STAR-FREE GEODESIC LANGUAGES FOR GROUPS

SUSAN HERMILLER !, DEREK F. HOLT, AND SARAH REES

Abstract. In this article we show that every group with a nite
presentation satisfying one or both of the small cancellatbn con-
ditions CY1=6) and CY1=4) T(4) has the property that the set
of all geodesics (over the same generating set) is a star-&eegular
language. Star-free regularity of the geodesic set is showto be
dependent on the generating set chosen, even for free groupg/e
also show that the class of groups whose geodesic sets arerdtae
with respect to some generating set is closed under taking gph
(and hence free and direct) products, and includes all virtwally
abelian groups.

1. Introduction

There are many classes of nitely presented groups that haugeen
studied via sets of geodesics that are regular languagesdtls, sets de-
ned by nite state automata). Various examples are known ofgroups
for which the set of all geodesics is a regular set. Word hyjpexic
groups with any nite generating set are very natural examms; for
these the sets of geodesics satisfy additional (\fellow traller") prop-
erties which make the groups automatic [2, Theorem 3.4.5]. tla@r
examples include nitely generated abelian groups with anyiite gen-
erating set [10, Propositions 4.1 and 4.4]; and with approite gen-
erating sets, virtually abelian groups, geometrically nie hyperbolic
groups [10, Theorem 4.3], Coxeter groups (using the standagen-
erators) [6], Artin groups of nite type and, more generally Garside
groups [1] (and hence torus knot groups).

To date very little connection has been made between the pregies
of the regular language that can be associated with a group this
way and the geometric or algebraic properties of the groupsielf. In
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this paper we consider groups whose sets of geodesics gatief more
restrictive language theoretic property of star-free redarity.

The set of regular languages over a nite alphabeA is by de nition
the closure of the set of nite subsets oA under the operations of union,
concatenation, and Kleene closure [5, Section 3.1]. (Thed€ne closure
X of a setX is de ned to be the union[ L, X' of concatenations of
copies ofX with itself.) By using the fact that the regular languages
are precisely those that can be accepted by a nite state autwaton,
it can be proved that this set is closed under many more operahs
including complementation and intersection [5, Section 2]. The set
of star-free language®over A is de ned to be the closure of the nite
subsets ofA under concatenation and the three Boolean operations
of union, intersection, and complementation, but not underKleene
closure [11, Chapter 4 De nition 2.1].

The star-free languages form a natural low complexity subisef the
regular languages. An indicator of the fundamental role thahey play
in formal language theory is the surprisingly large varietpf conditions
on a regular language that turn out to be equivalent to that laguage
being star-free. The book by McNaughton and Papert [9] is deted
entirely to this topic. One such condition that we shall makeuse of
in this paper is the result of Schatzenberger that a regulalanguage is
star-free if and only if its syntactic monoid is aperiodic. @her exam-
ples studied in [9] are the clas&F of languages represented by nerve
nets that are buzzer-free and almost loop-free, and the ctaB OL of
languages de ned by a sentence in rst order logic. A reguldanguage
not containing the empty string is star-free if and only if itlies in LF
or, equivalently, in FOL. There are also relationships between star-free
languages and various types of Boolean circuits; these arsalissed in
detail in the book by Straubing [13].

Note that A = ; Cis star-free. The set of star-free languages properly
contains the set of alllocally testablelanguages. A subset oA™ :=
A nf g (where is the empty word) is locally testable if it is de ned
by a regular expression which combines terms of the ford u, VA
andA wA | for non-empty nite strings u; v; w, using the three Boolean
operations [11, Chapter 5 Theorem 2.1]. A natural example aflocally
testable language is provided by the set of all non-trivial @pdesics in
a free group in its natural presentation. Further examplesfcstar-free
languages are provided by th@iecewise testabléanguages; a subset of
A is piecewise testable if it is de ned by a regular expressi@ombining
terms of the formA a;A a, A aA , wherek 0 and eacha; 2 A,
using the three Boolean operations [11, Chapter 4 Propositi 1.1]. A
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natural example of a piecewise testable language is providiey the set
of geodesics in a free abelian group over a natural generatiset.

Margolis and Rhodes [8] conjectured that the set of geodesia any
word hyperbolic group (with respect to any generating setistar-free.
This conjecture was motivated by an interpretation of van Kapen
diagrams in terms of Boolean circuits, and utilization of rationships
between properties of circuits and star-free languages ntiemed above.

We show that the conjecture as stated is false in Section 4, eie
we describe a 6-generator presentation of the free group ahk 4 for
which the set of geodesics is not star-free. This demonsteatthat the
property of having star-free geodesics must be dependent thie choice
of generating set.

By contrast, our main theorem, in Section 3, states that grqus de-
ned by a presentation satisfying either one of the small carellation
conditions CY{1=6) or C{1=4) T(4) (which imply but are not a con-
sequence of hyperbolicity) have star-free sets of geodesidth respect
to the generating set of that presentation. Our proof reliesn the thin-
ness of van Kampen diagrams for these presentations, whichswsed
in [14] to show that these groups are word hyperbolic. The gsion of
whether or not any word hyperbolic group must have some gefing
set with respect to which the geodesics are star-free remsiapen.

In Section 5 we consider closure properties of the set of gpsuthat
have star-free sets of geodesics for some generating set. Shaw that
this set is closed under taking direct, free, and graph prodts. Our
proof follows the strategy of the proof in [7] showing that th set of
groups with regular languages of geodesics (for some getiegaset) is
closed under graph products.

It is proved in [10, Propositions 4.1 and 4.4] that every niely gen-
erated abelian group has a regular set of geodesics with respto any
nite generating set, and that every nitely generated virtually abelian
group G has a regular set of geodesics with respect to some nite gen-
erating set. (An example of J.W. Cannon, described after Tloeem
4.3 of [10], shows that the set of geodesics need not be regfiba ev-
ery nite generating set of a virtually abelian group.) In Setion 6
we strengthen these results to show that all nitely generad abelian
groups have piecewise testable (and hence star-free) setgeodesics
with respect to any nite generating set, and that all nitely generated
virtually abelian groups also have piecewise testable saif geodesics
with respect to certain nite generating sets.
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2. Some technicalities and basic results

Let A be a nite alphabet and let M be a deterministic nite state
automaton over A. We assume that all such automata in this paper
are complete; that is, for every state and letter irA, there is a corre-
sponding transition. For a state of M and wordu2 A ,dene “to
be the state ofM reached by readingu from state . The transition
monoid associated withM is de ned to be the monoid of functions
between the states oM induced by the transitions ofM. Since the
automaton is nite, this transition monoid is a nite monoid .

For aregular languagé. of A , there is a minimal nite state automa-
ton M_ accepting the languagd., which is unique up to the naming
of the states [5]. In this minimal automaton, no two states h& the
same \future"; that is, the two sets of words labelling trangions from
two distinct states to accept states must be distinct. Thesyntactic
congruenceof L is the congruence _, which relates two wordsu and
v provided, for all wordsx andy, xuy 2 L if and only if xvy 2 L. The
syntactic monoid associated withL is the quotient monoidA = .
The images {I] and [v] of u and v in the syntactic monoidA = | are
equal if and only if Y=V for all states of M_. Thus the syntactic
monoid ofL is also the transition monoid ofM | .

A monoid is said to beaperiodic if it satis es a rule xN = xN*1 for
someN 2 N. By a result of Schatzenberger [11, Chapter 4 Theorem
2.1], aregular languagé over A is star-free if and only if its syntactic
monoid is aperiodic. The following proposition yields an trnative in-
terpretation of star-free, which allows an easy algorithrasicheck (which
we used to check examples).

Proposition 2.1. Let L be a regular language ovek. The language
L is not star-free if and only if, for any N 2 N, there existn > N
and wordsu;v;w 2 A with one of the wordsuv"w and uv"**w in L
and the other not inL. Moreover, if L is not star-free, then there exist
xed words u;v;w 2 A such that, for eachN 2 N, there existsn > N
with uv"w 2 L but uv"**w 62_.

Proof. If L is star-free, Schatzenberger's Theorem says that the syn-
tactic monoid is aperiodic, so there is atN 2 N with xN = xN*! for
all x in the monoidA = | . Foranyu;v;w2 A , the image §] of v in
A= | satises V]V =[v]N*!, and so ¥" = "™ for all states of
the minimal automaton M acceptingL, including the state = ¢,
where g is the start state. Thus for alln > N , the word uv"w will
be accepted byM, if and only if uv"**w is accepted. The proof of the
converse is similar.
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Now suppose thatL is not star-free, and letm be the number of
states of the automatonM_. The rst part of the proposition shows
that there are wordsu; v;w 2 A and an integeri > m with one of the
words uv'w or uv'**w in L and the other inA nL. Sincei >m there
must be two integerg 1;j, with0 j; <j,<i suchthat §'* = 82,
Let k = j, ji. Then for all natural numbers|, &'w = Ww""*w gng

w'ttw = Wt w - Hence for in nitely many natural numbersn > m,
we haveuv"w 2 L and uv"*tw 62L.

The following lemma will be useful when considering sets adgdesics
in subgroups.

Lemma 2.2. Let B be a subset oA. Then B is a star-free language
overA.

Proof. The setB can be written as

B = ( [ a2 AnB Ca; C)C;

where S° denotes the complemenA n S of a subsetS of A . This is
a star-free expression foB .

In Section 5 we will utilize another equivalent characteration of
star-free languages, shown in the following proposition.

De nition 2.3.  We de ne a circuit in an automaton through a state
to be poweredif the circuit is labelled by a wordvk for somev 2 A*
with k > 1 such that V6 .

Proposition 2.4. A regular languagel is star-free if and only if the
minimal automaton to recognize it has no powered circuits.

Proof. Suppose thatvk labels a powered circuit in the minimal au-
tomaton M for L beginning at a state , with k > 1 the least natural
number such that ¥ = . Let u label a route from the start state 0
to . SinceM_ is minimal, the states Y and “Y must have di erent
futures, so there is a wordw such that one ofuw and uvw is in L
and the other is not. Hence for all natural numbers, we also have
that one of uv¥w and uv®*'w is in L and the other is not. So, by
Proposition 2.1,L cannot be star-free.

Conversely, suppose thal is not star-free. Letm be the num-
ber of states ofM . Again using Proposition 2.1, there exist words
u;v;win A such that uv"w 2 L but uv"**w 62L for somen > m.
Among the targets from the start state under the transitionslabelled

there exist numbers 0 a < b m such that the targets satisfy
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w® = W Ginceuv"w and uv™*1w do not have the same target, nei-
ther do uv" and uv"*!, and hence we cannot havb= a+1. Therefore
vP 2 labels a powered circuit at §*°.

3. Small cancellation result

For a nite group presentation hX j Ri in which the elements ofR
are cyclically reduced, we de ne thesymmetrizationR of R to be the
set of all cyclic conjugates of all words ilR[ R 1.

We de ne a pieceto be a word overX which is a pre x of two (or
more) distinct words in R . Geometrically, a piece is a word labelling
a common face of two 2-cells, or regions, of a Dehn (or van Kaerp
diagram for this presentation.

Where > 0, we say that the presentation satis esCq ) if every
piece has length less than times the length of any relator containing
it; in other words, a word labelling a common face between twaiagram
regions has length less than times the length of either of the words
labelling the boundaries of the regions.

Where q is a positive integer greater than 3, we say that the presen-
tation satises T(q) if, forany hwith 3 h<qgandry;:::;rp 2 R
with r; 6 r; %, (1 <i h)andr; 6 r,*, at least one of the words
riro, rors, :::, rpry is freely reduced. Geometrically, this implies that
each interior vertex of a Dehn diagram with degree greater #im 2 must
actually have degree at leasty We refer the reader to [14] for more
details on small cancellation conditions and diagrams.

In this section we prove the following theorem, utilizing rsults from [14]
which show that su ciently restrictive small cancellation conditions
force Dehn diagrams to be very thin.

Theorem 3.1. Let G = hX j Ri be a nite group presentation such
that the symmetrizationR of R satis es one of the small cancellation
conditions C{1=6) (hypothesis A), orCY1=4) and T (4) (hypothesis B).
Then the language of all words ovet that are geodesic irG is regular
and star-free.

Note that it is already well known that these small cancellabn con-
ditions imply word hyperbolicity (see [14]), and hence thathe geodesic
words form a regular set.

The remainder of this section is devoted to the proof of Theem 3.1.
Let L be the language of all geodesic words for a presentation of a
group G satisfying the hypotheses of this theorem, and suppose toeth
contrary that L is not star-free.

For any wordy over X [ X 1, let jyj denote the length of the word
y, and let jyjc denote the length of the element o6 represented byy.
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By Proposition 2.1 there exist wordsu; v; w over X such that there
exist arbitrarily large n with uv" ‘w geodesic andiv"w not geodesic.
Chooseu, v, and w with this property such that juj + jwj is minimal.
Note that u, v, and w are each nonempty. Then there exist arbitrarily
large n with uv" w geodesic andiv"w minimally non-geodesic (that
is, all of its proper subwords are geodesic), since otherais® v; w or
u; v; wwould have the property in question, wher@®and ware respec-
tively the maximal proper su x of u and the maximal proper pre x of
W.

Choose soma for which uv"w is minimally non-geodesic andiv® w
is geodesic.

Let w = wX with x 2 X [ X %, and let t be the geodesic word
uv"wC Then either

() juv"wjg = jtj 1, and there is a geodesic wortf ending inx !
with jt9 = jtj and t°=¢ t; or

(i) juv"wjs = jtj and there is a geodesic wortf with jt9 = jtj and
9= tx.

In the rst case, we let T be the geodesic digon in the Cayley graph

of G with edges labelledt and t° and in the second case we I€f
be the geodesic triangle in  with edges labelled, x and t° In both
cases, the edges labellgdand t° start at the base point of .

Notice that none of the internal vertices of the paths labedidt and t°
in can be equal to each other, because such an equality wouilshply
that uv"w has a proper su x that is not geodesic, contrary to the
choice ofn. Hence in any Dehn diagram with boundary labels given by
the words labelling the edges of, the vertices of the boundary paths
labelledt and t°also cannot be equal except at the endpoints.

It follows from the proof of Proposition 39 (ii) of [14] that there is a
reduced Dehn diagram with boundary labels given byT, which has
the form of one of the two diagrams (corresponding to case$ &nd (ii)
above) in Figure 10 of that proof, reproduced here in Figure. 1
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q q q
H q q q ;'I:' Case (i)
H a a q
-
_t
_____ q —q_q____BPB )
H g 49 q nx Case (i)
H a aqa q
-
Figure 1.

A key feature is that all internal vertices in these Dehn diagims
have degree 2, and all external vertices have degree 2 or 3. tibi®
that the short vertical paths joining vertices oft to vertices oft°in
these diagrams are all pieces of the relators corresponditogthe two
adjoining regions and hence have length less thar6lor 1=4 of those
relators under hypotheses A and B respectively.

The boundary label of each region (except for those regionsntain-
ing the endpoints oft and t% has the formr = sps)®2 R , wheres and
s’are nonempty subwords of and (t9 !, respectively, andp and p®are
nonempty pieces. We consides to label the “top' of r, s° * the bottom
and p and p° ! the right and left boundaries ofr, respectively. We shall
use this top, bottom, right, and left convention throughoutthis section
when referring to any region or union of consecutive regions .

We shall establish the required contradiction to our assuntipn that
L is not star-free by identifying a union ; of consecutive regions of

such that the top of ; is labelled by a cyclic conjugate of/, the
labels of the left and right boundaries are identical, and t bottom
label is no shorter thanv. In that case the diagram formed by deleting

j from and identifying its left and right boundaries demonstrates
that uv" w is not geodesic, contrary to our choice af, v, and w.

To construct the top boundary of our region j, we start by nding
a subwords of v" with particular properties. We de ne a subwords of
v" to have the property (y) if

(): some occurrence of in V" labels the top of a region in
with boundary r = spsp’and

(ii): jsj > jrj=3 if hypothesis A holds,jsj > jrj=4 if hypothesis B
holds.

Lemma 3.2. Provided that n is large enough,v" has a subwords
satisfying ().
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Proof. Let r = sps}P label any region in . If jsj | rj=3 (resp.
jsj j rj=4), then sincejpj;jp] < jrj=6 (resp. jpi;jpj < jrj=4), we have
js§ > jsj. But, sincejtj = jt9, then provided that n is large enough,
this cannot be true for all regions of whose top label is a sulword of
vh,

From now on letn be large enough for the lemma above to be applied.
In addition let n be larger than 6, where is the length of the longest
relator in the presentation.

For the remainder of this section, lets be a speci ¢ choice of a word
which is as long as possible subject to satisfying)( We shall call an
occurrence ofs in v" strictly internal if it does not include any of the
rst orlast letters of v".

Lemma 3.3. Every strictly internal occurrence ofs in v" labels the
top of a region in

Proof. Suppose not, and consider a strictly internal occurrence af
which is not the top of a relator.

First note that s cannot be a proper subword of the toly of a region
of . For if it were, since s is strictly internal, the word y would be a
subword ofv" satisfying (y) and have length longer thans.

Hence there are adjacent regions of with labels; = s;p;s9p? and
r, = Syp2sopd wherepd = p; ' and the vertex at the end of the path
labelled s; and at the beginning of the path labelleds, is an internal
vertex of the subpath oft labelleds.

Either (1) s, is a proper subword ofs or (2) s, is a proper subword
of s, or (3) s is a subword ofs;s, (see Figure 2).

_— S - - = S =
S1 S2 S1 S2
&l P 105 P2 2 &Pt P 105 P2 2
S o 2 S @) S2
Figure 2.

Note that it is impossible for the T(4) property to hold in any of
these situations. A violation is provided by the two relatos shown,
together with a relator containings. So we may assume tha€CY1=6)
holds.

In case (1),s; is a piece, and so arp} and p; (since thep; and p are
the labels of the vertical paths in ), and so each must have legth less
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than jrj=6. But then the path pds;p; is shorter thans§, contradicting
the fact that t°is a geodesic. Case (2) is dealt with similarly.

In case (3),s\ s; ands\ s, are pieces, and so must each have length
less thanjrj=6, contradicting the condition that jsj > jrj=3.

Now write t = uv v w% wherev= v" 2 . The rst occurrence ofs
in ¥ must start before the end of the rstv; that is, ¥ has a pre x of
the form gs where q is a proper pre x of v. Sincen > 6 , the su x
v" 2 3 of v has length at least 4 3 , and so is longer thans.
Hence this condition onn ensures that the words/gsand vgsare also
pre xes of v. Then all three of these occurrences afare also strictly
internal subwords inv". By Lemma 3.3, these three occurrences sf
are each the top label of a region of , so these subwords musteb
disjoint. Hencet must have a pre x of the formuv gsdsds, where the
three subwords labelleds are the three discussed above, arstf is a
cyclic conjugate ofv.

Let the three regions of whose tops are labelled by thesg subwords
becalled o, ,and .. If ¢°is nonempty, let ; and 3 be the regions
attached immediately to the left of , and 4, respectively (see Figure
3). Since thes subwords are strictly internal, these regions cannot

contain the endpoints oft or t% Then fori = 0;:::;4 the region ; has
a boundary label of the formr; := s;p;s’p’. Note that sp = s, = s4 = s.
. S= s G Si= s
qa ¢ S qa g9 4§ Ss
a 9 g? 1 P :Sp(z) 2 P2 9 9 A3 3 p3:3p91 4 Paf
a dg qa 9 49
s? s9 s9 s?
Figure 3.

Lemma 3.4. We haver, = r4 and pd = pj.

Proof. Sinces satis es (y) and so is too long to be a piece, it follows
immediately that r, = ry.

We shall show thatpd = p? in the case whenc® is not the empty
word; the proof in the case whemfis empty is similar.

First we shall prove thats; = s3.

Under hypothesis A, sincep; and p? are pieces and?is geodesic,
we havejpij;jpdj < jrij=6 andjsdj < jrij=2, so thereforejs;j > jrij=6.
Thus s; is too long to be a piece, so the relatar; is is the only element
of R with pre x s;. Lety be the longest su x of g°which is a subword
of an element ofR . Then s; is a sux of y, i.e.y = zs;, and again
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y is too long to be a piece, so the only relators iR containing y are
cyclic conjugates ofr,. Hence the (possibly empty) wordz is a su x
of r;. If z were nonempty, then the last lettera of z would be a su x
of pd, and the relator -= sps%? labelling the boundary of the region
“immediately to the left of 1 would have top labels-ending with a.
But the rst letter of v = p} * would then bea *, contradicting the
fact that the relator + 2 R must be reduced. Thuss; must be the
longest su x of ¢ which is a subword of an element dR in this case.
Under hypothesis B, again lety be the longest su x of ¢®which is a
subword of an element oR , and write y = zs,;. If z were nonempty,
then the regions 1, and a third region with boundary label contain-
ing y glued along this word to the other two regions, would violat¢he
T(4) condition. Thus agains; must be the longest su x of ¢ which is
a subword of an element oR .
The same argument under both hypotheses shows thsy is also the
longest su x of ¢®which is a subword of an element dR , sos; = ss.
Now suppose thatp) 6 p3. Then one is a subword of the other, since
both are su xes of r, = r4. Suppose (without loss of generality) that
pd= p%;thenps=p; . If ry=rsthen is a prex of s?pfs;p; and
lis a sux of pds,p,sY, and sotis not freely reduced. Ifry 6 r,
then s;p; = s3p; is a piece, and under eitheCY1=6) or CY{1=4) must
have length less thanjrij=4. Then pds;p; has length less tharjrj=2,
and s? cannot be geodesic.

Now let ; be the union of the regions , and all regions of to
the right of , up to but not including 4. Then the boundary label
of 1issdpd? 99 wherescis a cyclic conjugate ofv, pJ = p3, and

9is a subword of (9 * (see Figure 4 withg8 1).

$
=S o _ S4=S
q q g
6p2 2 2 q 9% 3 P3 %pg 4 ?
q q q
?
& 1 %
Figure 4.
Provided that n is large enough, we can de ne similar unions of
regions ,, 3,::: i,..:0f ,where ;isimmediately to the left of

i+1,and ; has boundary labekdp) * %3, where each Pis a subword
of (t9 L.
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We have not attempted to show that the words ? are equal for all
i, but sincejtj = jt we cannot havej J < jvj for all i, and so there
exists aj with j J-Oj j vj. Now, if we remove ; from , the e ect is
to replacet by uv" wPand t®by a word of length at mostjtj j vj, so
we obtain a diagram that shows thatuv” w is not geodesic, contrary
to assumption.

4. Dependence on generating set

In this section, we give two examples of groups for which thetsof
geodesics is star-free with respect to one generating setit Inot with
respect to another.

Free groups have star-free geodesics with respect to therd gener-
ators, but the following example shows that this is not necsarily the
case with an arbitrary generating set. Let

G := ha;b;c;d:r;sj bafd = rcs; bd= si:

The two relations can be written asr = bab ¢ !, s = bd and so
they can be used to eliminate and s from any word representing an
element ofG. HenceG is free ona; b; cand d.

Sinceb&®d =g (b&b Y)*bd =¢ (rc)*s for all k 0, we have that
ba*d is not a geodesic word. We shall now show thdig“*'d is a
geodesic word for alk 0, which implies, by Proposition 2.1, that
the set of geodesics for the group de ned by this presentatids not
star-free.

Let w = ba**1d for somek 0. Suppose to the contrary thatw is
not geodesic. Then there is a word in a; b; c; d; r; sand their inverses
satisfying I(x) < I (w) which freely reduces tow after we make the
above substitutions to eliminater and s. Let p, denote the number
of occurrences of in X, let ny denote the number of occurrences of
a 1in x, and similarly for the other ve generators ofG. Since the
exponent sum of thea's in w is 2k + 1, and the only letters of x that
contribute powers ofa after the substitution are powers ofa andr, we
havep, na+2p. 2n, = 2k+1. Computing the exponent sums of the
bs, ¢'s, andd's in w in the same way, we obtairp, np+ ps Nns=1,
P he prtn =0,andpy ng+ ps Nhs=1,respectively. Then

2k+3=I(w) > |(x)
Pat Nat Pt Npt Pct Nct Pgt Ng+ P+ N+ Ps+ Ns
2na+2n,+2n.+ pg+ Nng+2n, +2ng+ 2k + 2:
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Thereforen, = npb = Nnc = Nng = N, = ng = pg = 0, so the word x
contains no occurrences of inverses of the generatorg€xfand also no
occurrences of the generatal. As a consequence, thep,+2p, = 2k+1,
ps =1, pp=0, and p; = p.. Hence the letterb also does not occur in
X, the letter s occurs once, and sincek2+ 1 is odd, we havep, > 0 so
X contains at least onea. Since thed is at the right hand end ofw,
the s must be at the right hand end ofx. Hencex has the formyazs,
wherey and z are words overa;c;r. After making the substitutions
for r and s in x, all of the powers ofa in the word are positive, so the
a in the expressionyazs for x will not be cancelled after further free
reduction, but the exponent sum of theds to the left of this a is zero.
Thus the resulting word cannot freely reduce tav, giving the required
contradiction.

Our second example is the three-strand braid groups, which has a
presentationha; bj bab= abai. The geodesics for this group on gener-
atorsfa ;b g are described in [12]. A reduced word is geodesic if it
does not contain both one of ab; ba and also one ofa b ;b a g
as subwords, and it does not contain bothbaand also one ofa ;b g
as subwords, and it does not contain botla b a ! and also one of
fa; g as subwords. Hence the language of geodesics can be exptesse
as

[(;cab°[; ®ba®)\ (;%a *b L °[; °b ‘a L;°)°
\ [abg )\ (;ca Lo[; b LO)°
\ [ tbta b9\ (Al Bo)

which is a star-free regular language.

In [1], Charney and Meier prove that Garside groups have relgu
geodesics with respect to the generating set consisting tietdivisors
of the Garside element and their inverses. The class of Galsigroups
includes and generalizes the class of Artin groups of nite/pe, which
itself includes the braid groups. The set of divisors of the &side
element in the three-strand braid groupB; is fa;b;ab; ba;alg and
an automaton accepting the geodesics in the positive monodd this
example is calculated explicitly in Example 3.5 of [1]. We sefrom
this that (bg(abg"(a) is a geodesic fon even, but not forn odd. So,
by Proposition 2.1, the language of geodesics fBr with this second
generating set is not star-free.
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5. Direct products, free products and graph products

We start by proving the straightforward result that the clas of
groups with star-free sets of geodesics is closed under takidirect
products.

Lemma 5.1. If the languages.;L, of all geodesics ofG;; X;) and
(Gy; X»,) are star-free then so is the languade of all geodesics ofG,
G2, X1 [ X2).

Proof. The languageL is the set of words oveiX; [ X, which project
onto words in each ofL; and L, if we map in turn the elements of
X5; X1 to the empty strings. We show thatL can be described as the
intersection of two star-free languaged, and LJ.

The languagel? is de ned by wrapping arbitrary strings in X,
around the elements o, for each string inL4; that is,

L‘l’ = fwoxawy  XpWh j W 2 X, and Xy X, 2 L1

Thus a regular expression fot.? is found by replacing each element
x of Xy in a star-free (regular) expression foL; by X,xX,. Note
that Lemma 2.2 shows thatX, is a star-free language oveX;[ Xo.
Since star-free languages are closed under concatenatittms regular
expression folL¢ shows thatL{ is star-free. The languagé $ is de ned
similarly.

It is straightforward to prove that an analogue of the above esult
also holds for free products. In fact in the next theorem we prve a
more general result, which includes both direct and free pdacts as
special cases.

De nition 5.2. Let be a nite undirected graph withn vertices la-
belled by nitely generated group$s;. Then the graph product G
of the groupsG; with respect to is de ned to be the group generated

commute if there is an edge in connecting the vertices labelled b$;
and G;.

Thus if is either a graph with no edges or a complete graph, tn
the graph product is the free or the direct product of the grops G;,
respectively.

The word problem for graph products is studied in detail in [B
and [4]. If we use a generating set for G that consists of the union of
generating sets of the vertex group&;, then it turns out that a word w
in the generators is non-geodesic if and only if pairs of adgnt genera-
tors in w that lie in commuting pairs of vertex groups can be swapped
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around so as to produce a non-geodesic subword lying in onetloé

vertex groups. This property is used in [7] to prove that the godesics
form a regular set if and only if the geodesics of the vertex @ups all

form regular sets. We adapt this proof to show that the same isue

with “regular' replaced by “star-free’'.

Theorem 5.3. Let Gy;:::G, be the vertex groups of a graph product
G:= G, let Ay ::: A, be nite inverse-closed sets of generators for
Gj, and letLq;::: L, be the languages of all geodesics@j;: : : G, over
Aq; it Ay, respectively. LetA = [ L, A; and letL be the language of
all geodesics inG over A. The languaged.;;:::L, are all star-free if
and only if the languagd. is star-free.

Proof. First, suppose thatL is star-free. For each vertex index, a
word over A; which is geodesic as an element & is also geodesic as
an element ofG, and the languagel; is the intersection of the star-free
languageL with A;,. Lemma 2.2 shows that the sef, is star-free, so
L; is also star-free.

Conversely, suppose that each languade is star-free. LetF; denote
the minimal nite state automaton over A; that acceptsL;. Since any
pre x of a geodesic is also geodesic, the langualyeis pre x-closed,
and therefore the automatonF; has a single fail state, and all other
states are accept states.

Following the proof in [7], for eachi de ne a nite state automaton F;
over A by adding arrows for the generators irfA nA; to the automaton
F; as follows. For eacha 2 A nA; which commutes withG;, a loop
labelled a is added at every state of; (including the fail state). For
eachb2 A nA; which does not commute withG;, an arrow labelledb
is added to join each accept state df; to the start state, and a loop
labelledbis added at the fail state. Completing the construction in [|f
an automaton F is built to accept the intersection of the languages of
the automata F;, and the authors show that the language accepted by
F is exactly the language. of geodesics of G overA.

Note that if two states of F; have the same future, then these states
have the same future under the restricted alphabe;. Thus minimality
of the automaton F; implies that F. is also minimal.

Sincel; is star-free, Proposition 2.4 says that; has no powered
circuits. Then the nite state automaton F, has no powered circuit
labelled by a word inA] . Suppose thatF; has a powered circuit over
A" and let v be a least length word such that a power of labels a
powered circuit inF;. Let be the beginning state of this circuit, and
let k > 1 be the least natural number such that ¥ = . The states
in this circuit must be accept states. Ifv contains a lettera 2 A nA;
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which commutes with G;, then the word v with the letter a removed
also labels a powered circuit at , contradicting the choice ofv with
least length. Then we can writev = v;bw such thatv;;v, 2 A and
the letter b 2 A n A; does not commute withG;. Hence “1° is the
start state .o of F. and the word v,v;b labels a circuit at i.0, and so
v labels a circuit at , contradicting the condition k > 1. ThereforeF;
also has no powered circuits. Applying Proposition 2.4 agaithen the
language accepted by is star-free.
Finally, the languagelL is the intersection of the star-free languages

accepted by theF;, so thereforel is also star-free.

6. Virtually abelian groups

In this section, we prove that every nitely generated abeéin group
has a star-free set of geodesics with respect to any nite gamating set,
whereas every nitely generated virtually abelian groupG has some
nite generating set with respect to whichG has star-free geodesics.

As a special case of these results, note that we can see quitkat the
geodesic language &" for the standard (inverse closed) generating set
is star-free, either via Lemma 5.1 or as follows. The minimautomaton
for this language has states corresponding to subsets of tipenerators
that do not contain inverse pairs, together with a fail state At a state
given by a subsetS, the transition corresponding to a generatoa will
go either to S itself if S containsa, to S[f ag if S does not contain
aora !, and to the fail state if S containsa . Then the transition
monoid of the minimal automaton for this language of geodes, i.e. the
syntactic monoid, is both abelian and generated by idempatés, and
hence every element is an idempotent and the monoid is apetio.
Schutzenberger's Theorem then says that this language itasfree.

Our arguments in this section make use of a condition that is one
restrictive than the star-free property, and indeed more sdrictive than
the piecewise testable property, which we shall cgliecewise excluding
A languageL over A is said to be piecewise excluding if there is a nite
set of stringsW A with the property that a word w 2 A lies in
L if and only if w does not contain any of the strings inW as a not
necessarily consecutive substring. In other words,

L=([LfA a:1A a,A A &, A Q)"

whereW = fa;;::;;a,ganda = a8, &, forl i n. Itfol-
lows directly from the above expression and the de nition opiecewise
testable languages given in Section 1 that piecewise exdhgllanguages
are piecewise testable, and hence star-free.
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We also need the following technical result, in which the se\l of
natural numbers includes 0.

ifand only if mjy n;for1 i r. Then any subset oN' has only
nitely many elements that are minimal under

Proof. See [2, Lemma 4.3.2] or the second paragraph of the proof @, [1
Proposition 4.4].

Proposition 6.2. If G is a nitely generated abelian group, then the
set of all geodesic words for any nite monoid generating sef G is
a piecewise excluding (and hence a piecewise testable anthafeee)
language.

U:=f(ng:in) 2 N jxItx32 X7 is non-geodesig:

By Lemma 6.1, the subsetv U, consisting of those elements di
that are minimal under , is nite. Let W be the set of all permu-
tations of all words x7*x3* X7 with (ny;:::;n) 2 V. SinceG is
abelian, whether or not a word overA is geodesic is not changed by
permuting the generators in the word. Hence, by de nition ominimal-
ity under , any non-geodesic word oveh contains a word inW as a
not necessarily consecutive substring. Conversely, sirtbe words inW
are themselves non-geodesic, any word ov&rcontaining one of them
as a not necessarily consecutive substring is also non-gesid. So the
set of geodesic words ovek is piecewise excluding, as claimed.

Proposition 6.3. Any nitely generated virtually abelian group has
an inverse-closed generating set with respect to which thet f all
geodesics is a piecewise testable (and hence a star-freaglage.

Proof. The analogous result for ‘regular' rather than “piecewisegtable'
is proved in Propositions 4.1 and 4.4 of [10]. We extend thatrqof.

Let N be a nite index normal abelian subgroup inG. We choose
a nite generating set of G of the formZ = X [ Y with the following
properties.

(1) X NandY GnN.

(2) Both X and Y are closed under the taking of inverses.

(3) X is closed under conjugation by the elements of.

(4) Y contains at least one representative of each nontrivial cets
of N in G.
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(5) For any equationw =g Xy with w a word of length at most 3
overY,y2 Y [f 1lgandx 2 N, we havex 2 X.

We must rst show that such generating sets exist. To see thistart
with any nite generatingsetZ of GandletX := Z\ N,Y = ZnX.
Adjoin nitely many new generators to ensure that Property 4holds
and that Y is closed under taking inverses. Sinc€ is nite, there
are only nitely many possible wordsw in Property 5, and we can
adjoin nitely many new generators in N to ensure that Property 5
holds. Now adjoin inverses of elements &f to get Property 2. Since
N is abelian andjG : Nj is nite, elements of N have only nitely
many conjugates inG, and so we can adjoin nitely many conjugates
of elements ofX to Z to get Property 3, after which X will still be
closed under inversion. The ve properties will then all hal.

Now let L be the set of all geodesic words ové&r. Fori 0, let Z; be
the set of all wordsz;  z, 2 Z for which preciselyi of the symbolsz

lieinY,andletL; := L\ Z;. Let B be the set of words irZ containing
at leasti letters of Y. Then & := [ y,..y2ovfZ y1Z ZyZgisa

piecewise testable language. The s&; equals the intersectionZ; \
(Z+1)¢, and so is also piecewise testable.

First we shall show thatL = Lo[ Li[ L,. Property 3 implies that
any word in L is equal inG to a word of the same length involving the
same elements of’, but with all of those elements appearing at the
right hand end of the word. By Property 5, any word overY of length
three or more is non-geodesic. Sois contained in (and hence equal
tO) Lo[ Ll[ Lo.

Now Property 1 ensures that an element df ; cannot represent an
element ofN, and the same is true folL,, because Property 5 implies
that a word in Z, that represents an element oN cannot be geodesic.
Sol, is equal to the set of all geodesic words iIN over X, and the
set X generates the subgroupN. Then L, is piecewise testable by
Proposition 6.2.

Next we show that L, is piecewise testable. For a xedy 2 Y,
applying the same argument as in the proof of Proposition 612 X v,
we can show that there is a nite setW, of words overX with the
property that a word in X y is non-geodesic if and only if it contains
one of the words inW, as a not necessarily consecutive substring.

For eachy 2 Y and x 2 X, denote the generator inX equal inG to
y xy (which exists by Property 3) byxY. De ne W to be the ( nite)
set of words overZ of the formx;  xiyx!,;  x¥, wherey 2 Y and
X1  XXts1  Xs 2 Wy. Then a word inZ; is non-geodesic if and only
if it contains a word in W as a not necessarily consecutive substring.
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SolL; = P\ Z;, whereP is a piecewise excluding language. SinZe
is piecewise testable, this shows thdt; is piecewise testable.

The proof that L, is piecewise testable is similar and is left to the
reader. SoL = Lo[ L[ L, is piecewise testable.

References

[1] R. Charney and J. Meier, The language of geodesics for Gside groups, to
appear in Math. Z.

[2] D.B.A. Epstein, J.W. Cannon, D.F. Holt, S.V.F. Levy, M.S . Paterson, and
W.P. Thurston, Word Processing in Groups Jones and Bartlett, Boston, 1992.

[3] E.R. Green, Graph products of groups, Ph.D. thesis, The Wiversity of Leeds,
1990.

[4] S. Hermiller and J. Meier, Algorithms and geometry for gaph products of
groups, J. Algebra 171 (1995), 230{257.

[5] J.E. Hopcroft, R. Motwani and J.D. Uliman, Introduction to Automata Theory,
Languages, and Computation Second Edition, Addison Wesley, Reading, MA,
2001.

[6] R.B. Howlett, Miscellaneous facts about Coxeter groupsnotes of lectures given
at the ANU Group Actions Workshop, October 1993, available fom
http://www.maths.usyd.edu.au:8000/res/Algebra/How/a nucox.html.

[7] J. Loe er, J. Meier, and J. Worthington, Graph products a nd Cannon pairs,
Internat. J. Algebra Comput. 12 (2002), 747{754.

[8] S. Margolis, private communication.

[9] R. McNaughton and S. Papert, Counter-free automata, M.I.T. Press, Cam-
bridge (Mass.), London, 1971.

[10] W. Neumann and M. Shapiro, Automatic structures, rational growth, and
geometrically nite hyperbolic groups, Invent. Math. 120 (1995), 259{287.

[11] J.E. Pin, Varieties of Formal Languages Plenum Publishing Corp., New York,
1986.

[12] L. Sabalka, Geodesics in the braid group on three strarg]l Contemp. Math.
360 (2004), 133{150.

[13] H. Straubing, Finite Automata, Formal Logic, and Circuit Complexity ,
Birkhauser, Boston, 1994.

[14] R. Strebel, Small cancellation groups, Appendix of E. Gys and P. de la Harpe.,
editors, Sur les groupes hyperboliqgues d'apes Mikhael GromovProgress in
Mathematics 83, Birkhauser Boston, Inc., Boston, MA, 1990.

Dept. of Mathematics, University of Nebraska, Lincoln NE 6858 8-
0130 USA

E-mail address smh@math.unl.edu

Mathematics Institute, University of Warwick, Coventry CV4 TAL,
UK

E-mail address, dfh@maths.warwick.ac.uk

School of Mathematics and Statistics, University of Newcast le,
Newcastle NE1 7RU, UK
E-mail address. Sarah.Rees@ncl.ac.uk



