POLY-FREE CONSTRUCTIONS FOR RIGHT-ANGLED
ARTIN GROUPS

SUSAN HERMILLER!' AND ZORAN SUNIC

ABSTRACT. We show that every right-angled Artin group AT defined by
a graph I of finite chromatic number is poly-free with poly-free length
bounded between the clique number and the chromatic number of T'.
Further, a characterization of all right-angled Artin groups of poly-free
length 2 is given, namely the group AL has poly-free length 2 if and only
if there exists an independent set of vertices D in I' such that every cycle
in I meets D at least twice. Finally, it is shown that AT is a semidirect
product of 2 free groups of finite rank if and only if I" is a finite tree or
a finite complete bipartite graph. All of the proofs of the existence of
poly-free structures are constructive.

1. INTRODUCTION

A group G is poly-free if there exists a finite tower of subgroups
1=Gop<G1 4---dGy =G

for which each quotient G;11/G; is a free group. The least natural number
N for which such a tower exists is the poly-free length of G, denoted pfl(G).
A group G is poly-finitely-generated-free, or poly-fg-free, if there exists a
tower of this form with the additional property that each of the quotients
is a finitely generated free group. Since every map onto a free group splits,
a poly-free group can be realized as an iterated semidirect product of free
groups [15].

Examples of poly-fg-free groups include certain subgroups of Artin groups.
Let I be a finite simplicial graph; throughout the text we will assume that
such graphs do not have loops or multiple edges. If the edges of I" are labeled
by integers greater than one, the associated Artin group AI' has generators
corresponding to the vertices, and relations

aba--- = bab---
~—— =

n letters n letters

where {a,b} is an edge of the graph labeled n. If, in addition, relations are
added making each generator of order 2, the resulting quotient is a Coxeter
group. Braid groups are the Artin groups whose Coxeter quotients are the
symmetric groups. When the Coxeter quotient is finite, the Artin group is
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said to be of finite type. Pure Artin groups are subgroups of Artin groups
which are the kernel of the homomorphism onto the corresponding Coxeter
group.

Pure braid groups are examples of poly-fg-free groups [1], as are pure
finite type Artin groups whose Coxeter quotients are of type By, Dy, I2(p),
and Fy [5]. If the graph associated to an Artin group is a tree, Hermiller
and Meier [11] have shown that the Artin group is an extension of a finitely
generated free group by the integers, and hence is poly-fg-free. Recently,
Bestvina [3] has asked if all Artin groups of finite type, or indeed all Artin
groups of any type, are virtually poly-free.

In this paper we investigate the poly-free properties of the class of right-
angled Artin groups, which are the Artin groups for which the defining graph
has every edge labeled 2. That is, for a simplicial graph I', the right-angled
Artin group AI is the group with generators in one-to-one correspondence
with the set V(I') of vertices of I', and relations [v, w] = vwv~tw™!, for each
edge between vertices v and w of I". These groups are also known in the
literature as graph groups, or free partially commutative groups. (See [7],
[9], [10], [16] for information on normal forms for right-angled Artin groups
and further references.)

Our main results are as follows.

Theorem A. Let I' be a finite graph or, more generally, a graph of finite
chromatic number chr(I") (and hence finite clique number clq(T")). The right-
angled Artin group AT is poly-free. Moreover,

clg(T") < pfl(AT") < chr(I),
and there exists a poly-free tower for AT of length chr(T).

During the preparation of the text, W. Dicks has pointed out to us that
J. Howie [12] has established |V(I')| as an upper bound for the poly-free
length of a right-angled Artin group defined by a finite graph I". Thus the
above result is an improvement in the case of finite graphs and a general-
ization to a class of infinite graphs.

A graph I' is said to have the doubly breakable cycle property if I' is not
totally disconnected and there exists a vertex subset D C V(I') such that
the full subgraph of I' induced by D is totally disconnected, and such that
every cycle in I' contains at least two vertices in D. For a graph I' with this
property, the full subgraph generated by the vertices in V(I') — D is a forest;
if each of the trees in this forest is collapsed to a point in I, the resulting
graph is bipartite. Moreover, no vertex in D is connected by an edge to
more than one vertex in each tree of the forest V(I') — D. See Figure 1 for
an example of a graph with the doubly breakable cycle property. In this
example D can be taken to be D = {dy,ds,ds,ds}.

Theorem B. Let I be a graph. The right-angled Artin group AL is poly-free
of length 2 if and only if the graph I' has the doubly breakable cycle property.
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FIGURE 1. An example of a graph with the doubly breakable
cycle property

We note that Theorem B is valid in the context of both finite and infinite
graphs.

Theorem B can be used to show that each of the bounds in Theorem A
is realized, as illustrated in the following two examples. First, consider the
graph C5 given by a 5-cycle (i.e. a pentagon; see Figure 2). This graph
has chromatic number chr(Cs) = 3, so Theorem A shows that the group
AC5 is poly-free with poly-free length at most 3. However, the pentagon
satisfies the doubly breakable cycle property (for example, one can take
D = {a,c}). Thus Theorem B improves this bound to pfl(AC5) < 2. Indeed,
since clq(Cs) = 2, this group contains Z? as a subgroup and is not free,
so pfl(AC5) = 2. Hence the lower bound on pfl(AI') given by the clique
number in Theorem A is achieved in this example. Next, suppose that Ps
is a pentagonal prism (see Figure 2). In this case we have the same clique
number and the same chromatic number as for the pentagon, i.e. clq(P5) = 2
and chr(P5) = 3, but P5 does not satisfy the doubly breakable cycle property.
Indeed, in a graph that satisfies the doubly breakable cycle property exactly
two non-neighboring vertices must be selected from each 4-cycle to be in
the independent set of vertices D breaking the cycles. Thus if we choose
a in D, then we must also have V', ¢, d’ and e in D (the vertices indicated
by squares in the diagram of P; in Figure 2). But a and e are neighbors,
so they cannot both be in D. This shows that a cannot be in D and, by
symmetry, no element can be in D. Since D cannot be empty Ps does not
satisfy the doubly breakable cycle property. Theorems A and B show that
pfl(APs) < 3 and pfl(APs) # 2. Thus pfl(APs) = 3 and the chromatic
number upper bound is achieved for this second example.

If a graph I satisfies the doubly breakable cycle property, the graph I" can
be colored using three colors, one for the vertices in D, and two more for
the vertices in V(I') — D since their full subgraph is a forest. Consequently,
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C1

FIGURE 2. A pentagon and a pentagonal prism

Theorem B implies that whenever a right-angled Artin group AI is poly-free
of length 2, then the defining graph I' must have chromatic number at most
three.

Theorem C. A right-angled Artin group AL is poly-fg-free of length 2 if
and only if I' is a finite tree or a finite complete bipartite graph.

For the right-angled Artin group AC5 discussed above, Theorem C implies
that the group ACj is not poly-fg-free (of any length) even though it is poly-
free of length 2. Indeed, by the results of D. Meier from [14] (see also [8]) the
poly-fg-free length of a poly-fg-free group is equal to its rational homological
dimension. Since the homological dimension of AC5 is 2 (more on this later),
AC'5 can only be poly-fg-free of length 2. However, C5 is neither a tree nor
a complete bipartite graph and therefore AC5 is not poly-fg-free.

Organization. Section 2 is a brief review of poly-free groups, right-angled
Artin groups, and graph theoretic terminology. In Section 3 we prove one
direction of Theorem B, that every right-angled Artin group with poly-free
length 2 has the doubly breakable cycle property, utilizing results of [16]
and [4] on finiteness properties of subgroups of right-angled Artin groups.
Section 4 contains the proof of Theorem C, utilizing a comparison of Euler
characteristics for poly-free groups and right-angled Artin groups, together
with the results of Section 3. In Section 5 an arbitrary right-angled Artin
group is exhibited as a split extension of a free group by a right-angled
Artin group on a subgraph, including an explicit description of the action,
proving Theorem A. Finally, in Section 6 we prove that for any graph with
the doubly breakable cycle property, the corresponding right-angled Artin
group Al is a semidirect product of two free groups, using a refinement of
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the techniques of the previous section to construct the action. This result
completes the proof of Theorem B.

2. BACKGROUND

2.1. Groups. Throughout the text, g denotes the conjugate a™'ga.

Let G = (S) be a group generated by S. A word w of length k over
S U S~ is a geodesic word if no word over S U S™! of length strictly less
than k represents the same element in G as w does. A total order defined on
SUS~!induces a total order, called shortlex order, on all words over SUS™?
in which shorter words always precede the longer ones and the words of the
same length are ordered lexicographically according to the order defined on
S U S~ A shortlex representative of an element g € G is the smallest
word in the shortlex order that represents g. Such a representative is, by
definition, geodesic.

2.2. Graphs. Throughout the paper, we assume that every graph is a sim-
plicial graph; that is, a simple undirected graph. Therefore a graph I' is an
ordered pair I' = (V, E) in which the set V = V(I') is a set of vertices and
E = E(T) is a set of edges, which is a set of two element subsets of V. An
edge {a,b} has the vertices a and b as its endpoints. Two vertices z and y
in V' are neighbors (are adjacent) if {z,y} is an edge in F (so no vertex is
its own neighbor). A cycle in ' is a path of length at least 3 in which no
vertex is repeated except for the initial and terminal one, which coincide.
The cliqgue number clq(T") of a graph T is the largest size of a complete sub-
graph of I'. Thus clq(T") is the largest size of a subset @) of V' for which every
2-element subset {a,b} C @ is an edge in E. A proper coloring of a graph T"
by C is a labelling £ : C — V of the vertices in V' by symbols from a set of
colors C' in such a way that no two neighbors in I' are colored in the same
color. Thus if {a,b} € E then £(a) # £(b). The chromatic number of a graph
I" is the smallest size of a set C for which there exists a proper coloring of
I' by C. A set of vertices D is independent if it can be colored by the same
color in some proper coloring of I'. In other words, no two vertices in D are
adjacent.

2.3. Right-angled Artin groups. We freely use the following well known
observation. If T” is a subgraph of " induced by a set of vertices X C V', then
the subgroup of the right-angled Artin group AI' generated by the elements
of X is AT".

Throughout the text, given any homomorphism ¢ : AI' — G from a right-
angled Artin group to a group G, the set D := {v € V(T') | ¢(v) = 1} is
called the set of dead vertices, the set L := V(I') — D is the set of living
vertices, and the full subgraph I'; generated by L is the living subgraph of
I', with respect to ¢.
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Lemma 2.1. [2, 9] Every geodesic representative of an element t € AT can
be obtained from any other representative of t by finite number of applications
of the following operations:
(1) Eliminate a subword of the form zz~! or =z with x € V(I).
(2) If x,y € V(T') are adjacent in T, replace a single occurrence of x
by ytat.

:I:y:l:

In particular, every geodesic representative of an element t € Al'f, can be
obtained from any other geodesic representative of t by finite number of
applications of operation 2.

2.4. Poly-free groups. Throughout the text, when G is a semidirect prod-
uct of two free groups, we will write G = F}, x F; with associated canonical
homomorphism ¢ : G — Fy, so that the rank of the kernel ker(¢) is k£ and
the rank of the associate quotient is ¢ (we allow infinite ranks).

Proposition 2.2. If G is poly-free with length N and H < G, then H is
poly-free with length < N.

Proof. Given a poly-free tower 1 = Gy I G; < --- I Gy = G for G, then
the tower 1 =GoNH <Gy NHQ--- <Gy NH = H is a poly-free tower
for H. O

Proposition 2.3. If G has a normal free subgroup H and the quotient G/H
is poly-free with pfl(G/H) = N, then G is poly-free with pfl(G) < N + 1.

Proof. Let ¢ : G — G/H be the canonical homomorphism. Given a poly-
free tower 1 = Qo < Q1 < --- < Qn = G/H for G/H, then the tower
1<¢ Qo) =H <¢p HQ1) <--- Qo1 (Qn) = G is a poly-free tower for
G. O

3. POLY-FREENESS OF LENGTH 2 IMPLIES THE DOUBLY BREAKABLE
CYCLE PROPERTY

Before proving the statement of the title of this section in Proposition 3.5,
we begin with a few lemmas.

Lemma 3.1. The group Z"™ has poly-free length equal to n.
Proof. Since Z" = Z x Z x --- X Z is an iterated direct product of n free
~—_——
n
groups, Z" is poly-free with length at most n.

To show that Z"™ cannot have poly-free length less than n, assume that
Z" = (... (Fp, xFp,)x...)xF,,  for some (finite or infinite) n;, 1 = 1,..., k.

Since Z™ is abelian, we must have ny = ng = --- = ngp = 1. Thus Z" can
be generated by k elements (one for each F),,). However, Z" cannot be
generated by fewer than n elements, which shows that n < k. O

Note that Lemma 3.1 shows that the right-angled Artin group whose
graph I is a triangle cannot be poly-free of length 2.
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Lemma 3.2. Let I' be a graph and let ¢ : AI' — F, be a homomorphism
with Fy a free group of finite or infinite rank. Let I'f, be the corresponding
living subgraph. If Ty, is a connected subgraph of I'r,, then the subgroup
({p(u)|u € Ty }) of Fy is isomorphic to Z.

Proof. Fix a connected subgraph I'y, in I';. The images ¢(u), u € T, are
nontrivial elements in the free group F},. Using the fact that I', is connected
and [13, Prop. 1.2.18] that says that the commuting relation is an equivalence
relation on the set of nontrivial elements in a free group, we conclude that
the group ({¢(u)|u € T'y}) is abelian. However, the only abelian subgroup
of F, is Z and the conclusion follows. O

Lemma 3.3. LetI' be a graph with AI' = Fj, x Fy, for free groups Fy, and I,
of finite or infinite rank. Let ¢ : AI' — Fy be the canonical homomorphism
and let D := {v € V(I') | ¢(v) = 1} be the set of dead vertices. If d € D
and ay,...,an, € L = V(I') = D are all adjacent to d, then the subgroup

(d(ar), ..., p(an)) of Fy is free of rank n.

Proof. Suppose that there exists a nontrivial word uy - - - u,, with each u; €
{a1,...;a,}! and ¢(u1)--- ¢(um) = 1. Then uq - --uy, € ker(¢), and since
each a; is adjacent to d, the subgroup (d,u; - - uy,) of ker(¢) is abelian. By
hypothesis the poly-free length of Al is less than 3, and so Lemma 3.1 and
Proposition 2.2 show that the graph I' cannot contain a triangle. Hence
there are no adjacencies among the vertices a; adjacent to d, and thus the
word uq - - - Uy, represents a nontrivial element of AI'. Then in the abelian-
ization AT'® the elements d and u; - - - u,, generate a free abelian subgroup
of rank two, and therefore the abelian subgroup (d,u; - - - u,,) of ker(¢) is
also isomorphic to Z2. This contradicts the hypothesis that ker(¢) = F is
free. O

Lemma 3.4. Let I be a finite graph, let ¢ : AI' — Z be any group homo-
morphism from AT to an infinite cyclic group Z = (z), and let p : AT' — Z
be the homomorphism defined by p(v) := z for a vertex v € V(T') if ¢(v) # 1
and p(v) :=1 if ¢(v) = 1. Then ker(¢) is free if and only if ker(p) is free.

Proof. Let D := {w € V(I') | ¢(w) = 1} and for each v € V(I') — D, let
ny € Z be the unique integer such that z" = ¢(v) in Z.

First suppose that the group ker(p) is not free. Let N be the least common
multiple of the numbers |n,| for v € V(I') = D. Then for each v € V(I') — D,
there exists an integer a, such that n,a, = N. Define a, := 1 for each
w € D. Let o : Z — Z be the homomorphism z* — zN* given by taking the
N-th power in Z. The composition p o p: AT' — Z has kernel ker(u o p) =
ker(p). Define © : AT' — AT by O(v) := v® for all v € V(I'); this defines a
homomorphism of groups. Moreover, the compositions ¢ 0o © = p o p. Hence
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ker(p) = ker(p o p) = ker(¢ 0 ©).
©

AT — AT
pl Lo
z 4 z

Suppose that 1 # g € ker(©). Put a total ordering on V(I'), and let g =ar
v{lvg2 e vi’“ be the shortlex least representative of g with each v; € V(T),
Ji € Z, and v; # vi+1. Then O(g) =ar v{la”v;w” --'Uika”’“ =4r 1. Since
g # 1, the word v{1v§2 e vik is not empty, so there must be commutation
relations such that for some indices ¢ < m we have v; = vy, Jijm < 0, and
v; commutes with vy, for all i < n < m, so that cancellation occurs between

JiGv; Jm Qv

v and vy, . However, in that case cancellation must also be possible
in the normal form word v{'v}®---v}F, giving a contradiction. Therefore
ker(©) = 1.

We now have that © is a monomorphism, and ©(ker(p)) = O (ker(uop)) =
O(ker(¢00)) < ker(¢). Hence ker(p) is isomorphic to a subgroup of ker(¢).
Using the Nielsen-Schreier Subgroup Theorem, that every subgroup of a free
group is free, together with the hypothesis that ker(p) is not free, we have
that ker(¢) cannot be a free group.

Next suppose that ker(¢) is not free. Define the function ¥ : AT' — AT by
U(v) :=v"™ forv e V(I')—D and ¥(w) := w for w € D. Then ¢ = po¥. An
argument similar to the proof above for © shows that ¥ is a monomorphism
of groups, so ¥ restricts to an isomorphism from ker(¢) to a subgroup of
ker(p). Since ker(¢) is not free, then ker(p) also cannot be free. O

Note that Lemma 3.4 is the only lemma in this section for which the
graph must be finite. In the proof of Theorem B, this lemma is applied only
to a cycle I'V in I, which is finite, and hence Theorem B is valid for both
finite and infinite graphs I

Proposition 3.5. If I' is a graph and the right-angled Artin group AL is
poly-free of length 2, then the graph ' has the doubly breakable cycle property.

Proof. The group AI' can be written as a semidirect product AI' = F, x F,
where Fj, and F, are free groups of ranks k and g, respectively, and k,q €
NU {oo}. Let ¢ : AI' — F, be the canonical surjection, with ker(¢) = Fy.
Let D be the set of vertices v in I with ¢(v) = 1; that is, v € ker(¢).

If dy and dy are vertices in D, then the subgroup (d;, ds) < AT generated
by dy and dy must also be contained in ker(¢). Since ker(¢) is free, the
subgroup (dy,ds) of ker(¢) is free. Hence d; and dy cannot be joined by an
edge in I'. Thus the subgraph induced by D is totally disconnected, i.e., D
is an independent set of vertices in I'.

Suppose that IV is a cycle in the graph I'. Then I' contains at least 3
vertices. The subgroup AI” of AT is again a right-angled Artin group, and
Proposition 2.2 says that AI"” is poly-free with length at most 2. Lemma 3.1
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says that Z3 is not poly-free with length less than 3, so the cycle IV cannot
have length 3. Thus IV contains at least 4 vertices.

If V(I'") N D contains less than two vertices, then the full subgraph of I
generated by the vertices in V(I'') — D is connected. In this case Lemma 3.2
shows that the restriction ¢|ar : AIY — F, has range (f) = Z for some
f € F,. Since ker(¢|ar’) < ker(¢), then ker(¢|ar) is also a free group.

If V(I')N D = (), then ¢(v) # O for all v € V(I"). Define the function
p: ATY — Z by p(v) = f for all v € V(I”). Then Lemma 3.4 says that
ker(p) is free. Since the graph I is connected, [16, Theorem 6.3] shows that
ker(p) is finitely generated. The cycle I is a flag complex, since I is not a
triangle, and this flag complex is not simply connected. The Main Theorem
of [4] shows that ker(p) is not finitely presented. Since a free group cannot
be finitely generated but not finitely presented, we have a contradiction.

If there is exactly one vertex d in V(I') N D, then the images ¢(a) and
¢(b) of the two neighbors a and b of d in the cycle IV must generate a free
group of rank 2 in F, (by Lemma 3.3). On the other hand, we already
established that the range of ¢|ars : A" — Fj, is cyclic, resulting again in a
contradiction. O

4. POLY-FG-FREENESS OF LENGTH 2

In this section we prove Theorem C using an analysis of Euler character-
istics of right-angled Artin groups and poly-free groups.

Lemma 4.1. Let I be a finite graph with AI' = Fy, x F, for free groups Fj,
and Fy of finite rank. Let ¢ : AI' — F, be the canonical homomorphism,
let D := {v e V(') | ¢(v) = 1} be the set of dead vertices, and for each
d € D, let Ng denote the set of vertices adjacent to d in I'. Then the image
of the subgroup generated by Ny under the map ¢ has finite index in F,, and

k > ZdeD[Fq : ¢(<Nd>)] .

Proof. We begin by finding a presentation for the subgroup K := ker(¢) =
Iy, of AT using the Reidemeister-Schreier procedure, following the notation
in [13, Proposition I1.4.1]. Let F/(V(I")) be the free group on the vertices of I,
let & : F(V(I')) — AT be the canonical epimorphism, and let K := o~ (K).
Then F(V(I))/K = F,. Choose a Schreier transversal T" for K in F(V(D)).

For any element y € F(V(I')), let ¥ denote the element of T' for which
Ky = Ky. Fort € T and v € V(I'), define y(t,v) := tvfv . Given d € D
and t € T, then td = t. The element d; := tdt~! = ~(t,d) is a conjugate of a
nontrivial element in AI', so d; itself is not trivial. Givena € L := V(I')—D
and t € T, define a; := tafa ' = ~(t,a) as well. The subset S of nontrivial
elements in the set

S':={d|teT,deD}U{a;|teT, acL}

generates K.
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For t € T and v € V(I), also define (¢t,v™!) := to~ ' (to=1)7L. If t € T,
d € D, and a € L, then v(t,d™') = d;' and ~(t,a™ ') = (a;=r)~". Given
any word v = vy - - - v, With each v; € V(F)ﬂ, define

T(U) = ’Y(l? Ul)’Y(U_h '02) e ’Y(Ul o Um—1, Um)-
Note that for each ¢ € T, since every prefix of ¢ is also in 7" we have that

the element 7(t) is a product of trivial elements in S, and hence 7(t) = 1.
For each relator r = [u,v] € R it follows that

T(trt™) = y(t, )y (Fu, v)y (Fuv, u™ )y (tuvu=t, vt

The latter words form the defining relators of the presentation for K =
ker(¢). In particular, a defining set of relations is given by

R:={djas =aidy; |t €T, de D, ac L, {d,a} € E(I') } U
{aiby = biag; |t €T, a,be L, {a,b} € E(I') }

and the group K is presented by ( S | R ).
Abelianizing this presentation yields a presentation for K, = ZF. The
subgroup H of K, generated by the elements of

Dp:={d;|deD, teT}
is a free abelian direct factor of K, presented by
H:<DT‘{dt:dE‘t€T, de D, CLENd}>ab.

Since all relations in this presentation are equalities between generators, the
rank of H is the number of equivalence classes of generators. Note that two
generators d; and ds are equal in H if and only if there exists a sequence
of relations d; = digr = igray = = dgra = ds wWith s = tay -+~ a1
and each a; € le. This holds if and only if Ktaj---am+1 = Ks, which
is satisfied if and only if ¢(t)d(a1) - - ¢(am+1) = &(s). Then d; and ds are
equal in H if and only if ¢(t) and ¢(s) are in the same coset of ¢((Ng)) in Fj,.
Therefore the rank of H is equal to the sum of indices ) ;. p[Fy : ¢({Ng))].

Since the rank of K, is k£ we have

k> rank(H) =) [Fy: ((Na))].

deD
In particular, the index [Fy : ¢((Ng))] is finite for all d € D. O

Theorem C. A right-angled Artin group AL is poly-fg-free of length 2 if
and only if I' is either a finite tree or a finite complete bipartite graph.

Proof. If I is the complete bipartite graph K}, 4, then AL is the direct prod-
uct Fj, x Iy of free groups of ranks k and ¢g. On the other hand, if I' is a
tree on n vertices, the Artin group AT is a semidirect product F,,_1 x Z [11,
Proposition 4.6].

Conversely, assume for the rest of this proof that AI' is a poly-fg-free
group of length 2. Since AT is finitely generated, the graph I" must be finite



POLY-FREE CONSTRUCTIONS FOR RIGHT-ANGLED ARTIN GROUPS 11

(since the abelianization of AI' is Z", any generating set of AI' has at least
|V| elements).
There exists a split short exact sequence

1 — Fp — ATSF, - 1,

such that the ranks k and ¢ of the free groups are finite and positive. By
Proposition 3.5, the graph I' must satisfy the doubly breakable cycle prop-
erty. Moreover, the proof of that proposition shows that the set of dead
vertices D := {v € V(I')|¢(v) = 1} associated to ¢ is an independent set of
vertices in I' such that every cycle in I meets D at least twice. Since AT is
not poly-fg-free of length 1, the living subgraph I';, is not empty.

Since semidirect products of free groups are torsion free, the Euler char-
acteristic of the semidirect product AI' = Fj, x Fy is given by x(AI') =
X (F)x(Fy) (see [6, Proposition IX.7.3(d)]). Therefore, given that the Euler
characteristic of a free group F, of rank r is x(F,) =1 —r,

(1) X(AL) = (k=1)(g—1) .

The Euler characteristic of a right-angled Artin group can be computed
using a K (AT, 1) space. The doubly breakable cycle property implies that I"
contains edges but does not contain any triangles. In this case the standard
2-complex X associated to the standard presentation (from Section 1) of AT’
is a K(ATI',1) [16, Theorem 7.3]. Thus the Euler characteristic of AT is also
(2) x AN =x(X)=1—-v+e.

Denote the connected components of the nonempty graph I'y, by C4, ..., C..
Each of these components is a tree with n; > 0 vertices, and hence n; — 1
edges, for 1 < j < c¢. Let 6 := |D| and denote the degrees of the vertices
dy,...dsin D by g1,...,g5. Rewriting Equation (2) yields

(3) XA =1+ 3 ) + (3 — 1) +Zgz -

j=1 j=1

5
:1—6—0+Zgi:1—c+2(gz—
i=1 i=1

For each 1 < ¢ < 4§, let N; denote the set of vertices adjacent to d;.
Lemma 3.3 says that the subgroup ¢((NN;)) of F is free of rank equal to the
degree g; of d;. Using the Schreier Formula, (rank‘( q) — D[Fy : o((Ny))] =
(rank(¢((Ni)) — 1), so

g9i =1 =(g=D[Fy : o((N3))]-

According to Lemma 4.1, Z?:l[Fq : ¢((Ng,))] < k. Thus, taking into ac-
count the non-negativity of ¢ — 1,

d
D (g —1) =(g—1)Y_[Fy: $((Na,))] < k(g —1).
] i=1



POLY-FREE CONSTRUCTIONS FOR RIGHT-ANGLED ARTIN GROUPS 12
Combining this with Equation (1) and Equation (3), then

4
k-1~ DEx0Z1-c+3 0 -1) < 1-cthg-1),
=1

which implies that ¢ < ¢ .

Lemma 3.2 says that for each component C;, there exists an element f;
in Fy such that all vertices from the component C; are mapped by ¢ to a
power of f;. Since ¢ is onto and the dead vertices in D are mapped to the
identity in Fy, fi,..., fc generate Fy, which implies that ¢ < c. Using the
inequality at the end of the previous paragraph, then

(4) qg=c.

If ¢ = ¢ =1, then the living subgraph I'y, of I' is a single tree. Since the
kernel ker(¢) = F}, is finitely generated, [16, Theorem 6.1] says that every
dead vertex in D must be adjacent to a vertex in I'y. The doubly breakable
cycle property says that there cannot be a cycle in I' that meets a dead
vertex in D only once, which implies that for each d € D, d cannot be the
endpoint of two different edges whose other endpoints lie in I';. Therefore
in this case the graph I’ is also a tree.

Finally suppose that ¢ = ¢ > 2. As in the previous paragraph, the doubly
breakable cycle property says that for each d; € D, d; cannot be the endpoint
of two different edges whose other endpoints lie in the same component C;
of I';,. Hence each degree ¢g; < ¢, so Zle g; < ¢d. Using Equation (4),
Equation (1), and Equation (3), then

4
h=De-1) 2 k-1e-)Lxuan L1-5-c+> g

i=1

< 1-0—c+cd=(c—1)(6—-1).

Since ¢ > 2, we obtain
(5) kE<d.

Note that equality holds if and only if each vertex in D has degree ¢; i.e.,
there exists a single edge between each vertex in D and each component of
I'y.

Since AI' = Fj, x Fy, the group AI' can be generated by k 4 ¢ elements.
However, the minimal number of generators for the right-angled Artin group
AT is the number v = 6 + 2521 n; of vertices in I', which in turn is at least
as large as § 4+ ¢. Thus

(6) dt+tc<k+q.

Note that equality in this case is possible only if ) +c=v =460 + Z;:l n; =
k+q, and so c = Z;Zl n;. Thus equality implies that each n; = 1; i.e., each
component Cj of I'y, is a single vertex.
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Using the fact that ¢ = ¢, Inequality (5) and Inequality (6) imply that
d = k, so equality holds both in (5) and in (6). Therefore D and L are
each independent sets of vertices in I', and there is an edge between each
vertex in D and each vertex in L. Thus in this case I' is a complete bipartite
graph. O

5. EVERY RIGHT-ANGLED ARTIN GROUP IS POLY-FREE

Given a graph I' with finite chromatic number greater than one, let D be
the set of vertices in one of the colors and let L := V(I") — D be the vertices
in the other colors. Let I'; be the full subgraph of I" induced by L. If we
define a homomorphism ¢ : AT' — AT';, by ¢(d) =1 for d € D and ¢(a) = a
for a € L, then D is the set of dead vertices and 'y, is the living subgraph
associated to this homomorphism. In the following proof we construct a
free group F (isomorphic to ker(¢)) and an action of AT';, on F, and exhibit
directly that AI' is isomorphic to the semidirect product F' x AI'y, of a free
group with AT'g.

Theorem A. Let I' be a finite graph or, more generally, a graph of finite
chromatic number chr(I") and finite clique number clq(T"). The right-angled
Artin group AT is poly-free. Moreover,

clg(T") < pfl(AT") < chr(I),
and there exists a poly-free tower for AU of length chr(T).

Proof. To prove poly-freeness and the upper bound on the poly-free length,
we induct on chr(I'). If chr(I') = 1, then I is totally disconnected, so AT’
is free, and hence poly-free of length 1. Next suppose that chr(I') > 2, and
that for every graph I'" with chr(I”) < chr(T"), the group AI"” is poly-free
and has a poly-free tower of length chr(I).

Choose a coloring of T" in chr(T") colors, one of which is gray. Let D be the
set of vertices in V' = V(T') colored in gray, L =V — D be the set of vertices
colored in a different color, I'y, be the subgraph of T" induced by L and AT'g,
be the corresponding right-angled Artin group. Then chr(I'y) = chr(I') — 1
and the inductive assumption implies that there exists a poly-free tower for
AT'p, of length chr(T") — 1.

In the discussion that follows, a geodesic representative of an element ¢ €
AT, means a geodesic word in the alphabet L*!. For any vertex v € V(T),
denote by N, the set of vertices adjacent to v; i.e., the neighbors of v. For
each d € D, define a set of symbols

Ty:={d; | t€ AT, no geodesic rep. of ¢ starts with a letter in N3 }.
Let F(Ty) be the free group over Ty and let F' be the free group
F = x4epF(Ty).
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For each generator a € L, define an endomorphism «, : F' — F by

diq, dig €T,
(7) aaldy) =1 e
dt7 dta ¢ Td

for all d € D and d; € Ty. Since F' is a free group, this definition of «, on
the generators of F' extends to an endomorphism on F. In order to show
that a — a4 extends to an action of AI';, on F, we first need to consider
when the conditions d; € T; and dyq € T4 occur simultaneously.

Assume that d; € Ty. If dyy &€ Ty, then there exists a geodesic rep-
resentative w of ta that begins with a letter in N fl. Consider the word
wa "' representing t. Since d; € Ty the word wa™! cannot be geodesic. By
Lemma 2.1 we can write w as ujaus where a commutes with all the letters
in ug. The word wjusg is a geodesic representative of t. As such, it cannot
start in le. Thus the geodesic word w = wjauo representing ta and the
geodesic word uquo representing ¢ start in a different letter. This is possible
only when w; is empty. Thus w = ausg is a geodesic representative of ta
that starts in le and a commutes with all letters in usg, i.e., a commutes
with d and all the letters in uo. However, us is a geodesic representative of
t. Since any other geodesic representative of ¢ can be obtained from wus by
commuting letters we conclude that ¢ commutes with d and all the letters
in any geodesic representative of t. A similar proof shows that, conversely,
if a commutes with d and all letters in any geodesic representative of ¢ then
diq cannot be in Ty. Therefore

(x): If dy € Ty then dy, & Ty if and only if d and all of the symbols in
any geodesic representative of ¢ are adjacent to a in I'.

For each a € L and d; € Ty, define another endomorphism a,-1: F' — F
by replacing a by a~! in Equation 7. Then

dy, dyg—1 €Ty, dio €Ty

dig-1, dig—1 € Ty dia-1,  dg—1 € Ty, dia & Ta
aq(@g-1(dr)) = aq = :
dy, dig—1 € Ty dta, dig—1 & Ty, dig € Ty

dt7 dtafl ¢ Td7 dta ¢ Td

As a consequence of () from the previous paragraph, for every a € L, d € D,
and d; € Ty, we have dy, € Ty if and only if d,,-1 € Ty, and so the middle
two cases in last expression of the equation above cannot occur. Therefore
aq(ag-1(dy)) = dg, and similarly o,-1(aq(dy)) = di. Thus the maps o, and
g1 are automorphisms of F' which are inverse to each other.

Finally, for each a,b € L that are adjacent in I and each d € D and d; €
Ty, the equivalence in (%) shows that the condition dy,, € Ty is equivalent
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to the conjunction of the conditions dy, € Ty and dy, € Ty, so we have

diab, dta € Tg, diap € Ty diab, dia € Ty, dw € Ty
dia, dia € Ty, diay € Ta ) dia,  dia € Ty, dip & Ty
d, dia €Ta, d €Ty \dw, dia €Ty, dp € Ty
di,  dia & Ty, dw € Ta di,  dia & Ty, dw & Ta
Therefore, by symmetry, ap(a,(di)) = aq(ap(dy)). Thus agap = apa, when-
ever a and b are adjacent in I', which implies that Equation (7) defines a
homomorphism « : AI';, — Aut(F), given by a — a4, and an action of AI'f,
on the free group F'.

Let G := F x AI'f, be the semidirect product defined by this action. Next
we show that G = AI'. A presentation for G is given by

G = (LU (UgepTy) | R U (UsepRa)),

ap(aa(dr)) =

where Ry, is the set of commutation relations defining AT'y, (induced by the
edges of I';,) and for each d € D,

Rd:{dg:dta|dter7 dtaer}U{dg:dt|dt6Td7 dtagTd}

Next apply Tietze transformations to simplify this presentation. Given an
element d; € Ty, let ny be a geodesic representative of t. For each prefix u of
ne, then dy € Ty as well, so the relations of the type df = dy, in R4 can be
used to show that d; = d]" in G. For any other geodesic representative w of
t € AT'f, the relation d{* = dY’ is a consequence of the relations in Ry,. If we
denote d = dy for d € D, then the presentation of G is Tietze equivalent to

(LUD | Ry U(UgepRy)),

where
R&Z:{dm’:dt ’ dy € Ty, dtagTd }

Note that the relation d* = d occurs in R}, if d, & Ty, and d, ¢ Ty if and
only if a is adjacent to d in I'. Thus the relations in R/, include all the
defining relations in AT involving d. For each relation d*® = d! in R!, with t
a nontrivial element of AT'z, we have dy, & T4, which implies by (%) that a
is adjacent to d and to all of the symbols in any geodesic for ¢t. This shows
that the relation d'® = d' is a consequence of the relation d* = d and the
relations in Ry. Thus the presentation for G is Tietze equivalent to

(LUD | R U (UaepRa)),
where
Ri={d"=d|d, €Ty} ={d*=d| aisadjacent tod in T },

which is exactly the defining presentation of AI.

Therefore AI' 2 G = F x AI';,. By induction AI'; has a poly-free tower
of length chr(I") — 1, so the proof of Proposition 2.3 completes the proof that
AT has a poly-free tower of length chr(I') and hence pfl(AT') < chr(T").
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Next consider the lower bound on the poly-free length. Let m = clq(T")
and let ' be a clique of I' with m vertices. Then Tisa complete graph, and
the subgroup AT corresponding to [ is isomorphic to Z™. Lemma 3.1 says
that m = pfl(AT), and Proposition 2.2 shows that pfl(AL') < pfl(AT). O

6. POLY-FREENESS OF LENGTH 2

In this section we prove the converse of the main result in Section 3,
that every graph with the doubly breakable cycle property induces a poly-
free right-angled Artin group of length 2. Together with the main result in
Section 3, this completes the proof of Theorem B.

Given a graph I' together with a corresponding set D for which I' has
the doubly breakable cycle property, let L := V(') — D and let I';, be the
full subgraph of I' induced by L. Denote by C a set of representatives
from L of the components of I'z,, and let F'(C') be the free group on C. If
we define a homomorphism ¢ : AT' — F(C) by ¢(d) = 1 for d € D and
¢(y) = ¢ whenever y € L and c is the generator of F'(C) corresponding to
the component of I'; containing ¥, then D is the set of dead vertices and
I'z is the living subgraph associated to this homomorphism. In the proof
below, our approach follows the same lines as the proof of Theorem A. We
construct a free group F (isomorphic to ker(¢)) and an action of F(C') on
F, in order to show explicitly that AI" is isomorphic to a semidirect product
F x F(C) of two free groups.

Proposition 6.1. If " is a graph with the doubly breakable cycle property,
then the right-angled Artin group AU is poly-free of length 2.

Proof. Fix a set D of independent vertices in I' such that every cycle in T’
meets D at least twice. Let L be the complementary set of vertices in I
and let I'p, be the full subgraph of I' induced by L. Each of the connected
components of the graph I'y, is a tree. Select one vertex from each component
of 'z, and denote the set of these vertices by C. Define F(C') := AT'¢ to be
the subgroup of AI' corresponding to the subgraph I'c induced by C'. Since
¢ is totally disconnected, the group F'(C) is also the free group on C.

For every vertex y € L, there exists a unique element ¢ € C such that y
and ¢ are in the same component of I'7, and since this component is a tree,
there exists a unique vertex path (y("), BTONTON ¢) connecting y = )
and c that lies inside the component of ¢ and is of minimal length. We call
c the component representative of y and denote it by r,. For each d € D, let
N4 denote the set of vertices in I adjacent to (i.e. neighbors of) d and let
RN 4 be the set of component representatives of the vertices in Ng. For every
element ¢ in RN, there exists a unique vertex y € Ny that is contained in
the connected component containing c; if y # ¢, denote this neighbor of d by
x(d, c). For example, for the graph in Figure 1, r,, . = ¢;, for all 7 and j. The
element x(d, c) is defined only in the following four cases: z(d1,c2) = ya2,
x(dg, c1) = y2,1, x(d2, c2) = y3,2, and w(dy, c2) = Y32
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In the following, the normal form of an element ¢t € F(C') refers to the
freely reduced word over C*+! correspondipg to t. Define X := L — C'. For
each € X, let X be a copy of z and let X = {X|x € X} be the set of such
copies. For each X € X, define a set of symbols

Ty = { % | teF(C), the normal form of ¢t does not

start with a letter in {r='} }.
For each d € D, define a set of symbols

Ty = {d; | te F(C), the normal form of ¢ does not
start with a letter in RN ' }.

For any z € X U D, let F(T.) be the free group over T, and let F be the
free group

F .= (*iEXF(Ti)) * (*deDF(Td))-
Given any ¢ € C, define an endomorphism «, of the free group F by
defining «, on the generators of F' as

(8)

. Xic, t#1lorc#r,
(%) =

s(n=1)\_145(n 5(2)y—14503 s(1)y—145(2)74(1
(&R ()RR TREY, = Tand e=

for x € X and ¢ € T, where (™, ... 2® 2z ¢) is the minimal length
path from z to c¢ inside the component of ¢, and
dic, t#£1lorcég RNy
(9) ac(dy) =< dy, t=1and c€ RNy4N Ny
d’f(d’c)l, t=1and c€ RNy — Ny
forde D and t € Ty.
Similarly, for ¢ € C, we also define an endomorphism «,.-1 : F — F by
(10)
Ryo-1, t#£1lorc#r;

2t BT P ) P ) P, r=Land e=r

for * € X and t € Tk, where (2, ..., 2® 21 ¢) is the minimal length
path from z to c¢ inside the component of ¢, and

de—1, t#£1lorcg RNy
(11) ae-1(dy) = ¢ dy, t=1and c€e RNgN N, ,

o _1(X(d,c)1)]~?!

et FEOIT Ty and c € RNy — Ny

forde D and t € Ty.
As in the proof of Theorem A, it is straightforward to check that the

composition of the endomorphisms «a, and a1 in either order is equal to
the identity on the generating set of F. (The claim easily follows from

aclat! (@ ")) = @) ey and o (@) e))) = o @7 7
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which hold for any adjacent pair of vertices () and 2(~1 in the component
of ¢ at distance ¢ and ¢ — 1 from ¢, respectively, as measured within the
component of c.) Therefore . and .1 are mutually inverse automorphisms
of F.

Since the group F(C) is free, the map ¢ +— a, can be extended to a
homomorphism « : F(C') — Aut(F). Therefore (8) and (9) define an action
of F(C) on F.

Let G := F x F(C) be the associated semidirect product. A presentation
for G can be given by

G = (CU (UgexTx) U (UaepTy) | (Ugex Rz) U (UaepRa)),
where, for d € D and % € X,
Ry ={X{=%4|ceC, x,€Tx, t#1orc#ry } U
N (n—=1)\—14 S\ =1 1r/a(D)y—15(2)a(1
x5 = (&) 7)) TR TRV o= )
where (x("), B A AON ¢) is the minimal length path from z to ¢ inside
the component of ¢ and
Ry:={di=dy.|ceC, d€Ty, t#1orcg€ RNy} U
{di=di|ceERNgN Ny } U
{(d5=d"" |ce RNy— Ny } .
Next apply Tietze transformations to simplify this presentation.

First note that if X; € T%, then every prefix u of the normal form of ¢
does not start with a letter in {rF'}, so %4 € Tk as well, and similarly for
dy € Ty. Using this fact and repeatedly applying the relations of the type
X{ = X4 and df = di in Rg and Ry, respectively, shows that in G we have
% = %! for all t € Ty and d; = d for all t € Ty. If we denote X = %; and
d = dy for each X € X and d € D, then the presentation for G is Tietze
equivalent to

(CUXUD | (Ugeg R%) U (UgepRy)),
where
Ry = { & = [®D)~ g0 (@)~ 1k O 12 @My
and
Ry:={d°=d|ceRNqN Ny} U{d=d*¥ |ce RN;— Ny }.

Second, for every X € X introduce a single new generator x and a relation

% = 27 !r, in the presentation for G. Use these new relations to eliminate

the generators ® € X from the above presentation and obtain a Tietze
equivalent presentation

(CUXUD | (UpexR") U (UgepR),
where
R = { o'y, = [$(n_1)(m(n))—1] . [$(2)(33(3))_1][33(1)(33(2))_1]7”96(33(1))_1 }



POLY-FREE CONSTRUCTIONS FOR RIGHT-ANGLED ARTIN GROUPS 19

and
Ri:={d=d|ceRNyNNg} U{d=d"@) |ce RNg— Ny }.

The relations in R/ say that each d € D commutes with all ¢ € C' and
x € X that are its neighbors in I', just as in the standard presentation
of AI'. For each ¢ € C and each vertex x adjacent to ¢ in I';, we have
c=ry and x = z1). The corresponding relation in R is 7y = rpxl,
which implies that x and ¢ commute. When the path length in I'y from
T to ¢ is 2, with a vertex path (2?2 ¢) from z = z? to ¢ = 7,
the corresponding relation is z'r, = z(Mz~1r (z™M)~1. Since (M) and
r, commute, this implies that 2 and 2(!) commute. Continuing in the same
fashion we see that all such relations together imply that each generator
x whose distance to r, in I'y, is n commutes with the generator that is
the neighbor of z on the unique length minimal path from z to ¢ = 7,
inside the component of r;. Thus, the standard relations in AI' can be
recreated from the relations in R/ and R/j. Conversely, each relation 2~ 1r, =
(=D (™) =1 (23 (2G) 712 (@) )ry (M)~ in R” is a corollary
of the defining relations in AI'. Thus the last presentation above is Tietze
equivalent to the standard presentation of AI.

Therefore AT' = G = Fx F(C) has poly-free length at most 2. The doubly
breakable cycle property implies that I' is not totally disconnected, so the
group AI' contains a Z2 subgroup and cannot be free. Thus the poly-free
length of AT is exactly 2. O

The free group automorphisms «, constructed in the proof of Theorem A
permute the basis elements of the free group. Although the free group
automorphism «,. of F' in the proof above does not have the same property,
the automorphism of F*® = F/[F,F] induced by . permutes the basis
elements of this free abelian group.

We conclude with a fully worked example illustrating a length 2 poly-free
structure of a right-angled Artin group defined by a graph with the doubly
breakable cycle property, following the proof of Theorem B. Let I' be the

d X a
.y o
e b
c

FIGURE 3. Graph with the doubly breakable cycle property
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graph in Figure 3. Set D := {d,e}. The living subgraph has 3 components
and the chosen representatives are the elements of C' = {a,b,c}. The only
vertices in X = L — C are x and y. Denote Fj, := F(a,b,c). We have

Ty ={di}U{d;|t€F, the normal form of ¢ starts with ¢=' },
Te = {e1},
and, for z € {%X,¥},
T; = {21} U{ 2 | t € F,, the normal form of ¢ starts with b*! or ¢*! 1.

Denote Fj, := F(TyUT, UTx UTy). Then AI' = Fj, x F,, where the action
of Fy; on Fy, is given by Table 1.

a b c
dy d{l dy de
dt dta dtb dtc

%
el et €1 €1
X1 X1 Xp X
it fim itb 5\(tc
~ A \—1lAa =& ~ ~
Vi | &)k ¥y Fe
yt S’m ytb ytc

Table 1. Action of F; on Fj,

In Table 1, the entry in the row labeled on the left by the letter o and column
labeled above by 7 is the conjugate ¢7. In the leftmost column of the table,
the dy, X¢, and §; entries range over all symbols in Ty \ {d;1 }, Tx \ {X1}, and

Ty \ {¥1}, respectively.
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