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Introduction

Regularity and complete intersection are properties of commutative noetherian rings, moti-
vated by geometry, but often best approached through homological methods. For an illus-
tration, it suffices to recall that no non-homological proof is known for the stability of these
properties under such a basic operation as localization.

It has long been known that ‘nice’ algebras have ‘simple’ homology. For flat algebras
of finite type a famous example is provided by Hochschild, Kostant, and Rosenberg [28]:
The Hochschild homology of a smooth algebra is the exterior algebra on a finite projective
module, namely, the module of Kähler differentials.

Two converses have been obtained over the last ten years, as the result of work of sev-
eral authors—one in terms of vanishing of certain Hochschild homology modules, the other
through the finite generation of the Hochschild homology algebra. In Section 5 we deduce
these results from theorems characterizing vanishing and finite generation within the more
general framework of Cartan-Eilenberg homology of supplemented algebras.

The vanishing theorem for Cartan-Eilenberg homology is due to Rodicio [39]. A complete
proof is given in Section 3, with short new arguments for the preliminary results. In Section
4 we discuss the key ideas going into the theorem on finite generation. The proof given in
our paper [12] used a recent result on the vanishing of André-Quillen homology of algebras
of finite flat dimension, cf. [9]: this suffices for the application to Hochschild homology.
In [13] we lifted the restriction, after proving a special case of a long open conjecture of
Quillen. This material is discussed in Section 2. It is preceded by a review, in Section 1, of
earlier results on the vanishing of André-Quillen homology and their applications to regular
homomorphisms and l.c.i. homomorphisms.

In the final count, the results on the structure of homomorphisms of commutative rings
reported below are based on an interplay of several homology theories, abelian and simplicial.
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1 Smooth, regular, and l.c.i. homomorphisms

In this paper all rings are commutative.
Let S be a ring. A sequence y = y1, . . . , yc of elements of S is called regular if (y) 6= S

and yi is a non-zero-divisor on S/(y1, . . . , yi−1) for i = 1, . . . , c. An ideal I in S is locally

generated by a regular sequence if for each prime ideal q of S with I ⊆ q the ideal Iq is
generated by an Sq-regular sequence.

We say that (S, n, k) is a local ring if S is a noetherian ring with unique maximal ideal
n and residue field k = S/n. If an ideal I in a local ring is generated by a regular sequence,
then every minimal set of generators of I constitutes a regular sequence.

A local ring (S, n, k) is regular if n has a set of generators that form an S-regular sequence.
A ring S is said to be regular if it is noetherian and the local ring Sn is regular for each
maximal ideal n of S. This property is inherited by all localizations of S, cf. e.g. [20] or [34].

We discuss relative versions of the notions of regularity. The earliest one is that of
smoothness. We introduce it through the Jacobian criterion, for it best reflects the geometric
origin of the concept. To this end, recall that the module of Kähler differentials of aK-algebra
S is defined by the equality ΩS |K = I/I2, where I is the kernel of the ring homomorphism

µSK : S ⊗K S → S where s′ ⊗ s′′ 7→ s′s′′ .

Let S be essentially of finite type over K, that is, a localization of a K-algebra of finite
type. If q is a prime ideal of S, and k(q) = Sq/qSq is the residue field of Sq, then S is
smooth over K at q if the K-module Sq is flat and the Sq-module (ΩS |K)q is free of rank
dim

(
Sq/pSq

)
+ tr degk(p)(k(q)), where p = q∩K. The K-algebra S is smooth if it is smooth

at each q ∈ SpecS. When K and S are fields, smoothness is equivalent to separability.

Theorem 1.1 If K is a noetherian ring and S a flat K-algebra essentially of finite type,

then the following conditions are equivalent.

(i) S is smooth over K.

(ii) S⊗K L is regular for each K-algebra L that is a field and is essentially of finite type.

(iii) Ker(µSK) is locally generated by a regular sequence.

If, in addition, the characteristic1 of S is 0, then they are also equivalent to

(i′) ΩS |K is projective over S.

For the equivalence of (i) (respectively, (i′)) and (ii), confer [21, §17.5] or [29, §8]. When
K is a perfect field, (ii) ⇐⇒ (iii) is proved in [28]. It seems that all published proofs of the
general case use at some point André-Quillen homology. At the end of the section we sketch
the argument from [4], after reviewing basic properties of that theory.

Conditions (i) and (iii) in the theorem above critically depend on the hypothesis that
the algebra S is essentially of finite type. On the other hand, condition (ii) does not require
such a finiteness assumptions, and may be used to define a notion of regularity for arbitrary
maps. This is Grothendieck’s approach [21, §6]: He defines a homomorphism ϕ : R → S of

1A ring has characteristic 0 if it contains the field of rational numbers as a subring.
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noetherian rings to be regular (respectively, normal , Cohen-Macaulay , etc.), if S is flat over
R and the ring S ⊗R L is regular (respectively, normal, Cohen-Macaulay, etc.) whenever
R→ L is a homomorphism essentially of finite type and L is a field.

The definitive criterion for regularity in terms of André-Quillen homology appears in [2,
(S.30)]; it sums up results of André [1], Grothendieck [21], Harrison [25], and Quillen [36].

Theorem 1.2 Let ϕ : R→ S be a homomorphism of noetherian rings.

The following conditions are equivalent.

(i) ϕ is regular.

(ii) D1(S |R;−) = 0 .

(iii) Dn(S |R;−) = 0 for all n ≥ 1 .

Now we move on to the complete intersection property.
By Cohen’s Structure Theorem, for every local ring (S, n, k) the n-adic completion Ŝ has a

Cohen presentation Ŝ ∼= Q/J , with Q a complete regular local ring; this is one of the reasons
regular local rings play a crucial role in commutative algebra. A local ring S is complete

intersection if in some Cohen presentation of Ŝ the defining ideal J can be generated by a
Q-regular sequence; when this is the case, every Cohen presentation of Ŝ has this property.
A ring S is a complete intersection if Sn is a complete intersection for each maximal ideal
n ∈ SpecS. If S is a complete intersection, then so is Sq for each q ∈ SpecS cf. [6].

A notion of complete intersection homomorphism can be defined by Grothendieck’s ap-
proach, but it is not broad enough to accommodate the most used version of that concept:
homomorphisms ϕ : R → S admitting a factorization R

ι−→R[x]
π−→ S, where R[x] is a poly-

nomial ring and π is a surjection whose kernel is locally generated by a regular sequence.
The last notion has its own limitation—it can only be applied to maps of finite type.

A concept that makes no a priori hypotheses on the homomorphism is introduced in [9],
using the following construction of Avramov, Foxby, and Herzog [10, (1.1)]: For each local
homomorphism ϕ : (R,m, k)→ (S, n, l) there exists a commutative diagram

R′
;;

ϕ̇

ww
ww

ww
ww ϕ′

##GG
GG

GG
GG

R
ϕ̀

// Ŝ

of local homomorphisms where ϕ̀ : R→ Ŝ is the composition of ϕ with the canonical inclusion
S → Ŝ, the R-module R′ is flat, the ring R′ is complete, the ring R′/mR′ is regular, and the
map ϕ′ is surjective. Any such diagram is called a Cohen factorization of ϕ̀.

A homomorphism of rings ϕ : R→ S is complete intersection at a prime ideal q of S if the
induced local homomorphism ϕq : Rq∩R → Sq has a Cohen factorization in which the kernel
of the surjective map is generated by a regular sequence; this property does not depend on
the choice of Cohen factorization, cf. [10] or [9]. The homomorphism ϕ is locally complete

intersection, abbreviated to l.c.i., if it is complete intersection at each q ∈ SpecS.
This definition covers the special cases encountered earlier cf. [9]: A ring S is complete

intersection if and only if the structure map Z→ S is l.c.i.; a flat map is l.c.i. if and only if

3



it is so in the sense of Grothendieck; when S is of finite type with a factorization ϕ = πι as
above, then ϕ is l.c.i. precisely when Ker(π) is locally generated by a regular sequence.

Vanishing of André-Quillen homology is linked to the l.c.i. property by the next result.
For homomorphisms essentially of finite type it is proved by Lichtenbaum and Schlessinger
[32], André [1], and Quillen [36]; the general case is established in [9].

Theorem 1.3 Let ϕ : R→ S be a homomorphism of noetherian rings.

The following conditions are equivalent.

(i) ϕ : R→ S is locally complete intersection.

(ii) D2(S |R;−) = 0 .

(iii) Dn(S |R;−) = 0 for n ≥ 2 .

(iv) D3(S |R;−) = 0 and the R-module Sq has a finite flat dimension for each q ∈ SpecS.

The characterizations of regularity and complete intersection in terms of André-Quillen
homology have important applications to the study of these classes of homomorphisms. Some
of their properties, such as flat base change, can be obtained either as formal consequences
of the behavior of the cohomology theory, cf. 1.5, or through more traditional techniques.
Other properties are accessible at present only from the characterizations given above.

A case in point is localization. The problem is to find conditions on a local ring (R,m, k)
that would guarantee that if a local homomorphism ϕ : R→ (S, n, l) has a certain property
at n, then it has the same property at each q ∈ SpecS. When ϕ is flat and essentially of
finite type, it is not difficult to see that if the induced homomorphism k ⊗R ϕ : k → S/mS
is regular or complete intersection, then the homomorphism ϕ is regular or l.c.i.

However, the analogous statement for the canonical homomorphism R → R̂ fails if the
formal fibers of R lack the corresponding property, and examples are known of rings for which
this occurs. Localization theorems from [3] and [9] prove that this is the only obstruction.

Theorem 1.4 Let ϕ : (R,m, k)→ (S, n, l) be a local homomorphism.

If ϕ is flat, the homomorphism k → S/mS is regular, and so is the homomorphism

k(p)→ k(p)⊗R R̂ for every p ∈ SpecR, then ϕ is regular.

If ϕ is complete intersection at n, and the ring k(p) ⊗R R̂ is complete intersection for

each p ∈ SpecR, then ϕ is l.c.i.

Next we list some basic properties of André-Quillen homology, cf. [2], [36].

Remark 1.5 Let ϕ : R→ S be a homomorphism of commutative rings. For each S-module
N and every n ∈ Z an S-module Dn(S |R;N) is defined with the following properties.

Functoriality . The sequence {Dn(S |R;−)}n∈Z is a homological functor on the category of
S-modules, and there are isomorphisms of functors

D0(S |R;−) ∼= ΩS |R ⊗S − and Dn(S |R;−) = 0 for all n < 0 .

Vanishing . If X is a set of variables over R, then

Dn(R[X]|R;−) = 0 for all n ≥ 1 .
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Localization. For each q ∈ SpecS, there are isomorphisms of functors

Dn(S |R;−)q
∼= Dn(Sq|R;−q) ∼= Dn(Sq|Rq∩R;−q) for all n ∈ Z .

Base change. If ϕ = R ⊗R′ ϕ′, where R ← R′ ϕ′

−→ S ′ are homomorphisms of rings one of
which is flat, then there are isomorphisms of functors

Dn(S |R;−) ∼= Dn(S
′ |R′;−) for all n ∈ Z .

Transitivity . A homomorphism of rings Q→ R induces an exact sequence of functors

· · · → Dn+1(S |R;−)→ Dn(R|Q;−)→ Dn(S |Q;−)→ Dn(S |R;−)→ · · · .

This generalizes the “first fundamental exact sequence” ΩR|Q ⊗R S → ΩS |Q → ΩS |R → 0 .

Low dimensions . If ϕ is surjective and I = Ker(ϕ), then there exist morphisms of functors
TorRn (S,−)→ Dn(S |R;−) for all n ∈ Z, inducing isomorphisms

D1(S |R;−) ∼= TorR1 (S,−) ∼= (I/I2)⊗S − ;

D2(S |R;−) ∼= TorR2 (S,−)

TorR1 (S, S) · TorR1 (S,−)
.

The morphisms above arise as edge homomorphisms in a spectral sequence converging to
the torsion functors, with second page determined by the André-Quillen functors.

The transitivity sequence is a salient feature of André-Quillen homology, distinguishing
it from other homology theories for commutative algebras. It reflects the homotopical nature
of the André-Quillen theory, whose construction is based on simplicial commutative rings,
cf. [1], [35]. Proofs of the properties discussed above depend on specifics of the construction.
Once made available, these properties constitute a powerful tool that is sufficiently flexible
and user-friendly. Illustrations of such ‘näıve’ usage are given below.

Remark 1.6 If Q → R → S are homomorphisms of rings, and m is an integer such that
Dn(S |Q;−) = 0 for all n ≥ m, then transitivity yields isomorphisms of functors

Dn+1(S |R;−) ∼= Dn(R|Q;−) for all n ≥ m.

Proof (of the equivalence of (ii) and (iii) in Theorem 1.1) By the vanishing prop-
erty, Dn(S |S;−) = 0 for all n. Remark 1.6 applied to the maps ψ : S → S ⊗K S, given by
ψ(s) = s⊗ 1, and µSK : S ⊗K S → S yields D2(S |S ⊗K S;−) ∼= D1(S ⊗K S |S;−). From flat
base change we get D1(S ⊗K S |S;−) ∼= D1(S |K;−). By concatenation we obtain

D2(S |S ⊗K S;−) ∼= D1(S |K;−) .

By Theorem 1.2, the K-algebra S is smooth if and only if the functor on the right hand side
vanishes. By Theorem 1.3, the functor on the left hand side vanishes if and only if KerµSK
is locally generated by a regular sequence. We have the desired equivalence.

�
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2 Vanishing of higher André-Quillen homology

Let ϕ : R→ S be a homomorphism of noetherian rings.
The flat dimension of S over R may be defined by the formula

fdR S = sup{n ∈ Z | TorRn (S,−) 6= 0} .

Along similar lines, we introduce the André-Quillen dimension of S over R by

AQ-dimR S = sup{n ∈ Z | Dn(S |R;−) 6= 0} .

In this language, Theorems 1.2 and 1.3 describe the algebras of André-Quillen dimension 0
and 1. When R is a local ring and S is its residue field, the invariant AQ-dimR S is considered
by André [1, §28] under the name simplicial dimension of R.

We say that the flat dimension, or the André-Quillen dimension, of S over R is locally

finite if the corresponding dimension of Sq over R is finite for each q ∈ SpecS.
In this section we discuss finiteness of André-Quillen dimension. The first result, from

[9], describes the algebras whose flat dimension and André-Quillen dimension are both finite.

Theorem 2.1 Let ϕ : R→ S be a homomorphism of noetherian rings.

The following conditions are equivalent.

(i) ϕ is locally complete intersection.

(ii) AQ-dimR S is locally finite and fdR S is locally finite.

If S has characteristic 0, then they are also equivalent to

(iii) Dm(S |R;−) = 0 for some integer m ≥ 2 and fdR S is locally finite.

Theorem 1.3 contains (i) =⇒ (ii); the converse had been conjectured by Quillen [36,
(5.7)], at least when ϕ is essentially of finite type. Without assumptions on the flat dimension
(but retaining the hypothesis of finite type) Quillen [36, (5.6)] made the following

Conjecture 2.2 If the AQ-dimension of S over R is locally finite, then AQ-dimR S ≤ 2.

Remark 2.3 Results in [2, Suppl.] and [9, §1] show that to prove the conjecture it suffices
to do it for all surjective homomorphisms of complete local rings.

Example 2.4 The conjecture holds if R or S is complete intersection.
For instance, if S has this property, then (as noted above) the structure map Z → S is

l.c.i., so Dn(S |Z;−) = 0 for n ≥ 2 by Theorem 2.1. Remark 1.6 applied to Z → R → S
yields Dn(R|Z;−) = 0 for all n� 0. Theorem 2.1 now shows that Dn(R|Z;−) = 0 for n ≥ 2
on the category of S-modules. Feeding this back into Remark 1.6 we obtain Dn(R|Z;−) = 0
for all n ≥ 3. The argument for R is similar.

There exist homomorphisms with AQ-dimR S = 2.
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Example 2.5 Let Q
ψ−→ R

ϕ−→ S be homomorphisms of noetherian rings such that ϕψ is
l.c.i. and ψ is c.i. at each prime ideal containing Ker(ϕ).

If ϕ is not l.c.i., then Theorem 1.3 and Remark 1.6 imply AQ-dimR S = 2.
For instance, consider R = Q/I and S = Q/J , where I ⊆ J are ideals in Q generated by

Q-regular sequences. The canonical maps ψ and ϕ define an exact sequence of S-modules

0 −→ D2(S |R;S) −→ I

I2 + IJ
−→ J

J2
−→ J

J2 + I
−→ 0

cf. Remark 1.6 and Theorem 1.3. From it one obtains an isomorphism

D2(S |R;S) ∼= I ∩ J2

I2 + IJ
.

Examples with I ∩ J2 6= (I2 + IJ) abound, cf. 4.5 for the simplest one.

The next result settles conjecture 2.2 for a new class of maps.

Theorem 2.6 Let Q
ψ−→ R

ϕ−→ S be homomorphisms of noetherian rings with ϕψ l.c.i.

The following conditions are equivalent.

(i) ψ is complete intersection at each p ∈ SpecR with p ⊇ Ker(ϕ) .

(ii) D3(S |R;−) = 0 .

(iii) AQ-dimR S ≤ 2.

(iv) AQ-dimR S is locally finite.

If, in addition, S has characteristic 0, they are also equivalent to

(v) Dm(S |R;−) = 0 for some integer m ≥ 3.

Thanks to 1.6, the equivalence of the first three conditions is contained in Theorem 1.3.
The proof that (iv) or (v) implies (i) is one of the main results of [13].

Remark 2.7 The theorem applies to ring homomorphisms S
ψ−→ R

ϕ−→ S with ϕψ = idS.

Theorems 1.2 and 1.3 determine the structural properties of algebras of André-Quillen
dimension ≤ 2. With those results in mind, the problem arises whether there is a structural
characterization of algebras of finite André-Quillen dimension. As of now, the method de-
scribed in 2.5 is essentially the only known way of generating such algebras, so one might
wonder whether all of them arise in this way, at least locally. This raises the following

Problem 2.8 Let ϕ : R → S be a surjective homomorphism of complete local rings. If
AQ-dimR S < ∞, then does there exist a surjective local homomorphism Q → R such that
the kernel of the composition Q→ R→ S is generated by a regular sequence?

Theorem 2.6 and Remark 2.3 show that an affirmative answer to the problem above
would imply the validity of Quillen’s conjecture 2.2. That conjecture also focuses attention
on algebras with AQ-dimR S = 2. The following result of Blanco, Majadas, and Rodicio [15,
Cor. 3′] translates this hypothesis into one involving more familiar homological notions.
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Theorem 2.9 Let ϕ : R→ S be a surjective homomorphism of noetherian rings, and let E
be the Koszul complex on a system of generators of the ideal Ker(ϕ) in R.

The following conditions are equivalent.

(i) AQ-dimR S ≤ 2.

(ii) The S-module H1(E) is projective and the canonical homomorphism of graded S-

algebras
∧
S H1(E)→ H(E) is bijective.

Another open question on vanishing of André-Quillen homology functors is

Problem 2.10 Does Dm(S |R;−) = 0 for some integer m ≥ 1 imply AQ-dimR S < m ?

Theorems 2.1 and 2.6 provide evidence for a positive answer, at least when S has charac-
teristic 0. More generally, the following hold when bm+1

2
c is invertible in S: if fdR S is locally

finite and Dm(S |R;−) = 0, then AQ-dimR S ≤ 1, cf. [9]; if Q→ R→ S are homomorphisms
of rings whose composition is l.c.i., and Dm(S |R;−) = 0, then AQ-dimR S ≤ 2, cf. [13].

Problem 2.10 illustrates how little is known about André-Quillen homology compared to
classical homology—the functors TorRn (S,−) on the category of R-modules. In the latter
case, the well-known positive answer to the analogue of Problem 2.10 is the basis of the
theory of flat dimension: vanishing of TorRm(S,−) means that S has a resolution of length at
most (m− 1) by flat R-modules, and so implies TorRn (S,−) for all integers n ≥ m.

The discussion above focuses on vanishing of André-Quillen homology functors. The
significance of vanishing of homology with coefficients in the algebra itself is still unclear,
although the following conjecture was made by Herzog [27] some twenty years ago.

Conjecture 2.11 A local algebra S, essentially of finite type over a field K of characteristic
0 and with Dn(S |K;S) = 0 for all n ≥ 2 (respectively, all n� 0), is complete intersection.

When S is in the linkage class of a complete intersection, the weak version holds, since
then D3(S |K;S) 6= 0 6= D4(S |K;S) by a result of Ulrich [42]. The strong version holds
when all finite S-modules have rational Poincaré series, cf. [27]: classes of local rings that
have the latter property are described in cf. [7], but Anick [5] shows that not all do.

Not much more is known at present. By way of contrast, vanishing of Tor is now under-
stood for a wide class of algebras. This is the contents of the next section.

3 Vanishing of Cartan-Eilenberg homology

In the (now rarely used, but precise) terminology of Cartan and Eilenberg [18], an S-algebra
R with structure map ψ : S → R is said to be supplemented if there is a fixed homomorphism
of rings ϕ : R→ S, called the augmentation, such that ϕψ = idS.

By definition, TorR
•
(S, S) is the Cartan-Eilenberg homology of the supplemented S-algebra

R. There are easily established, well known isomorphisms

TorR0 (S, S) ∼= S

TorR1 (S, S) ∼= I/I2 where I = Kerϕ .
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The t-product of Cartan-Eilenberg endows TorR
•
(S, S) with a structure of a graded-commu-

tative S-algebra, cf. Lemma 3.4. It yields a canonical homomorphism of graded S-algebras

λ•

S |R :
∧

•

S(I/I
2) −→ TorR

•
(S, S) .

The following theorem, due to Rodicio [39], is proved at the end of this section.

Theorem 3.1 Let R be a noetherian ring and a supplemented S-algebra, and let I denote

the kernel of the augmentation. The following conditions are equivalent.

(i) The ideal I is locally generated by a regular sequence.

(ii) The S-module I/I2 is projective and the map λ•

S |R is bijective.

(iii) There exists an integer m > 0 such that TorRn (S, S) = 0 for all n ≥ m.

(iv) There exist an even integer i > 0 and an odd integer j > 0 such that

TorRi (S, S) = 0 = TorRj (S, S) .

The implications (i) =⇒ (ii) =⇒ (iii) =⇒ (iv) are elementary. The proof that (iv)
implies (i) has two distinct parts. First, a projective resolution F of S over R is constructed
such that F ⊗R S contains easily identifiable cycles in all even degrees or in all odd degrees;
essentially the same argument, based on Tate’s construction recalled in Remark 3.2 below,
is used in [14], [17], and [39]. Second, the chosen cycles are shown to be non-homologous
to zero; the arguments in [14] and [17] are specific to Hochschild homology, while Rodicio
[39] applies a result of Avramov and Rahbar-Rochandel, on ‘large’ homomorphisms of local
rings, cf. [31, (2.5)]. In the special case of supplemented algebras, in Lemma 3.6 we give a
much simpler proof of that result, partly drawing on an idea of Herzog [26].

The proof of the theorem uses DG (=differential graded) algebras A that are graded

commutative: with | | denoting degrees, all homogeneous elements a, b ∈ A satisfy

ab = (−1)|a||b|ba , and a2 = 0 when |a| is odd .

Remark 3.2 For each surjective homomorphism R→ T , Tate [41], cf. also [24, Ch. 1] or [8,
§6], provides a factorization R→ R〈U〉 → T , where R〈U〉 is a DG algebra obtained from R
by adjoining exterior variables in odd degrees and divided powers variables in even degrees,
and the second map induces an isomorphism in homology. Any DG algebra R〈U〉 with these
properties is called a Tate resolution of T over R. Let Uodd and Ueven denote the variables
of U of odd and even degree respectively, and let v(s) be the sth divided power of a variable
v ∈ Ueven. As a graded R-module, R〈U〉 is free and spanned by monomials

{
ui1 · · ·uim · v

(s1)
j1
· · · v(sn)

jn

∣∣ uig ∈ Uodd , vjh ∈ Ueven ; m,n ≥ 0 , sh ≥ 0
}

;

to get a basis, order the variables in U and pick the ordered monomials. Let I(2)(R〈U〉)
denote the R-submodule spanned by the monomials with m+

∑n

h=1 sh ≥ 2.
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Remark 3.3 It is well known (but the proof is not entirely elementary, cf. [24, §1.7]) that
the divided powers of the variables in U extend to a system of divided powers on the DG
algebra R〈U〉. This means that for every element a of even positive degree and each s ≥ 0
an element a(s) of degree s|a| is defined and satisfies a list of standard identities, among them

a(0) = 1 , (s!) · a(s) = as for all s ≥ 1 , (a+ b)(s) =

s∑

i=0

a(s−i) · b(i) .

The differential of R〈U〉 satisfies the Leibniz formula with divided powers:

∂(a · b) = ∂(a) · b+ (−1)|a|a · ∂(b) for all a, b ;

∂
(
a(s)

)
= ∂(a) · a(s−1) for all a of even positive degree and all s ≥ 1 .

When R is an algebra over a field of characteristic 0, the DG algebra R〈U〉 can be obtained
by adjoining polynomial variables in even degrees, and setting v(s) = vs/(s!) for all v ∈ Ueven.

Lemma 3.4 The structure of algebra with divided powers on R〈U〉 induces such a structure

on T 〈U〉 = R〈U〉⊗RT , which passes it on to H
•
(T 〈U〉) = TorR

•
(T, T ). The divided powers

on TorR
•
(T, T ) are independent of the choice of Tate resolution used in their computation.

Proof The passage from R〈U〉 to T 〈U〉 is straightforward.
The Leibniz formula shows that in T 〈U〉 products of cycles are cycles, products of cycles

and boundaries are boundaries, and divided powers of cycles are cycles. Let z, z′ ∈ T 〈U〉 be
cycles of even positive degree and z′ = z + ∂(y). Since y is the image of some w ∈ R〈U〉
under the canonical surjection π : R〈U〉 → T 〈U〉, we have ∂(y)(i) =

(
π∂(w)

)(i)
= π

(
∂(w)(i)

)

for all i ≥ 1. Furthermore, ∂
(
∂(w)(i)

)
= ∂2(w) · ∂(w)(i−1) = 0. As Hn(R〈U〉) = 0 for n > 0,

for each i there is an element wi ∈ R〈U〉 such that ∂(wi) = ∂(w)(i). As a result,

z′
(s)

= z(s) +
s∑

i=1

z(s−i) · ∂(y)(i) = z(s) + ∂

( s∑

i=1

z(s−i) · π(wi)

)
.

Thus, the structure of algebra with divided powers on T 〈U〉 descends to its homology.
If R〈V 〉 also is a Tate resolution of T over R, then it is easy to see, cf. [24, (1.8.6)], that

there exists a morphism of DG algebras R〈V 〉 → R〈U〉 over R that is compatible with the
systems of divided powers. Such a map is necessarily a quasiisomorphism, hence so is the
induced map T 〈V 〉 → T 〈U〉. Consequently, the structures of algebra with divided powers
on TorR

•
(T, T ) does not depend on the choice of Tate resolution used for its definition.

Finally, recall that if F is any free resolution of T , then the the t-product [18, Ch. XI] is
the composition H(F⊗RT )⊗RH(F⊗RT )→ H((F⊗RF )⊗RT )→ H(F⊗RT ) of the Künneth
homomorphism with a map induced by a morphism F ⊗R F → F lifting the multiplication
map T ⊗R T → T . Since the product map R〈U〉⊗R〈U〉 → R〈U〉 is such a morphism, the
product structure above coincides with the classical one.

Remark 3.5 If (R,m, k) is a local ring and R → T is a surjective homomorphism, then
in constructing a Tate resolution R〈U〉 of T the following choices can be made: ∂(U1)
minimally generates Kerϕ, and ∂(Un) minimally generates Hn−1(R〈U<n〉) for each n ≥ 2.

10



Any resolution obtained in this way is called an acyclic closure of T over R. Acyclic closures
are characterized among Tate resolutions of T over R by a property of their differential:

∂(u) ∈ mU + I(2)(R〈U〉) for all u ∈ U .
If R〈X〉 is an acyclic closure of k over R, then by Gulliksen [23] and Schoeller [40], cf. also
[24, (1.6.4)] or [8, (6.3.4)], it is a minimal resolution of k over R, that is, ∂(R〈X〉) ⊆ mR〈X〉.

Lemma 3.6 If (R,m, k) is a local ring and R is a supplemented S-algebra, and R〈U〉 is an

acyclic closure of S over R, then ∂(R〈U〉) ⊆ mR〈U〉.

Proof Noting that S is a local ring with residue field k, choose an acyclic closure S〈Y 〉 of
k over S. Since S〈Y 〉 is a bounded below complex of free S-modules, and R〈U〉 → S is a
quasiisomorphism, so is the first arrow in the composition

R〈U, Y 〉 = R〈U〉⊗SS〈Y 〉 → S ⊗S S〈Y 〉 = S〈Y 〉 → k .

The last arrow is a quasiisomorphism, so R〈U, Y 〉 is a Tate resolution of k over R. If R〈X〉
is an acyclic closure of k over R, then the homology of both k〈U, Y 〉 = R〈U, Y 〉⊗Rk and
k〈X〉 = R〈X〉⊗Rk compute TorR

•
(k, k). By Lemma 3.4 there are isomorphisms

H
•
(k〈U, Y 〉) ∼= H

•
(k〈X〉) = k〈X〉

of algebras with divided powers: the equality holds by the theorem of Gulliksen and Schoeller,
cf. Remark 3.5. The same theorem implies ∂(Y ) = 0 in k〈U, Y 〉. Noting that ∂(U1) = 0,
assume by induction that ∂(U6n) = 0 for some n ≥ 1. Thus, the differential of the DG
algebra with divided powers k〈U6n, Y6n〉 is trivial. By the isomorphisms above, the inclusion
k〈U6n, Y6n〉 ↪→ k〈U, Y 〉 induces in homology an injective map, hence ∂(Un+1) = 0.

�

Proof (of Theorem 3.1) The conditions in the theorem are local over the prime ideals p

of R that contain I. Localizing at such a prime we may assume that (R,m, k) is a local ring.
Fix a minimal set of generators y = y1, . . . , yc for I and let E be the Koszul complex on y.

(i) =⇒ (ii). Since y is a regular sequence, E is a Tate resolution of S over R, hence

TorR
•
(S, S) = H

•
(E ⊗R S) = E ⊗R S .

Thus, TorR1 (S, S) is equal to the free S-module E1 ⊗R S, and TorR
•
(S, S) =

∧
•

S(E1 ⊗R S).
(iv) =⇒ (i). Let R〈U〉 be an acyclic closure of S over R, so U1 = {u1, . . . , uc} with

∂(uh) = yh for h = 1, . . . , c, and U2 = {v1, . . . , vr} with cls(∂(v1)), . . . , cls(∂(vr)) minimally
generating H1(R〈U1〉). In S〈U〉 = S ⊗R R〈U〉 we have ∂(U1) = 0 and ∂(U2) ⊆ SU1, hence

Z = S〈u1, . . . , uc〉⊕S〈v1, . . . , vr〉 u1 · · ·uc ⊆ S〈U〉
is a submodule of cycles. By the lemma, ∂(R〈U〉) ⊆ mR〈U〉, so the composition

Z ⊗S k → H
•
(S〈U〉)⊗S k → H

•
(S〈U〉⊗Sk) = k〈U〉

is injective. Thus, either r = 0, or TorRn (S, S) = Hn(S〈U〉) 6= 0 for all n ∈ N with n ≡ c
(mod 2). Our hypothesis bars the latter case, so R〈U1〉 ∼= E, hence the sequence y is regular.

�
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4 Finite generation of Cartan-Eilenberg homology

Finite generation of the S-algebra TorR
•
(S, S) is described by the next result. A local struc-

ture theorem for such algebras is given in [13, (4.1.iii)].

Theorem 4.1 Let R be a noetherian ring and a supplemented S-algebra.

If the S-algebra TorR
•
(S, S) is finitely generated, then there exist projective S-modules Di

concentrated in degrees i for i = 1, 2, and an isomorphism of graded S-algebras

∧
SD1 ⊗S SymS D2

∼= TorR
•
(S, S) ;

furthermore, (D2)q = 0 for each q ∈ SpecS with k(q) > 0.

Remark 4.2 The proof of the theorem can be reduced to the case of a local ring R.

Proof (of Theorem 4.1 in positive characteristic) Assume (R,m, k) is a local ring
with char(k) = p > 0. Let a1, . . . , as be a set of generators of positive degree of the S-algebra
TorR

•
(S, S). Lemma 3.4 and Remark 3.3 show that if |ah| is even, then (ah)

p = p!(ah)
(p),

while if |ah| is odd, then (ah)
2 = 0. Thus, TorRn (S, S) = pTorRn (S, S) for all n � 0. By

Nakayama’s Lemma, TorRn (S, S) = 0 for all n� 0. It remains to invoke Theorem 3.1.
�

The proof is much more involved in characterisctic 0, so we restrict ourselves to describing
its main steps. A crucial ingredient is provided by the following result.

Theorem 4.3 Let R be a noetherian ring and a supplemented S-algebra.

If the S-algebra TorR
•
(S, S) is finitely generated, then Dn(S |R;−) = 0 for n ≥ 3.

The proof of the last theorem itself has two distinct parts. The first is to show that
finite generation of TorR

•
(S, S) implies Dn(S |R;−) = 0 for n � 0. The argument occupies

a good part of [12]. This theorem is related to a result of Dupont and Vigué-Poirrier [19]
on rational cohomology of free loop spaces; the general principles of such a correspondence
are explained in [11]. Once it is known that André-Quillen homology vanishes eventually,
Theorem 2.6 shows that it vanishes from degree 3.

Using the preceding theorems one can compute all torsion and André-Quillen functors.

Corollary 4.4 There are isomorphisms of functors on the category of S-modules:

TorRn (S,−) ∼=
( ∞⊕

i=0

∧i
SD1 ⊗S Symn−2i

S D2

)
⊗S − for n ≥ 0 ;

Dn(S |R;−) ∼=
{
Dn ⊗S − for n = 1, 2 ;

0 otherwise .

The converse to Theorem 4.3 need not hold:

Example 4.5 Let k be a field, Q = k[[t, u]], R = Q/(tu), and let S = Q/(t). The canonical
maps k[[t]] ↪→ k[[t, u]] � k[[t]] induce on R the structure of a supplemented S-algebra.
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By 2.5, one has Dn(S |R;−) = 0 for n ≥ 3. Computing TorR
•
(S, S) from the free resolution

F
•

= · · · u−→R
t−→R

u−→R→ 0, one obtains

TorRn (S, S) =






S if n = 0

k if n ≥ 1 and odd

0 otherwise.

If a, b ∈ TorR
>1(S, S) are non-zero elements, then ab has even degree, so ab = 0. Thus, each

set of algebra generators of TorR
•
(S, S) over S has an element in every positive odd degree.

While André-Quillen homology of algebras is constructed from simplicial resolution, in
characteristic 0, it can be computed from DG algebras.

Remark 4.6 Let R → S be a surjective homomorphism of noetherian rings and let R〈U〉
be a Tate resolution of S over R. When S has characteristic 0, Quillen [36, (9.5)] proves

Dn(S |R;−) ∼= Hn(Q
γ(R〈U〉)⊗R −) for n ∈ Z ,

where Qγ(R〈U〉) = R〈U〉 /
(
R+I(2)(R〈U〉)

)
, with I(2)(R〈U〉) the graded R-module defined in

Remark 3.2; by the Leibniz rule, R+ I(2)(R〈U〉) is a subcomplex of R〈U〉, so that Qγ(R〈U〉)
is a complex of R-modules. Note that, as a graded R-module, Qγ(R〈U〉) ∼= RU .

Lemma 4.7 Let R→ S be a surjective homomorphism of local rings such that S has char-

acteristic 0, and let R〈U〉 be an acyclic closure of S over R.

For each integer n, the following conditions are equivalent:

(i) Un = ∅.

(ii) Dn(S |R;−) = 0.

(iii) Dn(S |R; k) = 0.

Proof (i) =⇒ (ii) is contained in the preceding remark.
(iii) =⇒ (i). By construction of acyclic closures, cf. Remark 3.5, one has ∂(U) ⊆ mR〈U〉,

so that ∂
(
Qγ(R〈U〉)

)
⊆ mQγ(R〈U〉), hence Qγ(R〈U〉) ⊗R k has trivial differential. Thus,

by the last remark kUn ∼= Dn(S |R; k) = 0; that is to say, Un = ∅.
�

The final step in the proof of Theorem 4.1 is abstracted from the argument for [12, (4.1)].

Proposition 4.8 Let (S, n, k) be a local ring of charactersitic 0 and let S〈U1, U2〉 be a DG

algebra with Ui in degree i, ∂(U1) = 0 and ∂(U2) ⊆ nU1.

If the S-algebra H(S〈U1, U2〉) is finitely generated, then ∂(U2) = 0.

Proof Let U1 = {u1, . . . , ue} and U2 = {v1, . . . , vc}; the products ui1 · · ·uig · v
(s1)
1 · · · v(sc)

c ,
with i1 < · · · < ig and sh ≥ 0 form a basis of the graded S-module A = S〈U〉. Assigning
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to such a product upper degree l = g + s1 + · · ·+ sc, we turn A into a bigraded DG algebra
A =

⊕
0≤l≤nA

(l)
n with ∂(A

(l)
n ) ⊆ A

(l)
n−1 and H = H∗(A) inherits the bigrading. Furthermore,

H
(0)
0 = A

(0)
0 = S

H(l)
n = 0 for n < 2l − e or n > 2l

H(l)
n ·H

(l′)
n′ ⊆ H

(l+l′)
n+n′ for all l, l′, n, n′

Therefore, one has a direct sum decomposition H = C ⊕ D, where C =
⊕

n<2lH
(l)
n is an

ideal and D =
⊕

nH
(n)
2n is a subalgebra. Properties (i) and (ii) show that E =

⊕
nH

(n+e)
2n+e is

an ideal of the graded algebra H and CE = 0. By hypothesis H is finitely generated as an
algebra over the noetherian ring S, hence the ideal E of H is finitely generated. It follows
that E is finite as a module over the algebra H/C = D.

The vanishing lines of A
(l)
n yield exact sequences of graded S-modules

0→ D → S〈U2〉 ∂−→S〈U2〉⊗SSU1 ;

S〈U2〉⊗S
∧e−1(SU1)

∂−→S〈U2〉⊗S
∧e(SU1)→ E → 0 .

The map b ∈ S〈U2〉 7→ b · u1 · · ·ue ∈ S〈U2〉⊗S
∧e(SU1) is a degree c homomorphism

τ : S〈U2〉 → E of graded D-modules. As ∂(S〈U〉) ⊆ nS〈U〉, we see that

τ ⊗D k : S〈U2〉⊗Dk → E ⊗D k

is bijective. For each n ∈ Z the degree n component of the D-module S〈U2〉 is a finite
S-module, and vanishes for n < 0, so by the appropriate version of Nakayama’s Lemma the
D-module S〈U2〉 is finite. In particular, each v ∈ U2 satisfies an equation

vs + zs−1v
s−1 + · · ·+ z1v + z0 = 0 ∈ S〈U2〉

of integral dependence with zj ∈ D. Differentiating one with minimal s, we get

(
svs−1 + (s− 1)zs−1v

s−2 + · · ·+ z1
)
∂(v) = 0 ∈ S〈U2〉⊗SSU1 .

Since Q ⊆ S, the minimality of s implies that the coefficient of ∂(v) is non-zero, hence it is
not a zero-divisor on the free S〈U2〉-module S〈U2〉⊗SSU1, and so ∂(v) = 0.

�

Proof (of Theorem 4.1 in characteristic zero) By Remark 2.3, we assume (R,m, k)
is a local ring and a supplemented S-algebra. Since the S-algebra TorR

•
(S, S) is finitely

generated, Proposition 4.3 yields Dn(S |R;−) = 0 for n ≥ 3. In view of Remark 4.6, this
implies that S has an acyclic closure R〈U〉 over R with U = U1 t U2, where Ui consists
of variables of degree i. In the DG algebra S〈U〉 = R〈U〉⊗RS, one has ∂(U1) = 0 and
∂(U2) ⊆ nU1, where n is the maximal ideal of S. Since H(S〈U〉) = TorR

•
(S, S) is finitely

generated, the preceding proposition yields TorR
•
(S, S) = S〈U〉 = S〈U1〉⊗SS〈U2〉. Finally,

S〈U1〉 =
∧
S(SU1) by defintion, while S〈U2〉 = SymS(SU2) since S has characteristic 0.

�
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5 Smoothness and Hochschild homology

Throughout this section K denotes a noetherian ring and S a flat K-algebra essentially
of finite type. The ring R = S ⊗K S is then a noetherian supplemented S-algebra, with
structure map ψ : S → R given by s 7→ s⊗ 1, and augmentation ϕ = µSK : S ⊗K S → S.

By a classical result of Cartan and Eilenberg [18, Ch. IX], the Hochschild homology of
the K-algebra S, as an algebra under shuffle products, can be computed as the homology
algebra of the supplemented S-algebra R: There is an isomorphism of graded algebras

HH
•
(S |K,S) ∼= TorS⊗KS

•
(S, S) .

In particular, this contains the basic equalities

HH0(S |K,S) = S and HH1(S |K,S) = ΩS |K .

The characterization of smoothness in terms of Hochschild homology, presented below,
combines results proved over a period of 40 years.

Over a field, the implication (i) =⇒ (ii) is a celebrated result of Hochschild, Kostant,
and Rosenberg [28]. It was extended to noetherian rings by André [4], partly building on
results of Quillen [36]. Since (ii) implies (iii), which in turn contains (iv) and (v), the fact
that (i) follows from any of these properties represents a strong converse to the Hochschild-
Kostant-Rosenberg Theorem.

When K is a field, Rodicio [37] conjectured that (iii) implies (i). The fact that (iv)
implies (i) was proved by Avramov and Vigué-Poirrier [14]; independently, Campillo, Guc-
cione, Guccione, Redondo, Solotar, and Villamayor [17] gave a proof when K is a field of
characteristic 0. The general case, when K is a noetherian ring, was proved by Rodicio [39].

The implication (v) =⇒ (i) is even more recent. When K is a field of characteristic 0
and S is positively graded with S0 = K, it is proved by Dupont and Vigué-Poirrier in [44],
[19]. The general case is the main result of our paper [12].

Theorem 5.1 The following conditions are equivalent.

(i) The algebra S is smooth over K.

(ii) The S-module ΩS |K is finite projective and HH
•
(S |K,S) =

∧
• ΩS |K.

(iii) There exists an integer m > 0 such that HHm(S |K) = 0 for all n ≥ m.

(iv) There exist an even integer i > 0 and an odd integer j > 0 such that

HHi(S |K) = 0 = HHj(S |K) .

(v) The S-algebra HH
•
(S |K) is finitely generated.

Proof The equivalence of conditions (i) through (iv) is contained in Theorems 1.1 and 3.1.
Since (ii) clearly implies (v), it remains to prove

(v) =⇒ (i). The S-algebra TorR
•
(S, S) = HH

•
(S |K) is finitely generated, so Theorem

4.1 applies. Fix a prime ideal q. If char k(q) = 0, then the Sq-module (ΩS |K)q
∼= (D1)q

is free, so Sq is smooth over K by Theorem 1.1. If char k(q) > 0, then (D2)q = 0, so the
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Sq-module HH1(Sq|K) = HH1(S |K)q is free, and HH
•
(Sq|K) ∼=

∧
Sq

HH1(Sq|K), so Sq is

smooth over K by the already established implication (ii) =⇒ (i).
�

It is not possible, in general, to relax condition (iv) in Theorem 5.1 to the vanishing of
a single Hochschild homology module. The relevant example is a particular instance of a
general phenomenon discovered by Larsen and Lindenstrauss [30]: For any ring of algebraic
integers S 6= Z, one has HH2i−1(S |Z) 6= 0 = HH2i(S |Z) for all i ≥ 1.

Example 5.2 The Hochschild homology of the Z-algebra S = Z[
√

3] is given by

HHn(S |Z) =






S for n = 0;

S/(2
√

3) for odd n ≥ 1;

0 for even n ≥ 2.

Since S is flat over Z and isomorphic to Z[x]/(x2−3), the next result, or a direct computation,
shows that the HH

•
(S |Z) is the homology of the complex

· · · 2x−→ S
0−→S

2x−→ S
0−→S → 0

concentrated in degrees 0 and higher. This yields the desired result.

Hochschild homology is somewhat better understood in the case of l.c.i. algebras, mostly
due to the possibility of computing it from an elegant complex that can be derived by using
Tate’s procedure [41]. In characteristic 0 it was established by Wolffhardt [45]; in general, it
appears in the papers of Guccione and Guccione [22] and Brüderle and Kunz [16].

Proposition 5.3 Let P = K[x1, . . . , xe] be a polynomial ring over a noetherian ring K, and

let I be an ideal such that S = P/I is flat over K.

If I is generated by a P -regular sequence f1, . . . , fc, and ∂i(fj) denotes the image in S of

the partial derivative ∂fj/∂xi, then HH
•
(S |K) is the homology of the DG algebra

S〈U〉 = S
〈
u1, . . . , ue; v1, . . . , vc

∣∣∂(ui) = 0 ; ∂(vj) =
e∑

i=1

∂i(fj)ui
〉
.

This result has an interesting consequence. Bigrading S〈U〉 as in Lemma 4.8, one obtains
a decomposition of Hochschild homology modules: HHn(S |K) =

⊕
0≤l≤n HH(l)

n (S |K) . The

strand HH(1)
•

(S |K) is the homology of the complex of S-modules

0→
c⊕

j=1

Svj

(
∂i(fj)

)
−−−−−→

e⊕

i=1

Sui → 0 ,

concentrated in degrees 1 and 2. Since S is l.c.i. over K, this is a shift of the cotangent

complex from which the André-Quillen homology of S over K is computed. Thus, the direct
summand HH(1)

n (S |K) of HHn(S |K) is equal to Dn−1(S |K;S) for each n.
In characteristic 0, these patterns are found in the Hochschild homology of all flat K-

algebras: this result is proved by Quillen [36, §8].
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Theorem 5.4 If char(S) = 0, then the Hochschild homology modules admit decompositions

such that the following properties hold for all integers n, n′.

HHn(S |K) =
⊕

0≤l≤n

HH(l)
n (S |K) ;

HH(1)
n (S |K) ∼= Dn−1(S |K;S) ;

HH(l)
n (S |K) · HH

(l′)
n′ (S |K) ⊆ HH

(l+l′)
n+n′ (S |K) .

This structure of Hochschild homology is often referred to as its Hodge decomposition or
λ-decomposition; it is known to arise in many different ways, cf. [33, 4.5].

The next question is suggested by inspection of examples of non-smooth algebras with a
vanishing Hochschild homology module.

Problem 5.5 If HHn(S |K) = 0 for some n > 0, is then the ring Sq⊗R k(q ∩K) a hyper-
surface for each prime ideal q in S ?

Over a field, Rodicio [38] conjectures a rigid behavior:

Conjecture 5.6 If K is a field and HHn(S |K)=0 for some n>0, then S is smooth over K.

This has been settled in the affirmative in the following situations: by Rodicio [38] when
S is a complete intersection, and by Vigué-Poirrier [43] when S is a non-negatively graded
algebra with S0 = K a field of characteristic 0. The proof of the last result is interesting
also because it brings a new homology theory into play: It characterizes smoothness of such
algebras by the vanishing of a pair of reduced cyclic homology modules HCn(S |K) of different
parity, compare Theorem 5.1. In characteristic 0, the cyclic homology of smooth algebras is
completely determined by a theorem of Loday and Quillen, cf. [33, §3.4].

Further investigations of the links between properties of an algebra and properties of its
cyclic homology might open new avenues of research.
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