, but it is not given
explicitly in the text:

If the surface is given parametrically b{U,Vv) , thalo == (r, xr,)dudv

The formulas given in the book for the level suef@(X, Y, Z) = C are generally harder to use than

the formulas above, and the surfaces we give yo@alarays either easy to parametrize or easy t@solv
for one of the variables in terms of the other tamjf you know the above formulas and know how to
parametrize standard surfaces, you're generallgreol

Exercises:
1. Find the flux ofF (X, y,z) = < 2z,0, 4y2 > over the upward oriented pantif

Z=2x+y? + 3 thatis defined by-1< X< 3 ani< y < 4

2. Find the flux ofF(X, y,Z) = < 3,1,— 2> over the portion of the surfayet 7% = x?

thathas—2< X< 2 —2<z<4 andis oriented toward decreaging
3. Find the flux of F(X,Y,Z) = < 2X,Y,Z> over the finite piece & = y°z*  boeutby

z=-2,yY=-2Z,andy = 2Z , if the orientation is away from you aswéd from a point
on the negative-axis.



Answers:

1. -240
2. 72

3. 384



