A THEOREM OF HOCHSTER AND HUNEKE CONCERNING TIGHT
CLOSURE AND HILBERT-KUNZ MULTIPLICITY

LORI MCDONNELL

ABSTRACT. We provide a (mostly) self-contained treatment of Hochster and Huneke’s
theorem characterizing Hilbert-Kunz multiplicity in terms of tight closure. This is not a

new proof, just an elaboration of the one given in [3].

1. INTRODUCTION

The purpose of this note is to give a (mostly) self-contained proof of a theorem of Hochster
and Huneke ([3, Theorem 8.17]) which characterizes the Hilbert-Kunz multiplicity of two
ideals by their tight closures. We follow closely the treatment given in [3], but expand on
some of the details. In the preparation of this note we did discover one minor error in the
proof given in [3]. We thank Neil Epstein for providing us with a way around this error.

We begin with some notation. Throughout this note all rings are assumed to be of prime
characteristic p and (except in obvious exceptional cases) Noetherian as well. For a ring
R we let R° denote the elements of R which are not in any minimal prime of R. For an
ideal I of R and ¢ = p® (for some e), we let I!9 denote the ideal of R generated by the set
{i? : i € I}. The tight closure of I, denoted by I*, is defined to be the set of all elements
z € R such that there exists ¢ € R° with cz? € Il9 for all ¢ = p© sufficiently large.

Let (R,m) be a local ring of dimension d. Given an m-primary ideal I of R, we let
A(R/I) denote the length of R/I as an R-module. Then one defines the Hilbert - Kunz
multiplicity of I by

)\(R/I[‘ﬂ)

CHK (I) = lim p

q—00 q
That this limit exists and is positive for all such ideals was shown by Monsky [7].

In [3], Hochster and Huneke give a proof of the following result:
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Theorem 1.1. (¢f. [3, Thoerem 8.17]) Let (R,m) be a local ring and J C I m-primary
ideals of R.

(1) If I C J* then epyk (I) = enx (J).

(2) The converse to (1) holds if R is equidimensional and either complete or essentially

of finite type over a field.

We note that this theorem provides an analogue to the following result of Rees [8] con-
cerning Samuel multiplicity and integral closure. For an ideal of a ring R, let I denote the
integral closure of I. If R is local of dimension d and [ is m-primary, then the Samuel

multiplicity of I is defined by

e(I) :==d! lim M

n—oo nd

Theorem 1.2. Let (R, m) be a local ring (not necessarily of positive characteristic) and
J C I m-primary ideals of R.

(1) If I C J then e(I) = e(J).

(2) If R is formally equidimensional then the converse to (1) holds.

Note that the converses of part (1) of both Theorem 1.1 and 1.2 hold under essentially

the same conditions.

2. PRELIMINARIES

We begin with a discussion of gth roots. Assume R is reduced and let Assg R = Ming R =
{p1,...,pn}. For eachilet k; = R,, = Q(R/p;). By the Chinese Remainder Theorem, the
total quotient ring Q@ = Q(R) is isomorphic to ky x - - - x ky,. For each i let k; denote a fixed
algebraic closure of k; and let Q denote ki x --- x k,. Clearly, R embeds in Q in a natural
way. For ¢ = p° let RY/% = {u € Q | u? € R}. Then R4 is an integral extension of R but
in general is not finite. For each € R there exists a unique u € RY?, denoted /9, such
that u? = r. For, if u¢ = r = w? for u,w € Q, then 0 = u? — w? = (u — w)?; since RY1CQ
is reduced, we have . = w. Note that the map ¢ : R— R given by ¢(r) = r'/% is a ring
isomorphism, so R/ is a Noetherian ring. If R is local with maximal ideal m then the

maximal ideal of RY/9 is m'/9 = {21/ | 2 € m}.
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¢, is essentially the same as the the

Note that the inclusion map R < R4, where ¢ = p
eth iteration of the Frobenius map f¢: R — R defined by f¢(r) = 7P°. To be precise, let
S be the ring R, but viewed as an R-module via f¢. Then the map p : S— RY? given
by p(s) = s'/9 is easily seen to be an isomorphism of R-algebras (i.e., a ring isomorphism
which is R-linear). Hence, for example, by a result of Kunz [4] R is regular if and only if

RY4 is a flat R-module for some (equivalently, every) g.

Lemma 2.1. Let A C R be rings, with A a Noetherian domain and A C R a finite integral
extension. Then R is torsion-free as an A-module if and only if dim R/p = dim R for all
p € Assgp R. In the case R is torsion-free over A, we have Q(A) C Ry = Q(R), where
W = A\{0} and Q(—) denotes the total quotient ring.

Proof. For the reverse implication, suppose a - r = 0,with a € A\{0},r € R\ {0}. Then
a € P for some P € Assg R as a € A C R is a zero-divisor. Now A/(PNA) C R/P is
a finite integral extension, and dim R = dim R/P = dimA/(P N A) = dim A. But A is a
domain, so we must have PN A = 0. We have a € PN A, so we must have a = 0, giving a
contradiction. Thus, R must be a torsion-free A-module.

Conversely, let P € Assg R. Since R is torsion-free, PNA = (0) . This implies dim R/P =
dim A = dim R.

In the case R is torsion-free over A, let W/ = {s € R | s a non — zero — divisor}. As R
is torsion-free over A, W C W', so Q(A) € Ry C Ry and Q(R) = Ry = (Rw)w’ =
Q(Rw). But as Q(A) C Ry is integral, dim Ry = 0. Hence, Q(Rw) = Rw. O

Lemma 2.2. Let A C R be rings. Consider the ring homomorphism ¢ : R @4 AY1 —
R [Al/q] given by ¢ (7" ® al/q) =ral/%. Then ¢ is onto and ker ¢ is nilpotent.

Proof. Clearly ¢ is onto. Note, if ¥r; ® ai/q € ker ¢, then we have Eriai/q = 0. Taking

¢'" powers, we get erai = 0, and so, Zr?ai ® 1 = 0. We can move the a;’s to the other
q

side of the tensor product to obtain 0 = Z‘riq ® a; = (Eri ® al-l/q> . Hence, ¥r; ® az/q is

nilpotent. U

Example 2.3. Note that R ®4 AYP need not be reduced, even if R and A are fields. For
example, let k be an imperfect field (i.e., k = Fy(t), where t is an indeterminate) and A =k
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and R = k'/P. Choose a € k\kP. Then = a"/P®1—1®a'/? is nonzero as {a*/P®1,10a4'/P}

is part of a k-basis for kP @5, kP since a'/? is part of a k-basis for k'/?. However, BP = 0.

We want to determine when the map ¢ of Lemma 2.2 is an isomorphism, or equivalently,
assuming R and A are reduced, under what conditions R ®4 A'/? is reduced. We begin this

exploration with some remarks concerning separability.

Definition 2.4. Let A C S be a finite ring extension where A is a Noetherian domain and
S is reduced and torsion-free over A. Then Q(A) C Q(S) = k1 X --- X k,, where each k; is
a finite field extension of Q(A). An element s € S is separable over A if each component
of its image in k1 X --- X k, is separable over Q(A). We say S is separable over A if each

s € S is separable over A, or equivalently, each k; is separable over Q(A).

Remark 2.5. ([5], page 199) If E/F is a finite separable field extension, then for every
field extension L of F', E @p L is reduced.

Lemma 2.6. Let A C S be a finite separable ring extension with A a Noetherian domain

and S reduced and torsion-free over A. Let B be a reduced A-algebra. Then

(1) If B is flat, then S ® 4 B is reduced.
(2) If S is flat and B is torsion-free, then S ® 4 B is reduced.

Proof. We first prove part (1). Note that as S, B are reduced, S and B both inject into a
product of fields, say, S < ki X -+ X ky and B < [ X -+ X l,,,. By hypothesis Q (4) C k;
is separable for all i. We want to show that S ® 4 B injects into a reduced ring.

Claim: S®4 B — (kl X oo X kn) ®Q(A) (ll X lm) gH(/{Z ®Q(A) lj).

Z"j
Proof of claim: Note 0 — S — ki X --- X k,, is exact. Applying — ® 4 B, we obtain

0 - S®4B— (k1 x Xk, ®4B=(ki®4B)x---x(k,®4 B) is exact,

with the injection coming from the fact that B is flat. It suffices to show that if a field & is
separable over @ (A) and B <[] X -+ X Ly, then k ®4 B — k®4 (I1 X -+ X 1p).



TIGHT CLOSURE AND HILBERT-KUNZ MULTIPLICITY 5

Now, we have 0 — B — [ X - -+ X Iy, is exact. Applying @ (A) ® 4 — and then k @A) —

we obtain

0 - QA)®AB—-Q(A)®@a(lh X+ X1ly) =l x---x1l, isexact, and
0 — k®gu)(Q(A)®@aB) = k®g) (Il x---x1y) is exact,

where the isomorphism in the first line comes from the fact that I; O @ (A) for all i. But,
k ®qay (Q(A) ®a B) = k®a B and k ®q(a) (1 x -+ X lm) =[] (k ®q(a) li) is reduced
by separability. Thus, we have k ® 4 B — H (k' RqQa) li), and tlhus, k ®4 B is reduced,
implying that S ®4 B is reduced. Z

Now, to prove part (2), suppose S is flat and B is torsion-free. Using the notation above,

since S is flat over A, we have
0—>S®4B— (S®al1)x - x(S®4ln)

is exact. Therefore, it suffices to show that S® 41; is reduced for all 7. Since B is torsion-free
over A, Q(A) C[; for all i, and so Q(A) ®4 l; 2 ; for all i.
Hence, kj @4 l; = kj ®q(a) li is reduced for any j, since k; is separable over Q(A). Since

l; is flat over A,
0—=S®ali = (k1 X xXky)®ali =2 (k1 ®aly) X X (kn®al;)

is exact. Therefore, S ® 4 [; is reduced.

O

Remark 2.7. Suppose we have A C R, a finite extension with A a Noetherian domain
and R reduced and torsion-free over A. Then AY1 C R [Al/q] s a finite extension and
R [Al/q] is reduced and torsion-free over AY1. Furthermore, the extension AV C R [Al/q]

is separable for ¢ >> 0.

Proof. Using the notation from the beginning of this section, we have R C Q(R) = kj x
-+ X ky, where k; is a field for all i. As R is torsion-free over A, Q(A) C Q(R) by Lemma 2.1
Let k; denote the algebraic closure of k;. Since R/p; is a finite extension of A, we have each

k; is an algebraic extension of Q(A). Note R [Al/q] C k1 x -+ X kp, a product of fields, so
1/q

R [Al/q] is reduced for any gq. Now, suppose alld (Eriai ) = 0. Then, taking ¢*" powers,
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we have a (Yrfa;) = 0. If a # 0, then Yrfa; = 0 since R is torsion-free over A. Taking ¢'"
roots, we have Emai/q = 0. Thus, R [Al/q] is torsion-free over A4,

To see that AY? C R [Al/q] is a finite extension, note that if R = Aay + -+ + Aay,
with a; € R, then R[AY9] = AY4[R] = AY9qy + - + AY9q,,. Thus, R[AY9] is a finitely
generated AY-module.

Finally, to see that the extension A7 C R [Al/q] is separable for ¢ >> 0, write R =
Aag + - -+ + Aay,. Recall that for a field F' of characteristic p > 0 and an element « in the
algebraic closure of F, aP" is separable over F for all n >> 0. So, for each i, there exists
a g; = p® such that agi is separable over A, and therefore o is separable over AY%. Now,

let ¢ = max;{q;}. Then we have R, and hence R[A/9], is separable over A/, O

Proposition 2.8. Let A C R be a finite ring extension where A is a reqular local ring and
R is reduced and torsion-free over A. Then there exists a power ¢ of p such that for all

qg>4q, S = R[Al/q] is reduced, torsion-free, and separable over AY4. Furthermore, for all

Q>q>q, S®, AVQ = S[AVQ].

Proof. Note by Remark 2.7, there is a ¢’ such that A9 C S = R[A'/9] is a finite separable
extension and S is reduced and torsion-free over A7 for all ¢ > ¢. As A is regular, for
Q > q > ¢, we have AY/? is flat over AY9. So by Lemma 2.6, S ®1/q AYQ s reduced and
thus, by Lemma 2.2, we have S ® 41/ Al/Q = §[AV/€Q), O

3. SMOOTHNESS

Definition 3.1. Let R be a ring and S an R-algebra. We say that S is smooth over R,
sometimes denoted as S/R smooth, if given an R-algebra T', an ideal N of T' satisfying
N? = 0, and an R-algebra homomorphism u : S — T/N, then there exists an R-algebra
homomorphism v : S — T lifting u; i.e., u = wv where 7 : T — T/N is the natural

surjection.

We refer the reader to [5] and [6] for a detailed treatment of smoothness. We summarize

some of the important properties of smoothness in the following remark:

Remark 3.2. We list below several properties of smoothness:
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(1) (15], 28.2) If A is an R algebra, then S/R smooth implies S @ g A is smooth over A.
In particular, localization and taking quotients preserve smoothness.

(2) (5], 28.1) T/S and S/R smooth imply T'/R is smooth.

(3) (16], 28.E) If W is a multiplicatively closed subset of R, then Ry /R is smooth.

(4) (15], 28.9; [2], 19.7.1) If S/R is smooth and S, R are Noetherian, then S/R is flat.

(5) (16], 28.1, 28.L) Let R be a field and S a finite extension field of R. Then S/R is
smooth if and only if S/R is separable.

(6) (16], 29.E; [5] corollary to theorem 30.5) If S is a finitely generated R-algebra then
{p € Spec R | S,/R, is smooth} is an open set. In particular, if Sp/Ry is smooth
for some p € Spec R then there exists an f € R\p such that Sy/Ry is smooth.

(7) (16], 28.K) If k is a field and A is a local ring which is smooth over k, then A is a
regular local ring.

(8) (16], section 28, example 1) Let A be a ring. Then Alzx] is smooth over A.

Proposition 3.3. Suppose S is smooth over R, where R and S are Noetherian rings. If R

18 reduced, so is S.

Proof. Let P € AssgS. Note that it suffices to show that Sp is a field. Let Q = PN R
be the contraction of P to R. Since P consists of zero-divisors on S, so does ). On the
other hand, since S is flat over R, any non-zero-divisor on R is a non-zero-divisor on S
(i.e., S is torsion-free over R). Hence, Q must consist of zero-divisors on R, so there exists
Q' € Assg R such that Q C Q'. But, as R is reduced, the associated primes are minimal,
and so () must be a minimal prime of R. Furthermore, as R is reduced, R is a field. Now,
we have S is smooth over Rg, and PSg € Assg, Sg. Thus, we have reduced to the case
that R is a field.

Now, Sp is smooth over S, and so by transitivity, Sp is smooth over R. By (7) in the

remarks above, Sp is a regular local ring of depth zero, i.e., Sp is a field. U

Proposition 3.4. Suppose R C S is a finite extension where R is a Noetherian domain
and S is reduced, torsion-free, and separable over R. Then there exists d € R\{0} such that

Syq is smooth over Ry.
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Proof. We have Q(R) C Q(S) = k1 X - -+ X ky, where k; is a finite separable field extension
of Q(R) for each i. By part (5) of Remark 3.2, each k; is smooth over Q(R). Thus, Q(S)
is smooth over Q(R). Since Q(S) = Sy where W = R\{0} (see Lemma 2.1), we have Sy
is smooth over Ryy. The result now follows by part (6) of Remark 3.2. O

Theorem 3.5. Suppose S/R is smooth, finite, and R is a Noetherian domain of charac-
teristic p. Then for any ¢ = p¢, SY1 =8 [Rl/q] .

Proof. Note that since S/R is smooth and R is a domain we have S is reduced (Proposition
3.3) and torsion-free over A (Remark 3.2, part (4)). Also, since S = S/7 as rings, and this
isomorphism restricts to R = RY, we get that Sl/q/Rl/q is smooth and finite. Thus, it is
enough to prove the theorem for e = 1, since S*/? = S [Rl/p] implies S1/p* = g1/p [Rl/p} =
s|rVP .

Case 1: R is a field. Then we have R <— S = ky X -+ X k,, with each k;/R a finite
algebraic separable field extension. Note S/P = k:i/ Pxox k,ll/ P Tt is enough to show
that k/? = k; [RY/], because then S1/P = kP xc -+ x kP = ky [RVP] x - x ky, [RV/?] =
(k1 x -+ x ky) [RYP] = S [RVP].

Claim: If L/K is a finite separable algebraic field extension of characteristic p, then
LVr—p, [Kl/p} _

Proof of claim: Note L/K separable implies Ll/p/Kl/p is separable. Now, K/? C
L (Kl/p) C LY? and L'/? /K'/P separable imply L'/?/L (Kl/p) is separable. Let v € L/7.
Then o? € L C L (Kl/”). Let Min(a, L (Kl/p)) denote the minimal polynomial of « over
the field L (Kl/p). Then we have Min (a, L (Kl/p)) | (2 — o) implies Min (o, L (Kl/p)) =
x — o by the separability of L/?/L (K/P) . Thus, o € L (K'/?). This gives that L'/? C
L (Kl/p) . The other containment is clear, giving LY/? = L (Kl/p) =1L [Kl/p] . Oetaim

General Case: We want to show that S1/7 = § [Rl/p}. Since S/R is smooth, Q(5) =
S(0) is smooth over Ry; i.e., S is separable over R, by Remark 3.2, part (5). Since S is
flat over R and R/P is torsion-free over R, S ®g RY/P is reduced by part (2) of Lemma 2.6.
Hence, by Lemma 2.2, S @ R'/? = S[R/P].

Define ¢ : S®gRYP — S'/P by ¢ (3 ® rl/p) = sr'/P. We claim that ¢ is an isomorphism.

Note that it is enough to show that ¢ is an isomorphism locally at any maximal ideal of
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R. Thus, we may assume that (R, m) is local. Now, S/R is finite and flat, which implies
S ®p RMVP / RY/P is finite and flat. Recall that if T is a finitely generated flat module over
a Noetherian ring then T is free. Therefore, we have S ®p RY? is a free R!'/P-module.
Similarly, S'/? is a finitely generated free R'/P-module.

Over a local ring, a map of finitely generated free modules is an isomorphism if and
only if it is an isomorphism after tensoring with the residue field. Now, we have S ®g
RYP %, SUP is a map of free RYP-modules. Tensoring with R/mR (’E Rl/p/ml/p) gives
the map S/mS ®@pg/pm, (R/m)Y/P 2 (S/mS)'/?. Since S/mS is smooth over R/m, this is an

isomorphism by the first case. Thus, ¢ is an isomorphism. O

Now, suppose we have R C S with R a domain and S finite, torsion-free, and separable
over R. By Proposition 3.4, there exists a d € R/ {0} such that S;/R4 is smooth. The
previous theorem then implies that (S 1/q /S [Rl/ ‘1]) g = 0 for any ¢ = p°, so that, given ¢,
there is a power [ of d such that d'S'/7 C § [Rl/ q] . Using the following lemma, one can

find a single power of d that will work for all q.

Proposition 3.6. (see 6.4 in [3]) Let A C R be a finite ring extension where A is a regular
local ring and R is reduced, torsion-free, and separable over A. Then there exists ¢ € A\{0}

such that cRY9 C R[AY9] for all q.

Proof. By Proposition 3.4, there exists d € A\{0} such that Ry is smooth over A;. In the
discussion above, we showed that there exists a power b = d* of d such that bRY/? C R [Al/ p] .
Let h=1+1/p+---+1/p°.

Claim: V"R'/P1 C R [Al/pq] for all ¢ = p°.

Proof: We proceed by induction on e. If e = 0, then h = 1 and b'RY? C R [Al/p]. If
e > 0, take ¢'" roots to obtain b'/7RY/P1 C R/4 [Al/pq]. Now, with b/ = h — 1/q, we have

b RY/P1 — ph pl/apl/re C ph /4 [Al/pq] C [R [Al/QH [Al/P9) = R[AV/Pq]

where the last containment comes from the induction hypothesis. Uggim
Now, since b divides b? (in Al/q) for all h, setting ¢ = b2, we have that cRY/9 C R [Al/q}
for all ¢, as required.

0
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4. THE MAIN RESULT

We are now ready to prove the main result. First, we recall some definitions and a lemma.

Definition 4.1. Let R be a Noetherian ring of characteristic p > 0 and [ an ideal of R.
We say = € I*, the tight closure of I, if there exists a ¢ € R° such that ca? € Il9 for all
g >> 0. We say ¢ € R° is a ¢'-weak test element if there exists ¢’ such that for all I C R
and all z € I*, we have cz? € 119 for all ¢ > ¢/. The element ¢ is a locally stable q'-weak test
element if its image in every local ring of R is also a ¢’-weak test element. Finally, ¢ is a
completely stable q'-weak test element if it is locally stable and its image in the completion

of each local ring of R is a ¢/-weak test element.

Remark 4.2. (see [3], 6.18 and 6.19) Let R be a reduced, equidimensional local ring of
characteristic p > 0 and suppose that either R is complete or essentially of finite type over

a field. Then R has a completely stable q'-weak test element.

Lemma 4.3. (see [3], 8.16) Let J be an ideal in a reduced Noetherian ring R which has a
q'-weak test element ¢ € R°. Suppose that x € R such that x ¢ J*. Then for any d € R°,
dx? ¢ Jlal* for all ¢ >> 0. In particular, for any d € R°, dz? ¢ JR/a for all ¢ >> 0.

Proof. We will use the contrapositive to prove the lemma. Suppose that there exists d € R°
such that dz? € J4* for all ¢ >> 0. We will show that 2 € J* by showing ¢? T1d? 299" ¢
Jldl for all ¢ >> 0. Note if dz? € J9* then we have cd@4 7197 ¢ JlaQd] for all Q,
as ¢ is a weak ¢-test element. So, (cqu)Qq, e (J [Q])[Qq/]. Hence, for all @), we have
1 (cdz?)?7 € (J[q])[Qq/]

q-weak test element, we have c (cqu)q/ e JldT for all ¢ >> 0, ie., ¥ 14729 € Jlad] for

, which shows that cdz? € JI4* for all ¢ >> 0. But since ¢ is a

all ¢ >> 0, which shows that x € J*.

To prove the last statement of the lemma, note that if v € JWRY/? then v@ e JlQ
and as above, 1- 094" e JQd"] for all ¢”. Hence, v € J9*. In particular, dz? ¢ J9* for
q >> 0 implies dz? ¢ JII R4 for all ¢ >> 0.

O

We are now prepared to prove the main result. The proof here follows closely that of

Theorem 8.17 in [3], with some details expanded. We’d also like to thank Neil Epstein for



TIGHT CLOSURE AND HILBERT-KUNZ MULTIPLICITY 11

showing us a way to circumnavigate a minor error appearing in the latter half of the proof

given in [3].

Theorem 4.4. Suppose (R, m) is a local ring and let J C I be m-primary ideals of R.

(1) If I C J* then egr (I) = epk (J).
(2) The converse to (1) holds if R is analytically unramified, formally equidimensional,

and has a completely stable qi-weak test element c.

Proof. (1) Let I = (x1,...,2y). Then since I C J*, for each x; there exists a; € R° such
that aﬂ:? e Jl for all g >>0. Let a =ay---a, € R°. Then since a:zg e Jl for all
g >> 0, we have aIld C Jl9. As J is m-primary, there exists an n such that m™I C J. Set
K =m". Let b be a bound on the number of generators for I. Then I'9 /719 has at most
b generators and is annihilated by K9 + R, so that 19 /J [4 is a homomorphic image of
(R/(K4 + aR))”. Thus, A(114/J4) < oA (R/(K9 + aR)). Let S = R/aR. Since a € R,
dimS < d—1. So we have A (I[Q}/J[q}) < bA (S/K[q]S). By a result of Monsky, we have

MS/KS) < ey (KS)q? + Cq?=2 for some constant C. Therefore,

0 < enx(J) —enx(l) = lim [A (R/J[‘ﬂ)/qd—A(R/ﬂql) /qd}

— lim A (ﬂql /J[ql)

q—00 q

1
< lim - [eHK(KS)qd_l + qu_2:|

q—00 ¢

= 0.

(2) Suppose ey (I) = egk(J) and I € J*, ie., there exists € I\J*, with 2 # 0. Then,
as above, we have that limy . qid)\(l [ /jld) = 0. Our goal is to show that there exists a
constant v > 0 such that A (I[‘I]/J[Q]) > ~¢? for ¢ >> 0 to obtain a contradiction.

Choose ¢ > ¢ such that cz? ¢ Jl9. Since JIRNR = J we have cx? ¢ JWR. As
(J ]/%) [ = JlR and ¢ is a completely stable qy-weak test element, we have z ¢ (J ﬁ)*
So we may assume (R,m) is complete, local, reduced and equidimensional. = By the

Cohen-Structure theorem, R is module finite over a complete regular local domain A =
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k[[x1,...,24]] and as R is equidimensional, by Lemma 2.1, we have R is also torsion-free
over A.

By Proposition 2.8, we can choose ¢” such that S = R [Al/q”] is separable over AY/?"
and by Lemma 3.6 we can choose d € A° such that dS'/¢ C S {Al/qq”] for any g. Since
x € I is not in J*, by Lemma 4.3 we can choose ¢’ such that dz? ¢ JI9 R for any ¢ > ¢/.

Let Ko C A be the ideal of elements a € A such that az® e JQ. Note the map
A/Kg — 1 €1/ 1@ given by @ — az? is an injection. Since A and R have the same residue
class field, A (I @lyg [Q]) > MN(A/Kg), and so it is enough to show there exists v > 0 such
that A (A/Kg) > vQ¢ for Q >> 0.

Now assume @ > ¢'¢” and write Q = ¢¢'q”. Then a € K¢ implies that az® € J (@] Tak-
ing (1/q)™" powers, we have al/iz4?" ¢ jldd"|RYa C jld'd"1 54, This implies da/1279"
Jld'd"] (dSl/q) C Jld'd"lg [Al/qq”}

Note that as A is regular, Al/4d" is AV/4d"_ flat and so we have S® g1/ Al/ad" ~ g [Al/qq//]

is S-flat, with the isomorphism coming from Proposition 2.8. Therefore,

ol e (J[q’q”]g[Al/qq"] g1 /a0] dxq’q”) o (J[q’q”]g > dxq’q”> S [Al/qq”} )

v

Now, (J[q 1S g da;q/q”) C (J[q’q”lRl/q” _— dxq’Q”) as S = R [Al/q"} C RY4". By
choice of ¢/, dz? ¢ JWRY for any § > ¢. Therefore, (J "1 gY/d" . R/ dxq/q”> £ RY4".
Thus, (JI91S ;g dz??") € m'/?" and so /9 € m'/4"S[AV/1d"] € m1/4"RY/49" Taking
qq" powers, we get a? € mlUR. Soif Q > ¢'¢" and a € K¢, then al" e mlQIIIR N A.

Let my4 denote the maximal ideal of A. Note we can find D = p™ such that m” C maR
and then a4’ € mlQ/44 1RN A - m@dI RN A C mg/q/q"DR NAC mgQ/q/q"D)_t for some
constant ¢t and  >> 0 (the last inclusion coming from the Artin - Rees Lemma). Now for
large @ we’ll have

quQ/q/q”D)*t - mg/B where B = ¢'¢" Dp.

Thus, for @ >> 0, a?" € mg/B. Let d = dim A. Then note that mi‘q C mEZ] for any ¢ = p".
Let p¢ > d. Then we have for large Q, a? € mgp “/Bp* C mgd/ Bpf - mf/ Byl Now let
H= m[?/Bpeq/q. For large Q, A = (H[q”] ‘A aq”> = (H :4 a)[qﬂ] (the last equality coming
from the fact that A is regular and so the Frobenius is flat). So, we have A = (H :4 a) and

hence a € H = m[jz/ Bred"] gor large Q. As a was an arbitrary element of Kg, we have for
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large Q, Kq C m[f/B/] - mcj/B/ where B’ = Bp®q”, and so A (A/Kq) > )\(A/mg/B/). Let

0<y< Wé’)d' Then as A is regular we have

AA/Kg) = Mam§®) = (VA

Qd
d\(B")d
'de for @ >> 0.

+ lower terms

v

Corollary 4.5. Let (R, m) be a local ring and J C I m-primary ideals of R.
(]) If[ Q J* then CHK (I) = K (J)
(2) The converse to (1) holds if R is equidimensional and either complete or essentially

of finite type over a field.

Proof. Note that part (1) follows from the previous theorem. To prove part (2), suppose
that egr (I) = egr (J) and R is equidimensional and either complete or essentially of finite
type over a field. We first note that that we may reduce to the case R is a domain by going
modulo a minimal prime. To see this, recall the associativity formula for Hilbert-Kunz
multiplicity says that for any ideal I, err(I) = 3 peassh(r) €K (I, R/ P)Ar,(Rp) where
Assh(R) = {P € Ass(R) | dimR/P = dim R}. Let Min(R) = {Py,...,P,} and I; and J;
denote the images of I and J respectively in R/P;. As R is equidimensional, Assh(R) =
Min(R) and so we have egg (1) = D" enx (Li)AN(Rp) = >y enr (Ji)MNRp,) = enr (J).
Since J C I, we have egr(l;) < egi(J;) for all i. The equality of the Hilbert-Kunz
multiplicities of I and J forces ey i (I;) = egi(J;) for all i. Furthermore, an element z € R
is in the tight closure of J if and only if its image is in J* for all 7. (See [1], Proposition
10.1.2.) Thus, we may reduce to the case R is a domain.

By Remark 4.2, R has a completely stable test element. If R is a complete domain, we are
done by Theorem 4.4. If R is a domain which is essentially of finite type over a field, then
the completion of R is analytically unramified (see [6], page 251, Lemma 2) and formally
equidimensional (see [5], Theorem 31.6 (iii)). The result once again follows from Theorem

4.4.
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