Homological finite derivation type
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Abstract: In 1987 Squier defined the notion of finite derivation type for a finitely presented monoid.
To do this, he associated a 2-complex to the presentation. The monoid then has finite derivation type if,
modulo the action of the free monoid ring, the 1-dimensional homotopy of this complex is finitely generated.
Cremanns and Otto showed that finite derivation type implies the homological finiteness condition left
F P3, and when the monoid is a group, these two properties are equivalent. In this paper we define a new
version of finite derivation type, based on homological information, together with an extension of this finite
derivation type to higher dimensions, and show connections to homological type F'P,, for both monoids

and groups.
1. Introduction

In [11], Squier defined a complex associated to a finite presentation of a monoid or group,
along with a combinatorial property of this complex known as finite derivation type. His original
motivation was to capture much of the information of a finite complete rewriting system for a
monoid in a property which is independent of presentation. More recently, Cremanns and Otto [4],
Lafont [8], and Pride [9] have independently shown that the finite derivation type property also
implies the homological finiteness conditions left and right F'P; for monoids, and Cremanns and
Otto [5] have shown that finite derivation type is equivalent to the property left (and hence right)
F Ps for groups (see also [10] for an alternative proof of this result). For monoids, these conditions
are not equivalent. In his original paper, Squier [11] gave an example of a monoid with type left
FP; which does not have finite derivation type, and more recently Kobayashi and Otto [7] have
constructed a monoid which is both left and right F'P; (and moreover both left and right F'P.,)
but which does not have finite derivation type.

For a finitely presented group, type F'Ps is a property of the 2-dimensional homology of the
Cayley complex associated to the presentation, implying finite generation as a left module over the
integral group ring. A finitely presented monoid also has finite derivation type essentially if the 1-
dimensional homotopy of the corresponding Squier complex is finitely generated, modulo an action
by the free monoid on the generators. Thus the theorem of Cremanns and Otto shows that the
property F'Pj for a group can be reduced in dimension to a property of the 1-dimensional homotopy
of another complex. It is natural to ask if this process can be repeated in higher dimensions. In
[6], Kobayashi has introduced a property known as a homotopy reduction system, which is similar
to finite derivation type in one dimension higher, and has shown that this property implies the
homological finiteness condition right F'P, for finitely presented monoids.

In [12], X. Wang and Pride introduce the notion of finite homological type (in more recent
work this has also been referred to as finite homotopy type), which is a finiteness condition on the
homology rather than the homotopy of the Squier complex. They also show that for groups, this
property is equivalent to the condition F'P3, and for monoids, it implies left and right F'P;. The
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monoid constructed in [7] is also shown there not to have finite homological type, so as above this
condition is not equivalent to the property of left and right £ P5; for monoids.

In this paper, we introduce a new definition of homological finite derivation type in all di-
mensions, in Sec. 3. This definition starts from information about a partial free resolution of the
integers over the integral monoid or group ring, and imitates Squier’s construction. Since we start
with a resolution rather than a finite presentation for the monoid or group, this also allows the
monoid to be infinitely presented. Associated to this resolution we introduce a sequence of graphs,
one for each dimension n, which capture n-dimensional homological information about the monoid.
A monoid then has n-dimensional homological finite derivation type if each of the graphs up to
dimension n satisfies a property analogous to Squier’s finite derivation type.

In Sec. 4 we study a bimodule structure on a set of pairs of paths in the graphs defined in
Sec. 3, and show that the bimodule is isomorphic to the kernel of the corresponding boundary map
in the resolution.

In Sec. 5 we use the results in Sec. 4 to prove the main theorem of this paper. This theorem
states that for groups, the property of homological finite derivation type in dimension n (HF DT,,)
is equivalent to the property F'P,, and for monoids, HF DT, is equivalent to the existence of a
length n partial resolution of the integers by finite rank free left, right, or bi-modules over the
integral monoid ring (the property left, right, or bi- F'P,, respectively), depending on which type
of modules occur in the original resolution to which the graphs are associated.

We begin in Sec. 2 with a discussion of homological finiteness conditions, including the con-
nections between left, right, and bi- F'P, for groups and monoids. We prove that a monoid that
has both type left F'P, and right F'P, must also have type bi- F'P,, and the converse is also true
for groups. Therefore the results listed above show that finite derivation type and finite homolog-
ical type each imply the property HF D13, and the converse is true for groups but not true for
monoids. In particular, the monoid example in [7] has type left, right, and bi- F'P3, and hence
HF DT; on the corresponding sides, but does not have finite derivation type nor finite homological
type. Section 2 also includes background on Squier’s finite derivation type.

2. Background
2.1. Homological finiteness conditions

A group G has type F P, if there is an exact sequence (or partial resolution of Z) P,, — - - - —
Py — Z — 0 with finitely generated free left ZG-modules P;, and G has type F' P, if it has type
F P, for every natural number n.

A monoid M has type left F'P, if there is a partial resolution of the integers by finitely
generated free left ZM-modules of length n. Similarly M has type right F'P, if there is a length
n resolution of Z by finite rank free right ZM-modules and M has type bi- F P, if there is a finite
rank free length n resolution of Z by (ZM,ZM )-bimodules. The monoid has type left, right, or
bi- F'P,, if it has type left, right, or bi- F'P, for all n, respectively.

For a group G, if P is a left ZG-module, then there is an associated right ZG-module P’. As
an abelian group, P’ is isomorphic to P with an isomorphism ¢ : P — P’, and the right action
of G on P’ is given by p-g := ¢(g7' - ¢~ (p)), where p € P’ and g € G. If P is free, then P’
is also free with the same basis. Thus any partial resolution of Z by finitely generated free left
ZG-modules has an associated resolution by finitely generated free right ZG-modules. Similarly,
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any partial resolution by right modules has an associated left module resolution. Therefore for
groups, the properties of left F'P,, and right F' P, are equivalent.

Also for a group G, if P is a free (ZG,ZG)-bimodule, then there is an associated free left
Z(G x G)-module P" with the same basis, defined via an abelian group isomorphism 6 : P — P”|
and action (g,h)-p:=60(g-0(p)-h™1) for g,h € G and p € P”. Then any partial resolution of
Z by finitely generated free (ZG, ZG)-bimodules has an associated resolution by finitely generated
free left Z(G x G)-modules, and the converse is also true. Therefore G has type bi- FP, iff G x G
has type F'P,. [2, Proposition V.1.1] shows that if G has type F'P,, then so does G x G. Since
the group G is a retract of G x G, [1, Theorem 8] shows that if G x G has type F'P,, then so does
G. This proves the following.

Proposition 2.1. For any group G, the finiteness conditions left F'P,, right FP,, and bi- F P,
are equivalent. O

Thus for groups, the side is not mentioned in the F'P, property.

In the case of monoids, however, Daniel Cohen [3] has shown that these properties are not all
equivalent; in particular, his paper shows that there is a monoid which has type right F' P,, but
which is not left F'P;. A revision of the discussion above leads to the following connection between
these finiteness conditions for monoids.

Proposition 2.2. If a monoid M satisfies both of the finiteness conditions left F P, and right
FP,, then M also has type bi- FP,.

Proof. Suppose M has type left and right FP,. Let L, — --- — Ly — Z — 0 be a finite rank
free partial resolution of Z by left ZM-modules, and let R, — --- — Ry — Z — 0 be a finite rank
free partial resolution of Z by right ZM-modules. Then each abelian group L, ®z R, is a free
finite rank (ZM,ZM )-bimodule. The complexes L,, — -+ — Ly —» 0and R, — -+ — Ry — 0
each have trivial homology groups in dimension greater than 0, and homology group Hy equal to
Z. Define the complex C,, — --- — Cj to be the tensor product over Z of these two complexes.
That is,
Ci= P L,®z R,
pHq=i

and 0;(1®@7r) := 0p(1) @7+ (=1)P1® 04(r) for | € L, and r € R,. Then each C; is also a free finite
rank (ZM,ZM )-bimodule. The Kiinneth formula for a tensor product of complexes ([2, Proposition
1.0.8]) then applies to show that the complex C,, — --- — Cy — 0 has homology groups which
are also trivial, except for Hy(C) = Ho(L) ® Hy(R) = Z ® Z = Z. Then the augmented complex
Cp,— -+ — Cy— Z — 0 is a free finite rank partial resolution of Z by (ZM,ZM )-bimodules.
Therefore M has type bi- F'P,. O

For a group G, the F'P,, property has a connection to topology as well. A K (G, 1)-complex is a
connected CW complex Y with fundamental group 7 (Y) = G and contractible universal cover Y.
The cellular chain complex C, (}7), with the augmentation map to the integers, gives a resolution
of Z by free left ZG-modules. If the group G has a K (G, 1)-complex with only finitely many cells
in dimension less than or equal to n (and arbitrarily many cells of higher dimension), then the
group also has type FP,.

For any monoid or group M and any integer n > 0, the property (left, right, or bi-) F'P,, is
equivalent to the property that for every partial finitely generated free (or projective) resolution
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Fy — -+ — Fy — Z — 0 of ZM-modules on the corresponding side with k < n, ker{F}, — Fj_1}
is finitely generated (see, for example, [2, Theorem 4.3 of Chap. 8]).

For proofs and more detailed information on homological finiteness conditions, we refer the
reader to [2].

2.2. Finite derivation type

In this section we give the definition of the graph and homotopy relations associated to a finite
monoid presentation, defined by Squier in [11]. Let P = (A | R) be a presentation of a monoid M,
and let A* be the free monoid on A.

Definition (Associated graph X). ([11]) This is the graph whose vertices and edges are given
by:

(1) Vertices: V(X) := A*.

(2) Edges: E(X) :={(a,[r1,7m_1],b,€) | a,b € A*, [m1,m_1] € R, e € {1,—1} }.

(3) ¢t,7: E(X) — V(X) are defined by:

e):=a-m b T(e) :==a-m_¢-b,

where e denotes (a, [71,7_1],b,€) and - denotes concatenation in A*.
(4) )7': B(X) — E(X) is given by

(a,[m1,m_1],b,€) " == (a, [11, 7_1],b, —€).
Next define the set of paths
P:={(e1,....em) | ej € E(X), 7(e;) = t(ej+1) for each j}.

Denoting concatenation of paths by o, we will write (eq,...,e,,) as ejo---oey,. For z € V(X), let
(z) denote the constant path at z. Again we have maps ¢,7 : P — V(X)) defined by

tlero---oey)=1tler) and T(ero---oepm) ="T(em).

When M = (G is a group, the edges and paths in the associated graph X also have the following
topological meaning. Suppose Y is the standard complex associated to the presentation P (in this
case considered as a group presentation) of G. An element of E(X) corresponds to a single 2-cell
in the universal cover EN/, with top 7. and bottom 7_., together with a 1-dimensional tail ¢ on the
left, and another tail b on the right. An element of P corresponds to a 2-disk, with top ¢(e;) and
bottom 7(e,,); the interior of the disk consists of a layering of the 2-cells from ey, ..., €,, in order
from top to bottom, with the 2-cells offset from one another horizontally using the tails.

Definition (Action of A* on P). Given oo € A* and e = (a, [m1,7_1],b,¢) € E(X), set
a-e:=(a-a,[r,m_1],b,¢) and e-a:= (a,[m,7_1],b" a,€),
which are edges in F(X). Given a pathp=-e;0---0¢, € P, set
a-p:=(a-ej)o---o(a-e,) and p-a:=(eg-a)o- -0 (ey ),

which are paths in P.



Definition (P?(X)).
PA(X):={(p.q) | p.a € P, u(p) = 1(q), T(p) = 7(q)}-

Definition (D, I).

D = {((e1-t(ez)) o (7(e1) - e2), (e(e1) - e2) o (e1 - 7(e2))) | e1,e2 € E(X)}
I:={(eoe !, (1(e)) € PA(X) | eec E(X) }.

Definition (Homotopy relation). A homotopy relation on P is an equivalence relation ~ C
P®)(X) such that

(1) DUIC ~.

(2) IfpgeP,p~q,and a € A* thena-p~a-gandp-a~q-a.

(3) If p,q,r,s € P, 7(r) = 1(p), t(s) = 7(p), and p~ q, thenrop~rogand pos~qos.

For any set B C P (X), the smallest possible homotopy relation containing B will be called
the homotopy relation generated by B.

Definition (Finite derivation type). The monoid M has finite derivation type, or type F' DT,
if there is a finite set B C P(Q)(X ) for which the homotopy relation generated by B is all of
PA)(X).

If a monoid M has a finite presentation P = (A | R), there is an exact sequence of free left
Z M -modules
Fy—-F, —Fy—7Z—0,

where each F; has a basis g’ with go ={o1}, ﬁl = A, ﬁz = R, and

F, = @ ZMo.

Ueéi

(See [2] for more details.) If, moreover, M has finite derivation type, in the proofs [4,8,9] that finite
derivation type implies the property left F'Ps for monoids and groups, it is shown that there is a
free left ZM-module

with @3 = B and an exact sequence

Fs - Fy—F — Fy—7Z—0.

3. Definition of homological finite derivation type

In this section we define a homological version of finite derivation type for all dimensions. To
do this, we start from homological information and construct a graph resembling the graph X.
We will work with bimodules throughout, to illustrate both the left and right actions together;
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however, all of the discussion in the remainder of the paper can be done for left or right modules
only, also.

Suppose that M is a monoid and that 9, : F,, — F,_; is a homomorphism of (ZM,ZM)-
bimodules. Suppose moreover that F,, is a free (ZM,ZM )-bimodule, and choose a basis @" We
can write

F,= P ZMoM.
oep™

Let g™ := {mom/|m,m’ € M,o € 3"} be the corresponding (Z,Z)-bimodule basis. As in the
definition of finite derivation type, we associate a graph with this data, and study relations among
the paths in this graph. Eventually the homomorphisms 0,, we will consider will be the boundary
homomorphisms of a resolution

F2F, = =2z 0.

In this case, for ease of notation, we write F_; = Z.

Definition (Associated graph I',,). This is the graph whose vertices and edges are given by:
(1) Vertices: V(I'y,) := F\_1.

(2) Edges: E(T',,) :={(z,0,y,¢)|x,y € F_1,0 € ", e = +1,0,,0 = (y — ) }.

(3) ¢,7: E(I'y,) — V(') are defined by (e denotes (z,0,y,¢)):

L(e)::{az, fore=1 T(e)::{y, fore=1

y, fore=—1 x, fore=-1

Note that 0,0 = e(7(e) — t(e)).
(4) O~': E(T,) — E(T,) is given by (z,0,y,2)"! = (z,0,y, —¢).

As noted above, the definition of I',, can also be applied to a homomorphism of left ZM-
modules, with 3" the basis of F), as a free left ZM-module, and " := {mo|m € M,o € "} the
corresponding left Z-module basis, in that case. Similarly, I';, can be defined for a homomorphism
of right modules.

Note that if the monoid M has a finite presentation P = (A | R), Sec. 2.2 describes an
associated exact sequence of left ZM-modules. The boundary map 0> : Fo — F} in Sec. 2.2
corresponds to the same dimensional information as the graph X associated to the presentation P,
but gives rise to a graph I'ys which differs from X. In particular, the vertices of I'y are elements of

and the vertices of X are the elements of A*.

Let P(T',,) be the set of paths, or homological derivations, in T',,. If z € V(I',,) = F,—_1, let (x)
denote the constant path at the vertex z. For p =ejo---0e, € P(['y), t(p) := t(er), 7(p) := 7(ek),
and p~! = el_1 o---0 e;l.

Just as for the graph X in Section 2.2, when M = G is a finitely presented group the paths
in T, also have the following topological meaning. If Y is a K (G, 1), then C,(Y), the augmented
cellular chain complex for }7, gives a resolution of Z by free left ZG-modules. Choose a lift of each

n-cell of Y in Y; this gives a free left ZG-module basis for CH(EN/). The paths in the graph I',,
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constructed from this data correspond essentially to formal sums of n-disks in Y. Similarly, if Y is
a K(G x G,1), then C.(Y') gives rise to a resolution of Z by free (ZG, ZG)-bimodules, and paths
in I';, again correspond essentially to formal sums of n-disks in Y.

Definition (Action of M on P(I',)). Given m,m’ € M and e = (z,0,y,¢) € E(I';,), we set
me = (mx,mo,my,e) and em := (zm,om,ym,e),
which are edges in E(T',,). Given a path p =ej0---0¢, € P([',,), we set
mp := (mey)o---o(mex) and pm:=(egm)o---o(exm),
which are paths in P(T,,).
Definition (Addition in P(T'),)). Given z,y € F,,_1 and e = (x1,0,11,¢) € E(T',), we set
r+e:=(x+z,0,x+y1,e) and e+x:=(x1+x,0,y1 +x,¢),
which are edges in E(T',,). Given a path p =ej0---0¢, € P([',,), we set
x+p:=(x+e)o---o(x+ep) and p+az:=(eg+z)o---0(ex+x),
which are again paths in P(T',,). Finally, given p,q € P(T',), we set

ptq:=(p+uq)o(r(p) + 9.

Note that in the above definition, x +p = p + z. Also, if p = (z) and ¢ = (y) are constant
paths with z,y € F,,_1, then p+ ¢ = (z + y).

Definition (Negation in P(I',)). Define negation in P(T',,) by
—p=p"
for any p € P(T',,).
Definition (P®)(T,,)).
PO(Ty) = {(p,q)lp,q € P(Tn), t(p) — ua) = 7(p) — 7(a)}

Definition (D, ., J,,).

{(p+a,9+p)lp,qg € P(Ty)}
{(pop™1,(0)|p € P(T'y)}
{(pp+z)lpe P(Ty),r € Fr1}.

D
I,
J,

Definition (b-homology relation). A b-homology relation on P(I,) is an equivalence relation
~ C P®)(T,) such that:

(1) D,UI,UJ, C =.

(2) If m,m’ € M and p = ¢, then mp ~ mq and pm’ ~ gm’.
(3) fr,se P(I'y,) and p~q, thenr+p~r+qgand p+s=q+s.
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For any set B C P® (T',,), the smallest possible b-homology relation containing B will be
called the homology relation generated by B and denoted ~pg.

Definition (n-dimensional homological finite derivation type). The monoid M has n-
dimensional homological finite derivation type, or type HF DT, if there is an exact sequence

Fo1—Fyo—- —F—F—>F—>F—>2Z-0

of free (ZM,ZM)-bimodules such that for every i > 0, there is a finite set B; C P®)(T';) for which
the b-homology relation generated by B; is all of P(®) (Ty).

Note that, when applied to a monoid M, this homological definition does not require M to be
finitely presented. We can similarly define notions of left HF DT, and right HF DT, by replacing
the bimodules above by left or right ZM-modules and redefining the b-homology relation to include
only one-sided M-actions.

As noted in Sec. 2.1, the homological finiteness condition (left, right, or bi-) F'P, is equivalent
to the condition that, for every partial finitely generated free (or projective) resolution Fy, — - - - —
Fy — Z — 0 of (left, right, or bi-, resp.) ZM-modules with k < n, ker{F}, — Fj_1} is finitely
generated. We can define a similar condition in the framework of homological finite derivation
type.

Definition (Z,). The monoid M has type Z, if for every partial resolution
BER_ = > F > Fy—Z—0
of finite rank free (ZM,ZM)-bimodules with k < n, there is a finite set B C P®)(T}) for which

the b-homology relation generated by B is all of P(®) (Tk).

As mentioned above, we can similarly define the corresponding properties of left and right Z,
using left or right ZM-modules and using the b-homology relation restricted to the corresponding
side.

4. ker(0,) and pairs of paths

In this section, we form a bimodule from the set P(b)(Fn) of pairs of paths in I',,, and show
(in Theorem 4.8) that this bimodule is isomorphic to ker(d,,).
Definition (P®)(T",)/ ~). Define an equivalence relation on P®)(T',) by

(p,q) ~ (r,8) <= p—1~pq—s,

where () denotes the empty set. Define an action of M, addition, and negation in the set of
equivalence classes P(b)(f‘n) / ~ to be the action, addition, and negation induced componentwise
from those in P(I',,). Extend the action linearly to an action of ZM on both sides. Define the
element 0 in P®)(T',,)/ ~ to be the equivalence class 0 = [(0), (0)], where (0) is the constant path
at the element 0 € F,,_1.

Proposition 4.1. P®)(T',)/ ~ is a (ZM,ZM)-bimodule.
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We will prove this proposition using a series of lemmas.
Lemma 4.2. Addition and action in P(T',) are associative and distributive.

Proof. Suppose that p,q,r € P(I'y,), m,m’ € M, and z,y € F,,_1. Write p = e; 0---0¢; and
€; = (xi7 0iyYi, Ei)-
Using associativity of the monoid action on F;,, and F,,_; gives
m(m'e;) = m(m'x;, m'o;,m'y;, ;) = (m(m'z;), m(m’o;), m(m’y;), &)

= ((mm/)z;, (mm/)o;, (mm/)y;, ;) = (mm/)e;.

Therefore ) ) )
m(m'p) = m((m'er) oo (m'ey)) = (m(m'er)) o - o (m(mey))
= ((mm')e1) oo ((mm)ey) = (mm')p

/!

Similarly, (mp)m’ = m(pm’) and p(mm’) = (pm)m’, so the monoid action is associative and

distributive.
Using associativity of addition in F,,_; gives
(x+y)+ei=(x+y)+ (xi00,y56) = (x+y) + 2,04, (x +y) + Y, &)
=@+ W+z),0nc+ Y+y)e)=x+ (y+e;)

S0
(x4+y)+p=(r+y)+teo--ocepg=(x+y)t+eo---o(x+y) +eg

=x+(y+e)o--ox+(y+ex)=xz+ (y+p).

Then (z+p)+q= (z+p+u(q))o(r(z+p)+q) = (x+p+iqg)o(x+7(p)+q) =z+[(p+qg))o
(r(p) + 9)] =z + (p + ¢). Finally,

(p+qg)+r=[p+ug)o(r(p)+q]+r
= ([lp+ ( )) o (7(p) + q)]
= [( (

=@+ L[(q +ur)) o (r(q) +r)])o(r

giving associativity for addition.
Using the distributive property for F,, and F,,_; gives

m(e; +x) = m(z; + x,04,y; + ;) = (m(z; + x), mo;, m(y; + x),&;)

= ((mx; + mz), mo;, (my; + mz), ;) = me; + mx

and similarly m(y + e;) = my + me;. Also, it is straightforward to check ¢(mq) = mu(q) and
T(mp) = m7(p). Then

m(p+q) =m[(p+1(q)) o (1(p) + q)]
= [m(p + 1(q))] o [m(7(p) + q)] = (mp + t(mq)) o (T(mp) + mq) = mp + mq.

The remaining proof of distributivity on the other side is similar. O

9



Lemma 4.3. Suppose that p,q € P(I',,) and x € F,,_;. Then
(i) p+q=~pq+p.
(i) p—p ~ (0).
(i) p+x = p.
(iv) =(p+4a) =p —q¢—p.
(v) pr ~p q, then —p =g —q.

) If T(p ) = 1(q), then poq =y p + q. In particular, if p = ey 0---0e, € P(I'y,) then p =y
er1+---+epn.

(vi

Proof. The results in (i), (ii), and (iii) follow directly from the fact that D, U I, U J, C ~y. If
p,q € P(T,) and x € F,,_1, then (p+z)" ' =p~ '+, so

—(p+q) =—lp+ U)o () + )] = (7(p) +a) "o (p+u(q) "
=@ +qg o ' +uUa)=@p ) +qg Hol +7(¢ "))
=@ +up ))o(r@ ) +p H=-p—q¢

If p =g g, then I,, U J,, C =y and Part (3) of the definition of a b-homology relation give that
—pry —p+(0)~p —p+a—qmp —p+p—q= (0) —q~p —¢
If 7(p) = t(q), then the fact that J,, C =~y implies

p+q=(p+uq)o(r(p)+q) = (p+uqg)o(«q) +q)
=(p+uq)o(g+iq)=(pog)+q)

~pPpeg.
O

Proof of Proposition 4.1. First we show that addition, negation, and scalar multiplication are well-
defined. Suppose that [p,q] and [r, s] are elements of P(®)(T',)/ ~, where (p,q), (r,s) € P®(L,).

Then ¢(p) — t(q) = 7(p) — 7(q) and ¢(r) — ¢(s) = 7(r) — 7(s), so

Wp+7)—ulg+s)=t[(p+er)o(r(p) + )] —[(qg+u(s)) o (T(q) + 8)]
up) + u(r) = (Uq) + () = 7(p) + 7(r) — (7(q) + 7(s))
T(p+r)—T7(g+s).

Therefore (p +r,q + s) € P®)(T,,) and [p,q] + [r,s] :== [p+ 7, q + s] € PO(T,,)/ ~ . Suppose next
that [p,q] = [p/,¢'] and [r,s] = [r',s'] are elements of P®)(T,,)/ ~. Then p — p’ ~y ¢ — ¢’ and
r—r' ~p s—s', so Part (3) of the definition of a b-homology relation says that (p —p’) + (r —1') =y
(¢g—¢)+(r—71")=~p (¢g—4¢)+ (s—5"). Then [p,q] + [r,s] = [p/,¢] + [r,s'] and addition is
well-defined.

Also, t(p™) —ulg™!) =7(p) —7(q) = t(p) —t(q) = 7(p~") = 7(¢7 "), s0 —| ,q] : [—p>—Q] €
PO(T,)/ ~ . If [p,q] = [0, ¢'], then p — p' =y ¢ — ¢'. Lemma 4.3 (iv) and (v) say p’ —p ~p ¢’ — ¢,
so —[p,q] = —[p’, ¢'] and negation is well-defined.

If m,m’ € M, then

t(mpm) — «(mgm’) = mu(p)m’ — mu(q)m

=m(7(p) — 7(q))m" = m7(p)m = 7(mpm’) — 7(mqm’)



so m[p, glm’ := [mpm/,mgm’] € P®)(T,)/ ~ . The fact that scalar multiplication is well-defined
then follows directly from Part (2) of the definition of a b-homology relation.

Associativity of addition in P®)(I',)/ ~ follows directly from associativity of addition in
P(T',) (Lemma 4.2), and commutativity follows from Lemma 4.3(i) and (v). Lemma 4.3(ii) and
(iii) imply that the additive identity in P(®)(T",)/ ~ is 0, and —[p, ¢| is the additive inverse of [p, q].
Finally, associativity of the ZM actions and the distributive laws follow from the definition of the
ZM actions and Lemma 4.2. O

In order to prove that the bimodule P(®)(T",,)/ ~ is isomorphic to ker(d,,), we will need some
further notation to construct the homomorphism.

Definition (c: P(I',) — F,). For a vertex « € F,,_1, set ¢((z)) =0. If e = (z,0,y,¢) € E(T'y,),
set c¢(e) = eo. Finally, for any pathp =ej0---0e, € P(T',), set

Lemma 4.4. Suppose p,q € P(T',,), m,m’ € M, and ¢ = +1.

(i) On(cp)) = 7(p) — ¢(p)-
(i) c(empm’) = emc(p)m’ and c(p + q) = c(p) + c(q).
(il) If p =p g, then c(p) = c(q).

Proof. If p € P(T',,), write p=ey 0 - -0 e with e; = (x1,0;,9;,&;). Then
k k
On(c(p)) = 0n(>_ioi) = €ibn(o0) = Y 7(ei) — 1) = 7(p) — u(p),
i=1 i=1 i=1

giving (i). Part (ii) follows directly from the definition of the map c.

If p =p ¢, then there is a sequence p = z1 = 20 =~y -+ =y 21 = q with, at each step,
zi =i+ 8+t ziv1 = ritug+ti, s; = egmivyml, and u; = e;myw;my, where i, t;, v, w; € P(Ty,),
m;, m; € M, e; = £1, and either (v;,w;) or (w;,v;) is in D, U L, U J,,. It follows directly from the
definitions of ¢, Dy, I,,, and J,, that c¢(v;) = c(w;) for each i. Then

c(z;) = e(ry) + eimic(v)m} + c(t;) = c(r;) + esmic(w;)m;, + c(t;) = c(2zi11)
for each i, so ¢(p) = c(q). m|
Definition (¢ : P®)(T',) — F,). For any pair (p,q) € P®)(T,,), define ¢((p,q)) = c(p) — c(q).
Proposition 4.5. im(p) C ker(9,,) and ¢ induces a (ZM,ZM)-bimodule homomorphism
¢ : PO(Ty)/ ~ — ker(dy)
giving the commutative diagram

PO, £ ker(d,)
) |
POT,)/ ~ > ker(dy).
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Proof. For (p,q) € P®)(T,,), using Lemma 4.4(i),
I (((,9))) = On(c(p)) = Inlc(q)) = 7(p) — ¢(p) = (7(q) — 1(q)) = 0.

Therefore P®)(T,,) is exactly the set of pairs of paths in T, for which 9, o ¢ acts by 0, and
im(p) C ker(0y,).

Suppose that [p, ¢], [, s] € P®)(T',)/ ~and [p,q] = [r, s]. Then p—r ~y q—s, so Lemma 4.4(iii)
says that c¢(p—r) = ¢(q—s). Lemma 4.4(ii) says that c¢(p—r) = ¢(p)—c(r), so c(p)—c(r) = ¢(q)—c(s)
and ¢((p,q)) = c(p) — c(q) = c(r) — c(s) = ¢((r,s)). Then for the map &([p,q]) = ©((p,q)) we
have B([p, q]) = @([r, s]) and P is well-defined.

For any [p,ql,[r,s] € P®(T,,)/ ~,

P([p,al +[r,s]) =@(p+7,q+s]) =clp+7r) —clqg+s)
c(p) — clq) + c(r) = c(s) = B([p, ql) +B([r, s]).

If m,m’ € M and € = 1, then
B(em|p,qlm’) = B([empm/, emgm’]) = c(empm”) — c(emgm)
= eme(p)m’ — eme(g)m’ = emP([p, q)m’.
Therefore @ is also a bimodule homomorphism. O
Proposition 4.6. p s injective.
Proof. In view of Proposition 4.5, it suffices to show that ker() = 0. Suppose [(p, q)] € P®)(T',,)/ ~
with
2([(p,9)]) = ¢((p,q)) = c(p) — c(q) = c(p —q) = 0.
Let r :=p — ¢, and write r = ej o - - - 0 e, where e; = (x;,0;,9;,¢;); then ¢(r) = > g0, = 0.
Suppose that r has at least one edge. Since F, is Z-free on ", it follows from Y e;0; = 0
that k& = 2k’ for some k' > 0 and that there exists a permutation 7 of {1,...,k} such that
€i +ex) = 0, 05 = 0rz;), and w(m(i)) = i for all i. By definition of edges in I';,, we have that
Yi — T = Opoy = 3n07r(i) = Yn(i) — Tr(i)- Lebt € := Tr(s) — Ti = Yn(i) — Yi € F—1. Then

€rx(i) = (xw(i), Uw(i)7y7r(i)7€7r(z‘)) = (m; + (xﬂ'(i) —;),04,Yi + (?Jw(z‘) — Vi), —€i) = ei_l +1.
Lemmas 4.2 and 4.3 imply that
€i+€7r(i) :ei—i—(e;l—l—t) p (ei—l—e;l)—i—t%@ €i+€i_1 =~ eioei_l =~ (0)

Applying Lemmas 4.2 and 4.3 again along with Part (3) of the definition of b-homology relation

gives
2k’

T=e10"--0€ Zej = Z(Ez + Eﬂ(i)) ~g (0)
j=1 i
where the last sum ranges over indices ¢ with one index from every (two element) orbit of the
permutation .
Suppose now that £ = 0 and r does not contain a single edge. In this case, also, we get
r =~y (0). Thus in both cases, (0) ~p r = p—q, and p = p+ (0) =g p— ¢+ q ~p q. Then
p—(0) =g ¢ — (0), so (p,q) ~ ((0),(0)) and [(p,q)] = 0. This completes the proof of injectivity. O

Proposition 4.7. %: PO)(T,,)/ ~ — ker(3,) is surjective.
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Proof. Suppose that z € F,, and z # 0. Then z can be written (not necessarily uniquely) as
¢
Z:Z)\idi, A = =£1, g; Eﬁn
i=1

with ¢ > 1. Suppose moreover that z € ker(9,).
For 1 <1 </, define edges

S (Nic1,04, N1 4 0On(04),1),  for Ay =1
i (Ni—1 — 0n(04),04, Nij—1,—1), for \; = —1

where Ny := 0 and

Ni = Z )\jan(aj).
j=1

Then t(e;) = N;—1, 7(e;) = Nj, and ¢(e;) = A\;o;. Therefore these edges form a path p :=ejo---0ey
On

with «(p) =0, 7(p) = Ny =

Define another path ¢ to be the constant path ¢ := (0) at 0 € F,,_1, so that ¢(q) = 7(¢) =0
and ¢(q) = 0. Thus (p,q) € P®(T,), and

o(p,q) =c(p) —c(q) =2—-0=2.

Therefore B([p, q]) = z, as desired. m|
The following theorem now follows directly from Propositions 4.1, 4.5, 4.6, and 4.7.
Theorem 4.8. ker(9d,) and P®)(T',)/ ~ are isomorphic (ZM,ZM)-bimodules.

A straightforward modification of the definition of P(*)(T',,)/ ~ and the proofs in this section
also leads to the following.

Corollary 4.9. If 0,, is a homomorphism of left (respectively right) ZM -modules, then ker(0,)
and P®)(T,,)/ ~ are isomorphic left (respectively right) ZM -modules.

5. The main theorem: HF DT, and FP,

In this section we prove the following.

Theorem 5.1. A group G has type HF DT, if and only if G has homological type F'P,. A monoid
M has type HF DT, if and only if M has type bi- F'P,.

13



Since (bi-) F'P, is a property of a monoid, rather than simply a property of a resolution, it
follows that the property HF DT, is also a monoid property. We will prove this theorem using
several propositions.

Lemma 5.2. Suppose that p,q € P(I',,). Then
(i) [p,p] =0. .
(i1) If (p,q) or (q,p) is in D, UL, U J,, then [p,q] = 0.

Proof. For p € P(I'y), p— (0) =g p — (0), so [p,p] = [(0), (0)] = 0.
For (p + q,q + p) € D,, it follows from Lemma 4.3(i) that p+ ¢ — (0) =y ¢ + p — (0), so
[p + q,q + p] = 0. The other parts of (ii) follow from Lemma 4.3(ii)-(iii). m|

Proposition 5.3. P®)(T,,) is finitely generated by a b-homology relation if and only if P®)(T,)/ ~
is a finitely generated (ZM,ZM)-bimodule.

Proof. Suppose first that P®)(T',,) is finitely generated by a b-homology relation, so P®)(I',) = ~p
for some finite subset B C P®)(T,,). Let [p,q] € P®)(T,)/ ~. Since (p,q) € P®O(T,), p =5 q,
so there is a sequence p = 21 =g 29 =p --- ~p z = ¢ with, at each step, z; = r; + s; + 1;,
Zig1 = Ti + Ui + ti, s; = egmipvyml, and w; = e;mpw;m), where i, t;, v, w; € P(Ty,), my,m, € M,
g; = %1, and either (v;,w;) or (w;,v;) is in BU D, UI, UJ,. Then in P®)(T,,)/ ~ (using Lemma
5.2)

!
[p,q] = [p,p] +[(0),¢ —p] =0+ Z[(O),ziﬂ — 2]

l
0+[(0), zig1 — 2] = Z[% 2] + [(0), ziy1 — 2]

i=1

I
&MN

s
Il
_

!
[2i, zit1] = Z[Tiﬂ”i] + eimilvi, wilmy + [t ]

i=1

Il
-M“

@
Il
—

I
&MN

s
Il
_

(_) + €imi[’0i, wz]m; + (_) = (_) + Z ! €imi[’0i, wl]m;

where the last sum ranges over only the indices ¢ for which either (v;, w;) or (w;,v;) is in B. Then
the set
C := {[v,w] | either (v,w) or (w,v) is in B}

is a finite set which generates P(®)(T,,)/ ~ as a (ZM, ZM)-bimodule.

Next suppose that P(®)(T',,)/ ~ is finitely generated by a subset C' as a (ZM, ZM )-bimodule.
Let B be a finite subset of P®)(T,) consisting of one representative of each element of C. Let
(p, q) be an arbitrary element of P(*)(T',,). Then

1 1
[p.q) = Zﬂmi[pi,%]m; = Z[*fimipim;»&mi%m;]
i=1 i=1
! 1
for some m;,m, € M, ¢; = 1, and (p;,q;) € B. Sop— >, &impm, Ry ¢ — Y. E7Migm,.
Since p; ~p g; for each index 1, 22:1 eimipim; ~p 22:1 e;m;q;ms. Tt follows from Part (3) of the
definition of a b-homology relation that p ~p ¢, so (p,q) €~p. Therefore the finite set B generates
all of P®)(T,,) as a b-homology relation. O
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Proof of theorem 5.1. Suppose that M has type HF DT,,. Then there is a resolution
Fhn1—F, 90— —F3—>F—F—>F—>%2Z-0

of free (ZM,ZM)-bimodules such that for every 0 < i < n — 1, there is a finite set B; C P(®)(T;)
for which the b-homology relation generated by B; is all of P(*)(T;). Proposition 5.3 and Theorem
4.8 then say that ker(0;) is finitely generated for each i. For 0 < i < n — 1, im(9;) = ker(0;-1),
so both im(9;) and ker(9;) are finitely generated. If i = 0, then im(9dy) = Z, so again both im(dy)
and ker(dy) are finitely generated. Construct a set S; in F; which is the union of a finite set of
generators for ker(0;) together with a set consisting of a preimage (under the map 9;) for each
element in a finite set of generators for im(9;). Then S; is a finite set of generators for F;. Hence
F; is a free (ZM,ZM)-bimodule of finite rank for each 0 < i < n — 1, and ker(9,,_1) is finitely
generated. Therefore M has type bi- F'P,.

Now suppose that M has type bi- F'P,. Then there is a partial finitely generated projective
resolution of the integers by bimodules over the integral monoid ring of length n. With this
resolution, for each 0 < i < n — 1, ker(9;) = im(d;4+1). So ker(d;) is the image of a finitely
generated bimodule, and hence is also finitely generated, when 0 < ¢ < n — 1. Then Proposition
5.3 and Theorem 4.8 say that P(® (T';) is finitely generated by a b-homology relation for each
0 <i<n-—1, and therefore M has type HF DT,.

If G is a group, then the proof above together with the equivalence of the property bi- F' P,
and F'P, in Proposition 2.1 show that G has type HF DT, if and only if G has type FP,. This
completes the proof of Theorem 5.1. O

The following corollary results from a straightforward modification of the proofs above.

Corollary 5.4. A monoid or group M has type left (respectively right) HF DT, if and only if M
is of left (respectively right) homological type F P, .

We can apply Theorem 5.1 to show that the other finiteness condition Z,, defined in Sec. 3 is
also equivalent to HF DT,,.

Theorem 5.5. The following conditions are equivalent for any monoid or group M and any integer
n > 0.
(i) M has type bi- FP, (if M is a group, M has type FP,).
(ii) M has type HF DT, .
(iii) M has type Z,.

Proof. 1t follows directly from Theorem 5.1 that (i) implies (ii) and (ii) implies (i). Next suppose
(i) holds, and suppose also that F, — - - -Fy — Z — 0 is a resolution consisting of finite rank free
bimodules with k& < n. Then since M has type bi- F'P,, ker(d) is finitely generated. Theorem
4.8 then says that P(®)(T')/ ~ is finitely generated, and Proposition 5.3 applies to say that in this
case P(®)(T'y) is finitely generated by a b-homology relation. Therefore (i) implies (iii).

Finally, suppose that (iii) holds, and suppose that Fy, — ---Fy — Z — 0 is a resolution
consisting of finite rank free bimodules with k < n. Since M satisfies the property Z,, P(® (Tx)
is finitely generated by a b-homology relation. Applying Proposition 5.3 and Theorem 4.8 in the
opposite order shows that then ker(dy) is finitely generated. Therefore (iii) implies (i) also. m|

The following also results from a straightforward modification of the proofs above.
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Corollary 5.6. The following conditions are equivalent for any monoid or group M and any

integer n > 0.

i)
ii)

iii)

M has type left (resp. right) FP,.
M has type left (resp. right) HF DT,
M has type left (resp. right) Z,.
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