THE ASSOCIATED PRIMES OF LOCAL COHOMOLOGY
MODULES OVER RINGS OF SMALL DIMENSION

THOMAS MARLEY'

ABSTRACT. Let R be a commutative Noetherian local ring of dimension d, I an ideal
of R, and M a finitely generated R-module. We prove that the set of associated
primes of the local cohomology module H}(M) is finite for all ¢ > 0 in the following
cases: (1) d < 3; (2) d =4 and R is regular on the punctured spectrum; (3) d =5, R
is an unramified regular local ring, and M is torsion-free. In addition, if d > 0 then
H}iil(M) has finite support for arbitrary R, I, and M.

1. INTRODUCTION

Let R be a Noetherian ring, I an ideal, and M a finitely generated R-module. An
important problem in commutative algebra is determining when the set of associated
primes of the ith local cohomology module H%(M) of M with support in I is finite.
C. Huneke and R. Sharp [HS] (in the case of positive characteristic) and Lyubeznik
[L1] (in characteristic zero) have shown that if R is a regular local ring containing a
field then H%(R) has only finitely many associated primes for all i > 0 and all ideals
I of R. Recently, Lyubeznik [L3] has proved this result also holds for unramified
regular local rings of mixed characteristic.

On the other hand, A. Singh [Si] has given an example of a six-dimensional (non-
local) Noetherian ring R and a 3-generated ideal I such that H?(R) has infinitely
many associated primes. However, the question as to whether the set of associated
primes of a local cohomology module of a finitely generated module over a Noether-
ian local ring is always finite remains open. This was conjectured to be the case by
C. Huneke in [Hu], although not much progress has been made on this conjecture
for arbitrary modules. However, see [BF], [BRS], [L2] and [Sa] for some results in
this direction.

In this paper, we offer some evidence that Huneke’s conjecture may be true in
its full generality. Specifically, we establish the finiteness of the set of associated
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primes of local cohomology modules for any module finitely generated over a local
ring of dimension three (Corollary 2.6); over a four-dimensional excellent local ring
which is regular in codimension two (Theorem 2.8); and over a five-dimensional
unramified regular local ring provided the module is torsion-free (Theorem 2.10).
An important ingredient in the proofs of all of these results is that the support of
the d — 15% local cohomology module (where d = dim R) is always finite. In fact,
we show that Suppp H{ (M) C AT (I)U{m}, where A" (I) is the stable value of
Assp R/I™ for large n (Corollary 2.4). (Here m denotes the maximal ideal of R and
I™ the integral closure of I™.)

Throughout this paper all rings are assumed to be commutative, Noetherian,
and to have an identity element. For any unexplained notation or terminology, we
refer the reader to [Mat] or [BH]. For a ring R, ideal I and R-module M, the ith
local cohomology module of M with support in [ is defined by

HY(M) :=lim Exty(R/I™, M).

We refer the reader to [G] or [BS] for the basic properties of local cohomology.
Recall that p € Spec R is an associated prime of an R-module N if there exists an
R-module monomorphism R/p < N. We denote the set of associated primes of N
by Assrg N. Below we summarize some well-known facts concerning the associated
primes of local cohomology modules which we will need in the next section:

Proposition 1.1. Let (R, m) be a Noetherian local ring of dimension d, I an ideal
of R, and M a finitely generated R-module. Then

(a) Assgp Hi(M) = Assg Hompg(R/I, H{(M)).
(b) Assgp H}(M) = Assgr Ext%(R/I, M) where g = depth; M thus, Assg Hi(M)
is finite for all i < g.

(c) Assgr HY(M) is finite for i =0, 1.

(d) Suppr H:(M) is finite for all i if dim R/I < 1.

(¢) Suppp H{ (M) C {m}.
Proof. Part (a) follows easily from the fact that Assgp H:(M) C V(I). Part (b) is
a consequence of (a) and the isomorphism Hompg(R/I, H}(M)) = Ext%,(R/I, M).
(This isomorphism is readily seen from the spectral sequence Ext%, (R/I, Hf (M)) =
Ext?% 4 (R/I,M).) For part (c), let N = M/H9(M); then depth; N > 1 and
Hi(M) = HY(N) for all i > 1. The result now follows from (b). Part (d) eas-
ily follows from the fact that Supp H:(M) C V(I). Part (e) is a trivial consequence
of the fact that H4(M) =0 for i > dim R. O

2. MAIN RESULTS

We begin by showing that in order to prove that a module has only finitely many
associated primes, we may pass to a faithfully flat ring extension.
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Lemma 2.1. Let R be a Noetherian ring, M an R-module, and S a commutative
Noetherian faithfully flat R-algebra. Then Assp M C {pN R |p € Assg(M ®@r 5)}.

Proof. First note that if p € Spec R and @) € Assg S/pS then @ N R = p. For, if
r € R, r ¢ p then r is not a zero-divisor on R/p; thus, r is not a zero-divisor on
S/pS. Now let p € Assg M. Then there is an injective map R/p — M. Hence, there
is an injective map S/pS — M ®@grS. Let Q € Assg S/pS. Then Q € Asss(M ®@gS)
and QN R=p. O

Let (R, m) be a local ring and I and ideal of R. We let ¢(I) denote the analytic
spread of I; i.e., ¢(I) is the Krull dimension of the graded ring R[It]/mR[It]. If

R/m is infinite then ¢(I) is the least number of generators of any minimal reduction
of I (see [NR]). We note the following:

Lemma 2.2. Let (R, m) be a local ring of dimension d and I an ideal of R. Suppose
HY(R) #0. Then ((I) = d.

Proof. Let S = R[t],rpy) where t is an indeterminate. Then S is a faithfully flat R-
algebra and has an infinite residue field. Furthermore, (1) = £(IS) and H(S) # 0.

So we can assume R has an infinite residue field. Thus, if ¢(I) < d then I can be
generated up to radical by less than d elements, contradicting that H }l(R) #0. O

For an ideal I in a ring R, let A" (I) denote U, >0 Assg R/I™, where I™ denotes
the integral closure of I™. If R is Noetherian then A (I) is a finite set for all T
[Ra]. A theorem of S. McAdam [Mc, Proposition 4.1] states that if ¢(I,) = htp
then p € A" (I).

For an R-module M and i > 0, let Supp'a(M) := {p € Suppr M | ht p = i}.

Proposition 2.2. Let R be a Noetherian ring, I an ideal of R, and M an R-
module. Then Suppr(H:(M)) C A(I) for alli > 0. In particular, Supp R (H:(M))
s a finite set.

Proof. Let p € Supp’r(Hi(M)). Then H}Rp (M,) # 0 and thus H}RP(RP) # 0 since
i = dim R,. By Lemma 2.2 this implies that ¢(f,) = htp. By McAdam’s result,
peA (). O

Two nice consequences of this are:

Corollary 2.3. Let R be a Noetherian ring of finite dimension d, I an ideal of R,
and M an R-module. Then Suppyr H¢(M) C A°(I). In particular, Assg HY(M) is
finite.

Corollary 2.4. Let (R,m) be a local ring of dimension d, I an ideal of R, and M
an R-module. Then Supp g Hf~(M) C A" (I)U{m}. In particular, Assp H{ ' (M)
18 finite.
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Remark 2.5: We note that the fact that H¢(M) has only finitely many associated
primes (in the non-local case) has also been observed in [BRS, Remark 3.11], but
to the best of our knowledge the finiteness of Assg H? *(M) (in the local case)
was previously unknown. This latter result can be seen in another and more direct
way using M. Brodmann’s [Br] result that A*(I) := |J,,~, Assg R/I™ is finite. We
sketch this argument here:

First, we may assume that R is complete (using Lemma 2.1) and Gorenstein of
dimension d (using the change of ring principle). Assume that Suppp HY (M) is
infinite. Then, as R is complete and local, there exists a nonunit x € R which avoids
infinitely many of the primes in Suppg Hi ' (M) (e.g., [Bu]). If we let S = R,,
J = 1I,, and N = M,, we have Suppg H4 '(N) is infinite. Since H} '(N) =
HY1(S)®g N (as d — 1 = dim S), this implies that Suppg H4 () is infinite.

We now claim that Suppg H4'(S) C A*(J), which gives the desired contradic-
tion. Suppose H} *(S), # 0. Then Extggl(Sp/Jg, Sp) # 0 for infinitely many n.
As S, is Gorenstein of dimension d — 1, ng(Sp /Jy) # 0 for infinitely many n by
local duality. Hence, p € Assg(S/J") C A*(J).

An immediate consequence of Corollary 2.4 is the following;:

Corollary 2.6. Let (R, m) be a local ring and M a finitely generated R-module of
dimension at most three. Then Assg H(M) is finite for all i and all ideals I.

Proof. By replacing R with R/ Anng M we can assume dim R < 3. Now use Propo-
sition 1.1 and Corollary 2.4. [J

Over a four-dimensional local ring, the local cohomology modules with support in
a height two ideal have finitely many associated primes, as the following proposition
shows:

Proposition 2.7. Let (R,m) be a four-dimensional local ring, M a finitely gen-
erated R-module, and I an ideal of R of such that ht I > 2. Then Assg H:(M) is
finite for all © > 0.

Proof. By Corollary 2.6, we may assume dim M = 4. In addition, by Lemma 2.1, we
can assume R is a complete Gorenstein local ring of dimension four. By Proposition
1.1 and Corollary 2.4, it is enough to prove that if ht I = 2 then Assg H?(M) is
finite. First suppose that Assg M C Assg R. Then by [EG, Theorem 3.5] there
exists an exact sequence 0 — M — R"™ — C — 0 for some n and some R-module
C. This yields the exact sequence

0— H}(C) — H?(M) — H?(R").

Since Assg H}(C) and Assg H?(R™) are both finite (by Proposition 1.1 and as
depth; R = 2), we see that Assg H7(M) is finite.
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Now suppose Assg M ¢ Assp R. Let K be a submodule of M maximal with
respect to the property that dim K < 3. Then Assgp M/K C Assg R. Thus,
Suppr H#(K) is finite by Corollary 2.4 and Assg H?(M/K) is finite by above.
The finiteness of Assg HZ(M) now follows from the exactness of

- — H}(K) — H}(M) — H}(M/K).
O

With additional hypotheses we can account for the ideals of height less than two
as well:

Theorem 2.8. Let (R, m) be a four-dimensional local ring satisfying Serre’s con-
dition Rs and assume that the nonsingular locus of R is open. Then Ass Hi(M) is
finite for all ideals I of R, finitely generated R-modules M, and i > 0.

Proof. In the light of Proposition 2.7 we need only consider the case when ht I < 1.
We may assume /I = I. We first suppose that htp < 1 for all p € Min R/I. Let
V(K) be the singular locus of R, where K is an ideal of R. Since R satisfies R,
ht K > 3. For p 2 K, I, is principal as R, is a UFD. Thus, H?(M), = 0 for all
p 2 K; consequently, Supp H7(M) C V(K), which is a finite set.

In the general situation, we have I = A N B, where A is the intersection of
minimal and height one primes and ht B > 2; furthermore, ht(A + B) > 3. If Q
is a prime ideal of R such that Q 2 A+ B then H?(M)g is isomorphic to either
H?(M)g or H%(M)g. Therefore,

Assgp H? (M) C Assgp H% (M) U Assg H3(M)U V(A + B),
which, by the preceding paragraph and Proposition 2.7, is a finite set. [
We note the following special case of Theorem 2.8:

Corollary 2.9. Let (R, m) be a four-dimensional local ring such that R, is reqular
for all prime ideals p # m. Then H:(M) has finitely many associated primes for
all ideals I of R, finitely generated R-modules M, and all i > 0.

We note that V. Sapko [Sa] has observed that the conclusion of Theorem 2.8 also
holds for four-dimensional local factorial domains.

Finally, making use of the results of Huneke, Sharp, and Lyubeznik for unramified
regular local rings, we obtain the following result in the five-dimensional case:

Theorem 2.10. Let (R, m) be a five-dimensional unramified regular local ring and
M a finitely generated torsion-free R-module. Then Assg HY(M) is finite for all
tdeals I of R and all i > 0.

Proof. By Proposition 1.1 and Corollary 2.4, it suffices to show that Assgp HZ(M)
and Assg H? (M) are finite for all I. We first consider H?(M):
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Case 1(a): ht I > 2.
Since M is torsion-free there exists an exact sequence of the form

0—-M-—R"—C—0.
As R is Cohen-Macaulay, we obtain the exact sequence
0 — H}(C) — H}(M) — H}(R").

Now Assg Hi(C) and Assg HZ(R") are both finite by Proposition 1.1. Thus,
Assg H#(M) is finite.

Case 1(b): ht [ = 1.

We may assume [ is a radical ideal. Thus, as R is a UFD, I = (x) N J for some
r € R and ideal J with ht J > 2 (or J = R). Since Hi(M) = HY (M), for i > 2
(e.g., [BS, Exercise 5.1.22]), we see that Assg H7(M) is finite by Case 1(a).

We now consider H3(M):

Case 2(a): ht I > 3.
As in Case 1(a) we have an exact sequence

0 — H(C) — Hj(M) — H}(R").

Assg H3(R™) is finite by Proposition 1.1(b). Thus, it is enough to show Assg HZ(C)
is finite. We can assume C is torsion (by letting n = rank M), so let x € Anng C,
x # 0. Then C is an R/(x)-module and ht [(R/(x)) > 2. Hence, Assg H?(C) is
finite by Proposition 2.7.

Case2(b): ht I < 2.

For this case we use the fact that Assp H3(R) is finite since R is an unramified
regular local ring ([HS],[L1], and [L3]). If ht I = 1 then we can employ the same
argument used in Case 1(b) to reduce to the case where ht I > 2. Suppose that [
has height two and is height unmixed (i.e., ht P = 2 for all P € Ming R/I). We
claim that Suppy H3 (M) is finite. For, let Q € Suppp H3 (M) where Q # m. By
the Hartshorne-Lichtenbaum vanishing theorem [Ha|, we must have that ht Q = 4
and H}(R)g # 0. Since Q is minimal in the support of H}(R), Q € Assg H}(R),
which is a finite set.

For an arbitrary height two radical ideal I, we have that [ = J N K where J is
height unmixed, ht J = 2, ht K > 3, and ht(J + K) > 4. Using the Mayer-Vietoris
sequence we have an exact sequence

Hj (M) — Hj(M) & Hy (M) — H} (M) — Hj, 1 (M).
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Now Suppg H’, (M) is finite for all ¢ as dimR/(J + K) < 1; Suppg H3(M)
is finite by above; and Assg H3-(M) is finite by Case 2(a). If Q € Assg H}(M
but Q ¢ SuppRH3+K(M)USuppRH§(M)USuppRHf}+K(M), then H?(M)g &
H3?(M)g, whence Q € Assg H3-(M). Therefore,

Assgp H} (M) C U SuppRHf]JrK(M)USuppRHE(M)UASSRH?{(M),
ic{3,4}

which is a finite set. O
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