ON ASSOCIA TED GRADED RINGS OF NORMAL IDEALS

Sam Huckaba and Thomas Marley

1. Intr oduction

This paper was inspired by a theorem concerningthe depths of assaiated gradedrings
of normal idealsrecertly appearingin [HH]. That theorem wasin turn partially motivated
by a vanishing theorem proved by Grauert and Riemensdineider [GR] and the following
formulation of it in the Cohen-Macaulgy casedue to Sando de Salas:

Theorem 1.1. ([S, Theorem 2.8]) Let R be a Cohen-Maaulay local ring which is essen-
tially of nite type over C and let | be an ideal of R. If ProjR][lt] is nonsingular then
G(I") is Cohen-Maaulay for all large valuesof n. (Here G(I") denotesthe assaiated
gradel ring of R with resgect to 1))

The proof of this theorem, becauseit usesresults from [GR], is dependert on complex
analysis. Somenatural questionsare: Is there an "algebraic' proof of Thereom 1.1? Can
the assumptionson R be relaxed? What about those on Proj R[It]? It is known that
Theorem 1.1 fails if the nonsingular assumption on Proj R[I t] is replaced by a normality
assumption; Cutkosky [C, x3] gave an example showing this for the ring R = CJ[[x;; z]]
(seealso [HH, Theorem 3.12]). In the two-dimensional case,however, we show that it is
possibleto replacethe assumptionon Proj R[I t] with the condition that | (or somepower
of 1) is a normal ideal (seeCorollary 3.5). Moreover, the theoremis valid for arbitrary two-
dimensional Cohen-Macaulg rings, not just those which are essetially of nite type over
C. This had beenestablishedby Huckaba and Huneke [HH, Corollary 3.8](and previously
outlined by Huneke in [Hun]) in the casedim R=I = 0.

We now describe in more detail the connections between some of these results. The
Grauert-Riemensdineider vanishing theorem of [GR] has the following dual form ([HO,
Proposition 2.2]):

Let R bealocalring which is essetially of nite typeoverC and X = Proj R[lt]
adesingularizationof SpecR. Let Y bethe closed b er of the morphismf : X !
SpecR. Then HY (X;0x) = 0for i < dimR.

Lipman proved this dual versionfor arbitrary two-dimensionalnormal local domainsR [L1,
Theorem 2.4]. Moreover, he showved that in this situation one can relax the nonsingular
condition on Proj R[I t] to just requiring Proj R[l t] to be normal.
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Sandto de Salasshowved that when R and X are Cohen-Macaulg (but not necessarily
nonsingular), the vanishing of H{ (X;Ox) for i < dimR is equivalert to the assiated
graded ring G(1") being Cohen-Macauly for n su cien tly large (seealso [L2, Theorem
4.3]). Theorem 1.1 follows as a corollary, as doesa generalizedtwo-dimensionalversion of
it by invoking Lipman's result.

As a generalization along di erent lines, Huckaba and Huneke proved that if (R; m) is
a two-dimensional Cohen-Macauly local ring and | is an m-primary normal ideal (i.e.,
all powers of | are integrally closed), then G(I1") is Cohen-Macauly for large n ([HH,
Corollary 3.8]). Their theorem is a consequenc®f a more generalresult concerningnormal
ideals integral over regular sequence®f length at least two ([HH, Theorem 3.1]).

Our main results (Theorem 3.4 and its corollaries) generalizethosein [HH] in that they
hold for any normal ideal. In particular, we give an algebraic proof of the following version
of Theorem 1.1:

Corollary 3.9. Let R be a two-dimensional Cohen-Maaulay local ring and | an ideal
of R such that Proj R[I t] is normal. Suppse that either ht1 > 0 or R is analytically
unrami ed. Then G(I") is Cohen-Maaulay for all n su ciently large.

The techniqueswe useare completely di erent from thoseof [HH] or [L1]. Our methods
are basedon an analysis of the graded local cohomologymodules of the Reesalgebraand
assaiated gradedring of | . There are two ingredierts of our proof that are worth special
mertion. Oneis aresult dueto Itoh ([It, Lemma5]) concerningthe vanishing of the degree
zero componert of H3(R[I't;t 1]) where! is a normal ideal and J is a homogeneousdeal
satisfying certain conditions (seeLemma 3.1). The secondimportant tool is the concept
of generalizeddepth, studied rst (although not using that terminology) by Brodmann
[Br] and Faltings [F], and exploited later in [TI] and [HM] to study relationships between
the depths of asseiated graded rings and Reesalgebras. We use generalizeddepth in this
paper to bound the degreesof the nonzero graded componerts of the local cohomology
modules of assaiated graded rings and Reesalgebras.

The paper is arranged into four sections. Section 2 consists mainly of badkground
material. In particular, we recall some basic properties of Proj R[It] and discuss the
notion of generalizeddepth. Section 3 cortains our main results on normal ideals. After
proving Theorem 3.4 and its immediate corollaries, we presert a few results related to the
Cohen-Macauly property of R[I "t] for large n wherel is anideal of linear type. Theseare
built around a curious result (Proposition 3.11) about the integer ag(R[l t]), whereR is a
d-dimensional Gorensteinlocal ring and | is of linear type. We show that this integer must
be negative, and useit to give someconditions under which R[I "t] is Cohen-Macaula for
su cien tly large n (Corollaries 3.12and 3.13).

Section 4 is devoted to an analysis of the depths of R[I "t; t 1] for large n. The results
in this section can be usedto give another proof of a version of Theorem 3.4 (Theorem
4.7), but alsohelp clarify what needsto be doneto prove Theorem 1.2 for Cohen-Macauly
local rings of higher dimensions. For instance, we shav (seeCorollary 4.5) that if R and
ProjR[It] are CM and R is the homomorphic image of a Gorenstein ring, then G(I ") is
Cohen-Macaulay for large n if and only if H\, (R[It;t 1])o = Ofori < dimR + 1 (where
M is the homogenenousnaximal ideal of R[I t; t 1]).



2. Preliminaries

In this sectionwe will summarizesomebasicterminology and results concerningProj of
gradedrings and its connectionwith generalizeddepth. All rings in the paper are assumed
to be commutativ e and possessingan identit y element.

Let A= A, beagraded(by which we always mean Z-graded unlessexplicitly stated
otherwise) Noetherian ring. If U is a multiplicativ ely closedsubset of homogeneousele-
mens of A and M is a graded A-module then the localization M is a graded Ay -module
whosegrading is induced by deg() = degm degw. The homogeneousocalization M ()
is the degreezero componert of M. Following standard notation (see[HIO, Chapter 2]
for example), if Q is a homogeneougprime ideal of A and U is the set of all homogeneous
elements of A not in Q then My is denotedby M q). It is easily seenthat the ring A q)
is alocalring. If x 2 A is homogeneousand U = fx"g, 1 then My, is denotedby M ;.

Recall that as a set Proj A is de ned to be the set of homogeneousprime ideals of A
that do not contain the setA, = 1An. Usually, Proj A is de ned for positively graded

n
rings (in which caseA. is an ideal of A), but here we wish to allow for the consideration

of Z-gradedrings. For k a nonegative integer let Ry and Sy denote the Serre conditions:
A satis es Ry if A, is aregular local ring for all prime idealsp of A with htp k, and A
satis es S if depthA,  minfk;ht pg for all prime idealsp of A.

The following result is well-known. For corveniencewe sketch the proof.

elementswhich geneate the ideal (A.)A up to radical. Then the following statementsare
equivalent.

(@) A(g) satis es Ry (respectively S, respectively is Gorenstein) for all Q 2 Proj A.
(b) Aq satis es Ry (respectively Sy, respectively is Gorenstein) for all Q 2 Proj A.
(c) A, satises Ry (respectively Sy, resgctively is Gorenstein) for 1 i n.

(d) Ay, satises Ry (respectively Sy, respectively is Gorenstein) for 1 i n.

Proof. First note that if U is a multiplicativ ely closedsubsetof homogeneouslemerts of
A, and U contains an elemert of Ay, then Ay = A)[t;t '] wheret is an indeterminate
(see[E, Exercise2.17], for example).

(@) , (b): The inclusion Ay ! Ag is faithfully at with regular b ers(as Ag is a
localization of A q[t; t 7). The implications now follow from [Mat, Theorems 23.4 and
23.9].

(c), (d): This alsofollowsfrom [Mat, Theorems23.4and 23.9]sinceAy, = Ax[t;t 1
forl i n.

(©)) (b: If Q2 ProjA then x; 2 Q for somei. ThusAg = (Ax,)o.

(b)) (c): We provethe Ry property; the proofs for Sy and Gorensteinare similar. Let
P be a prime ideal of Ay, having height at most k and let P denote the (prime) ideal
generatedby the homogeneouglemerts cortained in P. Then (Ay, )p isaregularlocalring
if and only if (Ax,)p isaregularlocal ring ([BH, Exercise2.2.24]). Thus, we may assume
P is homogenous.Let Q 2 SpecA sud that P = Q4. Then (Q )x, = (Qx,) = P = P;
hence, Q is also homogeneous.As x; 2 Q, Q 2 ProjA. It follows that (Ay,)p = Ag IS
regular sincehtQ = ht P k.
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Given a gradedring A (usually the Reesalgebra, extended Reesalgebra, or assaiated
gradedring of an ideal), we are interested in studying arithmetic properties of A that are
induced by assumptionson Proj A. We spell out the relevant terminology. If P is a local
ring-theoretic property (e.g., regularity, normality, the Cohen-Macaula property), then
the stcheme Proj A has property P if Ay hasthis sameproperty for all Q 2 ProjA. By
the precedinglemma if P is one of the Serre conditions or the Gorenstein property then
Proj A satises P if and only if Aq satises P for all Q 2 ProjA. This appliesto any
property which can be de ned in terms of the Serre conditions (e.g, normality).

Next we want to collect someresults from [HM] concerningthe concept of generalized
depth. We rst recall the de nition. Let (R;m) be alocal ring, | anidealof R and M a
nitely generatedR-module. The genearlized depth of M with respect to | is de ned by

g-depth; M := maxfk O0jl g Anng H! (M) for all i < kg:

If A is a Noetherian gradedring which hasa unique homogeneousnaximal ideal g and M
is a nitely generatedgraded A-module, we de ne g-depthM := g-depth(,h)Aq Mg.

This integer was rst studied by Brodmann [Br] and Faltings [F] in connection with
their study of niteness of local conomology modules. The term “generalizeddepth' is
re ectiv e of its close connection to ordinary depth. It is clear from the de nition that
depthM g-depth; M for any ideal |. If g-depth, M = dimM then M is said to be
generalizedCohen-Macaulgy with respectto | ([TI]). In [HM] the authors used g-depth
to help prove statemerts comparing depth R[l t] with depth G(1) for an ideal | in a local
ring R (seeLemma 3.3). We now isolate someimportant properties of generalizeddepth
in the graded case.

Prop osition 2.2. Let A be an Noetherian graded ring having a unigue homaggenaus max-
imal ideal g and which is the homomorphicimage of a Gorensteinring. Let M be a nitely
genenrted graded A-module. Then

g-depthM = pZrlprlonj Af depthM + dim A=pg:

Proof. A straightforward modi cation of the proof of [HM, Proposition 2.1] givesthat

g-depthM = g-depth,, A, Mg

minfdepthM, + dim Ag=pAq j p2 SpecA; Ay 6 p; andp qg:

Obsernwe that if p is not homogeneoughen
depthM, + dimAq=p Aq = depthM, + dim Ag=pAq
where p is the ideal generated by the homogeneouselemerts contained in p (see[BH,

Section 1.5], for example). Hencewe may assumep 2 Proj A and the result follows.

As a consequenceave seethat if A is equidimensionaland the homomorphic image of a
Gorenstein ring then the Cohen-Macaula/nessof Proj A is equivalent to the ring having
maximal g-depth.
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Corollary 2.3. Let A be an Noetherian equidimensional graded ring having a unique
homagen@eus maximal ideal q and which is the homomorphic image of a Gorenstein ring.
If ProjA satises Sk (for 0 k < dimA) then g-depthA  k+ 1. Moreover, ProjA is
Cohen-Maaulay if and only if g-depthA = dim A.

proof. Using Proposition 2.2 and that A is equidimensional,we have that

g-depthA = pzrlprlonj AfdepthAp +dmA htpg= pzrprlor}AfdlmA (dim A, depthAy)a:

The result readily follows.

The generalizeddepth of a graded module is closely related to another cohomological
invariant studied in [Mar2]. This invariant, which we denote by fg(M ), is a measure of
which local conomologymodules are " nitely graded'. The de nition follows. Again let A
be a graded Noetherian ring with unigue homogeneousnaximal ideal g. If M is a graded
A-module, we de ne

fg(M) := maxfk 0] Hiq(M)n = O for all but nitely many n and for all i < kg:

The utilit y of using fg(M) in this paper is that it simplies some of the proofs, and it
appliesto rings and moduleswhich are not positively graded (imp ortant for x4). It is clear
from the de nitions that fg(N) g-depthN. The following lemma states, however, that
in the caseA is positively graded we have equality of these two invariants.

Lemma 2.4. Let A be a positively graded Noetherian ring with a unigue homayeneus
maximal ideal and M a nitely generted graded A-module. Then fg(M ) = g-depthM .

proof. The proof is an easyadaptation of the argument usedin [TI, Lemma 2.2].
If M is a graded A-module and k is a positive integer then the kth Veronesesubmadule

of M isM® := | My,. Note that if x1;::::X, 2 A; generate(A; )A up to radical then
xk:xk 2 Al generate(AY)A® up to radical, and My = (M®) gy forl i n

and any graded A-module M . In particular, the setsof local rings of Proj A and Proj A(K)
are the sameup to isomorphism. More precisely ProjA and Proj A are isomorphic
as schemes. Another important property of the Veroneseembedding is that it commutes
with local cohomology Proofsin special casesare given in [GW, Theorem 3.1.1], [HIO,
47.5],and [HHK, Remark 2.4], while a proof of the generalcaseis outlined in [BS, Exercise
12.4.6]. We give another general proof below:

Prop osition 2.5. Let A be a Noetherian graded ring, | a homagen®us ideal and M a
graded A-module. Then for all i 0, H,«, (M ®) = H} (M)(®) as graded A(K)-modules.

Proof. ConsiderN = M=M ) asagradedA)-module. Then Ny, = Ofor all n. Hence,for
any homogeneoulemert y 2 A®, (Ny)xn = 0for all n. By computing local conomology
using the Cedch complex, we seethat Hi,(k)(N)l<n = 0 for all i; n. Using this fact together
with the long exact sequenceon local cohomologyinducedby 0! M®& 1 M1 NI 0,
we seethat Hil(k)(M(B)) = Hiw (M)® for all i. But Hjw (M) = Hi (M) = Hj (M),
becausel WA | | DA,

We alsonote that under mild hypotheses,g-depthM (and hencefg(M ) if A is positively
graded) is invariant under the Veronesefunctor.
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Prop osition 2.6. Let A be a Noetherian graded ring having a unique homayen@us max-
imal ideal and supmse (A.)A is geneated up to radical by A;. Then for any nitely
geneated graded A-module M, g-depthM = g-depthM ) for all k 1.

proof. As A is integral over A ProjA®) = fpk) j p 2 ProjAg. Furthermore, for
p2 ProjA, Ap ! Apis faithfully at and My = M,y a,, Ap- By [Mat, Theorem

23.3] depthM(p) = depthM,. Sincefor any k 1 (M &)y = M(p), we have that
depth(M (V) = depthM,. Also, dim A =gk = dim(A=p)() = dim A=p since A=p is
integral over (A=p)(k). The conclusionnow follows from the Proposition 2.2.

3. Associated graded rings of powers of normal ideals

Through the remainder of this paper (sections3 and 4), (R; m) is assumedto be a local
ring of dimensiond and | an ideal of R. For corvenienceof notation we often denote
the ReesalgebraR[I t] by S(I) (or simply by S if there is no ambiguity about the ideal
1). Similarly, we denote the extended Reesalgebra R[It;t 1] by S (I) (or simply S )
and the assaiated graded ring S=IS of | by G(I) (or G). Welet M = (m;1t)S and
M = (mlt;t 1)S . Weremark that G can be consideredeither asthe graded S-module
S=IS or asthe graded S -module S =t 1S , and that H}, (G) = H), (G) for all i.

Our main goal in this section is to prove a version of [HH, Theorem 3.1] concerning
the depths of the assaiated graded rings of large powers of normal ideals. The proof
in [HH] usesthe theory of supercial elemens and requires that the normal ideal be
integral over regular sequence.The proof we give instead relies on techniques of graded
local cohomology This allows us to remove the restriction that the ideal be integral over
a regular sequence,although we do needto add the hypothesis that the ring be quasi-
unmixed.

Recall that an element r 2 R is said to be integral over | if there exists a; 2 I such
that r" + a;r" 1+ + air + a, = 0. The integral closure of | , denotedby I, is de ned
to be the set of elemerts in R that are integral over |, and is itself an ideal of R. An ideal
is said to be integrally closal if it equalsits integral closure, and is said to be normal if
all of its powers are integrally closed. We note that if R is a local ring which cortains a
normal ideal then R must be reduced. For if | is a normal ideal and x 2 R is nilp otent,
thenx 2\ 1" =\ I" = 0, by Krull's intersection theorem. We will frequertly make us of
the following well-known fact.

Remark. Suppose R is a local ring but not a eld and | is a normal ideal. Then
depthG(I) 1.

proof. SinceR is reducedbut not a eld, dmR = dmG 1. AsI" = |" for all n, it
is easyto seethat t 'S is an integrally closedideal. Hence ewvery assaiated prime of
G=S =t 1S is minimal.

We now turn our attention to the local cohomology of form rings of normal ideals.
We will make critical use of the fact that the secondlocal cohomology module of the
extendedReesalgebraof a normal ideal is concertrated in positive degrees.This is largely
a consequencef the following result due to Itoh:
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Lemma 3.1. ([It, Lemma5]) Let R be a Noetherian ring and | a normal ideal. Let J be
a homayen®us ideal of S (1) suchthatt 12 J and ht JG(I)req 2. Then H3(S ), = 0
for n 0. (Here, G(I)q is the integral closure of G(l)=a, where a is the nilradical of
G(1).)

Recall that a local ring (R;m) is said to be quasi-unmixel (also known as formally
equidimensional) if all minimal primes in the m-adic completion R have the samedimen-
sion. A ring R is said to satisfy the second chain condition for prime ideals if for every
minimal prime p of R and for any integral extensionT of R=p, the length of any maximal
chain of prime idealsin T is equalto dim R ([Na, section 34]).

As a consequencef Itoh's lemma, we get the following:

Prop osition 3.2. Let (R;m) be a quasi-unmixeal local ring of dimension at least two and
| anormal ideal of R. LetS = S (1) and G = G(l). Then

(@ HZ (S)y=0forn O.

(b) Hy; (G), = Ofor n< 0.

Proof. Let N = M G, the homogeneousmaximal ideal of G. The rst statemert will
follow from Lemma 3.1 provided we show that ht NG,eg 2. By [Ra, Theorem 3.8], G
is equidimensional,and hence(G,eq )n IS equidimensionalas well. Thus (Greg)n IS quasi-
unmixed by [Mat, 31.6]. Consequetly, (G,q)n Satis es Nagata's secondchain condition
for prime ideals by [Na, Theorem 34.6]. This implies that ht N(Greg)n = ht N 2. But
ht N(Greg)n = ht N(Greq)w Where W = Greg NN, and therefore t NG,eq 2. This
proves(a).

Sincel is normal, depthG 1 and consequetly, depth S 2. Therefore the long
exact sequenceon local cohomologyderived from

ol s@ st Gl o
yields the exact sequence

0! Hy (G)n! Hy (S)nn
for all n. It followsthat Hy; (G), = Oforn 1.

We will needto usea result from [HM] concerningthe generalizeddepths of S(I) and
G(1):

Lemma 3.3. ([HM, Proposition 3.2]) Let R be a local ring and | and ideal of R. Then
g-depthS(1) = g-depthG(l) + 1, or equivalently (by Lemma2.4), fg(S(1)) = fg(G(l)) + 1.

We now prove our main result, which is a generalization (except for the quasi-unmixed
assumption) of [HH, Theorem 3.1]. In particular, the ideal | is not required to be integral
over a regular sequence.

Theorem 3.4. Let (R;m) be a quasi-unmixeal local ring and | a nonzemo normal ideal of
R. Then the following statementsare equivalent:

(a) depthR 2.

(b) depthg(nyI"S(") 3forn O

(c) depthG(I") 2forn O.
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Proof. SupposedepthR 2. Sincel is normal ideal we have that depthG 1 and, by
[HM, Propsition 3.6 and Theorem 3.10],depthS 2. By Proposition 3.2 we obtain that
Hl,\,I (G)n, = Ofor all n < 0and sofg(G) 2. Consequetly, fg(S) 3 by Lemma3.3. This
meansthere existst 0 sud that

HZ, (S), = O for jnj > t:
By Proposition 2.5,if n > t then
H|%/| m (SM)y = HZM (S)kn = Ofor k 6 O:

Since S(M = R[I"t"] we may replacel with I" and assumethat H%; (S)x = O for k 6 0.
We will show that depthg 1S 3. Using the exact sequence

0! IS( 1)! S! R! 0O

and the fact that depthS 2, we have HY, (I1'S) = HY, (I S) = 0. SincedepthR 2 this
yields that
0! HZ(IS)k 1! HZ (S)k

is exact for all k. Therefore Hﬁ,, (1S)x = 0for k 8 1. On the other hand, we have the
exact sequence

*) 0! Hy (G! Hy(S)k! Hy(Sk

obtained from the short exact sequence0! I1S! S ! G ! 0. We conclude that
HZ (1S) 1 = 0sinceHy, (G) 1 = 0 (by Proposition 3.2) and H% (S) 1 = 0. Therefore
HZ (1S) = 0 and depthg IS 3.

For (b) ) (c), it suces to prove the statemert for n = 1. As | is normal we have
H, (G) = 0, and from the exact sequence(*) it follows that Hy, (G) = 0. Therefore
depthG 2.

Finally, (c) ) (a) follows from [Mar2, Theorem 3.4(b)].

The next result generalizegHH, Corollary 3.8]to any normal ideal.

Corollary 3.5. Let (R; m) be a two-dimensional Cohen-Maaulay local ring and | a nor-
mal ideal of R. Then G(I") is Cohen-Maaulay for n 0.

Proof. This is immediate from Theorem 3.4.

Next we wish to look at Theorem 3.4in light of conditions on Proj S. We rst investigate
the relationship betweenthe normality of Proj S and | beinga normal ideal. The following
result is well-known:

Prop osition 3.6. Let R be a Noetherian ring and | an ideal of R having positive grade.
If Proj S(1) is normal then all large powersof | are normal.

Proof. By applying [RR,(2.3.2)] gradeG(1 %), 1for k 0. SinceProj S(I1*) is normal
for all k 1, it suces to shawv that if | is an ideal sud that ProjS is normal and
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gradeG: 1 (whereS = S(I), G= G(l)) then I is integrally closed. We claim that 1S
is an integrally closedideal; this will imply that | = I S\ R is alsointegrally closed. Let
Q 2 AssS=IS. If It Q then gradeG, = 0 sincel t(S=IS) = G.. Thereforelt 6 Q
which implies | Sq is principal. Also, Sq is a normal domain by the assumptionon Proj S.
As principal ideals of integrally closed domains are integrally closed, | S is integrally
closedfor all Q 2 AssS=IS, completing the proof.

As noted earlier, if R is a local ring possessinga normal ideal then R must be reduced.
In fact, if R hasan m-primary normal ideal then R is analytically unrami ed ([Re]). There
are examplesof reducedrings R and ideals| sud that gradel = 0and Proj S(I) is normal.
(E.g., R = K[[x; Y]]=(xy) and | = (x)R.) Are large powers of suc idealsintegrally closed?
The answer is yesin the caseR is analytically unrami ed.

Prop osition 3.7. Supmse R is an analytically unramied local ring and Proj S(l) is
normal for someideal | of R. Then 1" is integrally closel for all largen.

proof. Let S = I" be the integral closure of S = S(I) in R[t]. As R is analytically
unramied, Sand T = S=Sare nite asS-modules ([Re]). SinceProj S is normal, To = 0
for aIIpQ 2 ProjS. Consequetly AnngT * Q for all Q 2 ProjS. In other words,
S Anns T. As T is a nitely generatedgraded S-module, this implies that T, = 0
for n su cien tly large. Hencel" = I " for large n.

Combining theseresults with Theorem 3.4, we get the following:

Corollary 3.8. Let (R;m) be a Cohen-Maaulayring and | an ideal suchthat Proj S(1) is
normal. Supmsethat either ht1 > 0 or R is analytically unrami e d. Then depthG(I ")
2forn 0.

Proof. By Propositions 3.6 and 3.7, somepower of | is normal. Now useTheorem 3.4.

Applying 3.8in the two-dimensional caseleadsto the following generalization of Theo-
rem 1.2 (seealso[L1, Theorem 2.4]):

Corollary 3.9. Let (R;m) be a two-dimensional Cohen-Maaulay local ring and | an ideal
suchthat Proj S(1) is normal. Suppsethat either ht1 > 0 or R is analytically unrami e d.
Then G(I") is Cohen-Maaulay for n 0.

We now turn to some results concerning the integers a; (A) for a positively graded
Noetherian ring A with a unique homogeneousnaximal idealg. ForO0 i dim A these
integersare de ned by

ai(A) := maxfn 2 Z j Hy(A), & 0g:

If d= dim A then aq(A) is called the a-invariant of A (see[GW]). In the casewhere Ay is
Artinian, and A is generatedby one-formsover Ao, maxf a; (A)g is an upper bound for the
largest n for which the Hilb ert function H (A; n) and Hilb ert polynomial P(A; n) do not
coincide (see[BH, Theorem 4.3.5]in the eld case,and [Marl, Lemma 1.3]in the Artinian
case). It is also known that the a;'s play a role in bounding the reduction number of A.
(see[T]), which in turn canlead to information about the depth of A.

The following proposition givesa condition under which high powers of an ideal yield a
Cohen-Macaulyy Reesalgebra. Compare with [KN] and [G], where the negativity of the
a;'s was linked to the Cohen-Macaula/nessof R][l t] in special cases.
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Prop osition 3.10. Let (R;m) be a d-dimensional equidimensional local ring which is the
homomorphic image of a Gorenstein ring, | an ideal of R having positive height, and
S = S(I). Supmwsethat a;(S) < 0Ofor 0 i d. Then ProjS is Cohen-Maaulay if and
only if S(1") is Cohen-Maaulay for n 0.

Proof. As R is equidimensionaland ht1 > 0, S is equidimensional. By Corollary 2.3
and Lemma 2.4, Proj S is Cohen-Macauly if and only if Hy, (S), = 0 for all but nitely
many n. By the assumptionson a;(S), Hi,\,I (S)o = Ofor 0 i d. Thus, ProjS is
Cohen-Macaulgy if and only if H}, ,(S(™) = H}, (S)(™ = 0forn 0.

The next result givesa bound on a4(S(l)), where R is assumedto be Gorenstein and

| is an ideal of linear type. Recall that an ideal | = (X1;:::;Xm) of a local ring R is
of linear type if the kernel of the homomorphism : R[Ty;:::;Tn] ! S(I) dened by
(f (Ty;:::;TR)) = £ (Xat; 111 xpt) can be generatedby polynomials linear in the T;'s; i.e.,

S(I) is isomorphic to the symmetric algebraof | .

Prop osition 3.11. Let (R;m) be a d-dimensional Gorenstein local ring and | an ideal of
R having linear type and positive height. Then a4(S(1)) < 0.

Proof. Without loss of generality we may assumethat R is complete. Supposel =
(X1;::5:xp) and set T = R[Ty;:::;Tp]. Then S = T=J where J is the kernel of the
canonicalmap : T ! S mentioned above. By assumption J is generatedby homoge-
neouspolynomials which are linear in the T;'s. Furthermore ht J = dimT dimS=n 1,

is a Gorensteinring, L is generatedby imagesof polynomials which are linear in the T;'s,
htL=0,!a=A( 1),and A=L = S.

We needto show that Hﬁ',, (S)p = O0foralln 0. If N is a graded A-module and E
is the (graded) injective hull of R=m, let N- = Homg(N;E). By the graded version of
local duality (see[BH, Theorem 3.6.19]), Hﬁ',, (9)- = Ext};(A:L; A( 1)). The grading on
H3 (R[It])- is given by (HS (S)-)i = (HS, (S) i)-, and sowe have

(Hi1 (S)n)- = (Hy (S)-) n = Exta(A=L; A( 1)) n

Therefore it su ces to show that Ext}\(A:L; A( 1)), = Ofor n 0. Considerthe exact
sequenceof A-modules

A( 1)! Homa(L; A( 1))! Exti(A=L;A( 1))! 0

obtained by applying the functor Homa( ;A( 1)) to the short exact sequenceof A-
modulesO! L! A! A=L! 0. BecauseA( 1), = Oforn 0O we have

Homa (L; A( 1))n = Extx (A=L; A( 1)),

forn 0. Henceit su ces to shaw that Hom}ﬁ(L; A( 1), =0forn O.
Let f 2 Homa(L; A( 1)), and let L; denote the set of homogeneouselemerns of L
having degreel in the T;'s. Then f(L;) A( 1)h+1 = An. If n < Othen A, = 0, thus
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f(L1) = 0. Sincel is generatedby L1, f = 0 in this case. Thereforeit suces to prove
the n = O case.
We claim that
L = (02\(02\"»:

Setting K = (0:(0: L)), it isclearthat K L. Thus,it suces to shav that Lp = Kp
for all P 2 AssA=L = AssS. SinceR is Cohen-Macaulyy and ht| > 0 the assaiated
primes of S all have dimensionequalto dim S ([V, Proposition 1.1]). HenceAp is a zero-
dimensional Gorensteinlocal ring for all P 2 AssA=L. ThusLp = Kp (see[BH, Exercise
3.2.15],for example) for all P 2 AssA=L, which provesthe claim.

We can now prove the n = 0 case. Obsene that f (L) L. Forif w 2 L then
w(0 : L) = 0, which implies f (w)(0 : L) = f(w(0 : L)) = 0. Therefore (using the above
claim) f (w) 2 L. In particular f (L;) Ag\ L = 0 (becausen = 0). As L, generatesL it
follows that f = 0, completing the proof.

Corollary 3.12. Let (R;m) be a d-dimensional Gorenstein local ring and | an ideal of R
having linear type and positive height. Assumefurther that Proj S(I) is Cohen-Maaulay.
Then depthG(1™)) d 1for somem if and only if S(1") is Cohen-Maaulay for n 0.

Proof. If depthG(I™) d 1 then by [HM, Theorem 3.10] we have depthS(M) =
depthS(I™)  d. Therefore, Hy, (S)o = Hiym) (S(M)o = Ofori d 1. Further,
a4(S) < 0 by Proposition 3.11; consequetly, Hﬁ',l (S)o = 0. By Corollary 2.3 and Lemma
2.4,Hy, (S)k = Ofori dandall but nitely many k. HenceH}, ., (S(™) = 0fori d
and n su cien tly large. For the corverse,if S(") is Cohen-Macauly then by [HM, Lemma
3.3(b)] depthG(1") d 1.

We end this sectionwith the following consequencef Theorem 3.4 and Corollary 3.12:

Corollary 3.13. Let (R;m) be a 3-dimensional Gorenstein local ring and | an ideal of
positive heightand linear type. If Proj S(1) is both normal and Cohen-Maaulay then S(1 ")
is Cohen-Maaulay for n 0.

Proof. By Corollary 3.8 there exists m > 0 suc that depthG(I™) 2. The conclusion
now follows from Corollary 3.12.

4. The depths of extended Rees algebras of powers of an ideal

The purposeof this sectionis to characterize depthS (I1") for large n in terms of the
local cohomologyof S (1) (Proposition 4.4 and Corollary 4.5). This characterization can
be usedto give a proof of a version of Theorem 3.4 (seeTheorem 4.7), but also may be of
independert interest. We adopt the notation from section 3 for the Reesalgebra, extended
Reesalgebra and the assaiated graded ring of an ideal. We begin with an analysis of
Hu (S )n whenjnj is large.

Prop osition 4.1. Let| be anideal of alocal ring (R;m). LetS= S(l)andS =S (I).
Then

(@ Hy, (S),=0forn Oandi< fg(S).

(b) If i = fg(S) and k 2 Z is given, then there existsn < k suchthat Hi,\,| (S ), 60.
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(c) Hy, (S),=0forn Oandi< depthR + 1.
(d) Hy, (S),60forn Oandi= depthR + 1.

Proof. From the short exact sequenceof S -modules

or s@ 'r' st Gl o

we get the exact sequence

Hiy 2S)n ! Hy X (G ! Hy (S)ss 1 Hy (S)n

foralli andn. If i < fg(S) = fg(G) + 1 then Hi,\,| Y(G), = 0forn 0. Thus,t lisnota
zero-divisoron H‘M (S )n forn 0. Part (a) now follows sinceevery elemern oinM (S)
is annihilated by somepower of t 1. If i = fg(S) theni 1= fg(G). This meansthat
given any k 2 Z there exists n < k suc that Hl, *(G), 6 0 (becauseH}, (G), = O for
n 0). Using that H‘M (s ), = 0forn 0, alongwith the previous sertence, we obtain

(b).

The short exact sequenceof graded S-modules
0! s s! s=s! 0
leadsto the exact sequence
Hi 1(S =S)n ! Hy (S ! Hy (S )n ! Hiy (S =9

for all i and n. Sinceevery elemen of S =Sis annihilated by a power of S, Hi,\,I (S =S) =
Hpns (S =S) = n<oHn (R)t". Thus Hy, (S)n = Hy (S )y for all i and n 0. Hence
Hy (S )= 0forn Oandalli.

Now, from [It, Appendix 2] we have the following exact sequenceof gradedS -modules:

Hy 2(S) ! HL, YRt St ! Hy (S)! HL(S)

for all i. Using that Hj, (S ), = Oforn 0 and Hj, *(R[t %;t]), = Hi, *(R) for all n,
parts (c) and (d) readily follow.

Here is a consequence:
Corollary 4.2. Let (R;m) bealocal ring, | anideal of R, S = S (I) and S = S(I).
Then

(@) fg(S ) = minffg(S);depthR + 1g.
(b) fg(S (I™) = fg(S ) foralln 1.

proof. The rst statemert followsimmediately from Proposition 4.1. To prove the second
statemert it suces by part (a) to show fg(S) = fg(S(I")). As fg(S) = fg(S r R)
where R is the m-adic completion of R, we may assumeS is the homomorphic image
of a Gorenstein ring. Then by Lemma 2.4 and Proposition 2.6, fg(S) = g-depthS =
g-depthS(1 ") = fg(S(IM)).

We also have:
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Corollary 4.3. Supmse(R;m) is an equidimensionallocal ring whichis the homomorphic
image of a Gorenstein ring, and let | be an ideal of R. If depthR = k and Proj S(I)
satises Si thenfg(S (1)) = k+ 1.

Proof. From the hypotheses,we have that S (I) is equidimensionaland the homomor-
phic image of a Gorensteinring. The result now follows immediately from Corollary 4.2,
Corollary 2.3, and Lemma 2.4.

We now obtain a characterization for the depth of S (I ") for large n:

Prop osition 4.4. Let (R;m) be alocal ring, | anideal of R andS = S (1). Then for
n O
depthS (1") = maxfk fg(S)j H}\,I (S )o= 0Ofor alli< kg:

Proof. Let p denotethe right-hand side of the above equation. SinceS (I") = (S )™, we
have by Proposition 2.5

Hiw (S (1")k = Hy (S )k

for all k, where M, is the homogeneousmaximal ideal of S (I"). Thusfor i < fg(S )
and n large, HiMn(S (1™)k = Ofor all k 8 0. HencedepthS (I") p for n large. For
the reverseinequality, just note that depthS (I") fg(S (I1")) = fg(S ) (by Corollary
4.2(b)) and Hy, (S (I"))o = Hy (S )o for all i.

As a special caseof this proposition, we get the following:

Corollary 4.5. Let (R;m) be a Cohen-Maaulay local ring which is the homomorphic
image of a Gorenstein ring and | an ideal of R suchthat Proj S(I) is Cohen-Maaulay.
Thenforn O

depthS (1") = maxfk dimS jHi\,I (S )o= 0Ofor alli< kg:

Proof. By Corollary 4.3,fg(S )= d+ 1=dimS .

Consequetly, in the situation above, G(I ") is Cohen-Macauly for n  0if and only if
Hy (S )o= Oforalli < dimS . Note that ast ! is aregular elemert on S , we always
have HY, (S )= 0. In addition, we have:

Prop osition 4.6. Let (R;m) bealocal ring, | anideal of RandS =S (I). Then
(@ Hy (S)=0.
(b) depths (I") 2forn 0if andonly if depthR 1.

proof. As HJ (G) has nite length, fg(G) 1. Thus, fg(S) 2 by Lemma 3.3. This
implies by Proposition 4.1(a) that Hy; (S ), = Oforalln 0. SinceHy, (S (1%)o =
Hy, (S )o for all k 1, we may assume,by replacing | by a large enough power, that
H&,, (S )n = Ofor n < 0. Applying the long exact sequence

t

1
0! HY (G)n! Hy (S)her ! HYy (S )n;
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we seethat Hy, (S )o = 0.
For part (b), note that by Corollary 4.2(a), fg(S (1)) 2 for any n if and only if
depthR 1. The result now follows by part (a) and Proposition 4.4.

Finally, we give another proof of a version of Theorem 3.4, this one using the extended
Reesalgebra.

Theorem 4.7. Suppse that R is a quasi-unmixed and the homomorphic image of a
Gorenstein ring. Let | be an ideal of positive grade such that Proj S is normal. Then
the following are equivalent:

(@) depthR 2.
(b) depths (I") 3forn O.
(c) depthG(I") 2forn O.

proof. SupposedepthR 2. By Proposition 3.6, somepower of | is normal. Proposition
3.2 (applied to a power of 1) givesthat HZ, (S )o = 0. By Proposition 4.6, Hy, (S )o = 0.
Now R is equidimensionalby [Mats, Theorem 31.5]. Applying Corollary 4.3, we obtain
that fg(S ) 3. HencedepthS (I") 3 by Proposition 4.4. The implication (b)) (c) is
trivial, while (c¢) ) (a) follows from [Mar2, Theorem 3.4(b)].

Note that, asin Corollary 3.8, the hypothesison the grade of | can be removed if one
assumesRk to be analytically unrami ed.
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