Homological nite derivation type

Juan M. Alonso and Susan M. Hermiller*

Abstract: In 1987 Squier de ned the notion of nite derivation type for a nitely presented monoid.
To do this, he associated a 2-complex to the presentation. The monoid then has nite derivation type if,
modulo the action of the free monoid ring, the 1-dimensional homotopy of this complex is nitely generated.
Cremanns and Otto showed that nite derivation type implies the homological niteness condition left
F P3, and when the monoid is a group, these two properties are equialent. In this paper we de ne a new
version of nite derivation type, based on homological info rmation, together with an extension of this nite
derivation type to higher dimensions, and show connections to homological type FP, for both monoids
and groups.

1. Introduction

In [11], Squier de ned a complex associated to a nite presetation of a monoid or group,
along with a combinatorial property of this complex known as nite derivation type. His original
motivation was to capture much of the information of a nite ¢ omplete rewriting system for a
monoid in a property which is independent of presentation. More recently, Cremanns and Otto [4],
Lafont [8], and Pride [9] have independently shown that the nite derivation type property also
implies the homological niteness conditions left and right FP3 for monoids, and Cremanns and
Otto [5] have shown that nite derivation type is equivalent to the property left (and hence right)
F P53 for groups (see also [10] for an alternative proof of this ragdt). For monoids, these conditions
are not equivalent. In his original paper, Squier [11] gave a example of a monoid with type left
FP3 which does not have nite derivation type, and more recently Kobayashi and Otto [7] have
constructed a monoid which is both left and right F Pz (and moreover both left and right FP; )
but which does not have nite derivation type.

For a nitely presented group, type FP3 is a property of the 2-dimensional homology of the
Cayley complex associated to the presentation, implying rite generation as a left module over the
integral group ring. A nitely presented monoid also has ni te derivation type essentially if the 1-
dimensional homotopy of the corresponding Squier complesi nitely generated, modulo an action
by the free monoid on the generators. Thus the theorem of Cremnns and Otto shows that the
property FP3 for a group can be reduced in dimension to a property of the 1-tnensional homotopy
of another complex. It is natural to ask if this process can berepeated in higher dimensions. In
[6], Kobayashi has introduced a property known as a homotopyeduction system, which is similar
to nite derivation type in one dimension higher, and has shown that this property implies the
homological niteness condition right FP,4 for nitely presented monoids.

In [12], X. Wang and Pride introduce the notion of nite homol ogical type (in more recent
work this has also been referred to as nite homotopy type), which is a niteness condition on the
homology rather than the homotopy of the Squier complex. The also show that for groups, this
property is equivalent to the condition FP3, and for monoids, it implies left and right FP3. The
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monoid constructed in [7] is also shown there not to have nite homological type, so as above this
condition is not equivalent to the property of left and right FP3 for monoids.

In this paper, we introduce a new de nition of homological nite derivation type in all di-
mensions, in Sec. 3. This de nition starts from information about a partial free resolution of the
integers over the integral monoid or group ring, and imitates Squier's construction. Since we start
with a resolution rather than a nite presentation for the mo noid or group, this also allows the
monoid to be in nitely presented. Associated to this resoluion we introduce a sequence of graphs,
one for each dimensiom, which capture n-dimensional homological information about the monoid.
A monoid then has n-dimensional homological nite derivation type if each of the graphs up to
dimensionn satis es a property analogous to Squier's nite derivation type.

In Sec. 4 we study a bimodule structure on a set of pairs of path in the graphs de ned in
Sec. 3, and show that the bimodule is isomorphic to the kernebf the corresponding boundary map
in the resolution.

In Sec. 5 we use the results in Sec. 4 to prove the main theorent this paper. This theorem
states that for groups, the property of homological nite derivation type in dimension n (HFDT )
is equivalent to the property FP,, and for monoids, HFDT ,, is equivalent to the existence of a
length n partial resolution of the integers by nite rank free left, r ight, or bi-modules over the
integral monoid ring (the property left, right, or bi- FP,, respectively), depending on which type
of modules occur in the original resolution to which the graphs are associated.

We begin in Sec. 2 with a discussion of homological nitenessonditions, including the con-
nections between left, right, and bi- FP,, for groups and monoids. We prove that a monoid that
has both type left FP, and right FP,, must also have type bi-FP,, and the converse is also true
for groups. Therefore the results listed above show that nie derivation type and nite homolog-
ical type each imply the property HFDT 3, and the converse is true for groups but not true for
monoids. In particular, the monoid example in [7] has type Idt, right, and bi- FP3, and hence
HFDT 3 on the corresponding sides, but does not have nite derivatbn type nor nite homological
type. Section 2 also includes background on Squier's nite drivation type.

2. Background
2.1. Homological niteness conditions

A group G hastype F P, if there is an exact sequence (or partial resolution oZ) Py, ! !
Po! Z!1 0 with nitely generated free left ZG-modulesP;, and G has type FP; if it has type
F P, for every natural number n.

A monoid M has type left FP, if there is a partial resolution of the integers by nitely
generated free leftZM -modules of lengthn. Similarly M has type right FP, if there is a length
n resolution of Z by nite rank free right ZM -modules andM has type bi- FP,, if there is a nite
rank free length n resolution of Z by (ZM; ZM )-bimodules. The monoid has type left, right, or
bi- FP, if it has type left, right, or bi- FP, for all n, respectively.

For a group G, if P is a left ZG-module, then there is an associated righZ G-module P°. As
an abelian group, P?is isomorphic to P with an isomorphism : P ! P% and the right action
of GonPlisgivenbyp g:= (g* Y(p)), where p2 P%and g2 G. If P is free, then P°
is also free with the same basis. Thus any partial resolutiorof Z by nitely generated free left
ZG-modules has an associated resolution by nitely generatedree right ZG-modules. Similarly,
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any partial resolution by right modules has an associated & module resolution. Therefore for
groups, the properties of leftF P, and right FP, are equivalent.

Also for a group G, if P is a free £G;ZG)-bimodule, then there is an associated free left
Z(G G)-module P%with the same basis, de ned via an abelian group isomorphism : P! P9
and action (g;h) p:= (g (p) h 1) for g;h2 G and p2 P% Then any partial resolution of
Z by nitely generated free (ZG; ZG)-bimodules has an associated resolution by nitely generted
free left Z(G G)-modules, and the converse is also true. Therefor& has type bi-FP, i G G
has type FP,,. [2, Proposition V.1.1] shows that if G has type FP,, then so doesG G. Since
the group G is a retract of G G, [1, Theorem 8] shows that ifG G has type FP,, then so does
G. This proves the following.

Proposition 2.1.  For any group G, the niteness conditions left FP,, right FP,, and bi- FP,
are equivalent. O

Thus for groups, the side is not mentioned in theF P, property.

In the case of monoids, however, Daniel Cohen [3] has showndhthese properties are not all
equivalent; in particular, his paper shows that there is a maoid which has type right FP; but
which is not left FP;. A revision of the discussion above leads to the following amection between
these niteness conditions for monoids.

Proposition 2.2.  If a monoid M satis es both of the niteness conditions left FP, and right
FPn, then M also has type bi-FPy.

Proof. SupposeM has type left and right FP,,. Let L ! ! Lo! Z! 0 bea nite rank

free partial resolution of Z by left ZM -modules, and letR, ! ! Ro! Z! 0 bea nite rank

free partial resolution of Z by right ZM -modules. Then each abelian groud., 7z Ry is a free
nite rank ( ZM; ZM )-bimodule. The complexesL, ! ! Lo! Oand Ry, ! ! Ro! O

each have trivial homology groups in dimension greater tharD, and homology groupH, equal to

Z. De ne the complex C,, ! ! Co to be the tensor product over Z of these two complexes.
That is, M

C = Ly zRq
p+ Q=i

and @ r)==@() r+( 1P @(r)forl2L,andr 2 Ryq. Then eachC; is also a free nite
rank (ZM; ZM )-bimodule. The Kunneth formula for a tensor product of complexes ([2, Proposition

1.0.8]) then applies to show that the complexC, ! ! Co ! 0 has homology groups which
are also trivial, except for Ho(C) = Ho(L) Ho(R)= Z Z = Z. Then the augmented complex
Ch! ! Co! Z! O0is afree nite rank partial resolution of Z by (ZM; ZM )-bimodules.
Therefore M has type bi- FP,. O

For a group G, the FP,, property has a connection to topology as well. AK (G;1)-complex is a
connected CW complexY with fundamental group 1(Y) = G and contractible universal cover¥¢.
The cellular chain complexC (¥), with the augmentation map to the integers, gives a resoluton
of Z by free left ZG-modules. If the group G has aK (G; 1)-complex with only nitely many cells
in dimension less than or equal ton (and arbitrarily many cells of higher dimension), then the
group also has typeFP,.

For any monoid or group M and any integern 0, the property (left, right, or bi-) FP, is
equivalent to the property that for every partial nitely ge nerated free (or projective) resolution
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Fi ! ! Fo! Z! 0 ofZM-modules on the corresponding side wittk <n, kerf Fy ! F¢ 19
is nitely generated (see, for example, [2, Theorem 4.3 of Chp. 8]).

For proofs and more detailed information on homological niteness conditions, we refer the
reader to [2].

2.2. Finite derivation type

In this section we give the de nition of the graph and homotopy relations associated to a nite
monoid presentation, de ned by Squier in [11]. LetP = hA j Ri be a presentation of a monoidM ,
and let A be the free monoid onA.

De nition (Associated graph X). ([11]) This is the graph whose vertices and edges are given

by:

(1) Vertices: V(X) = A .

(2) Edges: E(X) = f(a;[ 1; 1Lk )jab2A [ 1 1]2R; 2f1 1gg
(3) ; EX)! V(X) are de ned by:

(e):=a b (e):=a b;

where e denotes @;[ 1; 1];b; ) and denotes concatenation inA .
(4) ) ':E(X)! E(X)is given by

@l 1 b)) Yi=(al 1 alib )
Next de ne the set of paths
P:=f(e:5em)jg 2E(X); ()= (g+1)foreachjg:

Denoting concatenation of paths by , we will write (e;;:::;en) ase; €n. For x 2 V(X), let
(x) denote the constant path at x. Again we have maps; :P ! V(X) de ned by

(e1 én)= (e1) and (& em) = (em):

WhenM = G is a group, the edges and paths in the associated grapk also have the following
topological meaning. SupposeY is the standard complex associated to the presentatiof® (in this
case considered as a group presentation) @. An element of E(X) corresponds to a single 2-cell
in the universal cover ¢, with top and bottom , together with a 1-dimensional tail a on the
left, and another tail b on the right. An element of P corresponds to a 2-disk, with top (e;) and
bottom (eny); the interior of the disk consists of a layering of the 2-cdk from e;;:::; ey in order
from top to bottom, with the 2-cells o set from one another horizontally using the tails.

De nition (Action of A on P). Given 2A ande=(a[ 1; 1lib;) 2 E(X), set
e=( &l 1liby) and e =(a[ 1; 1Lb 5 );
which are edges inE(X). Given a path p= e; e 2 P, set
p=( e) ( em) and p :=(e ) (em );

which are paths in P.



De nition ( P@ (X)).
PAX):=f(majpma2P; (= (1); (P= (9o
De nition (D, 1).

D=f((er (e)) ((e1) e):;((e1) &) (1 (e2)) ]ee2E(X)g
| :=f(e e %:((e) 2P@P(X)je2E(X)g:

De nition (Homotopy relation). A homotopy relation on P is an equivalence relation'
P @ (X) such that
@orr
2 If p;g2 P,p' gand 2 A ,then p' gandp ' q .
) If p;q;rs2P, (r)= (p), ()= (p),andp' g, thenr p' r gandp s' g s
For any setB  P®(X), the smallest possible homotopy relation containingB will be called
the homotopy relation generated byB.

De nition (Finite derivation type). The monoid M has nite derivation type, or type FDT,

if there is a nite set B P@ (X) for which the homotopy relation generated by B is all of
P®@ (X).

If a monoid M has a nite presentation P = hA j Ri, there is an exact sequence of free left

ZM -modules
Fo! Fi! Fo! Z! 0
where eachF; has a basis ' with °=f ;g, *= A, ?=R, and
M
Fi = ZM .
2_i
(See [2] for more details.) If, moreoverM has nite derivation type, in the proofs [4,8,9] that nite

derivation type implies the property left FP3 for monoids and groups, it is shown that there is a
free left ZM -module M

Fs = ZM
2 3

with _3 = B and an exact sequence

Fs! Fo! Fi! Fo! Z! O

3. De nition of homological nite derivation type

In this section we de ne a homological version of nite derivation type for all dimensions. To
do this, we start from homological information and construd a graph resembling the graph X .
We will work with bimodules throughout, to illustrate both t he left and right actions together;
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however, all of the discussion in the remainder of the paperan be done for left or right modules
only, also.

Suppose thatM is a monoid and that @ : F, ! F, 1 is a homomorphism of gM; ZM )-
bimodules. Suppose moreover thafF, is a free ZM; ZM )-bimodule, and choose a basis". We
can write M B

Fn = ZM M:
5 n

Let " := fmmYm;m°®2 M; 2 "g be the corresponding Z;Z)-bimodule basis. As in the
de nition of nite derivation type, we associate a graph wit h this data, and study relations among
the paths in this graph. Eventually the homomorphisms @ we will consider will be the boundary
homomaorphisms of a resolution

F.BF, 10 1 Fo®z1 o

In this case, for ease of notation, we writeF | = Z.

De nition (Associated graph n)- This is the graph whose vertices and edges are given by:
(1) Vertices: V( ) = Fn 1.
(2) Edges:E( o) := f(x;y;" )iy 2F, 1; 2 ™"= 1@ =(y x)g
(3) ; :E(n)! V( n)aredened by (edenotes ; ;y;" )):
o x for"=1 _y, for"=1
(8= y; for"= 1 ®= % forv= 1

Notethat @ = "( (e) (e)).
4) 0 Y:E(n)! E(n)isgivenby (x;;y;") Ti=(x5y; ).

As noted above, the de nition of [ can also be applied to a homomorphism of leftZM -
modules, with " the basis of F, as a free leftZM -module, and " := fm jm 2 M; 2 "gthe
correspondingI_eftZ-moduIe basis, in that case. Similarly, , can be de ned for a homomBrphism
of right modules.

Note that if the monoid M has a nite presentation P = hA j Ri, Sec. 2.2 describes an
associated exact sequence of leM -modules. The boundary map@ : Fo ! F; in Sec. 2.2
corresponds to the same dimensional information as the grdpX associated to the presentatiorP,
but gives rise to a graph , which diers from X. In particular, the vertices of , are elements of

M
Fi= ZM
2A

and the vertices of X are the elements ofA .

Let P( n) be the set of paths, orhomological derivationsin .. If x2 V( n)= F, 1, let (x)
denote the constant path at the vertexx. For p= e; e 2P(n), (p):= (e1), (p):= (&),
andp *:=¢ "’ e’

Just as for the graph X in Section 2.2, whenM = G is a nitely presented group the paths
in , also have the following topological meaning. IfY is aK (G;1), then C (¥), the augmented
cellular chain complex for ¥, gives a resolution ofZ by free left ZG-modules. Choose a lift of each
n-cell of Y in ¥; this gives a free leftZG-module basis forC,(¥). The paths in the graph
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constructed from this data correspond essentially to formasums ofn-disks in ¥. Similarly, if Y is
aK(G G;1), then C (%) gives rise to a resolution ofZ by free (ZG; ZG)-bimodules, and paths
in , again correspond essentially to formal sums ofi-disks in ¥.

De nition (Action of M on P( ,)). Givenm;m®2 M ande=(x;;y;" )2 E( ,), we set
me:=(mx;m;my;" ) and em:=(xm; m;ym;" );
which are edges inE( ). Given a path p= e e 2 P( n), we set
mp = (me;) (mex) and pm:=(em) (exm);
which are paths inP( ).
De nition (Addition in P( n)). Givenx;y2F, 1ande=(x1;;yY1;")2 E( n), we set
X+e=(X+Xy; ;X +y;") and e+ x:=(X1+ X;;¥y1+Xx");
which are edges inE( ). Given a path p= e e 2 P( n), we set
X+ p:=(x+e) (x+ &) and p+x:=(e+x) (& + X);
which are again paths inP( ). Finally, given p;q2 P( ), we set
p+tg:=(p+ () ( (p)+ o)

Note that in the above de nition, x + p= p+ x. Also, if p=(x) and g = (y) are constant
paths with x;y 2 F,, 1, then p+ g=(x+y).

De nition (Negation in  P( ,)). De ne negation in P( ) by
p=p*
for any p2 P( n).
De nition ( PO( ,)).
PO )= f(maipid2 P( n); (A (= (M (99

De nition ( Dn;ln;Jdn).

Dn = f(p+ q;9+ pip;a2 P( n)g
ln = f(p p %(0)ip2 P( n)g
Jn = 1f(p;pt X)jp2 P( n);x2 Fnh 10
De nition ( b-homology relation). A b-homology relation onP( ) is an equivalence relation

P®( ,) such that:
(1) Dn[ In[ Jn
(2) If m;m°2 M andp g, thenmp mqgandpm® gm°
@) Ifrs2P(n)andp g, thenr+p r+qgandp+s g+ s:
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For any set B P®)( ), the smallest possibleb-homology relation containing B will be
called the homology relation generated byB and denoted 3.

De nition ( n-dimensional homological nite derivation type). The monoid M has n-
dimensional homological nite derivation type, or type HFDT ,,, if there is an exact sequence

Fn 1! Fn 2! ! Fs! Fo! Fi! Fo! Z! 0O

of free (ZM; ZM )-bimodules such that for everyi 0, there is a nite set B; P®( ;) for which
the b-homology relation generated byB; is all of P(®)( ;).

Note that, when applied to a monoid M, this homological de nition does not require M to be
nitely presented. We can similarly de ne notions of left HFDT , and right HFDT , by replacing
the bimodules above by left or right ZM -modules and rede ning the b-homology relation to include
only one-sidedM -actions.

As noted in Sec. 2.1, the homological niteness condition @ft, right, or bi-) FP, is equivalent
to the condition that, for every partial nitely generated f ree (or projective) resolution Fy ! !
Fo! Z! 0 of (left, right, or bi-, resp.) ZM -modules with k < n, kerfF, ! Fyx 1gis nitely
generated. We can de ne a similar condition in the framework of homological nite derivation
type.

De nition ( Z,). The monoid M has type Z, if for every partial resolution
FBFe 1! 1 Ful Fo! 21 0
of nite rank free (ZM; ZM )-bimodules with k < n, there is a nite set B P®( ) for which

the b-homology relation generated byB is all of P® ().

As mentioned above, we can similarly de ne the correspondig properties ofleft and right Z,
using left or right ZM -modules and using theb-homology relation restricted to the corresponding
side.

4. ker(@) and pairs of paths
In this section, we form a bimodule from the setP(®( ) of pairs of paths in ,, and show
(in Theorem 4.8) that this bimodule is isomorphic to ker(@).

De nition ( P®( ,)= ). De ne an equivalence relation onP(®( ) by

(s (5s)0 p r ;4q s

where ; denotes the empty set. De ne an action of M, addition, and negation in the set of
equivalence classe®(®( ,)= to be the action, addition, and negation induced componentvise
from those in P( ). Extend the action linearly to an action of ZM on both sides. De ne the
element0 in P®( )= to be the equivalence clas® = [(0) ; (0)], where (0) is the constant path
at the element 02 F, ;.

Proposition 4.1. P®( )= is a(ZM; ZM)-bimodule.
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We will prove this proposition using a series of lemmas.
Lemma 4.2. Addition and action in P( ) are associative and distributive.

Proof. Suppose thatp;q;r2 P( ), m;m®2 M, and x;y 2 F, 1. Write p= e e and
& =(Xi; i;¥i:")-
Using associativity of the monoid action onF,, and F, i gives
m(m%) = m(m%;m® ;;m%;;") = (m(m%);m(m® ;);m(m%;);";)

= ((mm9x;; (mm9 5 (mmOy;;"i) = (mmIe:

Therefore 0 0 0 0
m(m%) = m((m‘e) (me)) = (m(m'ey)) (m(m’ex))

= ((mm9%ey) ((mm%ex) = (mmO)p:

Similarly, (mp)m® = m(pm% and p(mm9% = (pm)m® so the monoid action is associative and

distributive.
Using associativity of addition in F,, 1 gives

(x+y)+ e =(x+y)+(xi; yn"i)=(x+y)+ X5 i;(X+y)+Vyi;"i)
=(X+(Yy+Xi); i;Xx+(y+vyi)"i)=x+(y+ e)
SO
(X+y)+ p=(x+y)+e & =(x+y+e (X+y)+ &
=xX+(y+e) X+(y+e&)=x+(y+p):
Then (x+ p)+ g=(x+p+ (@) ( x+p)+gd=(x+p+ (@) (xX+ (P)+g=x+[(p+ (q)
( (P+ g]=x+(p+ q). Finally,

(p+a+r=[(p+ (@) ((P+ql+r
=((p+ (@) (E+qQl+ (r) (p+ (@ ((PEP+ql+7)
=llp+ (@+ (1) (@E+aq+ (D] ((P+ (P+7T)
=(p+ [(g+ (1) (@+n) (E+[(a+ (r)) ((@+ )
=p+l(a+ () ((@+r)]=p+(g+r);

giving associativity for addition.
Using the distributive property for F, and F, ; gives

m(e + X) = m(Xi + X; i3y + ") = (mxi + x);m i;m(y; + x);")
= ((mxi + mx);m i (my; + mx);"i) = me; + mx

and similarly m(y + ) = my + me;. Also, it is straightforward to check (mg) = m (qg) and
(mp) = m (p). Then

m(p+ g = m[(p+ (@) ( (p)+ 9]
=[m(p+ ()] [M( (P)+ Pl=(mp+ (mqg)) ( (Mp)+ mg)= mp+ mq:

The remaining proof of distributivity on the other side is similar. O
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Lemma 4.3. Suppose thatp;q2 P( ) andx 2 F, ;. Then

@) ptaq . ag+p:

(i p p ;(0):

(i) p+x . p:

(v) (p+ta . q p

(V) Ifp ;qthen p . q

(vi) If (p)= (9, thenp qgq . p+ q:In particular, if p= e e, 2 P( ) thenp
e + + €.

Proof. The results in (i), (ii), and (iii) follow directly from the f act that D, [ I, [ Jn S f
P;g2 P( n)andx 2 F, 1, then (p+x) *=p 1+ x, so

P+a= [(p+ (@ (E+P=( P+ * (p+ (@) *
=(@+aqahH '+ @=(EH+at)y '+ @)
=(g*+ (PhH (@hH+phH= p o

Ifp .qthenl,[ Jy . and Part (3) of the de nition of a b-homology relation give that
p . p+t(© ; p*tq aq . ptp q ;0 g ; o
If (p)= (q), then the fact that J, . implies

p+a=(p+ (@) ((E+g=(p+ (@) ((@+0
=(p+ (@) (a+ (@=(p 9+ (9

Pag
O

Proof of Proposition 4.1. First we show that addition, negation, and scalar multiplication are well-
de ned. Suppose that [p;d and [r;s] are elements ofP(®( )=, where (p;0);(r;s) 2 P®O( ):
Then (p) (= (p) (Pand (r) (s)= (r) (s)so

(p+r) (a+s)= [(p+ (r)) (ME+ )] [+ (s) ( (a)+ s)]
e+ (1) (@+ )= P+ () ((@+ (9)
= (p+r) (g+s):

Therefore (p+ r;q+ s) 2 PO ( ) and [p;q +[r;s]:=[p+ r,q+ s]2 P®( )= : Suppose next
that [p;q = [p% a9 and [r;s] = [r%sT are elements ofP®( )= . Thenp p° . g o and
r r® . s s soPart (3) of the de nition of a b-homology relation says that (p p9)+(r r9 .

@ O+(r 9 . (g P+(s 9. Then [p;d+[r;s] =[p%d)+[r%sY and addition is
well-de ned.

Also, (pY) @hH= @ @=® @= (" (@Y so [pd:=[p; g2
PO )= :if[p;d=[p%c) thenp p° . q o’ Lemma4.3(v)and(v)sayp’ p ;¢ q,
so [p;g= [p%qY and negation is well-de ned.

If m;m°®2 M, then

(mpm%  (mgm%) = m (Pm® m (m’= m( (p) (g))m°
=m( (p) (@m°=m (pm® m (m°= (mpm9)  (mgm’)
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som[p;dm°:= [mpm®%mgm% 2 P(®( )= : The fact that scalar multiplication is well-de ned
then follows directly from Part (2) of the de nition of a b-homology relation.

Associativity of addition in P®( )=  follows directly from associativity of addition in
P( n) (Lemma 4.2), and commutativity follows from Lemma 4.3(i) and (v). Lemma 4.3(ii) and
(iii) imply that the additive identity in  P(®( )= is0, and [p;q is the additive inverse of p; .
Finally, associativity of the ZM actions and the distributive laws follow from the de nition of the
ZM actions and Lemma 4.2. O

In order to prove that the bimodule P(®( )= is isomorphic to ker(@), we will need some
further notation to construct the homomorphism.

Denition ( c¢c:P( ,)! Fn). Foravertexx2 F, 1,setc((x))=0.1If e=(x;;y;" )2 E( n),

setc(e) = " . Finally, for any path p= e; e 2 P( pn), set
X
cp =  ce):
i=1
Lemma 4.4. Supposep;q2 P( ), m;m°®2 M, and" = 1.

) @)= (m (.
(i) c("mpm9 = "mc(p)m®and c(p+ ) = c(p) + c(q).
(i) If p . g, thenc(p) = c(q).

Proof. If p2 P( ), write p= e e with & =(Xq1; i;Vi;"i)- Then
X X X
@)= @( "i )= @)= (&) (@)= M (®©;
i=1 i=1 i=1

giving (i). Part (ii) follows directly from the de nition of the map c.

If p . g then there is a sequencep = z; . zp . .z, = @ with, at each step,
Zi = ri+Si+t,zs =+ ui+t, s = "imivim? and u; = "imyw;m? wherer;;ti;vi;w 2 P( ),
mi;mP2 M, " = 1, and either (v;;w;) or (w;;V;)isin Dy [ In[ Jn. It follows directly from the

de nitions of ¢, Dy, I, and J, that c(v;) = c(w;) for eachi. Then
c(z) = c(ri)+ "imic(vi)m{+ ¢(ti) = c(ri) + "imic(wi)mP+ c(ti) = c(zi+1)

for eachi, soc(p) = c¢(Q). O
Denition (' :P®( )! F,). Forany pair (p;q 2 P®( ,),dene ' ((p;d)= c(p) c(q).

Proposition 4.5. im(') ker(@) and' induces a(ZM; ZM )-bimodule homomorphism

= POC )= 1 ker(@)
giving the commutative diagram
PO( ) 1 ker(@)
# k
PO )= ! ker(@):
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Proof. For (p;q) 2 P®( ), using Lemma 4.4(i),
@C (p;a)) = @(c(p) @(c(@)= (P @ ((@ (@)=0:

Therefore P () is exactly the set of pairs of paths in , for which @ ' acts by 0, and
im(") ker(@).

Suppose that p; d;[r;s]12 P®( ,)= and[p;q =[r;s]. Thenp r . g s, soLemma 4.4(ii)
saysthatc(p r)= c(q s). Lemma 4.4(ii) saysthatc(p r)= c(p) c(r),soc(p) c(r)= c(q) c(s)
and ' ((p;d) = c(p) c(q) = c(r) c(s)="((r;s)). Then for the map ~([p;d]) := ' ((p; ) we
have ~([p; d) = ([r;s]) and ~ is well-de ned.

For any [p;d;[r;s] 2 P)( )=

“(pd+[rs)="(lp+ra+s)=clp+r) cq+s)
op) o(@+ cr) c(s)="(Ip;dl) + ~([r;s)):

If m;m%2 M and" = 1, then
~('m[p;dm® = ~("mpm & "mam?) = c("mpm9  c(*mam°)
= "me(pm°  "me(QhmC= "m*((p;)m"
Therefore ™ is also a bimodule homomorphism. O

Proposition 4.6. "~ is injective.

Proof. In view of Proposition 4.5, it su ces to show that ker( *7) = 0. Suppose [p; 9] 2 P®( ,)=
with
“((paD =" ((p;d)=c(p) c(@=c(p g=0: 5

Letr:=p q,andwriter = e e« wheree = (Xi; i;¥;"i); then c(r) = " iP=0.

Suppose thatr has at least one edge. Sinc€&, is Z-free on ", it follows from "; ; =0
that k = 2k° for some k® > 0 and that there exists a permutation of f1;:::;kg such that
i+ " @ =0, i= (,and ( (i)) = i forall i. By de nition of edges in ,, we have that
Vi Xi=@ i=@ H=Yq X@-lLett:=x¢ Xi=Ya VYi2F, 1. Then

em=(X @i @Y a" o=it(x g X)) Yty v ")=elt+t
Lemmas 4.2 and 4.3 imply that

etemn=e+(g'+t) ;(g+gh)+t .e+g’ e ' . (O):

Applying Lemmas 4.2 and 4.3 again along with Part (3) of the denition of b-homology relation
gives

R X

r=e e ;. = (ateq) ; (0

j=1 i
where the last sum ranges over indice$ with one index from every (two element) orbit of the
permutation

Suppose now thatk = 0 and r does not contain a single edge. In this case, also, we get

r . (0). Thus in bothcases, (0) . r=p qgandp=p+©O) .p qg+q . ¢ Then
p O .qgq (0),so@E;a ((0);(0))and[(p;q]= 0. This completes the proof of injectivity. O

Proposition 4.7. —:P®( )= 1 ker(@) is surjective.
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Proof. Suppose thatz 2 F,, and z 6 0. Then z can be written (not necessarily uniquely) as

with © 1. Suppose moreover thatz 2 ker(@).

Forl i 7, dene edges
o = (Niap Nia+@(i);1); for =1
"7 (Nt 1 @(Ci); isNiogp 1) for = 1
where Ng := 0 and
X
N;j := i@ j):
j=1
Then ()= N; 1, (&)= Nj,andc(g)= ; i. Therefore these edges form a pathp := e; e
with (p)=0, (p)= N-= @(2)=0, and
X X
cp= &)= =z
i=1 i=1

De ne another path g to be the constant pathgq:=(0)at0 2 F, i, sothat (qq= (g =0
and c(q) =0. Thus (p;q 2 P®( ,), and

"(pg=cp) cg=z 0=z

Therefore —([p; q]) = z, as desired. O
The following theorem now follows directly from Propositions 4.1, 4.5, 4.6, and 4.7.
Theorem 4.8. ker(@) and P(®( )= are isomorphic (ZM; ZM )-bimodules.

A straightforward modi cation of the de nition of P®( ,)= and the proofs in this section
also leads to the following.

Corollary 4.9. If @ is a homomorphism of left (respectively right)ZM -modules, thenker(@)
and P(®)( )= are isomorphic left (respectively right) ZM -modules.

5. The main theorem: HFDT, and FP,

In this section we prove the following.

Theorem 5.1. A group G has typeHFDT ,, if and only if G has homological type-P,,. A monoid
M has typeHFDT ,, if and only if M has type bi-FP,,.

13



Since (bi-) FP, is a property of a monoid, rather than simply a property of a resolution, it
follows that the property HFDT , is also a monoid property. We will prove this theorem using
several propositions.

Lemma 5.2. Suppose thatp;q2 P( ). Then
() [p;pl = 0.
(iiy If (p;0) or (q;p isin D [ In[ Jn, then [p;q = O.

Proof. For p2 P( n),p (0) ;. p (0), so[p;pl=[(0);(0)] = O.
For (p+ g;9+ p) 2 Dy, it follows from Lemma 4.3(i) that p+ g (0) . g+ p (0), so
[P+ g;q+ p] = 0. The other parts of (ii) follow from Lemma 4.3(ii)-(iii). O

Proposition 5.3.  P®( ,)is nitely generated by a b-homology relation if and only if P(?)( )=
is a nitely generated (ZM; ZM )-bimodule.

Proof. Suppose rstthat P(®( ,)is nitely generated by a b-homology relation, soP®( )= 3
for some nite subsetB  P®( ). Let [p;d 2 P®( ,)= . Since ;9 2 PO( ), p & 0

so there is a sequenc@ = 23 g Z» B B Z = q with, at each step, z = r; + 5 + tj,
Zisa = N+ U+ ti, s = imivim?, and u; = "im;w;m?, whereri;ti;vi;wi 2 P( ), mi;m?2 M,
"i = 1, and either (vi;w;) or (wi;Vvi)isin B[ Dn[ In[ Jn. Thenin P®( )= (using Lemma
5.2)
xl
[P;d =[p;pl +[0);q pI=0+ [(0);zi+a Z]
i=1
X X
= 0+[0);zi+1 z]= [z:z]+[0);z+1 7]
i=1 i=1
X X
= [zizial= Ironl+ timiviowim?+ [t
i=1 i=1
X X
= 0+"imilvi;wiImP+ 0=0+  %imi[vi;wi]m?
i=1

where the last sum ranges over only the indices for which either (vi;w;) or (w;;v;) is in B. Then
the set
C := f[v;w] j either (v;w) or (w;V) is in Bg

is a nite set which generatesP®( )= as a M; ZM )-bimodule.

Next suppose thatP(®( ,)= is nitely generated by a subsetC as a ZM; ZM )-bimodule.
Let B be a nite subset of P(®( ) consisting of one representative of each element of. Let
(p; 9 be an arbitrary element of P(®'( ). Then

X X
Pid = "imifpiglm?= [imipim{;imigm{]
i=1 i=1
- m0 T . Py 0 Py 0
for somem;;m’2 M, "; = 1Pa|nd Pi;g) 2 B. %,olp iz1 imipimy . q i—1 imigm;.
Sincep; g g for each indexi, _; "mipm? i1 ":m;gmY. It follows from Part (3) of the
de nition of a b-homology relationthat p g g, so (p;q 2 g. Therefore the nite set B generates
all of P(®)( ) as ab-homology relation. O
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Proof of theorem 5.1. Suppose thatM has type HFDT ,,. Then there is a resolution
Fo 2! Fp 2! ! Fs! Fo! Fi! Fp! Z! O

of free (ZM; ZM )-bimodules such that forevery 0 i n 1, thereis a nite set B; P®( ;)
for which the b-homology relation generated byB; is all of P(P)( ;). Proposition 5.3 and Theorem
4.8 then say that ker(@) is nitely generated for each i. For 0 <i n 1, im(@) =ker(@ 1),
so both im(@) and ker(@) are nitely generated. If i =0, then im( @) = Z, so again both im(@)
and ker(@) are nitely generated. Construct a set S; in F; which is the union of a nite set of
generators for ker(@) together with a set consisting of a preimage (under the map@) for each
element in a nite set of generators for im(@). Then S; is a nite set of generators for F;. Hence
Fi is a free ZM; ZM )-bimodule of nite rank foreach 0 i n 1, and ker(@ 1) is nitely
generated. ThereforeM has type bi- FP,.

Now suppose thatM has type bi- FP,,. Then there is a partial nitely generated projective
resolution of the integers by bimodules over the integral maoid ring of length n. With this
resolution, for each 0 i n 1, ker(@ = im( @1). So ker(@) is the image of a nitely
generated bimodule, and hence is also nitely generated, wn 0 i n 1. Then Proposition
5.3 and Theorem 4.8 say thatP(®( ;) is nitely generated by a b-homology relation for each
0 i n 1, andthereforeM has type HFDT .

If G is a group, then the proof above together with the equivalene of the property bi- FP,
and F P, in Proposition 2.1 show that G has type HFDT , if and only if G has type FP,,. This
completes the proof of Theorem 5.1. O

The following corollary results from a straightforward modi cation of the proofs above.

Corollary 5.4. A monoid or group M has type left (respectively rightyHFDT , if and only if M
is of left (respectively right) homological typeF P,,.

We can apply Theorem 5.1 to show that the other niteness condtion Z, de ned in Sec. 3 is
also equivalent toHFDT .

Theorem 5.5. The following conditions are equivalent for any monoid or goup M and any integer
n O
(i) M has type bi-FP, (if M is a group, M has typeFP,).
(i) M has typeHFDT .
(i) M has typeZ,.

Proof. It follows directly from Theorem 5.1 that (i) implies (ii) an d (ii) implies (i). Next suppose
(i) holds, and suppose also thatFy ! Fo! Z! O0is aresolution consisting of nite rank free
bimodules with k < n. Then sinceM has type bi- FP,, ker(@) is nitely generated. Theorem
4.8 then says thatP(®)( )= is nitely generated, and Proposition 5.3 applies to say tha in this
caseP®( ) is nitely generated by a b-homology relation. Therefore (i) implies (iii).

Finally, suppose that (iii) holds, and suppose that Fy ! Fo! Z ! 0 is a resolution
consisting of nite rank free bimodules with k < n. SinceM satis es the property Z,, P®( )
is nitely generated by a b-homology relation. Applying Proposition 5.3 and Theorem 48 in the
opposite order shows that then ker@) is nitely generated. Therefore (iii) implies (i) also. O

The following also results from a straightforward modi cation of the proofs above.
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Corollary 5.6. The following conditions are equivalent for any monoid or goup M and any
integern 0.

i) M has type left (resp. right) FP,.

i) M has type left (resp. righty HFDT .

i) M has type left (resp. right) Z,,.
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