NONCOMMUTATIVE GR OBNER BASES
FOR THE COMMUTATOR IDEAL

SUSAN HERMILLER * AND JON MCCAMMOND 2

Abstract. Let | denote the commutator ideal in the free associative
algebra on m variables over an arbitrary eld. In this article we prove
there are exactly m! nite Gmbner bases for |, and uncountably many
in nite Gmebner bases for | with respect to total division orderings.
In addition, for m = 3 we give a complete description of its universal
Gmbner basis.

Let A be a nite set and let K be a eld. We denote the free associative
algebra overK with noncommuting variables in A by K hAi and the poly-
nomial ring over K with commuting variables in A by K[A]. The kernel
of the natural map : KbAi! KJ[A] is called the commutator ideal. The
commutator ideal in K bAi, and in particular its noncommutative Grebner
bases, have been used to investigate properties of nitely gnerated ideals
in the commutative polynomial ring K [A]. This has occurred, for example,
in the study of free resolutions [1] and the homology of coorithate rings of
Grassmannians and toric varieties [12]. In this article we stablish several
new results about noncommutative Gmbner bases for the comnutator ideal
in K PAi. Our main results are as follows:

Theorem A. There are exactlym! nite reduced complete rewriting systems
for the m-generated free commutative monoid and exactlyn! nite reduced
Gmbner bases for the commutator ideal of them-variable free associative al-
gebra. In addition, each such rewriting system and Gmbnelbasis is induced
by a shortlex ordering.

Theorem B. There are uncountably many reduced complete rewriting sys-
tems for the m-generated free commutative monoid which are compatible
with a total division ordering whenm 3. As a consequence, there are un-
countably many reduced noncommutative Gmebner bases wittespect to total
division orderings for the commutator ideal in the m-variable free associative
algebra, each with a distinct set of normal forms.
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Theorem C. The universal Gmbner basis for the commutator ideal in the
free associative algebraK ha; b; d consists of the binomials

ab ba bc cb ca ac
adX Hdca b&a ckab cdd abc
acd ba bdck ackb cha Hdac

for all positive integersi, j, and k.

These theorems extend and complement several other recenésults. In
[5] Green, Mora, and Ufnarovski compare other properties othe Grebner
fan and universal Gmbner basis for the noncommutative andcommutative
cases. In [3] Eisenbud, Peeva, and Sturmfels show that for gnideal J of
K [A], after a generic change of coordinates, the ideal 1(J) must have a
nite noncommutative Grebner basis, using a speci c lift o f a term ordering
(or total division ordering) for K [A] to a total division ordering for the free
associative algebra. For the more restrictive case of mondal ideals, Diekert
[2] has shown that every commutative monoid has a nite compéte rewriting
system. In [6], Kramer, Laubenbacher, and the rst author showed that
there are uncountably many distinct Grebner bases for the @mmutator ideal
with respect to division orderings which were not typically total division
orders. Finally, we note that U. Martin [9] has independently established
Theorem B.

Organization: As can be seen from the statements given above, the study
of Gmbner bases for the commutator ideal can also be reformated in terms
of complete rewriting systems for the free commutative monal. Section 1
is a brief review of rewriting systems, noncommutative Grebner bases, and
the connection between these two theories. In Section 2 we asrewriting
systems to classify the nite reduced Gmbner bases for thecommutator
ideal (Theorem A). The proof shows that every nite Gmbner basis for
this ideal which is compatible with a division ordering, is aso compatible
with a total division ordering. Section 3 uses geometry to chssify all of the
potential sets of normal forms for the 3-generator free commitative monoid.
This classi cation is needed in the proofs of Theorems B and Gwhich are
established in Section 4. The last section, Section 5, is deted to open
guestions and a few nal comments.

1. Basic definitions

In this section we review the basic de nitions for noncommuiative Grebner
bases and rewriting systems, as well as the theorem (Theoreth7) connect-
ing these two concepts. For further information about rewriting systems see
[16], for a more detailed account of noncommutative Gmbne bases see [5]
and [11], and for the connections between these topics see€].[8We begin
with rewriting systems.
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De nition 1.1  (Division ordering). Let A be a nite set and let A be
the collection of all (honcommutative) words, including the empty word,
over the alphabet A. A division ordering on A is a partial ordering which
is well-founded and compatible with concatenation; that is there are no
in nite descending sequences and for alu;v;w 2 A with u > v, we also
havewu > wv and uw > vw . A division ordering is total if any two elements
in A are comparable.

We will follow the convention that symbols from the beginning of the
alphabet, such asa;b; c denote elements ofA (i.e. \letters”) and symbols
from the end, such asu;v;w denote elements ofA (i.e. \words").

A common example of a total division ordering is the shortlex order-
ing. Given a total ordering on a set A, there is a natural lexicographic,
or dictionary, ordering on words in A which we will denote > . The
corresponding shortlex ordering > on A is dened by setting u > v if
length(u) > length (v), or length(u) = length(v) and u > g4 V.

De nition 1.2  (Rewriting system). A subset R of A A is called a
rewriting system. Corresponding to each ordered pair ¢;v) in R there is a
basic replacement ruleu! v. In order to be compatible with concatentation
the basic ruleu! v implies the replacement rulesxuy ! xvy for all x;y 2
A . Since elements ofR lead immediately to basic replacement rules, we
will simply say u! visaruleinRoru! v2R.

Every rewriting system R leads to a re exive and transitive ordering on
A denedby x vy if x can be rewritten to y in a nite number of steps. A
rewriting system R is terminating if the induced ordering of A is a division
ordering, itis conuent if x y andx z implies there is aw 2 A such
that y wandz w, and it is complete if it is both terminating and
con uent.

De nition 1.3  (Normal forms). The words in A which cannot be rewritten
by a rewriting system R are calledirreducible words. If every proper subword
of w is irreducible we say that w is nearly irreducible. If R is terminating,
then every word in A can be rewritten to an irreducible word. If R is also
con uent then this irreducible word is unique. Thus, in a complete rewriting
system, every word can be reduced to a unique irreducible wadr called its
normal form. Since any subword of an irreducible word is also irreducild,
the set of normal forms is closed under the taking of subwords

A complete rewriting system R is reduced if for every ruleu! vin R, v
is irreducible and u is nearly irreducible.

De nition 1.4  (Monoid presentation). Every rewriting system R deter-

mines a monoid presentationM = PA jfu= vj (u;v) 2 Rgi. Moreover, the

ordering onA induced by R is compatible with this monoid in the sense that

X yimplies that x andy are words representing the same element dfl . If

R is also complete, then the normal forms are in one-to-one coespondence
with the elements of M .
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For each elementm 2 M, the congruence clasf m is the set of all words
in A that represent the elementm. For a complete rewriting system, the
ordering on A restricted to a congruence class oM is a partially ordered
set with a minimum element. Conversely, letM be a monoid generated by
A and let > be a division ordering onA which is compatible with M. If >
restricted to each congruence class is a partially orderedss with a minimum
element then there is a unique reduced complete rewriting sstem R over
the alphabet A which presentsM and such that for every ruleu! v 2 R,
u >v. Note that each irreducible word is precisely the minimum eement of
its congruence class with respect to>.

Eschenbach [4] has given an example of a nite reduced compkerewriting
system for a monoid which is compatible with a division ordeing, but not
with any total division ordering, so allowing division orderings which are
not total results in a more general construction.

We now turn to noncommutative Gmbner bases.

De nition 1.5 (Leading term). Let K be a eld and let A be a set of
sizem. The monoid ring of A over K is known as the m-variable free
associative algebra ovelK , which we will denote by K hAi. If > is a total
division ordering on A and f = kim;+  k;m; is an element ofK bAi
(with kj 2 K and m; 2 A for eachi), then the leading term of f is the term
kim;j such that m; >m; forall j 6 i. If > is merely a division ordering then
the leading term of f is de ned as above, but not everyf in K PAi will have
a leading term. If f is an element ofK hAi with leading term kjm;, then the
replacement rule corresponding tof is
1 X
m; ! k_| o mj K;
|6i

The de nitions for rewriting systems can readily be extenddl to this con-

text.

De nition 1.6  (Noncommutative Gmbner basis). Let | be an ideal in the
m-variable free associative algebr& hAi. A noncommutative Gmebner basis
for | with respect to a division ordering > is a setG of generators forl such
that (1) every element of G has a leading term and (2) the corresponding
system of replacement rules is con uent. When the ordering> is total, the
rst condition is immediate and the second is equivalent to the statement
that the leading terms of G generate the same ideal as the leading terms of
. We will always use the weaker de nition which does not requie a total
ordering unless otherwise speci ed.

A Grebner basis G is reduced if no term of any polynomial in G is divisi-
ble by the leading term of another polynomial in G. The universal Gm@bner
basis for | is the union of all of the reduced Gmbner bases with respecto
all (total) division orderings for this ideal. Theoretical ly, restricting to total
division orderings could change the universal Grebner bais of an ideal. For
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the universal Gmbner basis for the commutator ideal descibed in Theo-
rem C, however, either de nition yields the same result.

The following theorem outlines the connection between rewiting systems
and Gmbner bases in the speci c case we will need to use in tar sections.
Its proof is straightforward from the de nitions and will be omitted.

Theorem 1.7. If N™ denotes them-generated free commutative monoid
on A and | denotes the commutator ideal in them-variable free associative
algebra, then there is a bijective correspondence betweemetreduced complete
rewriting systems onA for N™ and the reduced Gmbner bases fot. More

speci cally, if R is a reduced complete rewriting system foN™ compatible

with a (total) division ordering > on A , thenfu vju! v 2 Rgis

a reduced Gmbner basis forl with respect to >, and conversely, ifG is a

reduced Gmbner basis forl with respect to a (total) division ordering >, then

the elements ofG must be of the formu v whereu and v are monomials

and the setfu! vju v 2 G;u>vgis a reduced complete rewriting
system for N™ compatible with > .

Note that Eschenbach's result mentioned earlier shows thatweakening
statements such as this to allow non-total division orderirgs tends to include
additional rewriting systems and additional Gmbner bases. In particular, a
consequence of Eschenbach's example is that there exists aitely generated
ideal in an associative algebra which has a Gmbner basis h respect to a
division ordering, but does not contain a Gmbner basis with respect to any
total division ordering.

2. Finite Gr ebner bases

and let K hAi denote the free associative algebra with variable®\. In this
section we classify the nite Gbner bases for the commutaor ideal in K bAi
by classifying the nite reduced complete rewriting systens for N™. These
tasks are equivalent by Theorem 1.7. We begin by analyzing te simplest
rules in such a rewriting system.

Lemma 2.1. If R is a complete rewriting system forN™, then for every

i 6 ] betweenl and m, R contains either the rule aja; ! aja or the rule
aa ! aa. If Ris reduced, then these are the only rules which involve at
most two elements ofA.

Proof. Since a word of length 1 is the unique representative of a morid
generator it must be its normal form. Similarly, the product of two distinct
monoid generatorsa; and a; has only two representatives (namelya;a; and
a; &), so one of these is the normal form and the other must be reduible
to it. Since every proper subword of both words is already in mrmal form,
there must be an explicit rule in R which rewrites aja; ! ajaj oraja; ! a;a;
(but not both). The nal assertion follows from the fact that every word in
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A which involves only two letters can be reduced to a unique nanal form
using only the rules already described.

The 2-variable rules can be encoded in a graph to make them eias to
describe.

De nition 2.2  (2-variable graph). Let R be a complete rewriting system
for N™. The 2-variable graph associated toR is a directed graph with
vertex set A and a directed edge froma; to a; if and only if aja; ! aja; is
aruleinR.

By Lemma 2.1, every pair of vertices in is connected by an edg in
one direction or the other. In other words, is what graph the orists call a
tournament. In Lemma 2.4 we will show how 2-variable graphs restrict the
set of possible normal forms for a complete rewriting system

Lemma 2.3. Let R be a complete rewriting system foN™. If w is a nearly
irreducible word and a is a variable, then all occurrences ofa in w occur
consecutively.

Proof. Suppose not and letw be a shortest nearly irreducible word which
fails to have this property. Since nearly irreducible wordsare closed under
the taking of subwords we can assume thatw = aua where u is a non-
trivial word which does not contain a. Then the distinct words au and
ua are irreducible words which represent the same element dfi™, giving a
contradiction.

Lemma 2.4. If R is a complete rewriting system forN™ and w is a nearly
irreducible word of length at least3, then the sequence in which the variables
occur in w corresponds to a simple directed path in the-variable graph for
R.

Proof. Let be the 2-variable graph for R. The path in corresponding to
w is directed because the length 2 subwords oiv are irreducible and it is
simple by Lemma 2.3.

The following corollary is a simple application of Lemma 2.4

Corollary 2.5. Let R be a complete rewriting system forN® whose 2-
variable graph is a directed cyclea! b! c! a. Foreveryijk> 0 a
nearly irreducible word which represents(i; j; k ) is of the form a'b ¢, b c¢a
or cka'b.

There is also a strong connection between and the nitenessof R.

Lemma 2.6. If R is a reduced complete rewriting system foN™, then R
is nite if and only if its 2-variable graph is acyclic.

Proof. Let be the 2-variable graph for R and suppose contains a directed
cycle froma;, to @, to a;, to :::a, to a&,. If R were a nite system there
would be an upper bound on the length of the words involved in ts rules.
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Let N be such an upper bound and consider the wordsi = aj\a} af
andv = aall afla). These words represent the same element of the
monoid, but neither of these words can be rewritten using therules in R.
Speci cally, every subword of u or v of length at most N involves only two
variables, all 2-variable rules are of the formaja; ! & a (Lemma 2.1), and
u and v are reduced with respect to these rules. ThuR is not nite.

On the other hand, if is acyclic, then is the graph of atotal ordering of
A and by relabeling thea; we can assume thaigja; ! a;a is arule in R for
eachi <j . Using only these rules, every word iPA can be reduced to a word
of the form aj*  afi. Since these words are in one-to-one correspondence
with the elements of N™, the 2-variable rules inR form a complete rewriting
system for N™. BecauseR is reduced, these are the only rules iR and R
is nite.

The rest of the classi cation is nearly immediate.

Theorem A. There are exactlym! nite reduced complete rewriting systems
for the m-generated free commutative monoid and exactlyn! nite reduced
Gmbner bases for the commutator ideal of them-variable free associative al-
gebra. In addition, each such rewriting system and Gmbnelbasis is induced
by a shortlex ordering.

Proof. Let R be a nite reduced complete rewriting system for N™ and let

be its 2-variable graph. By Lemma 2.6 is acyclic and thus it can be
used to de ne a total ordering on A and a corresponding shortlex ordering
on A . There are exactly m! such shortlex orderings. This shortlex ordering
leads to the rewriting systemR and to the corresponding Gmbner basis for
the m-variable free associative algebra using the correspondeea described
in Theorem 1.7.

3. Potential normal forms

For the remainder of the article we restrict our attention to the casem =
3. Let R be a reduced complete rewriting system folN® over A = fa;b; @
and let be its 2-variable graph. Of the possible 2-variable graphs, 6 are
acyclic and correspond to the 6 shortlex orderings oA . The remaining
possibilities contain a directed cycle, but with only three vertices, there are
only two choices for : either a directed cyclea! b! c! aor a directed
cycea! c! b! a Wihout loss of generality we will restrict our
comments to the rst case. We will assume, in other words, thda R contains
the rulesba! ab, cb! bcandac! ca By Corollary 2.5 the set of normal
forms for such a rewriting system has all of the following prgerties.

De nition 3.1  (Potential normal forms). Let F be a subset ofA which
contains exactly one representative of each element itN3. We will call F a
potential set of normal forms if (1) F contains ab, bg and ca, (2) F is closed
under the taking of subwords, and (3) for alli;j;k > 0, the representative
of (i;j:k ) is of the form a'b X, b ca' or cka'b. Given a setF of potential
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normal forms, we can form a rewriting systemR as follows. We call a word
w irreducible with respect to F if it lies in F and nearly irreducible with
respect toF if wis notin F but all of its proper subwords lie in F. We then
let R be the rewriting system which consists of all rules of the fomu! v
whereu is nearly irreducible with respect to F, v is irreducible with respect
to F and u and v represent the same element oN3.

Such anF is merely apotential set of normal forms because it is not clear,
a priori, whether or not the rewriting system de ned above is terminating;
in particular, it may be possible for the rules to allow a loop of rewritings
X! xp! x1. If the rewriting system is terminating, it would also be
complete. On the other hand, if F came from a reduced complete rewriting
system R for N3 which contains the rulesba! ab cb! bcand ac! ca,
then this procedure simply reconstructsR from F.

In order to classify the potential sets of normal forms, we rst translate
these conditions into a coloring of the rst octant in RS.

De nition 3.2 (Octant coloring). A subset S of the rst octant R2 is
called convex with respect to thex-axis if for every point (x;y;z) in S and
forall 0 <y%<y and 0<z%< z, (x;y%2z9 is also in S. Convexity with
respect to the y-axis and z-axis are de ned similarly. An octant coloring is
a 3-coloring of the rst octant R2, such that the green portion is convex
with respect to the x-axis, the blue portion is convex with respect to the
y-axis, the red portion is convex with respect to thez-axis. Thus, if (X;y;z)
is colored red, the entire rectangle (0x] (O;y] f zgis red. This subset is
called ared rectangle Green and blue rectangles are de ned similarly. See
Figure 1 for an illustration of sample rectangles in each of lhe three colors.

Figure 1. A green, red, and blue rectangle.

De nition 3.3  (Equivalent colorings). Two octant colorings will be called
equivalent if they agree on all integer lattice points. Every octant coloring
is equivalent to a coloring constructed out of unit cubes of olor. Simply
remove the coloring from all points not in the integer lattice and then assign
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an uncolored ; y; z) the same color as { j; k ) wherei, j, and k are the least
integers greater than or equal tox, y, and z, respectively. This process of
constructing an octant coloring from an appropriate coloring of the integer
lattice is called completing the coloring

Lemma 3.4. There is a one-to-one correspondence between potential set
of normal forms and equivalence classes of octant colorings

Proof. Given a potential set F of normal forms for N3, we can construct an
octant coloring by coloring an integer lattice point (i;j;k ) (with i;j;k > 0)
blue if the normal form is a'b ¢, red if the normal form is b c<a, and
green if the normal form is cka'b, and then completing the coloring. The
fact that the three color subsets are convex with respect to he appropriate
axes follows from the fact that F is closed under the taking of subwords.
Conversely, given an octant coloring, we can de ne a potentl set of normal
forms by including a'b, b &, and cka as normal forms fori;j;k 0, and
using the color of the lattice point (i;j;k ) to de ne its normal form for
i;j;k > 0. The convexity of the color regions shows that these normallorms
are subword closed.

In the language of octant colorings, the main result of [6] ighe following:

Theorem 3.5 (2-colorings are complete) If F is a set of potential normal
forms which induces a2-coloring of the rst octant, then the rewriting system
R derived from F is a reduced complete rewriting system.

y 4

X

Figure 2. A horizontal cross section.

Let P be a planez = c which slices through an octant coloring. For each,
let g(t) = supfyj(t;y;c) is greerg. Note that we are allowing the possibility
that g(t) = 1 and we assigng(t) = O if this set is empty. Similarly de ne
b(t) = supfxj(x;t;c) is blueg.

Lemma 3.6. If P is a planez = ¢ which slices through an octant coloring,
then the functionsg(t) and b(t) de ned above are non-decreasing, and the red
portion, if nonempty, is a rectangle (0;x] (0;y] f cg for somex;y 2 (0;1 ].
Analogous statements are true for cross-sections by planes= candy = c.
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Proof. The red, blue and green rectangles determined by points irP in-
tersect P in red rectangles with the origin as a corner, green line segents
with an open endpoint on the x-axis, and blue line segments with an open
endpoint on the y-axis. See Figure 2. Suppost’<t andy < g(t9. The
point (t;y;c) cannot be colored blue or red without violating the convexty
requirements since the blue line segment or red rectangle wdd have to pass
through the green line segment from {¢0;c) to (t%g(t%;c). Thus (t;y;c)
is green andg(t) g(t9. The proof that b(t) is nonincreasing is similar.
Finally, if x°< x, y°<vy and (x;y%c) and (x%y;c) are both red, (x;y;c)
cannot be colored blue or green without violating convexity Thus (x;y;c)
is red as well. This completes the proof.

By combining the information from all three types of cross-€ctions, the
following corollary is immediate. See Figure 3 for an illustation of a stack
of blue rectangles.

Corollary 3.7. In any octant coloring, the portion which is red is a col-
lection of red rectangles whose dimensions are nondecreagi as their z-
coordinate increases. Similarly, the blue (green) portionis a collection of
nondecreasing blue (green) rectangles.

Figure 3. A stack of blue rectangles.

4. Directional orderings

This section shows that a special case of normal forms lead® tan un-
countable family of distinct reduced complete rewriting systems induced by
total division orderings. This uncountable collection of examples enables us
to establish Theorem B and Theorem C.

We begin by de ning a collection of total division orderings on A which
are lifts of term orderings (or total division orderings) on the commutative
polynomial ring K [a; b; d. Partial results are known toward classi cation of
all total division orderings on A (see, for example, [15]), including a proof
that there are uncountably many total division orderings on the set of words
over an alphabet with at least two generators [14]. Total division orderings
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have been completely classi ed for words over two generatar[10], [13]; the
orderings we de ne here utilize the orderings in [10].

De nition 4.1  (Path). Let w be aword inA . One possible representation
of w is as path in R® starting at the origin where, as we readw from left to
right, the path moves one unit in the x-direction when we see ara, one unit
in the y-direction when we see & and one unit in the z-direction when we
see ac. We will call this the path for w.

De nition 4.2  (2-variable numbers). Let w be a word in A representing
the element (;j;k ) 2 N3. The 1-variable numbers forw are Na(w) = i,

Np(w) = j and N¢(w) = k. The 2-variable number Nya(w) will encode
information about the projection of the path for w into the xy-plane. In

particular, it will denote the area below the projected path, but inside the

rectangle [Qi] [0;j]. Combinatorially, Npa(w) denotes the number of ways
w can be written asxbyaz wherex;y and z are possibly empty words inA .

As an example, ifw = abal¥ca?b®, then Na(w) = 4 and Npa(w) = 7. The

numbers Nac(w) and N¢(w) are de ned similarly.

The following relationship between these numbers is immedite.

Lemma 4.3. For all words u;v 2 A ,
Nap(uv) = Nap(u) + Nap(V) + Na(u)Np(v):

De nition 4.4  (Directional-ordering). Let , ,and be any three positive
real numbers. We will call these numbersweights Corresponding to these
weights we de ne a function wt (W) = N pa(w) + N (W) + N z(w), for
eachw 2 A , whereNpg(w), Ncp(w), and Ngc(w) are the 2-variable numbers
for w.

Let > . be any total division ordering on the elements ofN3, and let > e
be the lexicographic ordering induced by any total orderingof A. For any
word u 2 A , let [u] denote the corresponding element oN3. For u;v 2 A ,
dene u>v if

[u] > ¢ [v], or

[u] =[v] and wt (u) > wt (v), or

[ul=[v], wt (u) = wt (v), and u > g V.
where [u] denotes the element oiN® that u represents. This ordering> will
be called thedirectional-ordering correspondingto , , , >, and > .

Lemma 4.5. For any positive real numbers , and , for any total di-
vision ordering > on N3, and for any lexicographic ordering onA , the
corresponding directional-ordering > is a total division ordering on A .

Proof. We start by showing that > is well-founded. Supposev; >w, >

is an in nite descending sequence. Since . is well-founded, the element of
N2 represented byw; eventually stops changing as one proceeds through the
w;. At this point the remaining w; lie in a single congruence class. Because
this congruence class is nite, there are only a nite number of possible
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values forwt (w;), and this also eventually stops changing. Finally, for this
nite set of words in a single congruence class with the same eight, > o« iS
a total order which eventually stops changing, giving a contadiction.

Next we show that > is a division ordering. Suppose thatu;v;w are
words in A with u > v. The proof that uw > vw will be in several cases
depending on the reason whyu > v. If u > v because li] > [v], then
uw > vw because> . is a division ordering. Next, suppose (i] = [v] and
wt (u) > wt (v). Since u] = [v] implies [uw] = [vw] we only need to
show wt (uw) > wt (vw). Using the de nition of the weight function and
Lemma 4.3 we can write

wt (uw) = N pa(uw) + N cp(uw) + N zc(uw)
(Npa(u) + Npa(w) + Np(u)Na(w))
+ (Neo(u) + Nep(w) + Ne(u)Np(w))
+ (Nac(u) + Nac(w) + Na(u)Nc(w))
= wt (u)+ wt (w)
+ N p(U)Na(w) + N c(U)Np(wW) + N a(u)Nc(w)

Similarly,
wt (vw)

wt (V) + wt (w)
+ N p(V)Na(w) + N ¢(V)Np(w) + N a(V)Nc(w)

Since U] = [v], we know that Na(u) = Na(v), Np(u) = Np(v), and
Nc(u) = Ne(v). Thus the expansions ofwt (uw) and wt (vw) dier only
in their initial summands, and wt (uw) > wt (vw). Lastly, if [u] = [V],
wt (u) = wt (v) and u > g« Vv, then [uw] = [vw], the expansions above show
that wt (uw) = wt (vw), and uw >, VW because> g is a division ordering.

Finally, > is a total ordering because> . is a total ordering on N3, any
two weights can be compared and> ¢4 is a total ordering on A .

Lemma 4.6. Let , and be positive real numbers, let>. be a total
division ordering on N3, and let >, be any lexicographic ordering ofA .
The corresponding directional-order > determines a unique reduced complete
rewriting system R for the commutator ideal which is independent of> ..

Proof. By Lemma 4.5 the directional-ordering > is a total division ordering.
Thus > restricted to a congruence class has a unique minimum elemerand,
as described in De nition 1.4 there is a unigue reduced comgte rewriting
systemR for the commutator ideal with these minimum elements as nornal
forms. Since> . plays no role in the selection of the minimum element in a
congruence classR is independent of> .

Lemma 4.7. Let > be a directional-ordering associated to positive real
numbers , and and the lexicographic ordering>ex, and let R be the

corresponding reduced complete rewriting system. The octd coloring de-

rived from R is equivalent to one in which the line de ned by the equations
X = ¥ = Z js in the boundary of all three regions of color.
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Proof. Note that R contains the rulesba! ab, cb! bg and ac! ca as
a consequence of the de nition of the weight function. Next, by Corollary
2.5, every irreducible word is of the forma b ¢, bcka or ckab. Since

wt (@b k) = ik, wt(bckad) = ij , and wt (ckab) = jk , the normal
forms for R are

abc when ik ij and ik  jk

Hcka  whenij< ik and ij ik

cka'd  when jk< ik and jk < ij

Recall that the normal forms in this array correspond to blue, red and
green, respectively. The coloring of the integer lattice asociated to these
normal forms can be extended to an octant coloring by colorig (X;y;z)
blue if z y and X y,redif y< z and x z, and green if
y< x and z < x . From these inequalities, it follows immediately that
the line de ned in the statement lies in the boundary of all three regions of
color.

Corollary 4.8. Let > be a xed lexicographic ordering of A . If R is
the unigue reduced complete rewriting system determined by ex and the

positive real numbers , , and RCis the unique reduced complete rewriting
system determined by> e, and the positive real numbers ¢ © 0 then R
and RCare the same rewriting system if and only if the vectorg ; ; ) and

( % % 9 are parallel.

Proof. If (;; )Yand ( ¢ ¢ 9 are parallel (and the same lexicographic
ordering is used for both directional-orderings) then the atant colorings

described in Lemma 4.7 are identical. Sinc&® and R%can be recovered from
this coloring, R and R%are identical. On the other hand, if these vectors are
not parallel then su ciently far from the origin we can nd la ttice points

which are assigned di erent colors, and thusR and R®are distinct.

Theorem B. There are uncountably many reduced complete rewriting sys-
tems for the m-generated free commutative monoid which are compatible
with a total division ordering whenm 3. As a consequence there are un-
countably many reduced noncommutative Gmebner bases wittespect to total
division orderings for the commutator ideal in the m-variable free associative
algebra, each with a distinct set of normal forms.

Proof. For m = 3 this result is immediate from Corollary 4.8. For m > 3, let
A=fa;::;;angandleta= a;, b= ap, andc= az. Let > be a directional-
ordering onfa; b; @ and de ne the rewriting system R consisting of all of the
rules induced by> together withtherules aja; ! ajg; forall3<j andi<j .
It is straightforward to show that the total division orderi ng > onfa;b; @

can be extended to total division ordering onA so that R is the reduced
complete rewriting system derived from this extension, andthat the normal

forms for R are normal forms derived from> followed by a}*  afr. Since
two rewriting systems constructed in this way will be identical if and only
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if their restrictions to fa;b;aq are identical, Corollary 4.8 shows there are
uncountably many reduced complete rewriting systems forA as well.

In our nal result we use directional-orderings to construct the univer-
sal Gmbner basis for the commutator ideal in the free assoative algebra
Kha;b;a. We will need the following lemma which limits the set of rules
that need to be considered.

Lemma 4.10. If R is a reduced complete rewriting system foN® which
contains the rulesba! ab, cb! bcandac! ca, then each of the remaining
rules is of one of the following six forms withi;j;k > O:

ad X! bcka abc! cab
bcka! abck b&a ! ca'b
cadb ! abc cab! bda

Proof. Let u! v be a rule in R dierent from the three specied in the
hypothesis. Lemma 2.1 and the fact thatR is reduced show thatu and v
must involve all three variables while Corollary 2.5 shows ach of u and v
must be in one of the formsa'b ¥, b cka', or cka' with i;j;k > 0. Suppose
u= abcandv=bca. If i> 1 then, since proper subwords ofs and v
are irreducible, ab ¢ and b c¢a are irreducible words representing the same
element of N3. This contradiction shows i = 1 when u and v have these
forms. The other possibilities foru and v lead to similar conclusions.

Theorem C. The universal Gmbner basis for the commutator ideal in the
free associative algebraK ha; b; d consists of the binomials

ab ba bc cb ca ac
adcc bcka b&a ckab cdd abc
acd cba bdck alckb cha' bac
for all positive integersi, j, and k.

Proof. The nite reduced complete rewriting systems for N3 analyzed in
Section 2 contain all six rules of the formab$ ba ac$ ca and bc$ cb
and only these rules. Thus the corresponding binomialsab ba ac ca,
and bc cbare elements of the universal Gmbner basis.

Next, let R be an in nite reduced complete rewriting system in which
ab, bg and ca are normal forms. Lemma 4.10 severely restricts the form
of the 3-variable rules in R, and we will now show that every rule listed
in the lemma is, in fact, a rule in some in nite reduced complde rewriting
system. Let] and k be positive integers. We rst choose a real number

between % and JK and then we choose a real number greater than both

¢ and Jl and nallylet =1. Let R be the rewriting system corresponding
to the directional-ordering > derived from , , and and any choice of
lexicographic ordering> |ex. With respect to R, the word b c¥ais irreducible
and the word abl c* is nearly irreducible (in particular, b c¢ and ab ¢ 1 are
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irreducible). This shows that R contains the rule ab ck ! b cfa and that
the universal Gmbner basis contains the binomialab ¢ b cfa. The proof
for the other rules listed in Lemma 4.10 is similar.

Finally, for in nite reduced complete rewriting systems in which ba, ch
and ac are normal forms, a relabeling of the variables reduces thiso the
previous case and produces the binomials listed in the thirdow of the array
in the statement. Since every reduced complete rewriting sstem for this
commutator ideal is either nite, contains ab, bcand ca as normal forms, or
contains ba, cband ac as normal forms, the proof is complete.

Notice that this proof actually shows more. Since the restrctions on the
possible rules in a reduced complete rewriting systerR for the commutator
ideal did not require R to be compatible with a total division ordering, but
all of the examples proving such rules actually occur came &m rewriting
systems which were compatible with a total division orderirg, the universal
Gmebner basis for the commutator ideal of the 3-variable free associative
algebra is same whether or not the Gmebner bases are requideto be com-
patible with a total division ordering.

5. Open Question

In Section 3, we introduced a class of potential normal formsand showed
that the rewriting systems associated to these sets are thendy possible
complete reduced rewriting systems forN3. Although we have shown that
various special cases of these potential normal forms actllg do give rise to
reduced complete rewriting systems, the rest remain merelypotential.

Problem 5.1. If F is a potential set of normal forms for N3, doesF give

rise to a rewriting system R which is reduced, complete, and compatible
with a (total) division ordering? In other words, is F the set of minimal

representatives with respect to some (total) division ordeing?

The problem is proving that the rewriting system derived from F must
terminate. For some of these open cases we have run tests, ngithe rewrit-
ing software Herky (RRL) [7], and in each case the software ha failed to
nd a potential in nite chain of rewritings.
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