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We study a classof inversemonoidsof the form M = InvhX jw = 1i, wherethe
singlerelator w hasa conbinatorial property that we call sparse. For a sparseword
w, we prove that the Sdetzenbergercomplexof the idertity of M hasa particularly
nice topology. We analyzethe mannerin which the Scutzenberger complexis con-
structed usingan iterativ e procedure,dueto Stephen,analogougo the Todd-Coxeter
procedure. We de ne an appropriate notion of dual graph of the Sdutzenberger
complex, and prove that this dual graph is a tree if w is sparse. We use this tree
to construct a pushdavn automaton that encalesthe information cortained in the
Sdutzenberger complex. This pushdavn automaton provides us with an algorithm
that, givenaword u 2 (X [ X 1), determineswhether or not u = 1in M. This,
together with results of Stephenand the fact due to Ivanov, Margolis, and Meakin
that the inversemonoid is E -unitary, shavs that the word problemis sohable for M.
Finally, we provide an implemertation, in the C++ programming language,of the

algorithm to determinewhetheror notu= 1in M.
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Chapter 1

In tro duction

In this dissertation, we examine a class of inverse monoids preserted by a single
relator, M = InvhX jw = 1i, in which the relator w satis es a condition we call
\sparse."” We shaw that the word problem for such monoidsis sohable, and provide
animplemertation of an algorithm to determine,giveninput u 2 (X[ X 1) , whether
ornot u = 1in M. The existenceof sud an algorithm guararteesthat the word
problem for M is sohable, by [Ste93].

The word problemfor groupsand monoidshasbeenstudied sincethe early twerti-
eth certury, and is undecidablein general. A group, monoid, or inversemonoid hasa
sohable word problemif, given a setof elemeits which generatethe group or monoid,
there is an algorithm which will determine, given two products in the generatorsu
and v, whether or not u = v. In 1947,Post and Markov independerily proved that
the word problem for monoids is unsohable. Novikov in 1955and Boonein 1959
proved that the word problem for nitely presemed groupsis unsohable in general.
Sincea group is an inversemonoid, this alsoshows that the word problem for inverse
monoidsis undecidablein general.

Munn [Mun74] proved in 1974that the word problem for the free inversemonoid
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is sohable. In 1987 Stephen[Ste87,Ste90]begana study of inversemonoid presen-
tations, and usedhis methods to solve the word problemsfor certain inversemonoid
presemations. There hasbeenan extensiwe study of inversemonoid word problems.
Birget, Margolis, and Meakin [BMM94] proved that the word problem is solable for
inversemonoidsof the form InvhX je = 1i, whereeis anidempotert in the freeinverse
monoid (i.e., reducesto 1 in the free group). Margolis and Meakin [MM93] proved
that inversemonoidsof the form InvhX jeg = f;;i 2 1i, whereeg;f; are idempotents
and| is nite, have solvable word problem, and Silva [Sil92]found an alternate proof
of the sameresult. Inversemonoid presetations have also beenstudied in [IKT02],

[Sil95], [Ste00],and [YamO1].

In studying group presemations G = GphX jTi, the \Cayley graph" has been
useful. The Cayley graph is the graph whosevertices are the elemeits of the group
and whoseedgesare labeled by the alphabet, or set of generators,X , sothat there
is an edgefrom u to v labeled by x if ux = v in the group. A similar graph, also
calledthe Cayley graph, is de ned for inversemonoid presetations. Howewer, unlike
the casefor groups, ux = v does not necessarilyimply vx ! = u, so edgesin the
Cayley graph of an inverse monoid do not necessarilyhave correspnding inverse
edges.As a result, the strongly connectedcomponerts of the Cayley graph, that is,
the subgraphsin which eat edgehasa correspnding inverseedge,are more useful
for studying inversemonoid presetiations. Thesestrongly connectedcomponerts are
called Sthutzenberger graphs, and they may also be viewed as the subgraphsof the
Cayley graph restricted to verticeswhich are equivalert under Green'sR relation for
the monoid. From the Sdceutzenberger graph, the Scutzenberger complex can be
de ned asthe complexwhosel-slkeletonis the Scetzenbergergraph and whosefaces
have boundarieslabeled by the sidesof relations [Ste03]. This is analogousto the

relationship betweenthe Cayley complexand Cayley graph for groups.



3

Stephendeweloped a method for iterativ ely building approximations to the Sdweit-
zenkerger graph of an elemen of the inverse monoid, similar to the Todd-Coxeter
procedurefor building approximations to the Cayley graph of a group. His method
consistsof iteratively applying \expansions" and \foldings." Stephen proved that
theseprocessesre con uent, sothat although there are choicesfor the orderin which
to perform expansionsand foldings on a given appraximation, additional expansions
and foldings may be performedon the resultsto arrive at a commonappraximation.
He also proved that the Sdcetzenberger graph is the direct limit, in an appropriate
category of all approximations built in this manner.

Stephen[Ste93]applied his methods to the caseof a single relator of the form
w = 1. In particular, he obsenred that if the inversemonoid M = InvhX jw = 1i
is E-unitary, then the word problem for M is decidableif there is an algorithm to
decide,for any word u, whether or not u = 1. Furthermore, lvanov, Margolis, and
Meakin [IMMO1] proved that if w is cyclically reduced,then M = InvhX jw = 1i is
E -unitary. Thus the word problem for M = InvhX jw = 1i, w cyclically reduced,is
reducedto understandingthe Scetzenbergergraphof 1in M.

The goal of this paper is to follow this program when w satis es a condition we
call \sparse." We de ne a \p ointed piece" to be a pair of locationsin w at which
the samesubword is seen,one of which includesthe beginning or end of the word.
Then w is \sparse" if all of its pointed piecesare separatedfrom ead other by at
least one letter. This can be viewed as roughly analogousto the small cancellation
hypothesesfor group theory, exceptthat the locations of pointed pieces,rather than
their lengths, are relevant.

When w is sparse,Stephen'siterativ e processcan be usedto construct the Scet-
zenkergergraph of 1 in a well-behaved way. We prove that the Schutzenbergergraph

hasa tree-like structure; speci cally, the facesof the Schetzenbergercomplexare the
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verticesof an underlying directed graph we call the \dual graph" and this dual graph
is a tree. In addition, we prove that the iterative construction always grows away
from the origin. Thus the word problem is solvable becausewe can build the ball of
any required radius in the Schutzenbergergraph after a bounded number of steps.

Howe\er, in addition to this wetakeamoree cien t approadt to understandingthe
Sdwutzenbergergraph. The useof the dual graphenablesusto encale the information
cortained in the Scutzenberger graph of 1 in a pushdavn automaton (PDA). We
show that ead facein the Sutzenbergercomplexis oneof nitely many types. Once
the facetypesare known, we canread inside the Stutzenbergercomplexby reading
within thesefacetypesand pushingan appropriate marker on the stadk wheneer we
move down in the dual graph from onefacetype to another.

We also use face types to analyze gealesicsand conetypesin Sdtutzenberger
graphs. A gedalesicis a word which labels a geaesic (shortest) path in the graph.
The conetype of a vertex of a Scutzenbergergraph is the set of su xes, starting at
the vertex, of gealesicwords which start at the origin and passthrough the selected
vertex. A nite state automaton is naturally assaiated with the conetypes, and
this automaton recognizesthe languageof gealesics. We shav that a nite state
automaton which recognizesggealesicscan immediately be obtained from the push-
down automaton for the Schatzenbergercomplexof 1, from which it follows that the
minimized form of this automaton is the conetype automaton. As a result, there are
nitely many conetypes.

The following chapters are arranged as follows: Chapter 2 provides basic de -
nitions and results from inversemonoid theory as well as Stephen'smethods and a
descriptionof the speci ¢ way in which we apply his iterativ e construction. Chapter 3
formally de nes\sparse" and provesthat the dual graphis atree. Chapter 4 preseits

a solution to the word problem, and de nes the pushdavn automaton and conetype
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automaton. In addition, the algorithm used by the C++ program to produce the
PDA is descriked, and its correctnessis proved. Chapter 5 presens sampleruns of
the C++ program, spar, and givesan overview of the structure of the program. The
complete sourcecode for the program is given in the appendix, and is available at

http://www.math.unl.edu/~ slin dbla/sparse/ [Lin].



Chapter 2

Background

2.1 Preliminaries

2.1.1 Semigroups, monoids, and words

A semigroup (S; ) consistsof a setS and an binary operation sud that a b2 S

forall a;b2 S and satis es the assaiative law:
a (bo=(a b c forall ajb;c2 S:

When there is no dangerof confusion,we will frequertly suppressthe operator and
write abfor a h.

An idemp otent of S is an elemen e 2 S sud that € = e. The set of all
idempotents of S is denotedE (S).

An identit y isanelemem 12 Ssudithat la= al= aforalla2 S. A semigroup
which cortains an idertity is a monoid . A zero of S is an elemen 02 S sud that
Oa = a0 = Ofor all a2 S. Note it follows directly from these de nitions that a

semigrouphasat most oneidertity and one zero.
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A semigroupand monoid of particular interest are the free semigroup and free
monoid , de ned as follows: Let X be a set, called an alphab et, whoseelemens
are letters . (For our purposes.alphabets will be nite.) A word over X, of length
n, is a sequencea; :::a, of letters a4 2 X. We call the word of length zero the
empty word and denoteit . We de ne multiplication of words by concatenation,
soa;::ia, biiihy = aiiianb by, Sincethis multiplication is assaiative, the
set of all words of positive length is a semigroup,the free semigroupX *. The empty
word is an idertit y under the operation of concatenation,so the set of all words is a

monoid, the free monoid X . A subsetof X or X* is called a language.

2.1.2 Green's relations

If S is any semigroup,we dene S! = S if S is a monoid, otherwise we de ne
St = S[ f1g (where 1 is someelemen not in S) with 1s = s1 = sfors 2 S.
Givent 2 S, the principal left ideal generatedby t is the setS't = fstjs2 S'g. The
principal right and two-sidedidealstS?! and S'tS! are de ned similarly.

The elemerns of a semigroupare partitioned by v e equivalencerelations, L, R,

H, D, and J, called Green's relations , de ned asfollows:
aLbif and only if Sta= S'b.
aRbif and only if aSt = bS'.
aHbif andonly if aLband aRb; i.e., H = L\ R.

aDb if and only if there existsc 2 S sud that aLcand cRb; i.e.,D = L R.
Equivalertly, D = R L [Pet84, p. 27]and D is the smallestequivalencerelation
cortaining L and R [Pet84, p. 9].

aJbif and only if S'aS! = S'bS'.
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The L-, R-, H-, D- and J-(equivalence)classeof a are denotedL ,, R,, Ha, D4, and

Ja, respectively.

2.1.3 Inverse semigroups

An elemenm a 2 S isregular if a = abafor someb 2 S. S is regularif all of its
elemelts areregular. S is an inverse semigroupif S is regular and its idempotents
comnute. Equivalertly, S is inverseif every a 2 S hasa uniqueinversea 12 S
sud that a= aa !aanda ! = a 'aa ! [Pet84, p. 78].

Note that elemes of the form aa ' and a 'a are idempotents since (aa !)? =
aa 'aa ! = aa ! and similarly for a 'a. (A group is an inversemonoid in which
the identity is the only idempotent, soaa ! = a 'a = 1.) If e is an idempotent,
then eee= e, soe ! = eande= ee ! = e le. Thusewery idempotent of an inverse
semigroupcan be written in the formsaa ! and a *a. If S is an inversesemigroup,
thenaLb, a 'a= b !bandaRb, aa != bb?![Pet84 p. 80]. It followsthat eath
L -classL, and R-classR, cortains exactly oneidempotent, namely a 'a and aa 1!,
respectively.

The natural partial order  on an inversesemigroupS isdened by a bif
and only if a = befor someidempotent e 2 E(S). Equivalertly, a b if and only
if a= balta,a bifandonlyif a= fbfor somef 2 E(S), anda bif and only
if a= aa 'b[Law98, p. 21]. The natural partial order is the idertity relation if and

only if S is a group [Law98, p. 21].

2.1.4 Congruences and inverse monoid presentations

A congruence onasemigroupsS is an equivalencerelation which is compatiblewith
the semigroupoperation; i.e., if a b then (ac) (bg and(ca) (ch forall a;b;c2 S. The

congruenceclassof a is denoteda . If aa®andb b°then (ab) (a%) and (a%) (a%P), so
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(ab (a¥). It follows that the multiplication of congruenceclasseqa )(b ) := (ab
is well-de ned and forms a semigroup,the quotien t semigroup S=.
If X is an alphabet, let X ! denote a disjoint set of inverses. The Vagner

congruence is the congruencegeneratedby

f(uu tu;u);(uu *w Lvw tuu Hjuv2 (X[ X Y g

It follows that FIM(X) := (X [ X 1) = is a inverse monoid, the free inverse
monoid . (The relations (uu *vv ;vv 'uu 1) capture the notion of idempotents
commnuting.)

fT (X[X 1 (X[X ) and isthecongruencegeneratecby [ T (where

is the Vagner congruence)then M = InvhX jTi := (X [ X 1) = isthe inverse
monoid presented by the set X of generators and the set T of relations .
Forw?2 (X [ X 1), wedenotethe inversemonoid elemen w by w. If X is nite,
then M is said to be nitely generated. If both X and T are nite, then M s
nitely presented. Elemerts (u;Vv) of T arerelations and arewritten u=v. If a
relation is of the form w = 1, then w is a relator .

The word problem for InvhX j Ti isthe questionof whetherthereis an algorithm
which, given any two wordsw;u 2 (X [ X 1), will determinewhetherw = U. The
word problem is in generalunsohable;that is, there is no sud algorithm in general.
This follows from the fact that groupsare inversemonoidsand Novikov and Boone

proved that the word problem for nitely presered groupsis unsohable.

2.1.5 Graphs, inverse word graphs, and geodesics

A directed graph  consistsof a set of vertices V() and edges E() V()

V(). An edge(u;v) is the directed edgefrom its initial vertex u to its terminal
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vertex V. In general,there may or may not be a correspnding edge(v; u).
A labeled directed graph over X is a directed graph in which the edgesare
labeled by elemerts of X. We write (u;x; v) to denotethe edge(u;v) labeled by x.

A path (of length n) is a sequenceof edges

sud that the initial vertex of ead edge(exceptthe rst) equalsthe terminal vertex
of the previous edge. If vo = v, the path is a circuit . We sa that the path is
lab eled by the word w = X3 :::X, andthat w can beread in the graph starting at
Vo. A labeleddirected graph is strongly connected if there is a path from u to v
for every pair of verticesu;v.

An inverse word graph over X is alabeleddirected graphover X [ X ! sudh
that the labeling is consistem with involution; that is, (u; x; v) is an edgeif and only
if (v;x %;u) is an edge.A biro oted inverse word graph is aninverseword graph

with vertices ; 2 V() identied asthe start and end vertices, respectively.
The languagel [A] of a birooted inversegraph A = ( ; ; ) isthe setof wordswhich
canbereadfrom to in .

Givena labeleddirectedgraph with u;v 2 V() ageodesic path fromuto vis

a path of minimum length. A word which labelsa geaesicpath is called a geodesic

word . The path metric mapsverticesu; v to the length d(u; v) of a geaesicpath.

2.1.6 Automata and pushdown automata

Werelax the de nition of nite state automaton from [HU79]to allow in nitely many

states:

De nition 2.1. An automaton is a ve-tuple A = (Q; ; ;p;F), whee
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Q is a setwhoseelementsare called states,
is an alphalet, called the input alphab et,

1 Q I Qis apartial function (i.e., not necessarilyde nedonall of Q ),

called the transition function ,
o 2 Q is theinitial state, and
F Q isthesetof nal states (or accept or terminal states).
If Q is nite, thenthe automatonis a nite state automaton .
We may view A asa labeleddirected graph with
V(A) = Qand

E(A)=f(gxr)j (gx)=rg.

We say A accepts or recognizes a word u 2 if u labels a path in the labeled
directed graph from ¢ to f for somef 2 F. The language L(A) of A is the set of
all words acceptedby A. A languageis regular if it is the languageof a nite state
automaton.

Given a regular languagel, there may be many dierent nite state automata
which recognizeL. Howewer, there is a unique (up to isomorphism) nite state au-
tomaton with a minimum number of states[HU79]. In addition, givenany automaton
recognizinga language the minimum state automaton may be computedby applying
the minimization algorithm of [HU79].

The following de nition is a special caseof a deterministic pushdavn automaton

asde ned in [HU79]:
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De nition  2.2. A pushdown automaton (PDA) is a seven-tuple
D=(Q; ; ; :m;ZoF)
whele
Q is a nite setof states,
is the input alphab et,
is the stack alphab et,
1 Q I Q is a partial function called the transition function
o 2 Q is theinitial state,
Zo 2 istheinitial stack symbol, and

F Qisthesetof nal, or accept, states.

An instan taneous description (ID) is atriple (q;w; ) wheeq2 Q, w2
and 2 . ForaPDA D,wesay(qaw;Z )" (r;w;z ) if (qa;Z) = (r;z), and
we write ~  for the re exive and transitive closure of * . We say D accepts a word

u?2 if (p;u;Zo) (f;; ) for somef 2 F and 2

The intuitiv e interpretation of this is that a PDA is a madine whosestate at any
given instant is descriked by an ID (qg;w;t), whereq is the current state, w is the
portion of the input remaining to be read, and t is the currernt stak (the left-most
letter of which is the top or front of the stak). When u is given as input to the
madine, D starts in ID (op; u;Zo), and u is acceptedif the madine can read all of

the word and be left in oneof the nal, or accept, states.
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If (g;a;Z) = (r;Z) then a movesthe madine from g to r without changingthe
stak. If (gya;Z) = (r; ) then the letter Z is\p opped” o the top of the stadk when
aisreadat stateq. If (qa;Z) = (r;YZ) forY 2 thenY is\pushed" onto the
stadk whena isread. In general, (g;a;Z) = (r;z) may be viewed as popping Z and
then pushing the letters of z all in one step. Howeer, all of our PDAs have simple

transition functions which either push or pop a singleletter or leave the stak alone.

2.2 Schetzenb erger graphs

2.2.1 Cayley graphs and Schetzenb erger graphs

Let M = InvhX jTi be the inverse monoid preseted by X and T. The Cayley
graph of M with respect to the the presenation InvhX jTi is the labeled directed

graph over X [ X 1! sud that

V() M and

f(my;x; mz)jmy; m; 2 M and myX = mag.

E()

Note that if M is a group, isthe Cayley graphin the usual group-theoretic sense.
Sincemaa ! = m doesnot necessarilyhold in aninversemonoid, the Cayley graph
is not necessarilyan inverseword graph and is not necessarilystrongly connected. If

m = maa !thenmm != maa 'm != (ma)(ma) !, somR(ma). Cornversely

mR(ma) ) mm = (ma)(ma) != maa 'm ?!

)y m=mm 'm=maam m=mm 'maa != maa ?;

sinceidempotents (aa * and m *m) comnute in an inversemonoid. Thus eah R-

classis a strongly connectedcomponert of the Cayley graph. The restriction of the
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Cayley graph to the strongly connectedcomponert with vertices Ry, is called the
Schutzenb erger graph of m, denoted S ( m), with respect to the presenation.

That is,
V(S(m)) =R, and
E(S (m)) = f(myg;x;mz)jmy;my 2 Ry and myX = myg.

Ifw2 (X[ X 1) labelsapath from mto m®in Ry, thenm®= mwandmww = m
soS ( m) is an inverseword graph.

Notethat form2 M andw2 (X[ X 1), m wif andonly if mm w = m,
soa word w labels a path frommm *to min S(m) if andonly if W m in the
natural partial order of M. In this way we can view the birooted inverseword graph
(mm ;S ( m);m) asan automaton, the Scheitzenb erger automaton , with initial
vertex mm ! and terminal vertex m which recognizesvords which map to the order

lter ofm,m"=fw2Mjm Wwg.

2.2.2 Cone types

Let M = InvhX jTi,e2 E(M) andlety 2 (X [ X 1) label a gealesicpath from e

to ey in S ( €). Then the cone type of y relativ e to e s the set

Ce(y) = fu2 (X[ X 1) jyu labelsa gealesicpath from eto eyt in S ( €)g:

If y; andy, are both gealesic,then Ce(y1) = Ce(y,) if and only if ey; = €y, S0 Ce(y)

dependsonly on ey. Thus for all m 2 Re we de ne

Ce(m) = Ce(y) sud that y labelsa geaesicpath from eto min S ( m):

We de ne an automaton whosestates are the conetypesrelative to e and whose
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transition function is givenby (Ce(m); Xx) = Co(mXx) [ECH* 92]. If C(e) is the initial
state and all states accept, then this automaton acceptspreciselythe set of words
which label gealesicpaths in S ( €). We call this the language of geodesics. If
there are nitely many conetypes,then the automatonis a nite state automatonand
the languageof gealesicsis regular. Sinceead state correspndsto a di erent cone
type, by de nition, this automaton must be the minimum state automaton accepting

the languageof gealesics.

2.2.3 lterativ e construction of Schutzenb erger graphs

In this section we summarizethe iterative procedure descriked by Stephen[Ste87,
Ste90]for building a Scetzenberger graph. Let InvhX jTi be a presenation of an
inversemonoid.

Givenawordu= a;:::a, 2 (X [ X 1), thelinear graph of u is the birooted

inverseword graph ( y; u; u) consistingof a set of vertices

and edges

together with the correspnding inverseedges.
Let ( ; ; ) be a birooted inverse word graph over X [ X 1. The following

operations may be usedto obtain a new birooted inverseword graph ( ¢ ¢ 9:

Determination orfolding : Let( ; ; ) beabirootedinverseword graphwith

verticesv; vi; Vo, V1 6 V,, and edgeqV; X; v1) and (v; X; v,) for somex 2 X[ X L.
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Then we obtain a new birooted inverseword graph ( ¢ ¢ 9 by taking the
quotient of ( ; ; ) by the equivalencerelation which iderti es the verticesv;
and v, and the two edges. In other words, edgeswith the samelabel coming

out of a vertex are folded together to becomeone edge.

Elementary expansion or sewing: Letr = s bearelation in T and suppose
that r canbereadfrom v, to v, in , but s cannotbe read from v, to v,. Then
wedene ( % % 9 to bethe quotient of [ ( s; s s) by the equivalence
relation which iderti es verticesv; and s and verticesv, and . In other
words, we \sew" on a linear graph for s from v; to v, to completethe other half

of the relationr = s.

A graph is deterministic if no foldings can be performed and closed if it is
deterministic and no elememary expansionscan be performed. Note that given a
nite inverseword graphit is always possibleto producea determinizedform for the
graph, becausealetermination reducesthe number of verticesand this must stop after

nitely many steps.

If ( 1; 1; 1)isobtainedfrom( ; ; )by anelemetary expansionand( »; 2; »2)
is the determinizedform of ( 1; 1; 1), thenwewrite ( ; ; )) ( 2; 2; »2) andsa
that ( ; ; )isobtainedfrom ( ,; »; ») by anexpansion. The re exive and tran-

sitive closureof ) is denoted)

Foru2 (X [ X %), an approximate graph of (uu ;S ( U);0) is a birooted
inverseword graph A = ( ; ; ) sudhthat u2 L[A]andy U forally 2 L[A].
Stephenshoved in [Ste87,Ste90]that the linear graph of u is an approximate graph

of (uu ;S ( U);U). He alsoproved the following:

Theorem 2.3. Letu 2 (X[ X 1) andlet ( ; ; ) be an approximate graph of
(uu s(upm. (55 )) (%% Yand( % % 9isclose, then( & G 9
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is the Schutzenlerger graph (uu ;S ( 0);0).

In [Ste87, Stephenshaved that the classof all birooted inverseword graphsover
X [ X !isacocompletecategoryand that the directed systemof all nite expansions
of the linear graph of u has a direct limit. Sincethe directed system includes all
possibleexpansionsthis limit must be closed. Therefore,by Theorem2.3,the Scut-

zenkergergraph is the direct limit.

2.2.4 Munn trees and the free inverse monoid

If there are no relations, soM = FIM(X) = InvhX j;i (the free inverse monoid),
then (mm ;S ( m);m) is a tree, the Munn tree of m 2 FIM(X). The Munn tree
for u, givenu 2 (X [ X 1), may be constructed by building the linear graph of u
and folding, sincethere are no relations by which to expand. Thus the word problem
for FIM( X)) is solvable: two words are equalif and only if they have the sameMunn

tree. This is the solution is due to Munn [Mun74].

2.2.5 E-unitary inverse monoids

An inversemonoid M = InvhX jTi is E-unitary if the natural morphism from M
to its maximal group imageG = GphX jTi is idemp otent-pure ; that is, (1) =
E(M). There are many other equivalert characterizationsof this important property.

The following statemerts are equivalert:
M is E-unitary.
Forallem2 M,e mande2 E(M) impliesm 2 E(M).

Ead Sthetzenbergergraph naturally enbedsinto the Cayley graph of G. (This
is due to Meakin [Ste90].)



18
In [Ste93],Stephenstudiedinversemonoid of the form M = InvhX jw; = 1;i 2 |1,
wherel is nite. Let T = fw; = 1ji 2 I g be a set of relators, let M = InvhX jTi
and G = InvhX jTi,andlet : M ! G bethe natural morphism. Let ( X;T) be
the Cayley graph of G with respect to the generatorsX. Then mapsthe vertices
of S(1) into ( X;T). If (my;x;my) 2 E(S(1)) wheneer ( (my);x; (my) 2
E(( X;T)) thenwesay S (1) isafull subgraph of ( X;T). Stephenshowved that
if M is E-unitary, then S (1) is afull subgraphof ( X;T).
Wesay awordw = a;:::a, 2 (X[ X 1) is cyclically reduced if no two
adjacert letters are mutually inverseand if a; 6 a,?.

The following important theoremwas proved in [IMMO1]:

Theorem 2.4. If w is a cyclically reduced word, then M = InvhX jw = 1i is E-

unitary.

Thus, it follows from this theorem and Stephen'sresults that S (1) is a full
subgraphof ( X;T). As a consequenceStephen'sresults shov that the Sdetzen-
bergergraphofawordu 2 (X [ X 1) may be viewed asthe Munn tree of u with a
copy of S (1) sewnon at eat vertex, after folding. From this it followsthat the word
problem for InvhX jw = 1i is sohable if there is an algorithm to determine whether

or not a word u labelsa path from 1to 1in S (1); that is, whetheror not U = 1.

2.3 CW-complexes and Schetzenb erger complexes

2.3.1 CW-complexes

We now turn our attention to sometopological concepts.Let

D"=1fx2R"jjxj 1g; D"=fx2 R"jjxj< 1g; and @" = fx 2 R"jjxj = 1g
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bethe closedand openunit Euclideandisksand their boundary, respectively. A space
is calledan open cell of dimensionn, or an n-cell, if it is homeomorphicto D".

A topological spaceS is Hausdor if for every pair of points p;g2 S, p 6 q,
there are opensetsP and Q sud that p2 P, q2 Q,andP\ Q= ;.

The following de nition is dueto J. H. C. Whitehead:

De nition  2.5. A CW-complex is a Hausdor space S and a collection of open

cells fe g ,, suchthat the following hold:

Q) s= ‘ e.
21

(2) For eachn-cell e thereisamap :D"! S suchthat inducesa homeo-
morphism j,, :D"! e and (@?") is contained in a nite union of open

cells e of dimensionlessthan n.

(3) AsetA Sisopenin Sif andonlyif A\ & isopenine forall 21, whee

g istheclosurofe in S.

We denote the set of 0-cellsor vertices of a CW-complex by V(S), the set of
closedl1-cellsor edges by E(S), and the set of closed2-cellsor faces by F(S). We
do not have a needto discusscellsof higher dimensionin this paper. Given a vertex
v 2 V(S), the star set Star(v) of v is the union of facesF 2 F(S) sud that v2 F.

Given an integer m, the m-skeleton of a CW-complex S, denoted S(™, is the
union of the open cellsof dimensionat mostm. A cellular map is a cortinuousmap

between CW-complexeswhich mapsopen cellsto open cells of the samedimension.

2.3.2 The Schutzenb erger complex

We now expand our notion of Scutzenberger graph from Section2.2.1. Let M =

InvhX j Ti be an inversemonoid presemation and m 2 M.
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Following Steinberg [Ste03],we de ne the Schutzenb erger complex SC(m) for

m 2 M asfollows:
(1) The 1-skeletonof SC(m) is the Schutzenbergergraph S ( m).

(2) For ead relation r = siin T and vertex v, there is a facewith boundary given

by the pair of paths labeledby r and s starting from v.

It should be noted that in cortrast to the above, Steinberg's de nition of \Schet-
zenkerger complex" includesverticesfor the ertire inversemonoid; that is, it is the
complex we might, following the analogouslanguagein this paper, call the \Cay-
ley complex" of the inverse monoid. Our Sdwetzenberger complexesare strongly
connectedcomponerts of Steinberg's Stutzenberger complex, with the verticesre-
stricted to an R-class.

In a similar manner, Stephen'sapproximate graphscan be viewed asappraximate
complexeshy sewingon a faceead time an elememary expansionis performed,and

identifying facesif a determination resultsin their ertire boundariesbeingiderti ed.

2.4 w-CW complexes

We now de ne a particular type of CW-complex that is useful in studying inverse
monoid presenations of the form M = InvhX jw = 1i, with w cyclically reduced. In
this setting, the 1 side of the relation can be read at any vertex, and sewingon the
other side meansattaching a circuit labeledby w and a facewhich hasthe circuit as

its boundary.

2.4.1 Cyclic substrings

We usethe following notation for referring to words and substrings of words:
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De nition 2.6. Letw = a;:::a, 2 (X [ X 1) be a word of length n, whee the
subscriptsare integersmod n. Then for i 2 Z=nZ and| 2 Z, the cyclic substring

w(i; I] at index i with length | is de ned by

§ if | >0
W[i;l]_éal ey g = ahy if1<0
(the empty string) if1=0

We immediately establishthe following useful facts for substrings:

Prop osition 2.7. (Properties of Cyclic Substrings)If w 2 (X [ X 1) then for

i 2 Z5wjZ and| 2 Z,

Q) wli;N=w i N=wli+1; 1]?% and

: Qe
(2) wfi; 1]= wli+ j; Jforl Oand = 1
j=0

Proof. Let w = a;:::a,. Thenw ' = a '::za;' = by:::h, wherel = a,f; | =
a j1+1, sincethe letters are indexedmod n. If | > 0, it followsthat w [ i; 1] =
bbbl = @) M@ ppya ) T @@ = Wi 1], and wli +
;b 1t= alual,, "= alial = awgiiias = wiil]. Similar
argumerns shov (1) holdsfor | < 0 aswell. For (2), if = +1 we have w[i;l] =

[
Q1 ciia = W AW+ LA)cwli+ 1 L 1) = QlW[i+j;1],andif = 1then
j=0

whi; 1]=a g fy, = wli; Wi L 1wl 1+ 1= T wi 1]

Prop osition 2.8. If w2 (X [ X 1) is cyclically reduced, then w[i; 1] 6 w[i; 1] * for
alli 2 Z9wjZz and12 Z, 16 0.

Proof. Sincew[i; I]= w 1[i; ], it suces to provethis for| > 0. Letw= ap:::a, 1.

1

If wli;1] = wfi;1] %, then & :::a. 1 = &, ;:iia t, soaw) = a5, forj =
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0::i;l 1. Mf lisewen,letj = 1=2. Thena = = a+j = a5 1 | = &, 1 SO
w cortains a substring xx * for x = aj+=; 1, which cortradicts w being cyclically
reduced. If | isodd, letj = (I 1)=2. Then aix(1 1=2 = &+j = &, 1 | = &, 1=

which cortradicts the fact that X \ X 1= ;.

2.4.2 w-CW complexes

In this section, we de ne the restricted notion of CW-complex for building Sdwt-
zenbkerger complexesof M = InvhX jw = 1i. First, we descrike the structure of the
faces:

Letw2 (X[ X 1) beacyclically reducedword of length n. Let P be a regular
n-gon regardedas a CW-complex, with n vertices, n edgesand a single face. Let
Op be a distinguishedvertex of P, and orient and label the edgesof P sothat w is
read clockwise from Op to Op in the boundary of P. We call P the building blo ck

polygon of w.

De nition 2.9. Letw 2 (X[ X 1) bea cyclically reduced word of lengthn, and let
P be the building black polygonof w. A w-CW complex is a triple (S;O; ), such

that

S is a 2-dimensional CW-complexin which each edgehasan orientation and a

lakel x 2 X [ X 1,
O 2 V(S) is a vertexdesignatd as the origin or initial vertex,

for eachface F 2 F(S) thereis acellular map ¢: P! F, called thelabeling

map of F, which respects the orientations and lakels of the edges,and

the start vertex map :F(S)! V(S) is the map suchthat for each F 2
F(S), (F)= ¢(Op).
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When there is no dangerof confusion,the nameS will be usedfor both the w-CW
complexaswell asthe underlying CW-complex.

We seeimmediately that (P;Op; p), Where p isthe identity mapand p isthe
map P 7! Op, isaw-CW complex. Note alsothat the 1-skeletonof P, and hencethe
1-skeleton of any w-CW complex, may be viewed asan inverseword graph wherethe
edgelabeledby x 2 X [ X 1, oriented from vertex v to vy, givesrise to the edges
(Vo; X; v1) and (v1; X 1;vp) in the inverseword graph.

The processof readingw from Op to Op around the boundary of P assignsa
mod-jwj numbering to the verticesof P correspnding to indicesof the word (De ni-
tion 2.6). It is frequerily usefulto referto this numbering, which is formally de ned

below:

De nition  2.10. Letw = a;:::a, 2 (X [ X 1) be a cyclically reduced word. Let
P be the building black for w, and let

ke the n = jwj edgescomprising the boundary of P, where vy = v, = Op, and the

subscriptsare integersmod n. We de ne two mapsas follows:

Vp:ZgwjZ! V(P) maps i 7!y,
ip:V(P)! Z3wjZ maps v; 7!i

In an arbitrary w-CW complex,vp inducesa correspnding map v for ead face
F. If ve isinjective (asis the casein Chapter 3), there is a correspndingmap i .

The notion of \fully folded" below is analogousto Stephen's\determinized form."
It follows immediately that P is a fully folded w-CW complex, sincew is cyclically

reduced.
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De nition  2.11. Given a w-CW complex (S;0; ), a triple (v;e;;e) is called a
folding point of Sif v2 V(S) ande; = (vi;X1;U;) and e, = (Vo; Xo; Up) are distinct
edgeswith x; = x, and eitherv= vy = v, or v= u; = U,. Sis called fully folded

if it hasno folding points.
The following is the formal de nition of a map betweenw-CW complexes:

De nition 2.12. A w-CW complex map :S! T is a cellular map of w-CW
complexegS;Os; s) and(T;Or; 1) whichis compatible with origins and the lakeling
maps;thatis, (Os) = Or, andfor eachF 2 F(S), ()= F.

Note a consequencef this de nition is ( s(F)) = 1( (F)) forall F 2 F(S).

2.4.3 Schutzenb erger appro ximation sequences

We now considera method of de ning a sequencef fully folded w-CW complexesor
the presenation M = InvhX jw = 1i, which we call a Schutzenb erger appro xima-
tion sequence. Intuitiv ely, the complexesin this sequencesene as appraximations

of SC(1).

Step O

Let Sp = (Sp; Op; o) be a w-CW complex consisting of a single vertex Oq with the
empty start vertex map . A singlevertex is trivially an inverseword graph. Also,
there are no folding points sincethere are no edges,so Sy is a fully folded w-CW

complex. Note alsothat S is the linear graph of the empty word .

Step i construction

Foreahhi 1, S; is descrikedin the stepsbelow:



(1)

(@)

®3)
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Choose s;

Chooses; 2 V(S 1)n ; 1(F(S 1))that is, a vertex at which no face hasyet
beenattached|so that d(O; ;;sj) is assmall as possible(where d is the path

metric in S; ;). We assumethere is sud an s;. If there is no sud s;, then

[Ste90]that S; ; is the Schutzenbergercomplex.

Construct S°

Let S°= (S; 1q P)= , where is the the equivalencerelation with quotient
map 2:S ;g P! S° which iderties the verticess; and Op and nothing
else. De ne the initial vertex asO? = 2(O; ;) anddene ;= [ ¢(x)] for

f2F(S 1qP)andx 2 P, where[f ] denotesthe -classoff.

The edgeset and the maps are well-de ned since does not identify any
edgesor faces.Thus S? is aw-CW complexand °:S ;qP! SPisaw-CW

map.

Construct S/, j >0

where S’ is a fully folded w-CW complex. (Note that the superscripts are

indices, not exponerts.)

Let j 1, and supposewe have built S%;:::;S . 1f S 'is fully folded,
we setJ; = j 1 and cortinue to Step 4. If S! ' is not fully folded, let
(Vi (Vi a;up); (Vi &;Uz)) or (v; (Ug; &;V); (Uz; &) beafolding point. De ne S| =
Sij 1= where is an equivalencerelation with quotient map ’, which iden-
ties u; U, and the two edges.Furthermore, if there are facesA and B with

I Y(A) = | Y(B) sudh that A and B will have idertical boundariesafter the
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two edgesare iderti ed (in other words, this edgeidenti cation is the last one

needed),then A B also.

Dene (x)=1[¢(x)] forf 2 F(Sij 1Y and x 2 P. This map is well-de ned
since the only facesiderti ed are those whose vertices and edgeshave been
identi ed in a mannerwhich respectsthe start verticesand the labeling by w.

It followsthat [([f]) = [ ! *(f)] is well-de ned aswell. Thus S! is a w-CW

complex.
Also, note for the faceF = ( { 9)(P) attached in this step, ¢ =
(! P! S,

(4) Finish folding and construct S

The processabove must evertually terminate in someSiJi becauseeah step
reducesthe number of edgesin the w-CW complex (by idertifying exactly two
of them), and ead w-CW complex constructed here has nitely many edges.

Now, at the end of step i, we make the following de nitions:

0 =0 S=5"and ;= |
P= ) 0:5 1qP! S
ki = i 1?ijsi Lk 1:SxqP! S, foreatnk2f0;:::;i 29, and

K=k 1;ijp P K for eah K 2 F(S|) sud that K= k 1;i(P).
It is clearfrom how they were constructedthat S; is a fully folded w-CW com-

plex and the mapsabove are w-CW maps. The construction processcortinues

by returning to Step 1 after incremeriing i.

A sequenceof w-CW complexesde ned in the above manneris called a Schut-
zenberger appro ximation sequence.
Note that the faceP attachedin stepi mapsto face ; 1, (P) in stepl, and ewvery

faceF in S hasauniquei sothat ; 1,(P) = F. Thus, stepi is the stepin which
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F was created.
The following diagram helpsvisualizethe maps ; (k < i). Each ; is a com-
position of the mapsfrom S, g P in the middle column of stepk + 1, right to Si.1,

and then down along the rightmost columnto S;.

Stepi: S 1qP —ltt[f_sl
t
tttttt ( i +1 s,
Stepi + 1: SqP——2USs,,

The full Scheutzenb erger complex

The following lemma shaws that in a Sdetzenbergerapproximation sequencea face

will evertually get attached at any given vertex:

Lemma 2.13. Let (S;),, e a Schutzenkerger approximation sequen@ constructed
asin Section 2.4.3. Letv 2 V(S¢) for somek. Then there is somel  k suchthat

k1 (V)2 (F(S)); thatis, v is the start vertex of someface in stepl .

Proof. If the sequencderminates, it terminates in the full Scteutzenberger complex,
which must have a face attached at ewery vertex. Supposethe sequencedoes not
terminate. Let r = d(Ox;v). For i k, eah vertex of S; can be on at most 2n
(n = jwj) edgesbecauseeat edgemust be labeled by a letter from w or w 1. Any
S; cantherefore have at most (2n)" verticeswithin r of O. Let | = (2n)" + 1. Since
s is always chosento minimize the distancefrom O; 4, it follows that ewery vertex
within r of O, must be the start vertex of someface. Since ; (v) is within r of Oy,

we must have ., (v) 2 (F(S))).

A formal category-theoreticalargumert similar to that usedby Stephenin [Ste87]
showvsthat a Stheutzenbergerapproximation sequencédiasa direct limit. By the above

lemma, a circuit labeledby w is attached at every vertex, sothe limit is closed(in the
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senseof Section2.2.3). Therefore,by Theorem?2.3, the 1-skeletonof the direct limit of
a Stutzenbergerapproximation sequences the Sthetzenbergergraph of 1. Sincethe
appraximation sequenceattachesfaceswheneer a circuit labeledby w is attached, it
must also follow that the limit of the Sdutzenbergerappraximation sequencas the

Sdtzenberger complex.
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Chapter 3

Inverse monoids de ned by a

sparse relator

We now turn to the particular classof inversemonoidswhich are the primary focus
of this dissertation, those preserted by a singlecyclically reducedrelator, w = 1. The
rst suggestionf work along theselines were obsenations by Stewe Haataja about
inversemonoidsde ned by a relator which is the product of n comnutators sud as
M = Invha;b;c;dj[a;bl[c;d] = 1i = Invha;b;c;djaba b cdc id ! = 1i forn = 2.
Haataja proved that sud monoids are E-unitary and have sohable word problem
[Mea93].

Subsequento Haataja's work, Ivanov, Margolis, and Meakin proved in [IMMO1]
that in fact all monoidsof the form M = InvhX jw = 1i, with w cyclically reduced,
are E-unitary (seeTheorem2.4). Giventhat M is E-unitary, the goal of this chapter
is to presen a generalizationof the characteristicsexhibited by Haataja's product of
commutators, namely that the relator w overlapsitself in only a limited or \sparse"

way. In subsequenchapters,we provethat in this caseM hassolableword problem.
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Figure 3.1: Part of SC(1) for M = Invha;b;c;djabABcdCD = 1i

3.1 Relator equal to a product of two comm utators

We rst considerM = Invha;b;c;djabABcdCD = 1i, our motivating example. A
portion of the Schutzenbergercomplexof 1 is presened in Figure 3.1. This illustrates

someconvertions we make:

(1) Upper-/lower-caseletters are usedto denotethe inversesof their lower-/upp er-

casecourterparts. (a 1= AandA = a)

(2) The letter labeling eat edgeindicatesthe letter read while traversingthe edge
in the direction of the arrow. The edgemay be traversedin the opposite direc-
tion by readingthe inverseletter. We either usethe \geodesiclabeling," with
arrows drawn in the gealesicdirection away from the origin (asin Figure 3.1),
or draw the arrows around the ertire facein the direction in which the word w

is read.
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(3) A small arrow pointing into the interior of the polygonis usedto indicate the
start point of that face. In Figure 3.1, se\en of the faceshave beenlabeled (1)
through (7). This numbering is for purposesof the discussionbelow, and is not

part of the Scutzenberger complex.

A striking feature of the picture is its tree-like structure. Each facehasan unam-
biguouspredecessoand never folds badk onto a faceother than its predecessorThis
is the key property that enablesus to solve the word problem.

Someof the faces,sud as(4) and (7), do not shareedgeswith the faceto which
they are attached. Thusthesefaces,and the facesattachedto them, look like another
copy of the face (1) and its descendats. This is best seenin face (4), which looks
like another copy of the entire picture restarted at abAB.

Faces(2) and (3), on the other hand, do sharean edgewith the rst face. The
edgesharedby (1) and (2) arisesbecausethe a edgecoming out of the start vertex
of face (2) folds badk on to the A edgeof face (1). As a consequencethe gealesic
ertry point of face (2) is not at its start vertex abA, but at abh Thus, the gealesic
labeling di ers from that of face(1). The gealesiclabeling of the faces(2) and (3)
dier from eat other aswell.

We therefore have three main faces,(1), (2), and (3). Theseare clearly visible as
the three largest regular octagonsin the picture. Inspection revealsthat the other
facesin the picture all have gealesiclabeling idertical to one of thesethree faces.
For example,face (5) is labeled in the samemanner as face (2), so face (5) and its
descendats are isomorphicto face(2) and its descendats. Thus, asis showvn in the
next chapter, all facesin the Scutzenberger complex are one of thesethree types.
(Howeer, for technical reasonsthere are actually four facetypes,the fourth beinga

trivial \face" type consistingof just the vertex 1.)
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What causesthe tree-like structure in this example? Considerface (5) again. It
is attached to face(2). If w had beensud that face (5) folded bad onto the b edge
from abto abh then (5) would also sharea vertex with face(1), and it would not be
clear whether the predecessoof (5) is (1) or (2). Thus it is the existenceof edges
like b separatingthe sharededgeof (2) and (5) from the sharededgeof (1) and (2)
which causeshe tree-like structure.

Sharededgesn the Scutzenbergercomplexcorrespnd to substringsof the word
w which appear twice in w, onceat the beginning of the word, and onceelsewhere.
To guarartee the tree-like structure of the Scutzenberger complex, we needall of
thesesegmets of w to be separatedby at leastoneletter. When w hasthis property,

we say W is \sparse."

3.2 Sparse words

As is donein group theory, we nd it conveniert to think of cyclically reducedwords
aslabeling the edgesof an n-gonlike the building block P of Section2.4.2,evenwhen
we are not talking about a speci ¢ facein a Sthutzenbergercomplex. As provided by
the mapsvp and ip, the vertices of the n-gon are labeled by the integersmod n so
that vertex O is the start vertex and w can be read around the n-gon starting at the
start vertex.

The word w = abABcdCD is illustrated by the octagon in Figure 3.2 (without
the dotted arrows outside the perimeter). Note that here we have chosento label
the edges(i.e., orient the arrows) in the direction of the word w, rather than in the

gedesicdirection asin Figure 3.1.
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Figure 3.2: Pointed piecesand segmets of w = abABcdCD

3.2.1 De nitions

Figure 3.2 shavs the octagonfor w = abABcdCD together with additional markings
indicating portions of the word correspnding to edgesthat are sharedwith other
facesin the Sdawtzenberger complex. Eadh arrow outside the octagon indicates a
segment of the word. A pair of segmets with the samelabeling, at least one of
which cortains the start vertex, is a pointed piece of the word. Thus Figure 3.2
illustrates two pointed pieces,oneindicated by the two dashedarrows and the other
by the dotted arrows. The segmeh which cortains the start vertex s calledthe home
segment and the other segmen is the associated segment.

Pointed piecescapture the ways in which facesof the Scutzenberger complex
share edges. One of the segmets (the home segmet) cornains the start vertex
becausevhenbuilding the Schutzenbergercomplexof an inversemonoid, we are only
allowed to attach new facesat their start vertices.

Formally, we de ne the notions of segmeh and pointed pieceas follows:

De nition 3.1. Letw 2 (X [ X 1) bea cyclically reduced word. A segment of w
is an ordered triple (i; u; ) withi 2 ZgwjZ, u2 (X[ X 1) (juy>0 and = 1,
suchthat u = w[i; juj]. If qis a segmentwith q= (i; u; ), we write uq for u, iq for
i and 4 for for notational conveniene.

If q and r are sggments of w, then q is contained in r, written q rif
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z(q)

fi;,i+ ;:::5;i+ jujg. Ifq randr qgwewriteq .

Intuitiv ely, g r meansthat gandr occupy the sameverticeswithin the building
block P for w. For example, (i; u; 1) (i + juj;u ; 1) becauseboth segmets
traversethe samevertices (z(i; u;1) = fi;i+ 1;:::;i + jujg = z(i + juj;u %; 1)),

even though the segmets have opposite orientation.

De nition  3.2. Let w be a cyclically reduced word. A pointed piece of w is a pair

of sgments(q;r), the associated and home sements,respctively, suchthat
(1) ug= ur,
(2) g6 r, and
(3) 02 z(r).

The length of the pointed piece is the length of the word uy = u,.

This de nition does not guarartee that a pointed pieceis in any way \maxi-
mal." For example,w = bbaxabbbagb has pointed pieces((10; abbbal); (4; abbbal))
and ((0; bb;1); (6; bb1)), as shavn in Figure 3.3, but the later pointed pieceis re-
ally just the sameas the former but with someof the common overlap simply ig-

nored. We would like a way of saying that ((0; bb;1); (6;bb1)) is cortained within
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Figure 3.4: Noncomparablepointed pieces

((10; abbbal); (4; abbbal)), sothat we may disregard((0; bb1); (6; bb;1)) and instead
focus our attention on ((10; abbbal); (4; abbbal)).

Howewer, it is not sucient simply to say that one pointed pieceis cortained
in another if its segmets are cortained within the correspnding segmets of the
other pointed piece. For example, ((11; bb;1); (6;bb;1)) is a pointed piece of w =
bbaxabbbab whose segmets are cortained within the segmets of ((10; abbbal);
(4;abbbal)) (seeFigure 3.4). Newerthelessaswe canseefrom the picture, ((11; bb;1);
(6; bb;1)) is amaximal pointed piecein the sensehat it cannotbe enlargedto another
pointed piecebecausehe edgeimmediately beforeor after the segmen (11; bb;1) does
not match the edgeimmediately beforeor after (6; bb;1).

What makesthesetwo examplesdi erent is that in Figure 3.3, both pointed pieces
have the property that vertex 6 inside the ass@iated segmeh correspndsto vertex
0 (the start vertex), whereasin the pointed piece((11; bb;1); (6; bb;1)) (Figure 3.4),
it is vertex 7, not 6, that correspndsto the start vertex. Thus, we sa that one
pointed pieceis cortained within another if its segmets are contained within the
correspnding segmeis of the other pointed piece, and the locations of the start
verticeswithin the assaiated segmets are the same.

Before we make this last statemert more precise,considera pointed piece(q;r).

The home segmen r starts at vertexi,. If , = +1, thenr is read forward in the
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Figure 3.5: Calculation of the start vertex index inside an asseiated segmen

word, soi, must precedethe start vertex O (in the orientation given the verticesasw
is read around the boundary of the face) and the start vertex 0 must be attained in
i, steps(that is, in m stepswherem i (mod jwj)and0 m < jwj). Similarly,
if = 1, thenr isread badkward, and O must be attained in i, steps. Thus, in
either casethere are i, edgesfrom i, to 0 in segmeh r. Sincethe assaiated
segmehn starts at iy and either readsforward ( ¢ = +1) or backward ( 4 = 1), the
vertex inside the asseiated segmeh which correspndsto the start vertex must have
indexiqg+ o rir)=iq q rir-
This is illustrated in Figure 3.5. In this picture, ead circular region represets
a copy of the polygon for w. The sharedboundary represets the segmets of the
pointed piecelwhen viewed as the boundary of the polygon on the left, the shared
boundary correspndsto segmeh g, and whenviewed asthe boundary of the polygon
on the right, it correspnds to segmeh r. The small curved arrows indicate the
direction of the labeling by w inside the polygons. Thus, this picture illustrates the
casefor 4= land , = +1.

We arenow preparedto give the formal de nition of cortainment of pointed pieces:

De nition  3.3. If (g;r) and (s;t) are pointed pieces, then (q;r) is contained in
(s;t), written (q;r) (s;t),ifq s, r t,andiq g (ir=is s tit.
We write (g;r) (s;t) if (g;r) (s;t) and(qg;r) (s;t). A pointed piece (q;r) is

maximal if for all pointed pieces(s;t) with (s;t)  (q;r), it followsthat (s;t)  (q;r).
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Recall that what givesthe Scutzenbergercomplexfor w = abABcdCD its tree-
like structure is the fact that the placesin which facesshare edgesare far apart,
separatedby at least an edge. In terms of pointed pieces,this meansthat no two
maximal pointed piecesoverlap, or intersect, eat other. Maximal pointed pieces
must be used, otherwise we would view pointed piecessud as those in Figure 3.3
as overlapping, when they really just represen the samepair of facesin the Sdwet-
zenbkerger complex, at di erent stagesof folding. Similarly, overlaps of assaiated
segmets only court if they are from di erent pointed pieces,becausethe assaiated
segmen of a pointed pieceis always goingto intersectitself. On the other hand, an
intersectionof the homeand assaiated segmets of a singlepointed pieceis a geruine

overlap.

De nition  3.4. Let w be cyclically reducd word, and (g;r) and (s;t) be maximal
pointed piecesof w. Then (qg;r) and (s;t) overlap if

z(g)\ z(t) or z(r)\ z(s) is nonempty, or
z(g)\ z(s) is nonemptyand (g;r) 6 (s;t).

This nally brings usto our de nition of sparse.We speci cally excludewords of
length one and words which are proper powers(i.e., w = u" forsomeu 2 (X[ X 1)
and n > 1) to avoid technical problems with the de nitions. A relator of length
oneis not of interest (the resulting inversemonoid is isomorphicto the free inverse
monoid with an extra letter, the relator, equalto 1). A proper power clearly does
not satisfy our intuitiv e notion of sparse,nor doesit give rise to tree-like Sceutzen-
bergercomplexes.For example,a word which is a proper squarehas\pillo ws" in its
Sdutzenberger complex, from the boundariesof two di erent facesfolding together

completely
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De nition  3.5. A cyclically reduced wordw 2 (X [ X 1) is sparse if it haslength
greater than 1, is not a proper power, and hasno maximal pointed pieces which over-

lap.

3.2.2 Examples of sparse and nonsparse words

We now summarizethe exampleswe discussedabove, and presen someothers:

Example 3.1 (Product of two commutators: w = abABcdCD). From Figure 3.2it is
easyto seethat the maximal pointed piecesofw = abABcdCD are((3;a; 1);(0;a;1))
(2;A 1), (LA, 1)) and ((5:d;1);(0;d; 1)) ((6:D; 1);(7:D;1)). Thesedo

not overlap, sow is sparse.

Example3.2(w = bbaxabbbal). From Figure 3.4we canseethat ((6; bb;1); (11; bb;1))
and ((4; abbbal); (10; abbbal)) are maximal pointed pieceswhich overlap, sow is not

sparse.

Example 3.3 (Product of three commutators: w = abABcdCDef EF). This word is
sparsefor basically the samereasonabABcdCD is sparse. To prove it is sparse,we
must nd all maximal pointed piecesand verify that they do not overlap. We know
that the home segmen of a pointed piecemust cortain an edgeand it must cortain
the start vertex. Therefore, the letter w[0; +1] = a or w[0; 1] = f (or its inverse)
must appearin any pointed piece. The only placesat which theseletters can be read
is vertices3 and 9 (seeFigure 3.6). It is easyto seethen that ((3;a; 1);(0;a;1))
(2;A 1), (LA 1) and ((9;F;1);(0;f; 1))  ((A0;F; 1);(11,F; 1)) are the only
maximal pointed piecesof w. Thesedo not overlap, sow is sparse.

Example3.4 (One commutator: w = abAB). Wecanseen Figure 3.7that ((3;a; 1);
(0;a;1)) and ((1;b;1);(0;b; 1)) are maximal pointed pieces. The home segmeh

(0; a; 1) and the ass@iated segmeh (1; b;1) both cortain vertex 1, sow is not sparse.
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Figure 3.7: One comnutator: w = abAB

This agreeswith the fact that the Sdetzenberger complex for w (the upper-right
guadrart of a rectangulargrid) is not tree-like. The inversemonoid presened by this
relator has an easily solvable word problem, but it doesnot fall within the classof

inversemonoidsbeing studied in this paper.

Example 3.5 (w = abcxaxabxabcy From Figure 3.8, we can seethat the maximal

pointed piecesof this word are

((4;a;1); (0; a;1)); ((6;ab;1); (0; ab;1)); ((9; abc;1); (0; abc;1));

and their equivalert pointed piecesreadingin the opposite direction. None of these

pointed piecesoverlap, sow is sparse.
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Figure 3.8: w = abcxaxabxabcy
3.3 The Schutzenb erger complex

In this section we prove the key lemma of this dissertation. This lemma captures
the intuition that the Sdutzenberger complexfor a sparseword is built in a very
orderly way, always growing away from the origin. Speci cally, ead time a new face
is attached and folds onto the existing complex (if it folds at all), its start vertex
must belongto only one face (the facethat is its predecessoin the dual graph, to
be de ned in Section 3.4), the edgesonto which it folds will belong only to that
predecessoface, and it will not, at any future step, fold further on to the existing
complex. Sincethis lemma closely examinesthe order in which facesare attached
and edgesare folded, explicit useof the mapsis madein the statemert and proof.
Once we have proved this lemma we will no longer have a needto usethe maps
explicitly.

In stating and proving this lemma, we de ne the path in P corresp onding to
a segment r to be the edgepath p, which is labeled by u, from vertex vp(i;) to
vertex vp (i, + (juyj) in P. Also recall the notation S, S, ‘l and ¢, dened in

Section2.4.3.

Lemma 3.6. Let w be sparse, and supmse (S;0; ) = S, is constructaed from a

Schutzenkerger approximation sequene of lengthl. Let 4;:::; | bethe facesof S,
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with face ; created in stepi (i.e., = ;i 11(P)).

ThenO0 J; < jwj and

(1) If the number of edgefoldingsJ, is positive, thenthereis a uniquefaceF 2 S, ;
containing the start vertexs, of ;. For0 j J, wedene S = (!

(S 1), Fi= (] O)(F), and PI = (| %(P). (Note that

. = P and note the distinction between S) and Sl: Si is the imageof S; ;

in S and contains Fi but not Pi. Thus, Sl = S [ Pi.)

Thenfor 0 | J;:

(a) The map ! is an injective w-CW map whenrestricted to S * or P 1,

Thus, the maps
(] 'O)s|l:s'1! S and pi = (] D) p P! S

are injective, and S! and P! are fully folded w-CW complexes.
(b) S'\ Pl = Fi\ PI, and this intersection is (P}) if j = 0, or there is a
pointed piece (g;r) of lengthj suchthat S'\ P! = i(pg) = pi(pr).

(c) P! shamesno edgeswith a face other than F/.

(2) Forallk, 0 k< I, themaps k?|jSk S!S and = wlp:P! S

k+1

are injective.

(3) Ifa< band ,and pshareavertex,then ( p)2V( g)and ( a) Z2V( p).

Consajuently, the start vertexmap : F(S))! V(S) is injective.

(4) For any two faces , and , with a< b, either ,\ pisempty, 2\ s
the vertex ( ), or there is a maximal pointed piece (q;r) (of length Jy) such

that .\ »= (P = .(p)-
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Figure 3.9: Unique F|no other faceB can exist

(5 pshaesedgeswith at mostonefacein 1, (S, 1). Thus, eachedgeis on the

boundary of at most two faces.

Proof. We prove this by induction on|. The casel = 1 (a singleface)holds because
w is cyclically reducedand so there can be no edge foldings within a single face.
Supposel 2 and the lemmaholds for all Shatzenbergerapproximation sequences

of length lessthan 1.

Part 1: If J; > 0, then S? must cortain a folding point. SinceS° and P° arefully
folded, the only possiblefolding point in SP is (s?; ey; &), wheres? = 2(s;) = ?2(Op),
e; 2 E(S% and e, 2 E(PP). Notethat ?is an injective w-CW mapon S, ; andon
P sinceit doesnothing other than identify the verticess; 2 S, ; and Op 2 P.

Unique F: To seethat there is exactly onefaceF in S, ; which corntains s,
note rst that ewery vertex in S, ; belongsto a face (sincel 1 1), sothere
is at least one F. To seethat there is only one, suppose B were another. By
induction, either | (B) 2 F or | 4(F) 2 B (Part 3 of the lemma). Without loss
of generality, suppose | 1(B) 2 F. Sinces! is the start vertex of P, it follows from
the construction that no facestarts at s, in S; 1, sos, is not the start vertex of B.
Thus F and B sharea vertex in addition to s,. Therefore (by induction, Part 4)
there is a maximal pointed piece(s;t) sudhthat F\ B = £(ps) = s(pr)-

(An exampleof facessatisfying this setting is illustrated in Figure 3.9. Note this

gure illustrates the facesin S?, after the edgese; and e, have beenidentied. The
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edge {(e)) = [(e) is the onelabeled on eah sideby q and r. The dashedarcs
labeled s and t indicate segmets inside facesF?! and B, respectively. That is, the
dashedarcs are to be interpreted as indicating the fact that F1\ B! = ¢i(ps) =

s1(py). Finally, note that in this gure, P! and B! shareno edgesor vertices other
than thosethey alsosharewith F*. One shouldview P! ascomingout of the page.)

Continuing with the proof, we know that by assumptione; and e, will beidenti ed

by {,sothereisapointed piece(q;r) suchthat (e)) = [e) = ri(pg) = pi(pr)
and02 z(r). Since |, 1(B) 6 s/, the indicesofs, and |, 1(B) in F do not match;
that is,ig ¢ rir 8 is s ¢it. Thus(qgr) 6 (s;t). We may thereforeexpand(q;r)
to a maximal pointed piece (% r9 with (q;r)  (6®r9 and (¢r% 6 (s;t). Since

F(Py)\  e(ps) isnonempty, p;\ ps is nonempty (since is injective), soz(g)\ z(s)
and hencez(q®) \ z(s) are nonempty. Thus the maximal pointed pieces(q®r9 and
(s;t) overlap, and w is not sparse.This cortradicts the fact that w is sparse,sothere

must be exactly onefaceF in S, ; cortaining s .

Induction on j: Now we prove (1a){(1c) using a subinduction onj (holding I
xed). Statemens (1a){(1c) hold for j = 0 since ? is an injective w-CW map on
S 1andP,and S°\ P%= FO\ PO=f 9(Op)g.

Now suppose(la){(1c) aretrue forj. If j = J;, we are done. We needto prove
that the (j + 1)th statemen istrue if 0 | < J,. Beforedoing so, we rst de ne
someadditional notation and prove two claims.

Sincej < J,, thereis somefolding point (v;e; &) in Sf (e; and e; may not bethe
samease, and e, usedin the Unique F proof above). SinceS! and P! arefully folded
(by the induction onj), neither S nor P! cancortain both e, and e,. Thus, we may
assumee, 2 E(S)nE(P1), & 2 E(P))nE(S}), andv2 V(S \ PI)= V(FI\ PJ).

If j = Othenv isthe singlepoint of F°\ P9, SinceF? is the only faceof S° which

cortains v, e; 2 FO.
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If j > 0,then S\ Pl = i(py) = pi(pr) for somepointed piece(q;r) of length

j . It follows that

Fi( Ve(igt K g)iW[ig+ K o glive(igt (k+ 1) ) )

= pi( Vp(ir + k ()swlir + k 5 (Lve(ir +(k+ 1)) )

fork = 0;:::;j 1 (that is, FI and P! already sharethe edgescortaining thej 1
interior vertices),sov = i (Vp(iq+t K o)) = pi(ve(ir + k ()) for either k = 0 or
k = j. Sincefor any face, (pgu. )) = (Pi+ juju 1. )) (the two segmets have the
samezonesand correspnding paths simply traversethe sameverticesin opposite

directions), we may assumewithout lossof generality that k = j. Therefore,

&= pi( Vp(ir+] )Wir+] ¢ (Lve(ir+(+1),) )

Let v; and v, bethe otherendpoints of e, ande,. Thenv, = i (vp (i +(j+1) 1)).
It follows that e = (v;X;vy) is an edgein S/ labeled by x = W[ig+ | q o =

W[i, +j ; (]. Since

Fi( vp(ig*t] o iWlig*+ ] ¢ oive(igt (1 +1)q) )

is another sud edgein S/ starting at v, and S! is fully folded, it must be the case

that
&= gi( V(ig+] ¢ iWlig*t ] o olive(ig+ (J +1) ¢) )
soe; 2 Fl andv, = Fi(Vp(igt (j + 1) ).

Clam 1: v; 2Pl andv, 28

Proof of Claim 1: Supposev; 2 PJ. Sincee; 2 P/, FI \ PI must be all of the
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Figure 3.10: Proof of Claim 1

boundary of F! excepte;, andj = jwj landvy; = ¢i(vp(ig)- (An example
of this is illustrated in Figure 3.10.) Sincee; and e, will be folded together by
1*1 we have segmets o® = (ig;W[ig; jWjl; ¢) and ro= (i;;w[i,; (jwjl; ;) with
z2(q®) = z(r% = Z=nZ. It followsthat (¢%r9 and (r% ) are pointed pieces,and they
are necessarilymaximal sincetheir zonescortain all jwj indices. Sincez(q®)\ z(q0) is
nonempty, thesepointed piecesoverlap. This cortradicts w being sparse,sowe must
have v; 2 Pi.

Similarly, if v, 2 S thenv, 2 SI\ Pl = FI\ P! py induction and (1b), so
v, 2 FI. An argumert similar to the one above leadsto a cortradiction. Thus Claim
1is true.

Note that it alsofollows from the proof of Claim 1 that J, < jwj.

Claim 2: e 2Bl forall Bl 2 S,B) 6 F/.

Proof of Claim 2: If j = 0 then the vertex of the folding point (v;e;; &) is
v= 9s) = 9Op). SinceF? isthe only facecortaining s, it must be the only
facecortaining e;.

If j > 0and e, 2 B! for someB! 6 F/, then F! and Bl sharee,. By induction,

there is a maximal pointed piece(s;t) sud that

Casel: (BI)2 FiandFi\ Bi = £i(ps) = &i(p), or
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</

Figure 3.11: Proof of Claim 2 Casel

</

Figure 3.12: Proof of Claim 2 Casell
Casell: (F)2BlandFi\ Bl = &i(ps) = Fi(p).

Casel: By an argumen similar to the argumert above usedto prove that F is
unique, (g;r) may be extendedto a maximal pointed piece (¢ r% which overlaps
(s;t). Sincethis cortradicts the fact that w is sparse,Casel cannot occur. (An
exampleof this caseis illustrated in Figure 3.11. The gure shaws the con guration
in SI*1 | after e; and e, have beenfolded together.)

Casell: Again, we may expand (g;r) to a maximal pointed piece (q®r9. Since
v2Fi*t\ Bi*l = . (p) andv 2 Fi*t\ pi+l Fivt (P)s  gon (V) 2 P\ P,
andsoz(g)\ z(t) is nonempty. Therefore(q®r9 and (s;t) overlap. (SeeFigure 3.12
for an exampleof this case.)

Since neither of these casescan occur, there can be no face B!, other than F!,
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which contains e;. This provesClaim 2.

We cannow nish the proof of Part 1 of Lemma3.6. Recallthat we are assuming
the jth Part 1 statemert is true, and want to prove the j + 1 statemen. The state-
merts of the parts are repeatedbelown with \j" replacedwith \j + 1" to make it clear
what we are proving.

Part 1(a): The map {*1 is an injective w-CW map whenrestricted to S! or P!,
Thus, the maps ( 1™ Dg 1S 1! st and (1™ P!
Si*! are injective, and Si*1 and Pi*! are fully folded w-CW complexes.

The only way 1™ would not be injective when restricted to Si or P! is if it
iderti ed two points from S! or two points from Pi. By de nition, 1™ identies
vi2 S with v, 2 Pl ande; 2 S with e, 2 P). Sincev, 2 S (Claim 1) ande, 2 S,

I*1 must be injective on Si. Similarly, sincev; 2 Pi ande 2 P!, !*! isinjective

on Pi. Since( ! ") g , and( J 0) , areinjective by induction, the

result follows.

Part 1(b): S/**\ Pi*! = Fi*1\ Pi*l andthis intersectionis (PI*')ifj+1= 0,
or there is a pointed piece (q% r9 of lengthj + 1 suchthat S'*1\ PI*1 = . (pg) =
pi+1 (Pro).

Herej 0soj + 1> 0is the only caseto consider. We have Si*1 \ Pi*l =
LS\ PI)[ 11 (e)). Sincee; 2 Fi, 1™ (ey) 2 Fi*t, Also, SI\ PI Fi\ Pi (by
induction), so 1™ (SI\ Pi) Fi*1\ pi*l |t followsthat Si*1\ Pi*t = 1*(gi\
Pi)[ 1™ (e) Fi*L1\ Pi*!  The reverseinclusion is obvious, so Si*1 \ Pi*l =
Fj+l\ Pj+l.

By the commerts precedingClaim 1, it followsthat if ¢®= (iq;W[ig; (j + 1) ol; o)

and r°= (i;;w[i,;(j + 1) ;]; 1), then (¢®r9 is a pointed pieceof length j + 1 and

FIt\V P = (@)= pia(r9:
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Part 1(c): Pi*' shamesno edgeswith a face other than Fi*.

We know Pi*1 and Fi*! sharethe edge !*!(e). By Claim 2, there is no faceB!
which sharese; with Fi, sothere is no other faceof S/ ™' which shares 1™ (e;). By
induction, PJ sharesno edgewith a faceother than F/. Thus P/*! sharesno edge

with a faceother than Fi+*1,

This completesthe induction onj. We can now completethe remaining parts of

Lemma 3.6:

Part 2. For all k, O k < I, the maps k;.jSk S ! § and |, =
kilp - P! S areinjective.
By Part 1, | 1, = f' 9 js injective whenrestricted to S, ; or P. Thus
Part 2istrue fork=1 1. Fork<1 1,wehave , = 1;ljs. Lokl Since
| 1:Ijs. ) is injective asnoted above, and ., 1 isinjective whenrestricted to S or

P by induction, it followsthat . is injective whenrestrictedto Sy or P.

Part 3: If a< band , and ,shareavertex,then ( )2 V( z)and ( ,) 2
V( p). Consa@uently,the start vertexmap : F(S))! V(S)) is injective.

If b< | then this follows by induction on|. If b= | then ,=PJ and ,=F’,
andso (P7) 2 V(F'). It must alsobethe casethat (FJ') 2V (P”), for otherwise

we would obtain pointed pieceswhich overlap, in the mannerdescriked in Claim 1.

Part 4. Foranytwofaces ,and pwitha< b, either ,\ pisempty, .\
is the vertex ( ), or there is a maximal pointed piece (q; r) (of lengthJp) suchthat

al b= .(Pg) = ,(pr).

If b< | then asin Part 2 this follows by induction and the fact that 1;ljs. )
is injective. If b= 1 then either .\ pisempty, or ,= PJY and ,= FJ). In
the latter case,if J; = 0 then there were no folding points and ,\  is the single
vertex 9(s;) = ( p). If J; > 0then by Part 1(b), there is a pointed piece(q;r)

of length J; sudh that ,\ ,= ,(py) = ,(pr). Sinced, is the full number of
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foldings, (g;r) must be a maximal pointed piece.

Part 5: | sharessharsedgeswith at mostonefacein  1,(Sp 1). Thus, each
edgeis on the boundary of at most two faces.
If b< I then this follows by induction and the fact that 1;ljs| . is injective.
If b= 1 then either J, = 0 and | sharesno edgeswith another face,or J, > 0 and
» = PJ' sharesedgeswith only F7' by Part 1(c).

This completesthe proof of Lemma 3.6.

In the proof of Lemma 3.6 we usedthe mapscarefully to examinethe Scdutzen-
bergerapproximations at eat stageof sewingon facesand folding. Lemma3.6 shows
that earlier approximations enbed in later ones. From this point forward, we will
abusethe notation slightly by dropping the mapsand viewing earlier approxima-
tions as actually being cortained within later approximations: S S; S, i@,
sothe (full) Scutzenbergercomplexis S = _S Si.

We are now in a position to prove the Ca&glog Theorembelow:

Theorem 3.7 (Catalog of Vertex Star Sets for Appro ximations). Letw be
sparseand let M = InvhX jw = 1i. Let (S;0; ) = S, be a Schutzenlkerger approxi-
mation containing | faces. Given somevertexv 2 V(S), let m denotethe numkber of
faceswhich contain v. The casesbelowindicate the possiblecon gur ations for Star(v).
The picturesin each casedepict precisely the vertices, edges,and faces containing v,
and the edgesand vertices contained in a face containing v. There is no sharing of

edgesor vertices of the facesin Star(v) other than explicitly indicated.
(1) If nofacestartsat vthen0 m 2 andthe star setis one of these:
m = 0: This can only hapgenif I = 0, so S, is the single vertex O.

v=0
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m = 1. VertexVv is on exactlyone face A with vé (A).

W

\Y

m = 2. Vertexv is on two facesA andB, (B)2 A\ B, (A) 2A\ B,
v 6 (B) and there is a maximal pointed piece (g;r) suchthat A\ B =
A(Pg) = s(pr). There are four possibilities, depgending on whetherv and

(B) eachis at an endmint or in the interior of A\ B.

\ \

(2) If afacestartsat v, thenl m 3 andthe star setis one of the following:

m = 1: In this casev = O and Star(v) = 1(0), the face attachel at the

initial vertex O.
v=0

O

m = 2. Vertexv is ontwo facesA andC withv= (C) and (A) 2 A\ C.

Also, either A\ C = v, or there is a maximal pointed piece (q; r) suchthat

A\ C= A(pq)— c(pr).

m = 3. Here, v is on three facesA, B, and C, withv= (C)=C\ A=
C\ B, (B)2 A\ B and (A) 2 A\ B. Furthermore, there is a maximal
pointed piece (g;r) suchthat A\ B = a(pg) = &(p:). There are four
possibilities, degending on whetherv and (B) are eachin the interior or

at an endmwint of A\ B.
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T

Proof. For part (1), assumeno facestarts at v. When a faceis sewnon to a Scut-
zenkerger appraximation, the new face cortains the vertex at which it was attached
as well as all new vertices createdon the boundary of the face. Henceewery vertex
is cortained in at leastonefacein any approximation S;; 1 1. Thusif m = 0, we
must have | = 0 and v is the solevertex O of Sp.

If m = 1, then sinceno face starts at v, the face A cortaining v must start at
someother vertex, and we get the con guration shown in part (1)(m = 1).

If m = 2, then we have two facescontaining v. Let A= ,andB = | bethese
faces,with a < b (where,asusual, ; is the facecreatedin stepi). By Lemma 3.6
Part 3, ( p) 2 V( a)and ( a) 2V( p). Thus ( ) 6 v sinceno facestarts at
v. Sincev; ( ) 2 a4\ 1, it follows from Lemma 3.6(4) that there is a maximal
pointed piece(q;r) sudthat ,\ ,= ,(pg) = ,(pr). The verticesvand ( )
may appear at an endor in the interior of ,\ , giving rise to the four possibilities
in (1)(m = 2).

Ifm 3,let 5, pand . bethree of the facescortaining v, with a< b< c.
By argumerts analogousto that for , and in the m = 2 caseabove, ,\ . and

b\ ¢ must both contain edges.Thus . sharesedgeswith two di erent faces.This
cortradicts Lemma 3.6(5). Thusm 6 3. This completesthe proof of part 1.

For part 2, if a face . starts at vthenm 1. Since . was attached at v in
stepc, v2 V(S; 1) andthereis no facestarting at vin S; ;. Thus, Star(v) cortains
m 1 facesin S; ; and one of the possibilities erumeratedin part 1 must apply to

vins i:
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Ifm 1=0,thenm= l1landv = O, andsince . is attachedat v, we obtain the
con guration shown in (2)(m = 1).

If m 1= 1,thenthereis asinglefaceA 2 S, ; cortaining v. When the face .
is attached at v, either no folding occursand the intersectionis the singlevertex v, or
somefolding occursand there is a pointed piece(q;r) with A\ C = A(pg) = c(pr),
in which v can appear in the interior or at an endpoint of the sharedpath. These
possibilities are illustrated in part (2)(m = 2).

Finally, if m 1 = 2, then there are two facesA;B 2 S; ; cortaining v. As
showvn in the m = 2 casein part 1, A\ B contains an edge. Thus whenthe face .
is attached at v, no folding can occur for otherwisewe would get a facewhich shares
edgeswith morethan oneother face,in violation of Lemma3.6(5). Therefore,m = 3
and Star(v) must be one of the four possibilitieserumeratedin (1)(m = 2), but with

a faceattached at v, asillustrated in (2)(m = 3).

Corollary 3.8 (Catalog of Vertex Star Sets for Schetzenb erger Complexes).

Let w be sparseand let M = InvhX jw = 1i. Let (S;0O; ) be the Schutzenkerger
complexof 1 in M. Given somevertexv 2 V(S), let m denotethe numter of faces
whichcontainv. Thenl m 3 andoneof possibilitieslisted in part (2) of Theorem

3.7 holds.

Proof. Let f S gil=0 be an Stutzenbergerappraximation sequencesothat So S

S, :::andS = _S Si. Then m 1 becausethere is a face F starting at every
vertexv. If m 4tr|1_e0n there would have to be an appraximation S, in which Star(v)
contains thesefour faces,sinceS is a union of nestedspaces.This would violate the
Catalog Theoremfor Sthutzenberger Approximations. Thusl m 3, and Star(v)
is descriled by part (2) of the Catalog Theoremfor Schutzenberger Approximations,

which is the statemernt of this corollary.
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Figure 3.13: Two de nitions of dual graph

3.4 The dual graph

The Catalog Theoremenablesus to de ne a dual graph for the Scdutzenbergercom-
plex S. Our de nition diers slightly from the usual de nition. Usually, onede nes
the dual graph of a two-dimensional CW-complex as the graph with vertices corre-
spondingto the facesof the complex,and with an edgebetweenany pair of faceswhich
sharea vertex. Here,we de ne adirectededgegoingto a facefrom its \predecessor"|
that is, the facein the complexwhich must existin any approximation cortaining the
destination face. The di erence betweenthe two de nitions is illustrated in Figure
3.13. The gure on the left illustrates the usual de nition of dual graph and the
gure on the right illustrates our de nition. In the latter there is no edgebetweenB
and C becauseéA is the predecessofor both B and C. Sincein any Scetzenberger
appraximation sequenceA must have beencreatedbeforeB or C, it makessenseto
speak of A has being an \earlier" faceof SC(1) than B or C. We will seethat the
dual graphis a tree, sothat whenthere is a directed path from vertex A to vertex B
in the dual graph, there are correspnding facesA and B of SC(1) sud that, in any
Sdtzenbergerappraximation, A must have beencreatedbeforeB.

More formally, we de ne the dual graph asfollows:

De nition  3.9. Letw be sparse, and let (S;0O; ) be either the Schutzenterger com-
plexof 1, or a Schutzenkerger approximation of lengthl 1. The dual graph of S
is the directed graph D = D(S) suchthat
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V(D) = F(S) (the facesof S), and

E(D) is the set of directed edges,each from a vertex A to a vertex C (written

(A; C)), suchthat A 6 C and either

{ A and C shar an edgein Sand (C) 2 A, or

{ A\ Cisavertexv with (C) = v, and for any other face B containing v,

(B) 2 A.
We needthe lemmabelow to prove that the dual graphis a tree.

Lemma 3.10. Letw 2 (X[ X 1) beasprseword and M = InvhX jw = 1i. Let
S be either the Schutzenkerger complexof 1 or a Schutzenkerger approximation S, of

lengthl . Thenin the dualgraphD = D(S), no two edgeshavea commondestination.

Proof. If two edgesin D do have a commondestination, we would have edges(A; C)
and(B;C), whereA, B, and C aredistinct facesof S. Then (C)2 Aand (C) 2 B,
sothe vertex (C) is cortained in all three facesA, B, and C of S. By the Catalog
Theorem, eat vertex is cortained in at most three faces,soA; B; C compriseall the
facesof Star( (C)). SinceA and B share (C), either (A) 2 B and (B) 2 A, or

(B) 2 A and (A) 2 B. Assume(without lossof generalily) that (A) 2 B and

(B) 2 A. Also, (A) 8 (C), soA and B shareat least two vertices( (A) and

(C)) and hencethey must sharean edge. Thus C cannot sharean edgewith either
A or B. SinceA and C do not sharean edgeand (B) 2 A, there can be no edge
(A; C) in the dual graph, by De nition 3.9. This cortradicts our assumption that

(A; C) 2 E(D). Thus, there cannot be two edgeswith the samedestination.

Theorem 3.11. Letw2 (X[ X 1) beasparseword andM = InvhX jw = 1i. Let

S be the Schutzenlerger complexof 1 or a Schutzenlkerger approximation S, of length
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| . Thenthe dual graphD = D(S) is a tree of in nite heightin which each vertex has

at mostjwj 1 children.

Proof. SupposeD is not a tree. Then it must cortain an undirected circuit composed

of vertices

sudh that Fo = F,, and for eadth I, F; is a faceof S and either (F;; Fi+1) or (Fi+1; Fi)
is an edgeof D. We may assumewithout loss of generality that this circuit has
no repeated vertices, for if somevertex were repeated we could delete the vertices
betweenthe repeated ones(and one of the repeated vertices) and obtain a smaller
circuit.

Now, if S is the full Sdutzenberger complex, then sincethere are nitely many

facesF;, there must be a Sthutzenbergerapproximation S, cortaining all of the faces

Fi. Let 1;:::; | bethe facesof S, with ; createdin stepi, andletj;;0 i n
be de ned sothat F; = ;. We therefore have the circuit

jor j1v d2re++s jn 1v n
with jo = jn.

Sinceno vertex is repeatedin the circuit ead vertex is cortained in exactly two
edgesof the circuit. From this and the fact that no two edgesof D can have a
common destination (Lemma 3.10), the circuit must consist of edgespointing in a
single direction. That is, either ( j,; j,.,) isanedgeof S, forO i n 1lor
( ji.s ji)isanedgeofS forO i n 1. By Lemma3.6(3),it followsthat either
ji<j2<  <jn1<jn=jo<j10rji1>j2> >jn 1>]jn=jo> |1, eitherof
which impliesj; < ji, a cortradiction. Thus no circuit can exist, and the dual graph

must be a tree.



56

Sinceead faceF hasjwj 1 verticesother than its start vertex, the vertex F has

at mostjwj 1 children (it could have fewer than jwj 1 children if F folded on to
its predecessorso that the facesattached at the sharedvertices are children of F's
predecessomot of F). In addition, no facefolds completely onto its predecessorby
the Catalog Theorem. Therefore every face has a child, and the height of the tree

must be in nite.

In the following chapters, we usethe fact that the dual graph is a tree to provide

an e cient solution to the word problem.
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Chapter 4

The word problem

4.1 The word problem is solvable

Theorem 4.1. If w 2 (X [ X 1) is sparse, then the word problemfor M =

InvhX jw = 1i is solvable.

Proof. As noted in Section2.2.5,it is sucient to prove that there is an algorithm
which takesawordu 2 (X[ X 1) asinput, and outputs whetheror notu = 1. Given
a sparseword w, the following procedureis suc an algorithm for M = InvhX jw = 1i:
Following the iterativ e construction of Section2.4.3, we may build an arbitrarily
long sequences;; S;; Ss; i S of w-CW complexes(ead with nitely many vertices,
edgesand faces). By the resultsof Section3.3, this sequences a sequencef cortain-
merts, all cortained in the in nite Sdetzenbergercomplex:S; S, S S
In addition, sincethe dual graph S hasin nite height and ead vertex of the dual
graph has nitely many children, there must bean| sud that d(O;s,+1) > juj. Since
Si is always chosento minimize d(O; s;), we may computel by successigly building
eat S; until thereis no vertex v remainingin S; sud that d(O;v) juj with no face

is attached at v. It follows that after | steps,we have a w-CW complex S, which
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cortains ewery vertex, edge,or faceof S which contains a vertex within juj of O. Thus
u labelsa path from O to O in S if and only if it labels sucd a path in S,. Since
u = 1if and only if u labelsa path from O to O, the algorithm outputs U = 1if u

labelsa path from O to O in S, and outputs U 6 1 otherwise.

4.2 Facetypesand the PDA for SC(1)

We now descrite a method of de ning a pushdavn automaton which encales the
information of the Schutzenberger complexof 1. This givesus a more practical and
e cien t solution to the word problemthan that described in Theorem4.1. As usual,
let M = InvhX jw = 1i with w= a;:::a, sparse,and let (S;0O; ) bethe Stutzen-
bergercomplexof 1 for M.

The augmented dual graph D°= DYS) is de ned from the dual graph D =

D(S) asfollows:
V(D9 = fOg[ V(D)
E(D9=f(O0; *O)g[ E(D)

(Note that  %(O) is the rst faceof the Schetzenbergercomplex,the one attached
at the origin O.) The augmerned dual graph is simply the dual graph together with
an additional vertex equal to the initial vertex O of S and the additional directed
edge(O; 1(0)). Therefore,the augmened dual graph is a tree.

The owner map :V(S)! V(DYS)) isdened by ( O) = Oandforvé O,
( v) = F whereF 2 F(S) is the earliestface,in the sensede ned by the dual graph
D(S), suh that v2 F.
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mod n). Let B = ( (F)) bethe face(or O) onwhich F is attached. Then F cannot
fold completelyonto B by sparsenesssothere areintegers(mod n) calledb (\back™)

and f (\forw ard"), indicating how far badk and forward F foldsonto B. The edges

are the unfolded portion of F. When speakingof individual points of theseedges,
the end points v, and v; are consideredto be in the folded portion but not in the

unfolded portion of F. Also, it follows from the de nition of that the vertices

the folded portion are owned by B.

Although band f are integersmod n, we will usually view them astheir integer
represemativessud that b2 f1;:::;ngandf 2 f0;:::;n 1g. Thusf < b (If F
doesnot fold at all onto B, thenb= nandf = 0.) In this case,b f isthe number
of edgesin the unfolded portion of F, andm =n (b f) is the number of edges
which folded onto B. It follows that m is the length of the segmen (b;w[b;m]; 1).
Sincethe zonesof the segmets of a pointed piece cannot intersect if w is sparse,
m < n=2. In particular, sincen 2 (words of length 1 are not sparse,by de nition),

b f 2sothe unfolded portion consistsof at leasttwo edges.

Let e := d(O;v) d(O;vy) and k := “2-2. Sincethere is a path of length m
from vy, to v; (the folded portion of F), we know jgg m< b f andf < k< b
Thus k may be viewed asthe index of a point K = v in the unfolded portion of F,

where, for noninteger k, v is de ned to be the midpoint of the edge(Vikc; Qdke; Vake)-
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By the Catalog Theoremand the fact that the dual graphis a tree, any path from
O to a point on the unfolded portion of F must passthrough v, or v¢. Thus,ife 0

then

d(O;Vp ¢) = d(O; V) + d(Vp; Vi &) = d(O; V) + €= d(O; V¢ ):

Furthermore, the path from v; to K in the unfolded portion of F, and the path from

Vp o t0 K both have length >-£-°. Thus, d(O;K ) = d(O;v) + 252, and any other
point on the unfolded portion of F is closerto O. In a similar manner, we also see
that K is the furthest point from O on the unfolded portion of F if e < 0. We
thereforecall K the geodesic sink for (the unfolded portion of) F.

From the above, it alsofollowsthat k (or €) determinesthe gealesicdirections of

the edgeson the unfolded portion of F. The edges

and

(whereks = bkcandk, = dke) areall oriented away from the origin. It is nevertheless
possiblethat k = f + % in which casek; = f, vy and v¢.; are equidistart from O,
and (Vs ; as+1; Vs +1) doesnot point away from the origin (i.e., the rst list above is
empty). Similarly, it may be the casethat k = b % sokp = band (vp; a, *; vy 1) does
not point away from the origin.

The triple (b;f;k) is calledthe face type of F, denotedft(F). In addition, we
de ne ft(O) = O (O is its own facetype), even though O is not a face, sothat we

may speak of the \face type" of any vertex of the augmerted dual graph.

We use face types and the owner map to de ne an equivalencerelation on the
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SdwutzenbergercomplexS:

De nition 4.2. Let be the equivalene relation on the Schutzenkerger complexS

genearted by the following equivalenes:
Fi  F,for Fi;Fy 2 F(S) with ft(Fy) = ft(Fy).

vi  Vpforvy;vp 2 V(S)if (vi)  (vz) andthere existsan indexi 2 Z=nZ

suchthat vo = v (i) and v, = vy, (i).

(Vi;X1;Ug) (V25 Xz; Up) for (vi;Xq;u1); (Va; Xo;Up) 2 E(S) if vi Vo, X1 = Xa,

andu; u,.
Forz2 V(S)[ E(S)[ F(S), wedenotethe equivalene classof z as[z] or simply
[z].
This suggestghe following theorem:

Theorem 4.3. Letw2 (X [ X 1) beasprseword, and let S be the Schutzenter-
ger complexof 1 for M = InvhX jw = 1i. Letu;;u, 2 V(S) suchthat u; u,. Let
Ai = () andB; =  1(u;) be the owner of, and face attached at, u; (i = 1;2),
respctively. Then A; A, andB; B.,.

In addition, there is an edge (uy; x; v4) if and only if there is an edge (uy; x; v»).

If there are suchedges,exactly one of the following holds:
@) (u)= (v)=A (fori=12 andv; v,
2) (u)& (i), ((uw); (v)2E(MDYS), andv;s vy, or
(3 (u)& (vi)and((vi); (w)=(( (A)):A)2E(DYIS).

Proof. If u; or u, is O, then u; = u, = O and the theorem follows. If neither is O,

then from the de nitions of and , we have A; A,, and u; and u, are vertices
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on the unfolded portions of A; and A, with the sameindex. Let (b;f;k) = ft(A;).
Sincethe vertex indices, edgelabels, and geaesic orientations of the edgesin the
unfolded portion of A; are determined by the parametersb, f, and k, there is a
bijection betweenthe unfolded portions of A; and A, which respects vertex indices,
edgelabels, and geaesicorientations. Furthermore, sparsenesguararteesthat the
only verticesand edgesB; cansharewith A; are verticesand edgesrom the unfolded
portion of A;. It follows that if &’ and f © indicate how far badk and forward B,
folds onto A4, they alsoindicate how far badk and forward B, folds onto A,, and if
"= d(O;vg,(f9) d(O;vg, () then e°= d(O;vs,(f9Y) d(O;ve,(P) aswell. Thus
ft(B1) = ft(By).

Now, let (ug;x;vy) be any edgeof S. If (ug;x;vi) 2 A4, then it follows from
the above that there is an edge(uy; X; v2) in A, with v; = v, (j) for someindex j.
It alsofollows that either (uj)) = (vi) fori = 1;20r (u) 6 (V) fori = 1;2.
If (u) = (v), then both u; and v; are on the unfolded portion of A;, and we
have (u) = (v) = A andv, Vv, If () 6 (v), then sinceu; is on the
unfolded portion of A; (by de nition), v; must be on the folded portion of A;, so
( vi) is the predecessomf A; in the augmeried dual graph, ( (Aj)). That is,
(Cvi); (w)=(C (A));A) 2 E(DYS)).

If (uy;X;vy) is an edgeof B; but not Ay, then we must have an edge(u,; X; v,)
in B, but not A,. Since(u;;x;V;) is an edgeof B; but not A;, v must be on the
unfolded portion of B;. Thus ( u) 6 (vi), (( w); (v)) = (A;;B;) 2 E(DYYS)),
andv;  Vs.

Finally, if (ug;X;vy) is not an edgeof A; or B, it must be an edgeof somethird
faceC;. Since (C;) 6 u; (because (B;) = u;) and C, cortains the point u; from
the unfolded portion of A, it follows from the Catalog Theorem that A; and C;

sharean edgeand (C,) is on the unfolded portion of A;. From the rst part of this
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theorem, it follows that for the correspnding faceC,, with  (C;) = va,(ia,( (Cy))),
we have (C,) (Cy) and C;  C,. Moreover, there is an edge(u,; X; v,) of C,
which is not on either A, or B,. It follows that v; is on the unfolded portion of C;.

Thus ((u) 6 (vi), ((w); (v) = (Ai;C) 2 E(DYS)), andv;  va.

We now de ne the pushdavn automaton which encalesthe information in the

Sdutzenberger complexof 1:

De nition 4.4. Let(S;0; ) bethe Schutzenkergercomplexof 1 for M = InvhX jw =
li, for a sparseword w. Let P = (Q; ; ; ;;Zo;F) be the pushdownautomaton

de ned as follows:
states: Q = Qp = f[v]jv2 V(S)g
input alphalet: = X[ X 1
stackalphalet: = Qp = f[v]jv2 V(S)g
initial state: g = [O]
initial stacksymiol: Z, = [O]
nal or accept state: F = f[O]g

transition function: The partial function : Q I Q , iIs de ned so
that ([u];x;t) is
{ ([v];t) if thereis an edge(u;x;Vv) 2 E(S) with ( u) = ( v),
{ (v];[ ((C v)]t) if there is an edge (u;x;v) 2 E(S) with (u) 6 ( v) and
(Cu); (v) 2 E(DY9)),

{ ([v]; ) if thereisanedge(u;x;Vv) 2 E(S)with (u)6 (v),((Vv); (u)?2
E(DYS)), andt = [ (( u))], or
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{ unde ned if none of the alove caseshold.

Note that ([u]; x; t) is unde ned if and only if there is no edge(u; x; V) 2 E(S)
or there is no sut edgewith t = [ (( u))]. The fact that is well-de ned follows
directly from Theorem4.3. The usefulnessand interpretation of the PDA is provided

by the following theorem:

Theorem 4.5. Let w be sparse, and let S be the Schutzenkerger complex of 1 for
M= InvhX jw= 1. If y;z2 (X[ X 1), v2V(S), ands2 Qp, then

(Ol yz;[O]) © (V] Z;s)

if and only if

(1) y lakelsa path fromO tovin S, and

2) s=[ (Fm)]l [ (RNl (FICI=T (Fm)] [ (F2)IOI[O], whee Fn = (v),
(F1) = O, and O; Fy;:::;Fn, is the unique directed path from O to F,, in the
augmente dual graph. In particular, s = [O] (indicating the empty path staying

at O in the augmente dual graph) if andonly if y= (soy= 1landv = O).

Proof. We prove this by induction on the length of y. If jyj = 0, then the statemen
holds becausey = doeslabel a path from O to O in S (with correspnding path
s = [O] in the augmerted dual graph).

Now, supposethe theoremholdsfor y with jyj = k, k 0. Wewant to show it also
holdsfor astring yx, x 2 X[ X 1, oflengthk+ 1. Let usprovethe forward implication
rst. If ([0 yxz;[0]) ° ([v];zs), then ([O];yxz;[O]) * (g xz;8) * ([V];z:s) for
someq 2 Qp and s 2 Q,. By induction, g = [u], wherey labels a path from O to
uin S,ands=[ (FW)I[ (Fm 1] [ (F)][O] indicates the path O;F;:::;Fy, to

( u) = F, in the augmerted dual graph.
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Since([u];xz;s) © ([v]; z;s9, wemust have ([u];x;t) = ([v]; t9, sud that (i) there
is an edge(u;x;v) 2 E(S), (i) t=1 (Fn)] =1 (( u))] isthe rst letter of s, and
(ii) t%is a pre x of % Thusyx labelsa path from O to v in S sincey labels a path
from O to u and (u; x;v) 2 E(S), so(1) holds.

For the inductive step of (2), we have the following casesfrom the de nition of
(De nition 4.4):

Case 1: (u) = ( Vv): Here,t°=t andsos’= s. Since ( u) and ( v) arethe
samecell, s® must represen the unique directed path to ( v) in the augmened dual
graph sinces does.

Case 2: (u)6 (v)and(( u); (v)) 2 E(DYS)): In this case,
= (CVIIL (( w), so

= [ (( VL (Cu)l (Fm 01 [ (FIOL:

is unique sincethe augmerted dual graphis a tree.)

Case 3: (u)8 (v)and((V); (u) 2 E(DYS)): First, since(( v); (u) 2
E(DYS)), (u) 8 O,som 1. Wehavet’= ,sos’=[ (Fn 1)] [ (FD]O] if
m>1ors®=[0]ifm=1.1fm= 1,then (u)= *0O), so ( v) = O sinceO is
the only vertex before  1(O) in the augmerted dual graph. Thus the empty path O
is the directed path from O to ( v) = O.

If m > 1, then we have (F,, 1; (u)) and (( v); ( u)) are both edgesin the
augmerned dual graph. Sincethe augmerted dual graphis a tree, ( u) must have a
unique predecessorsoF,, 1 = ( v). ThusO;Fy;:::;Fy, 1 isthe directed path from

O to ( v) in the augmerted dual graph, asrequired. The completesthe proof of (2)



66
for the forward implication of the inductive step.

For the reverseimplication of the inductive step, if yx labelsa path from O to some
v2V(S),ands=1[ (Fn)] [ (F2)I (F.)][O] indicatesthe path in the augmerted
dual graph from O to ( v), then y must label a path to someu 2 V(S) and there
must be an edge(u; x; v) 2 E(S). We may construct s®in the mannerdescrited in the
three casesabove to obtain the string of stack letters indicating the unique directed
path from from O to ( v) in the augmened dual graph. By induction it follows that

([O]; yxz;[O]) ~ ([ul;xz;s) = ([V];z;sY, or ([O];yxz;[O]) ~ ([v];z;sY, asrequired.

Corollary 4.6. Let w be sparse,andlet M = InvhiX jw = 1i. Lety2 (X [ X 1) .
Then

(1) y=1in M if and only if ([O];y;[O]) © ([O]; ; [O]). Thus, the languageof

words equal to 1 is context-free.

(2) y2 Ry if andonly if ([O];y;[O]) © (g, ;s) for someq2 Q ands2 . Thus,

the languageof words equal to an elementof R, in M is context-free.

Proof. This follows directly from the fact that y = 1 if and only if y labels a path
from 1 to 1 in the Scdutzenbergergraph of 1, andy 2 R; if and only if y labels a
path from 1in S (1).

4.3 lterativ e construction of the PDA

We now descrike an algorithm which constructsthe pushdavn automaton P of De -
nition 4.4. More precisely we construct an isomorphicPDA P° This is the algorithm

usedby the C++ program of the next chapter. We usenamesin a Courier typeface
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(for example, edge) to emphasizethe connectionsto the computer program. The

C++ sourcecode for thesealgorithms can be found in SectionA.2 of the Appendix.

4.3.1 Data objects

We rst review somebasicideasfrom computer science.In the C++ programming
language, as is the casein most high-level programming languages,data is stored
in variables and ead variable has a data type which indicatesthe data that can be
stored in the variable. C++ comesequipped with built-in, or atomic, data types
sudh as integers, characters, and strings of characters. We are also permitted to
de ne composite data types, called data structures or classes made up of a number
of componen variables,eat of which may be of any other data type. This permits
us to store data in a mannerthat is natural for the setting in which we are working.
In this section,we de ne the primary data structures, Vertex and Face usedto store
the PDA P°

In the following, let S be the Schutzenberger complex of 1 with origin O. Note
that for any verticesu;v 2 V(S), u vimplies[( u)] [( V)], soeat equivalence
classof verticesis owned by an equivalenceclassof facesin the sameway that eah
vertex of S is ownedby aface. Similarly, respectsthe indicesof verticeswithin their
owners, so an equivalenceclassof vertices has an index within the equivalenceclass
of faceswhich ownsit. Also, ead equivalenceclassof faceshas an unfolded portion
and owns the equivalenceclassesof the verticeson its unfolded portion. Thus, eat
equivalenceclassof verticesof S is uniquely identi ed by the equivalenceclassof faces
which ownsit, plusits index. The data structures Vertex and Face, de ned below,
store equivalenceclassesof verticesand faces,respectively.

In the following, we usethe term \ Vertex " whenspeci cally referringto statesof

the P° as stored in the computer. Otherwise, we ignore the distinction betweenthe
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states of P and P° and usethe term \state." Consequetly, the set of all statesor
Vertex's is denoted Qp.

We now de ne the data structures. First, we de ne a FaceTypeto be an elemen
of f O; EmptyFaceTypeg[ ft(F(S)); that is, FaceTypeis either O, a triple (b;f;k), or
a special indicator EmptyFaceTypdo indicate an unknown facetype. In the C++
program, a FaceTypeis literally a triple of integers(b;f;sink2), wheresink2 = 2k
sothat k may be stored as an integer. The FaceTypés O and EmptyFaceTypeare

indicated by special valuesof b;f ; sink2 which cannot arise as an actual facetype.

De nition  of Vertex

A Vertex is a data structure consistingof the following. (The sourcecode de ning a

Vertex is at (A4) in SectionA.2.)

A Facenamedowner. This indicatesthat this Vertex is onthe unfoldedportion
of owner. The Face data structure is formally de ned below. Note that owner
is actually a reference,or pointer, to the Face which owns this Vertex. This

preverts the de nitions of Vertex and Face from being circular de nitions.

An integerindex. The variable ownerand index together uniquely idertify an

equivalenceclassof verticesof S.

A facetype named attachedfacetype . This is the facetype of the facesof
S that are attached at the vertices of S which are in the equivalence class
identied by this Vertex. (The face type is unique by Theorem 4.3.) If
attachedfacetype = EmptyFaceTypethen the face type has not yet been

computed.
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A partial map

edge: (X[ X 1) (Qp[fOg)! Qe (FNONEPOB[ (fPUSH Qp)) f 1:0;+1g

which is the set of transitions of the PDA P° out of this Vertex. Note that
while the PDA P has a singletransition function , in P°ead Vertex hasits
own edge map de ning the transitions out of the Vertex. The coordinates of

the domain of this map are interpreted asfollows:

X[ X ! label of edge

(Qp [ fOg) Stac letter on the top of the stad; O indicates anything
can be on the top of the stack

The rangeis interpreted as follows:

Qp destination Vertex of this transition
fNONEPOB[ (fPUSH Qp) stadk operation

f 1,0;+1g gealesicdirection

If the stadk operation of an edgeis a PUSHwe write PUSIHHfor the stadk operation

rather than (PUSH). Note that in this case,the statet 2 Qp is being viewed as an

elemen of the stadk alphabet.

We now descrite the mannerin which edge mapselemetts. Let g and ¢ denote

Vertex's,x 2 X [ X %, andlett 2 Qp be a stak letter. Each mapping of elemeits

by the edge map for q takesone of the following forms:

(x;0) 7! (o> NONE1): This is the transition of P° correspnding to the tran-
sition (qg;x;t9 = (o t9 (for all stack letters t°2 ) in P. This meansthat for

ead u;v 2 V(S) with u 2 gandv 2 ¢ (taking the point of view of Vertex's
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as equivalence classesof vertices of S), ( u) = ( v) and there is an edge
(u;x;v) 2 E(S). The gedesicdirection +1 indicatesthat d(O;u) < d(O;v).
There may similarly be edges with gealesicdirections 1 (d(O;u) > d(O;V))
and 0 (d(O; u) = d(O;v)).

(x;0) 7! (df PUSH +1), wheret = [ (( v))] for somev 2 V(S) with [v] = of
and ( t) = ( g) (asnoted above, the ownermap canbe viewed asa map on
equivalenceclassef V(S)). This correspndsto (q;x;t9) = ([V];[ (( v))]t9
in P. This meansthat if u;v 2 V(S) with u2 gandv 2 g°then (( u); ( v)) 2
E(DYS)) and d(O;u) < d(O;v), sothe gealesicdirection of the edgeis +1.

(x;t) 7! (g% POP 1): This correspndsto (qg;x;t) = (¢% ) in P, wherethere
is an edge(u;x;v) 2 E(S) with (( v); (u)) 2 E(DYS)) andt = [ (( w)l.
We must have d(O; u) > d(O;v), sothe gedalesicdirection is 1.

De nition of Face

A Face consistsof the following. (The sourcecode de ning a Face is at (A5) in

SectionA.2.)

A FaceTypecalled facetype with facetype 6 EmptyFaceType This is the
facetype of the facesof S which arein the equivalenceclassrepreseted by this

Face
An array v of Vertex's.

The Vertex's v of a Face with facetype 6 O arethe Vertex's on the unfolded
portion of the Face If facetype = O, then there is oneVertex, vo.o, correspnding

to the equivalenceclass[O].
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4.3.2 Construction algorithm

We now descrike the algorithm which producesthe PDA PC storedin the data struc-
tures descriked in the precedingsection.

We start by creating a Face with facetype = O (the BASECOMPL&2e), con-
taining the state vo.o = [O]. Initially , the edge map for vo.o is empty and attached -
facetype = EmptyFaceType Also, throughout this procedure and the procedure
attachface , alist ftyptbl of all Facés, indexedby facetype , is maintained. The
BASECOMPLHEaXe is initially the only Facein ftyptbl

The PDA PYis constructed by calling attachface (seebelow) at the state vo.o.
After attachface returns, the ertire PDA hasbeenconstructed, and cortrol passes
to the Conclusionat the end of this section.

In addition to attachface , the procedurebuildfacebottom (which is called by
attachface ) is de ned belowv. The C++ sourcecode for the initial setup descriked
above and the proceduresattachface and buildfacebottom can be found at (A8),

(A10), and (A9), respectively, in SectionA.2. The ftyptbl list is de ned at (A6).

Pro cedure attachface

This procedureis always called with respectto (or \at") a specic Vertex we denote
g The attachedfacetype of g is assumedto be EmptyFaceType The algorithm

proceedsas follows:

(1) Let T bethe facetype of the ownerofq. If T = O, then gq= vg., and this is
the initial instance of attachface called whenvg.o hasno edges. There must
be a faceof type (0; 0; n=2) attachedat O in S. Wesetb=n, f = 0, k = n=2,

andg = @ = g, and jump to step 3.

(2) If T 8 O then thereis a vertex v 2 V(S) with q= [v]. The faceF =  (v)
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attached at v has sometype (b;f ; k), with the folded portion sharedwith the
predecessoface ( v). We compute (b;f; k) as follows, with e = 0 initially .

(The C++ code for this is at (Al1).)

(a) We successiely traverseVertex's and edgées in orderto nd the integer
f 2 f0;:::;n 1g sud that w[0;f] can be read in the traversededges.
We denotethe nal Vertex attained by ¢ . For ead edge traversed,we
incremert e by the gealesicdirection of the edge

(b) Similarly, we nd b2 fn;:::;1g sothat w[0;b n] can be read in the
traversededges.(Note b n 0 sowe are reading backward in w.) We
denote the nal state attained by gq,. While traversing these edges,we

decremen e by the gealesicdirections of the edges.

_ f+b
(c) Wesetk = =22,

Sincew is sparse,the edges traversedin these steps correspnd to edgeson
the unfolded portion of ( v) in S, and there are vertices v (b); ve (f ) at the
endpoints of the folded portion of F and on the unfolded portion of ( v) sud
that ¢ = [ve(f)] and @, = [ve (D]. Sinceead edgein S correspnding to an
edge traversedin (a) and (b) above is oriented away from O if and only if the
gedesicdirection of the edge is +1 and oriented toward O if and only if

= 1, the net value of the incremerting of e must equald(O;ve(f)) d(O;v)
in (&) and d(O;v) d(O;ve(b) in (b). Thusthe conbined e ect of (a) and (b)

givese = d(O;v;) d(O;vp), which is the value of e asde ned in Section4.2.

Thusk = “g ® is the correct gealesicsink, and (b;f ; k) is the correctfacetype

of the faceF which is attached at the vertex v of S.

At this step, we have determinedthat the facetype of F is (b;f; k). If thereis

no Facein the ftyptbl list of this type, we call buildfacebottom (seebelow)
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to createit, and we add the new Face to ftyptbl . Then we recursiwely call
attachface at ead of the new Vertex's. Note that at this point we have not
yet createdthe correct PUSHPORedgeés for the new Vertex's. Howeer, dueto
the sparsenessf the relator, theseedges cannot be traversedin step 2 of the
recursiwe call, sothe facetype of the Face attached at eat Vertex is computed

correctly.

(4) We now know that the ftyptbl cortains the Face [F]. The Sdwutzenberger

complexS cortains edges

(Ve (F);wf; 1] ve (f + 1))

and

(ve(B);wib; 1 ve(b  1));

and theseare the only edgesfrom a vertex of ( ve(f)) = (ve(b) = (V) to
avertexof ( ve(f + 1)) = ( vy(b 1)) = F. In addition, (( v);F) is an edge

in the augmerted dual graph. Therefore,we createthe following edges:

in ¢, the edge (wi[f; 1];0) 7' (Vpix)f+1, PUSKH; +1)
iN Vb +1, the edge (w[f;1] 9 7! (g;POP 1)
in g, the edge (wlb; 10) 7! (Vixp 15 PUSH; +1)
iN Viik)o 1, the edge (wlb; 1] ;90 7! (q,; POP 1)

The above edges correspnd to the following transitions in P, respectively (for
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all stak letterst 2 = Qp):

([ve (F)I; WIf; 1] 1) ([ve (f + 1) [VID)

(Ive (f + DEWIF; 2] 5D = (ve(f)])
([ve (B)]; wib; 1]t) = (ve(b DIVID
(lve(b DEwlb; 1] HIv) = (ve (D] )

Since(ve (f ); w[f; 1], ve (f + 1)) and (v (b); wlb; 1], ve(b 1)) arethe only edges
from a vertex of ( v) to a vertex of F, the edgé€s created above must be the

only edgées betweenverticesof the Facés [ ( v)] and [F].

(5) The attachedfacetype of qis setto (b;f;k), and attachface returns to the
place from which it wascalled. If attachface was calledrecursiwely, it returns

to Step 3 of the prior invocation.

After all recursion has completedin Step 3, cortrol passesbad to the initial

procedure,from which it proceedsto the Conclusionbelow.

Pro cedure buildfacebottom

This procedurecreatesa new Face and builds the \b ottom," or unfolded, portion of
the Face That is, it createsthe Vertex's in the v array of the Face and createsthe
edg€s betweentheseVertex's. Note that theseedgés have stadk operationsof type
NONEincethey are are edgesbetweenVertex's belongingto the sameFace
Procedurebuildfacebottom is called with the facetype (b;f;k) of the Faceto

be constructed. The Vertex's

are created. TheseVertex's correspnd to the equivalenceclassesf the verticeson
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the unfolded portion of facesin the equivalenceclassrepreseied by the Face The
attachedfacetype for ead of theseVertex's is setto EmptyFaceTypeand the edge

mapsare initially de ned asfollows:
Q) Forf+1 i k 1,
the edge map for v(yt.x); maps(w[i; 1];0) 7! (V(b:f:k):i+1; NONE1)
the edge map for Vipfy:i+1 maps(wli; 11 % 0) 7! (V(p:x):i; NONE 1).

(Note that if w= a;:::a, thenw[i; 1] = a+;.) Thesearethe edgesrom vertex

f + 1 of the faceto the gealesicsink of the face.
(2 Forb 1 j k+1,
the edge map for v(ys.x); maps(w[j; 1];0) 7! (Vipsx); 15 NONE1)
the edge map for Vipsxy 1 maps(w[j; 1] % 0) 7! (Vip:tkyj; NONE 1).

(Here,w[j; 1]= & 1) Theseare the edgesfrom vertex b 1 to the gealesic

sink.
(3) If k is not an integer, then for i = bkc (the greatestinteger lessthan k),

the edge map for v(y:t.x); maps (w[i; 1];0) 7! (V(o:f:k):i+1; NOND)

the edge map for V(bif:k)i+1 Maps (wli; 1] 1; 0) 7! (V(b;f;k);i ; NOND).

This de nes the two edgesbetweenthe vertices on either side of the geaesic
sink of the face, if there are two verticesin the facewhich are equidistart from

the origin.

The above de nes all edges between Vertex's of this Face After theseedgés
have beencreated, cortrol is returned to the calling procedure(attachface ), which
is responsiblefor creating the PUSHind PORedgés betweenthis Face and its prede-

cessor.
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Conclusion

Sinceewery time a new Face was created, attachface was called at ead of the new
Vertex's, there can be no Vertex's remaining with attachedfacetype = Empty
FaceType and the set of all Vertex's must cortain all states of P. Also, since
buildfacebottom createdall edges of stadk operation type NONRithin eat Face
and attachface createdall PUSHPORedges betweenVertex's belongingto di erent
facetype 's, every edge betweenany two given Vertex 's was created. Therefore, the

PDA de ned by the Vertex's and edges is P.

4.4 Geodesicsin S(1)

We now de ne a nite state automaton, and prove that it recognizeghe languageof

words labeling gealesicpaths from O in the Schatzenbergercomplexof 1:

De nition 4.7. Letw be sparseand let (S;O; ) be the Schutzenkerger complexof 1
for M = InvhX jw = 1i. Let (Q; ; ;q;F) bethe nite state automatonde ned as

follows:
states: Q = Qp = f[v]jv2 V(S)g
input alphalet: = X[ X 1
initial state: g = [O]
nal (accept) states: F = Q (all statesacacept)

transition function: the partial function : Q I Q,isdenedby ([u];x) =

[v] if there is an edge(u; x; v) 2 E(S) and one of the following hold:

{ (u= (v),and
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i(u)(U)< i(u)(V) k or
Fcw(u)>icnv) K

whee (b;f : k) = ft(( u)), or

{ (Cu); (V) 2E(DYS).

This transition function is well-de ned becausdt is a restriction of the transition

function for the PDA in De nition 4.4, which is well-de ned.

Theorem 4.8. The languageof the nite state automatonin De nition 4.7 is the

languageof geodesicsfor SC(1).

Proof. Let (u;x;Vv) 2 E(S). Considerthe transition function of P. If (( v); ( u)) 2
E(DYS)), then v must be onthe foldedportion of ( u) and u must be onthe unfolded
portion of ( u). Thus d(O;v) < d(O;u). On the other hand, if (( u); ( v)) 2
E(DYS)) then d(O;v) > d(O;u). Finally, if ( u) = ( v), then u and v are both
vertices on the unfolded portion of ( u). Sincethe point at index k is the geaesic
sink, it follows that d(O;v) > d(O;u) if and only if i y,y(u) < i¢yu(v) k or
Few(u) > Teun(v) ke

By Theorem4.5, if all statesof the PDA P in De nition 4.4areallowedto accept,P
acceptsall wordsthat label pathsfrom O in SC(1). Sud a path will be geadesicif and
only if d(O;v) > d(O;u) for ead edge(u; x; v) traversed. The nite state automaton
de ned in De nition 4.7 is precisely the underlying nite statemert automaton of
P consistingonly of transitions asseiated with edges(u; x; v) sud that d(O;v) >
d(O;u). Thus this nite state automaton exceptsprecisely the words which label

gedalesicpathsin S.

Note that the nite state automaton constructedin De nition 4.7 may not be the
minimal FSA, but canbe minimized. The correspnding minimized automaton s the

conetype automaton de ned in Section2.2.2.
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In the C++ program, the conetype automaton is created by taking the edgées
of the PDA P° which have a direction of +1 (ignoring the stadk information), and

applying the minimization algorithm of [HU79].
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Chapter 5

Implemen tation and sample runs

In this section, we descrilke spar (short for \sparse"), an implemenation, in the
C++ programminglanguage[Str00], of the algorithms of the previous chapter. The

program doesthe following, on input of awordw 2 (X [ X 1) :
Chedks whether w is sparse,and if not, asksthe userto erter a sparserelator.

Oninput u2 (X[ X 1), outputs whetherornotu= 1in M = InvhX jw = 1i
(i.e., whether u labelsa path from O to O in the Scutzenbergercomplexof 1)

and whether or not U 2 R; (whether u labelsany path in SC(1));

Oninput u;v2 (X[ X 1), outputs whetheror not o; v 2 R; and if so,outputs

whether or not U = v.

Outputs the conetype automaton of the Scutzenbergercomplexof 1, the nite
state automaton which recognizeshe languageof words which label geaesic

paths in the Scetzenbergercomplexof 1.
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5.1 Sample run

We beginwith a samplerun of spar usinga number of di erent relators.

5.1.1 Entering the relator

When you rst start the program, it asksyou for the relator w you wish to use.
The program cheds to verify that your relator is sparse.If not, it asksyou to erter

another relator.

$ spar

Welcometo 'spar'. This program computes the PDAassociated with the
Schutzenberger complex of 1 for inverse monoids of the form
M=Inv<X|w=1>, where wis a sparse word, and allows you to test whether
words are accepted by this PDA.

(Note: Whenthis program asks for input, you mayrespond with ? or
‘help’ to get more information on what kind of response is required.
Also, you mayrun this program by giving operands and commandson

the commandine and in files; type 'spar help' at the commandine
for more information.)

Enter your relator w: bbaxabbbayab

Your relator, bbaxabbbayab, is not sparse because the pointed piece
((0,bb,1),(11,bb,1)) overlaps itself.

Please enter a sparse relator.

Enter your relator w: abAB

Your relator, abAB, is not sparse because the pointed pieces
((2,A2),(1,A,-1)) and ((1,b,1),(0,b,-1)) overlap.

Please enter a sparse relator.

5.1.2 Sample output for w = abABcdCD

Onceyou have ertered a sparserelator, spar computesthe PDA for the Scetzen-
bergercomplexof 1. It will usethis internally to help it perform calculationsfor M.

It then preserts you with a number of choicesfor further calculations.
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Enter your relator w: abABcdCD

I have computed the Schutzenberger complex of 1 for
M=Inv<X|w=1> w=abABcdCD.

Choose from amongthe following options:
1) List the PDA(face types and transitions) for your inverse monoid
2) Interactively test whether or not u=1; i.e., whether SC(1) accepts u
3) Test whether u,v are R-related to 1, and if so, whether u=v
4) Computethe cone type automaton which recognizes geodesics in SC(1)
8) Enter a newrelator w (your current monoid is discarded)
9) Leave this program (quit and Ctrl-D also work)

What next (1:list,2:u=1,3:u=v,4:geo ,8:n ewrel,9 :qui t)?

Displaying the PDA for the inverse monoid

The output of option 1 (list the PDA for your inversemonoid) is shovn below. This
output gives the face types, vertices (states), and transitions which comprise the
PDA for the Schutzenberger complex of 1. The BASECOMPLEXhe single vertex,
correspnding to monoid elemen 1, comprising the rst vertex of the augmerned
dual graph. The other facesare the various face types comprising the augmerned
dual graph. For example,facetype (0,0,4) correspndsto faces(1), (4), and (7)
in Figure 3.1, face type (0,1,5) correspnds to faces(2) and (5), and face type
(7,0,3) correspndsto faces(3) and (6). Note that what spar calls a Face cortains
the verticescomprisingthe unfolded portion of a face.

The output below alsoillustrates somenotational convertions of spar. Vertices
(states of the PDA) have namesof the form (facetype) vertexnumier. Within ead
face,the vertex number correspndsto the index within the word w (asin the de -
nition of the vo map). The basecomplexhas a single vertex named (epsilon)0 .

Ead vertex hasa number of transitions de ned. For example,the transition
(a, t) > ( 0,041 , (epsion)0 t ) +1

for vertex (epsilon)0 , meansthat if a letter a is read in the input with the stack
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letter t (i.e., anything) on top of the stadk, the PDA pushes(epsilon)0 on top of
the stadk and movesto vertex (0,0,4)1 . The symbol t heresimply indicatesthat it
doesn't matter what is on the top of the stad.

The inversetransition for this is the transition
( A, (epsilon)0 ) -> ( (epsilon)0 , eps) -1

for vertex (0,0,4)1 . This indicatesthat if an A is read with (epsilon)0 on top of
the stack, the PDA popsthe stad (leaving the empty word or\eps" in placeof the
top stad letter (epsilon)0 ) and movesto vertex (epsilon)0 .

A transition sud as
(b, t) > ( (0,0,4)2 t) +1

movesto another vertex within the current face,without changingthe stadk.

The\+1", \-1", or\ 0" notations at the end of ead transition indicate whetherthe
correspnding edgein the Sceutzenberger complexis oriented away from the origin
(+1), toward the origin (1), or is an edgebetweenvertices an equal distance from
the origin (0). This information is usedby spar to producethe conetype automaton
for reading the languageof gealesicwords in the Scutzenberger complexof 1.

The following is the output from Option 1:

What next (1:list,2:u=1,3:u=v,4:geo ,8:n ewrel,9 :qui t)? 1

Your monoid is M=InvMonoid<X|w=abABcdGd> 4 face types:

FaceType(epsilon): BASECOMPLIEXial=(epsilon)0, terminal=(epsilon)0;
1 vertex
Vertex (epsilon)0:  attachedfacetype=(0,0,4), 2 edges:
(a, t) > ( 0,041 , (epsilon)0 t ) +1
(d, t) > ( (0,047 , (epsilon)0 t ) +1

FaceType(0,0,4): FACE 7 vertices
Vertex (0,0,4)1: attachedfacetype=(0,0,4) , 17 edges:
(a, t) > ( (0,041 , 0,041 t) +1
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t) > ( (0,0,4)2
t) > ( (0,0,4)7
(epsilon)0 ) -> (  (epsilon)0
0,041 ) -> ( (0,0,4)1
0,042 ) > ( (0,0,4)2
0,044 ) > ( (0,0,4)4
0,046 ) > ( (0,0,4)6
0,047 ) > ( (0,0,4)7
0,152 ) > ( (0,1,5)2
0,154 ) -> ( (0,1,54
0,156 ) -> ( (0,1,5)6
0,157 ) > ( (0,1,5)7
(7031 ) > ( (7,0,3)1
(7,032 ) > ( (7,0,3)2
(7,034 ) > ( (7,0,3)4
(7,036 ) > ( (7,0,3)6

(0,0,4)2: attachedfacetype=(0,0,4)
t) > ( (0,0,4)1
t) > ( (0,0,4)3
t) > ( (0,1,5)2
t) > ( (0,0,4)1
t) > ( (0,0,4)7

(0,0,4)3: attachedfacetype=(0,1,5)
t) > ( (0,0,4)2
t) > ( (0,0,4)4
t) > ( (0,1,5)7

(0,0,4)4:  attachedfacetype=(0,0,4)
t) > ( (0,0,4)1
t) > ( (0,0,4)3
t) > ( (0,0,4)5
t) > ( (0,0,4)7

(0,0,4)5: attachedfacetype=(7,0,3)
t) > ( (7,0,3)1
t) > ( (0,0,4)4
t) > ( (0,0,4)6

(0,0,4)6: attachedfacetype=(0,0,4)
t) > ( (0,0,4)1
t) > ( (7,0,3)6
t) > ( (0,0,4)7
t) > ( (0,0,4)7
t) > ( (0,0,4)5

(0,0,4)7:  attachedfacetype=(0,0,4)
t) > ( (0,0,4)1
t) > ( (0,0,4)6
t) > ( (0,0,4)7

, 5 edges:

(0,0,4)2
(0,0,4)3

(0,0,4)2

, 3 edges:

(0,0,4)3

, 4 edges:

(0,0,4)4

(0,0,4)4

, 3 edges:

(0,0,4)5

, 5 edges:

(0,0,4)6
(0,0,4)5

(0,0,4)6

, 17 edges:

(0,0,4)7

(0,0,4)7
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N— N N N N
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FaceType(7,0,3):
Vertex (7,0,3)1:

0000000000000

(epsilon)0
(0,0,4)1
(0,0,4)2
(0,0,4)4
(0,0,4)6
(0,0,4)7
(0,1,5)2
(0,1,54
(0,1,5)6
(0,1,5)7
(7,0,3)1
(7,0,3)2
(7,0,3)4
(7,0,3)6

U T W T NN (Y T N DY N S BN DU |
VVVVVVYVYVYVYVYVYVYVYV

N N N N N N N N N N N N N N
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(
(
(
(
(
(
(
(
(
(
(
(

FACE 6 vertices
attachedfacetype=(0,0,4)

(epsilon)0
(0,0,4)1
(0,0,4)2
(0,0,4)4
(0,0,4)6
(0,0,4)7
(0,1,5)2
(0,1,54
(0,1,5)6
(0,1,5)7
(7,0,3)1
(7,0,3)2
(7,0,3)4
(7,0,3)6

(a, t) > ( (0,0,4)1
(b, t) > ( (7,0,3)2
(d, t) > ( (0,0,4)7
( A, (0,045 ) > ( (0,0,4)5
( A, 0,155 ) > ( (0,1,5)5
( A, (7,035 ) > ( (7,0,3)5
Vertex (7,0,3)2: attachedfacetype=(0,0,4)
(a, t) > ( (0,0,4)1
( A, t) > ( (7,0,3)3
(b, t) > ( (0,1,5)2
( B, t) > ( (7,0,3)1
(d, t) > ( (0,0,4)7
Vertex (7,0,3)3: attachedfacetype=(0,1,5)
(a, t) > ( (7,0,3)2
( B, t) > ( (7,0,3)4
(d, t) > ( (0,1,5)7
Vertex (7,0,3)4: attachedfacetype=(0,0,4)
(a, t) > ( (0,0,4)1
(b, t) > ( (7,0,3)3
(c, t) > ( (7,0,3)5
(d, t) > ( (0,0,4)7
Vertex (7,0,3)5: attachedfacetype=(7,0,3)
(a, t) > ( (7,0,3)1
( C, t) > ( (7,0,3)4
(d, t) > ( (7,0,3)6
Vertex (7,0,3)6: attachedfacetype=(0,0,4)
(a, t) > ( (0,0,4)1
(c, t) > ( (7,0,3)6

eps )
eps )
eps )
eps )
eps )
eps )
eps )
eps )
eps )
eps )
eps )
eps )
eps )
eps )
, 6 edges:
(7,0,3)1 t)
t)
(7,0,3)1 t)
eps )
eps )
, eps )
, 5 edges:
(7,032 t)
t)
(7,0,3)3 t)
t)
(7,0,3)2 t)
, 3 edges:
t)
t)
(7,0,3)3 t)
, 4 edges:
(7,034 t)
t)
t)
(7,034 t)
, 3 edges:
(7,035 t)
t)
, t)
, 7 edges:
(7,036 t)
(7,035 t)

T T r *r r r *r r r r r r
PR RPRRRRRPRRERRPRPRRERRR

+1
+1
+1

+1
+1
+1

+1

+1
+1

+1
+1

+1

+1
+1
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(d, ) > (0,0,4)7
(D, t) > ( (7,0,3)5
( C, 0,045 ) -> ( (0,0,4)6
( C, 0,155 ) -> ( (0,1,5)6
( C, (7035 ) -> ( (7,0,3)6

FaceType(0,1,5): FACE 6 vertices
Vertex (0,1,5)2: attachedfacetype:(0,0,4)

(a, t) > ( (0,0,4)1
( A, t) > ( (0,1,5)3
(b, t) > ( (0,1,5)2
(d, t) > ( (0,0,4)7
( B, 0,043 ) > ( (0,0,4)2
( B, 0,153 ) > ( (0,1,5)2
( B, (7,03)3 ) > ( (7,0,3)2
Vertex (0,1,5)3: attachedfacetype=(0,1,5)
(a, t) > ( (0,1,5)2
( B, t) > ( (0,1,5)4
(d, t) > ( (0,1,5)7
Vertex (0,1,5)4: attachedfacetype=(0,0,4)
(a, t) > ( (0,0,4)1
(b, t) > ( (0,1,5)3
(c, t) > ( (0,1,5)5
(d, t) > ( (0,0,4)7
Vertex (0,1,5)5: attachedfacetype=(7,0,3)
(a, t) > ( (7,0,3)1
( C, t) > ( (0,1,5)4
(d, t) > ( (0,1,5)6

Vertex (0,1,5)6: attachedfacetype=(0,0,4)

(a, t) > ( (0,0,4)1
(c, t) > ( (7,0,3)6
( C, t) > ( (0,1,5)7
(d, t) > ( (0,0,4)7
( D, t) > ( (0,1,5)5
Vertex (0,1,5)7: attachedfacetype=(0,0,4)
(a, t) > ( (0,0,4)1
(c, t) > ( (0,1,5)6
(d, t) > ( (0,0,4)7
( D, 0,043 ) > ( (0,0,4)3
( D, 0,153 ) > ( (0,1,5)3
( D, (7,033 ) > ( (7,0,3)3

, 3 edges:

, 5 edges:

(7,036 t )
t)

, 7 edges:

(0,1,5)2

(0,1,5)3
(0,1,5)2

0,153 t)

, 4 edges:

(0,1,5)4

(0,1,5)4

, 3 edges:

0,155 t )

(0,1,5)6
(0,1,5)5

(0,1,5)6

— ~ — ~ ~

, 6 edges:

(0,157 t)

t)
(0,157 t)
eps )
eps )
eps )

What next (1:list,2:u=1,3:u=v,4:geo ,8:n ewrel,9 :qui t)?

+1
+1

+1
+1

+1
+1

+1
+1
+1
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Interactiv ely testing whether the PD A accepts a word

Option 2illustrated below allowsthe userto seehow aninput word progresseshrough
the PDA for the Schutzenberger complex of 1. After ead step, the currert vertex
(state), remaininginput to beread, and sta is displayed. The program pausesand
the user may pressENTER to read one more letter of the input, or may enter the
number of letters to read beforethe program pausesagain. This processcortinues
until the ertire word has beenread or until when the next letter cannot be read in
the PDA.

Consistert with the corvertions in [HU79], the top of the stad is the left end of
the string of stad letters. The initial stadk letter, denoted here by (stackstart)
appearsat the end (bottom) of the stack. The PDA newer pops this letter o the
sta.

What next (1:list,2:u=1,3:u=v,4:geo ,8:n ewrel,9 :qui t)? 2

Enter the word u which you wish to try to read in SC(1).
You will see the attempt to read u in SC(1) step-by-step.
u=abbbbABcdCDBcdCDaBABDBd

Step 0: State=(epsilon)0 Remaining=abbbbABcdCDBGDaBBdCD Stack:
(stackstart)

Next (or numof steps):

Step 1. State=(0,0,4)1 Remaining=bbbbABcdCDBcdCRB¥aBdCD Stack:
(epsilon)0  (stackstart)

Next (or numof steps):

Step 2: State=(0,0,4)2 Remaining=bbbABcdCDBcdCDsBcdCD Stack:
(epsilon)0  (stackstart)

Next (or numof steps): 99

Step 3: State=(0,1,5)2 Remaining=bbABcdCDBcdCDaRA@ Stack: (0,0,4)3
(epsilon)0  (stackstart)

Step 4. State=(0,1,5)2 Remaining=bABcdCDBcdCDaB48D Stack: (0,1,5)3
(0,0,4)3 (epsilon)0 (stackstart)

Step 5: State=(0,1,5)2 Remaining=ABcdCDBcdCDaBAB® Stack: (0,1,5)3
(0,1,53 (0,0,4)3 (epsilon)0 (stackstart)

Step 6: State=(0,1,5)3 Remaining=BcdCDBcdCDaBABd Stack: (0,1,5)3
(0,1,53 (0,0,4)3 (epsilon)0 (stackstart)
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Step 7. State=(0,1,5)4 Remaining=cdCDBcdCDaBAB&uICStack: (0,1,5)3
(0,1,53 (0,0,4)3 (epsilon)0 (stackstart)

Step 8: State=(0,1,5)5 Remaining=dCDBcdCDaBABcdC®tack: (0,1,5)3
(0,1,53 (0,0,4)3 (epsilon)0 (stackstart)

Step 9: State=(0,1,5)6 Remaining=CDBcdCDaBABcdC8tack: (0,1,5)3
(0,1,53 (0,0,4)3 (epsilon)0 (stackstart)

Step 10: State=(0,1,5)7 Remaining=DBcdCDaBABcdCBtack: (0,1,5)3
(0,1,53 (0,0,4)3 (epsilon)0 (stackstart)

Step 11. State=(0,1,5)3 Remaining=BcdCDaBABcdC3tack: (0,1,5)3 (0,0,4)3
(epsilon)0  (stackstart)

Step 12: State=(0,1,5)4 Remaining=cdCDaBABcdCIstack: (0,1,5)3 (0,0,4)3
(epsilon)0  (stackstart)

Step 13: State=(0,1,5)5 Remaining=dCDaBABcdCL[stack: (0,1,5)3 (0,0,4)3
(epsilon)0  (stackstart)

Step 14: State=(0,1,5)6 Remaining=CDaBABcdC[stack: (0,1,5)3 (0,0,4)3
(epsilon)0  (stackstart)

Step 15: State=(0,1,5)7 Remaining=DaBABcdCDStack: (0,1,5)3 (0,0,4)3
(epsilon)0  (stackstart)

Step 16: State=(0,1,5)3 Remaining=aBABcdCDStack: (0,0,4)3 (epsilon)0
(stackstart)

Step 17: State=(0,1,5)2 Remaining=BABcdCD Stack: (0,0,4)3 (epsilon)0
(stackstart)

Step 18: State=(0,0,4)2 Remaining=ABcdCD Stack: (epsilon)0 (stackstart)
Step 19: State=(0,0,4)3 Remaining=BcdCD Stack: (epsilon)0 (stackstart)
Step 20: State=(0,0,4)4 Remaining=cdCD Stack: (epsilon)0 (stackstart)
Step 21:. State=(0,0,4)5 Remaining=dCD Stack: (epsilon)0 (stackstart)
Step 22. State=(0,0,4)6 Remaining=CD Stack: (epsilon)0 (stackstart)
Step 23: State=(0,0,4)7 Remaining=D Stack: (epsilon)0 (stackstart)
Step 24. State=(epsilon)0 Remaining=epsilon  Stack: (stackstart)

SC(1) accepts u. Therefore, u = 1.

What next (1:list,2:u=1,3:u=v,4:geo ,8:n ewrel,9 :qui t)?

Testing two words for equality in SC(1)

Option 3 allows you two enter two test words. It cheds to seewhether or not they
are R-related to 1 (label paths in SC(1)), and if so, it reports whether or not they

are equalin M.

What next (1:list,2:u=1,3:u=v,4:geo ,8:n ewrel,9 :qui t)? 3
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Enter words u and v. This will determine whether or not
u and v are R-related to 1, and if so, whether or not u=v:
u=abAB

v=dcDC

Your word u IS R-related to 1.

Your word v IS R-related to 1.

The words u and v are EQUALNn M.

What next (1:list,2:u=1,3:u=v,4:geo ,8:n ewrel,9 :qui t)?

The cone typ e automaton

Option 4 producesthe nite state automaton which recognizeswords which label
gedalesicpathsin SC(1). Ead state (vertex) is listed, followed by the transitions out
of that state. The samenaming sdhemeis usedfor the states(vertices) of the FSA as
is usedfor the PDA, to help indicate the connectionbetweenthe PDA and the FSA.
Note, howeer, that the notion of \face" does not make sensehere, since a vertex
from the PDA may get identied with a vertex from a di erent face when the FSA
minimization is performed. When this is done, one of the namesis retained and the
other is discarded. For example, vertices (epsilon)0 and (0,0,4)4 are equivalert
in the FSA; (epsilon)0 is retained and all referencesto (0,0,4)4 are discarded.
Sincethere are nineteenstatesin the minimized FSA, and ead state correspndsto

a di erent conetype, there are nineteenconetypesin SC(1).

What next (1:list,2:u=1,3:u=v,4:geo ,8:n ewrel,9 :qui t)? 4

The following is the cone type automaton. It recognizes
the language of geodesic words in the Schutzenberger
graph of 1:

Geodesic word acceptor for SC(1) (19 cone types):
(epsilon)0:  a->(0,0,4)1 d->(0,0,4)7

(0,0,4)1: a->(0,0,4)1 b->(0,0,4)2 d->(0,0,4)7

(0,0,4)2: a->(0,04)1 A->(0,0,4)3 b->(0,1,52 d->(0,0,4)7
(0,0,4)3: B->(epsilon)0 d->(0,1,5)7

(0,0,4)7: a->(0,04)1 c¢->(0,0,4)6 d->(0,0,4)7



(0,0,4)6:
(7,0,3)6:
(7,0,3)5:
(7,0,3)1:
(7,0,3)2:
(7,0,3)3:
(0,1,5)7:
(0,1,5)6:
(0,1,5)5:
(0,1,5)2:
(0,1,5)3:
(0,1,5)4:
(7,0,3)4:
(0,0,4)5:

a->(0,0,4)1
a->(0,0,4)1
a->(7,0,3)1
a->(0,0,4)1
a->(0,0,4)1
d->(0,1,5)7
a->(0,0,4)1
a->(0,0,4)1
a->(7,0,3)1
a->(0,0,4)1
B->(0,1,5)4
a->(0,0,4)1
a->(0,0,4)1
a->(7,0,3)1

c->(7,0,3)6
c->(7,0,3)6
C->(7,0,3)4
b->(7,0,3)2
A->(7,0,3)3

c->(0,1,5)6
c->(7,0,3)6

A->(0,1,5)3
d->(0,1,5)7
c->(0,1,5)5
b->(7,0,3)3

C->(epsilon)0

What next (1:list,2:u=1,3:u=v,4:geo

d->(0,0,4)7
d->(0,0,4)7

d->(0,0,4)7
b->(0,1,5)2

d->(0,0,4)7
d->(0,0,4)7

b->(0,1,5)2

d->(0,0,4)7
d->(0,0,4)7

D->(0,0,4)5
D->(7,0,3)5

d->(0,0,4)7

D->(0,1,5)5

d->(0,0,4)7

,8:n ewrel,9 :qui t)?

5.1.3 Sample output for w = abcxaxabxabcy

89

This example has somefeaturesnot seenin the previous example. First, there are

facesin the Sdutzenberger complex which share multiple edges(correspnding to

the subwords ab and abg. Also, there are facesin which the gealesicsink occurs at

the midpoint of an edgerather than at a vertex. In addition, this exampleshows that

there can be two facetypes(b;f ; k) di erentiated only by the geaesicsink index k.

Finally, the output of Option 4 shows that the minimization of the geadesic word

acceptorcaninvolve moreidenti cation of verticesthan in the previousexample;the

PDA has 62 statesin its sewen facetypes, but the conetype automaton hasonly 36

states.

Note: To keepthe listing to a reasonablelength, the edgeswithin most of the

vertices has beensuppressedrom the output.

What next (1:list,2:u=1,3:u=v,4:geo

Enter your relator

,8:n ewrel,9 :qui t)? 8

w: abcxaxabxabcy

| have computed the Schutzenberger complex of 1 for



M=Inv<X|w=1>, w=abcxaxabxabcy.

Choose from amongthe following options:
1) List the PDA(face types and transitions)
2) Interactively test whether or not u=l1; i.e., whether SC(1) accepts u
3) Test whether u,v are R-related to 1, and if so, whether u=v
4) Computethe cone type automaton which recognizes geodesics in SC(1)
8) Enter a newrelator w (your current monoid is discarded)

for your inverse monoid

9)

Leave this program (quit
What next (1:list,2:u=1,3:u=v,4:geo

and Ctrl-D also work)
,8:n ewrel,9 :qui t)? 1

Your monoid is M=InvMonoid<X|w=abcxaxakabcy=1> 7 face types:

FaceType(epsilon):

BASECOMPLIEXial=(epsilon)0,

terminal=(epsilon)0;

1 vertex
Vertex (epsilon)0: attachedfacetype=(0,0,6.5 ), 2 edges:
(a, t) > ( (0,06.5)1 (epsilon)0 't ) +1
(Y, t) -> ( (006512 , (epsilon)0 t ) +1
FaceType(0,0,6.5): FACE 12 vertices
Vertex (0,0,6.5)1: attachedfacetype=(0,0,6.5 ), 47 edges:
(a, t) -> ( (00651 , (00651 t) +1
(b, t) > ( (00,6.5)2 t) +1
(Y, t) -> ( (0,06.5)12 , (00651 t) +1
( A, (epsilon)0 ) -> (  (epsilon)0 , eps) -1
(A, (0,0651 ) -> ( (0,0,6.51 eps ) -1
( A, (0,065)2 ) -> ( (006.52 , eps) -1
(A, (0,06.53 ) -> ( (0,0,6.53 eps ) -1
( A, (0,0655 ) -> ( (0,06.55 , eps) -1
(A, (0,06.57 ) -> ( (0,0,6.57 eps ) -1
(A, (0,0658 ) -> ( (00,6.58 , eps) -1
(A, (0065)10 ) -> ( (0,06.510 eps ) -1
(A, (006511 ) -> ( (00,6.511 eps) -1
(A, (006512 ) -> ( (00,6.512 eps ) -1
( A, (00,1652 ) -> ( (01,6.52 |, eps) -1
( A, 0,1653 ) -> ( (016.53 |, eps) -1
(A, (0,1655 ) -> ( (01,6.55 eps ) -1
( A, 0,1657 ) -> ( (01,6.57 , eps) -1
( A, (00,1658 ) -> ( (01,6.58 eps ) -1
(A, (016510 ) -> ( (016,510 eps) -1
(A, (016511 ) -> ( (01,6511 eps ) -1
(A, (016512 ) -> ( (01,6512 |, eps) -1
(A, 0,283 ) > ( (0,2,8)3 eps ) -1
( A, 0,285 ) -> ( (0,2,8)5 , eps ) -1
(A, 0,287 ) > ( (0,2,8)7 eps ) -1
(A, 0,288 ) -> ( (0,2,8)8 , eps ) -1
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(
(
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Vertex
Vertex
Vertex
Vertex
Vertex

(a

>r>>2>2>2>>2>>>>>>>>>>>>>>

(X,

(Y
Vertex
Vertex
Vertex
Vertex
Vertex
Vertex

(0,2,8)10
(0,2,8)11
(0,2,8)12
(0,2,6.5)3
(0,2,6.5)5
(0,2,6.5)7
(0,2,6.5)8
(0,2,6.5)10
(0,2,6.5)11
(0,2,6.5)12
(0,3,9.5)5
(0,3,9.5)7
(0,3,9.5)8
(0,3,9.5)10
(0,3,9.5)11
(0,3,9.5)12
(0,3,9)5
(0,3,9)7
(0,3,9)8
(0,3,9)10
(0,3,9)11
(0,3,9)12

) > ( (02,810
) > ( (02,811
) > ( (0,2,8)12
) > ( (0,2,6.5)3
) > ( (0,2,6.5)5
) > ( (0,2,6.5)7
) > ( (0,2,6.5)8
) > ( (02,6510
) > ( (0,2,6.5)11
) > ( (0,2,6.5)12
) > ( (0,3,9.5)5
) > ( (0,3,9.5)7
) > ( (0,3,9.58
) > ( (0,3,9.5)10
) > ( (0,3,9.5)11
) > ( (0,3,9.5)12
)y > ( (0,3,9)5
) > ( (0,3,9)7
) > ( (0,3,9)8
) > ( (03,910
) > ( (03,911
) > ( (03,912

(0,0,6.5)2:
(0,0,6.5)3:
(0,0,6.5)4:
(0,0,6.5)5:
(0,0,6.5)6:

(0,0,6.5)7:
(0,0,6.5)8:
(0,0,6.5)9:

(0,0,6.5)10:
(0,0,6.5)11:
(0,0,6.5)12:

FaceType(0,1,6.5):

Vertex
Vertex
Vertex
Vertex
Vertex
Vertex
Vertex

(0,1,6.5)2:
(0,1,6.5)3:
(0,1,6.5)4:
(0,1,6.5)5:
(0,1,6.5)6:
(0,1,6.5)7:
(0,1,6.5)8:

attachedfacetype=(0,0,6.5
attachedfacetype=(0,0,6.5
attachedfacetype=(0,1,6.5
attachedfacetype=(0,0,6.5
attachedfacetype=(0,2,8),

t) -> ( (00657
t) -> ( (00655
t) > ( (0,28)12

attachedfacetype=(0,0,6.5
attachedfacetype=(0,0,6.5
attachedfacetype=(0,3,9.5
attachedfacetype=(0,0,6.
attachedfacetype=(0,0,6.
attachedfacetype=(0,0,6.

FACE 11 vertices

attachedfacetype=(0,0,6.5
attachedfacetype=(0,0,6.5
attachedfacetype=(0,1,6.5
attachedfacetype=(0,0,6.5
attachedfacetype=(0,2,8),
attachedfacetype=(0,0,6.5
attachedfacetype=(0,0,6.5

eps )
eps )
eps )

eps )
eps )
eps )
eps )
eps )
eps )
eps )
eps )
eps )
eps )
eps )
eps )
eps )
eps )
eps )
eps )
eps )
eps )
eps )

(0,0,6.5)6

),
),
),

5),
5),
5),

),
),
),
),

3

),
),

4 edges:
5 edges:
3 edges:
4 edges:
4 edges:
48 edges:

9 edges:
4 edges:
3 edges:
5 edges:
edges:

4 edges:
5 edges:

— o~ —+

— N

-1
+1
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Vertex (0,1,6.5)9: attachedfacetype=(0,3,9.5 ), 3 edges:

Vertex (0,1,6.5)10: attachedfacetype=(0,0,6. 5), 4 edges:
Vertex (0,1,6.5)11:  attachedfacetype=(0,0,6. 5), 4 edges:
Vertex (0,1,6.5)12:  attachedfacetype=(0,0,6. 5), 10 edges:

FaceType(0,2,6.5): FACE 10 vertices

Vertex (0,2,6.5)3: attachedfacetype=(0,0,6.5 ), 6 edges:
Vertex (0,2,6.5)4: attachedfacetype=(0,1,6.5 ), 3 edges:
Vertex (0,2,6.5)5:  attachedfacetype=(0,0,6.5 ), 5 edges:
Vertex (0,2,6.5)6:  attachedfacetype=(0,2,8), 3 edges:

Vertex (0,2,6.5)7:  attachedfacetype=(0,0,6.5 ), 4 edges:
Vertex (0,2,6.5)8: attachedfacetype=(0,0,6.5 ), 5 edges:
Vertex (0,2,6.5)9: attachedfacetype=(0,3,9.5 ), 3 edges:
Vertex (0,2,6.5)10:  attachedfacetype=(0,0,6. 5), 4 edges:
Vertex (0,2,6.5)11:  attachedfacetype=(0,0,6. 5), 4 edges:
Vertex (0,2,6.5)12:  attachedfacetype=(0,0,6. 5), 7 edges:

FaceType(0,2,8): FACE 10 vertices
Vertex (0,2,8)3: attachedfacetype=(0,0,6. 5), 6 edges:
Vertex (0,2,8)4: attachedfacetype=(0,1,6. 5), 3 edges:
Vertex (0,2,8)5: attachedfacetype=(0,0,6. 5), 5 edges:
Vertex (0,2,8)6: attachedfacetype=(0,2,6. 5), 3 edges:
Vertex (0,2,8)7: attachedfacetype=(0,0,6. 5), 4 edges:
Vertex (0,2,8)8: attachedfacetype=(0,0,6. 5), 5 edges:
Vertex (0,2,8)9: attachedfacetype=(0,3,9. 5), 3 edges:
Vertex (0,2,8)10: attachedfacetype=(0,0,6 .5), 4 edges:
Vertex (0,2,8)11: attachedfacetype=(0,0,6 .5), 4 edges:
Vertex (0,2,8)12: attachedfacetype=(0,0,6 .5), 7 edges:

FaceType(0,3,9): FACE 9 vertices

Vertex (0,3,9)4:. attachedfacetype=(0,1,6. 5), 3 edges:
Vertex (0,3,9)5: attachedfacetype=(0,0,6. 5), 5 edges:
Vertex (0,3,9)6: attachedfacetype=(0,2,6. 5), 3 edges:
Vertex (0,3,9)7: attachedfacetype=(0,0,6. 5), 4 edges:
Vertex (0,3,9)8: attachedfacetype=(0,0,6. 5), 5 edges:
Vertex (0,3,9)9: attachedfacetype=(0,3,9. 5), 3 edges:
Vertex (0,3,9)10: attachedfacetype=(0,0,6 .5), 4 edges:
Vertex (0,3,9)11: attachedfacetype=(0,0,6 .5), 4 edges:
Vertex (0,3,9)12: attachedfacetype=(0,0,6 .5), 5 edges:

FaceType(0,3,9.5): FACE 9 vertices

Vertex (0,3,9.5)4:. attachedfacetype=(0,1,6.5 ), 7 edges:
Vertex (0,3,9.5)5: attachedfacetype=(0,0,6.5 ), 5 edges:
Vertex (0,3,9.5)6: attachedfacetype=(0,2,6.5 ), 3 edges:
Vertex (0,3,9.5)7: attachedfacetype=(0,0,6.5 ), 4 edges:
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Vertex (0,3,9.5)8: attachedfacetype=(0,0,6.5 ), 5 edges:
Vertex (0,3,9.5)9:  attachedfacetype=(0,3,9), 3 edges:

Vertex (0,3,9.5)10: attachedfacetype=(0,0,6. 5), 4 edges:
Vertex (0,3,9.5)11: attachedfacetype=(0,0,6. 5), 4 edges:
Vertex (0,3,9.5)12:  attachedfacetype=(0,0,6. 5), 9 edges:

(a, t) -> ( (00651 , (039512 t) +1
(C, t) -> ( (039511 t) +1
( x, t) > ( 0,394 , (03959 t) +1
(Y, t) -> ( (0,06.5)12 , (0,395)12 t ) +1
(y., (00659 ) -> ( (0,06.59 |, eps) -1
(y., (0,1659 ) -> ( (0,16.59 eps ) -1
(y., 0,289 ) > ( (0,2,8)9 , eps ) -1
(y., 00,2659 ) -> ( (0,26.59 |, eps) -1
(y., 0,399 ) > ( (0,399 , eps ) -1
What next (1:list,2:u=1,3:u=v,4:geo ,8:n ewrel,9 :qui t)? 4

The following is the cone type automaton. It recognizes
the language of geodesic words in the Schutzenberger
graph of 1:

Geodesic word acceptor for SC(1) (36 cone types):

(epsilon)0:  a->(0,0,6.5)1 Y->(0,0,6.5)12

(0,0,6.51: a->(0,0,6.5)1 b->(0,0,6.5)2 Y->(0,0,6.5)12

(0,0,6.52: a->(0,0,6.5)1 ¢->(0,0,6.53 Y->(0,0,6.5)12

(0,0,6.53: a->(0,0,6.5)1 x->(0,0,6.54 Y->(0,0,6.5)12

(0,0,6.54: a->(0,0,6.5)5 Y->(0,0,6.5)12

(0,0,6.5)5: a->(0,0,6.5)1 b->(0,0,6.5)2 x->(0,1,6.56 Y->(0,0,6.5)12
(0,1,6.5)6: Y->(0,2,8)12

(0,2,8)12: a->(0,0,6.51 C->(0,2,8)11 x->(0,3,9.54 Y->(0,0,6.5)12
(0,2,8)11: a->(0,0,6.51 B->(0,2,8)10 Y->(0,0,6.5)12

(0,2,8)10:. a->(0,0,6.51 A->(0,2,8)9 Y->(0,0,6.5)12

(0,2,8)9: X->(0,0,6.5)2 Y->(0,3,9.5)12

(0,0,6.5)12: a->(0,0,6.51 C->(0,0,6.511 x->(0,3,9.54 Y->(0,0,6.5)12
(0,0,6.5)11: a->(0,0,6.51 B->(0,0,6.5)10 Y->(0,0,6.5)12
(0,0,6.5)10: a->(0,0,6.5)1 A->(0,0,6.59 Y->(0,0,6.5)12

(0,0,6.5)9: X->(0,0,6.5)8 Y->(0,3,9.5)12

(0,0,6.58: a->(0,0,6.5)1 B->(epsilon)0 ¢->(0,2,8)3 Y->(0,0,6.5)12
(0,2,8)3: a->(0,0,6.5)1 x->(0,2,8)4 Y->(0,0,6.5)12

(0,2,8)4: a->(0,2,85 Y->(0,0,6.5)12

(0,2,8)5: a->(0,0,6.51 b->(0,0,6.52 x->(epsilon)0 Y->(0,0,6.5)12
(0,3,9.5)12: a->(0,0,6.51 C->(0,3,9.5)11 x->(0,3,9)4 Y->(0,0,6.5)12
(0,3,9.5)11: a->(0,0,6.5)1 B->(epsilon)0 Y->(0,0,6.5)12

(0,3,94:. a->(0,3,955 Y->(0,0,6.5)12

(0,3,9)5: a->(0,0,6.5)1 b->(0,0,6.5)2 x->(0,3,9)6 Y->(0,0,6.5)12
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(0,3,9)6: a->(0,3,9)7 Y->(0,0,6.5)12

(0,3,9)7: a->(0,0,6.51 b->(0,3,9)8 Y->(0,0,6.5)12

(0,3,9)8: a->(0,0,6.51 ¢->(0,0,6.53 x->0,3,9)9 Y->(0,0,6.5)12

(0,3,9)9:  Y->(0,3,9.5)12

(0,3,9.5)4: a->(0,3,9.55 Y->(0,0,6.5)12

(0,3,9.5)5: a->(0,0,6.5)1 b->(0,0,6.52 x->(0,3,9.56 Y->(0,0,6.5)12
(0,3,9.5)6: a->(0,3,9.57 Y->(0,0,6.5)12

(0,3,9.5)7: a->(0,0,65)1 b->(0,3,9.58 Y->(0,0,6.5)12

(0,3,9.5)8: a->(0,0,6.51 ¢->(0,0,6.53 x->(0,3,9.59 Y->(0,0,6.5)12
(0,3,9.5)9:  Y->(0,3,9)12

(0,3,9)12: a->(0,0,6.5)1 C->(0,3,9)11 x->(0,3,9.5)4  Y->(0,0,6.5)12
(0,3,9)11: a->(0,0,6.5)1 B->(0,3,9)10 Y->(0,0,6.5)12

(0,3,9)10: a->(0,0,6.5)1 A->(0,3,9)9 Y->(0,0,6.5)12

What next (1:list,2:u=1,3:u=v,4:geo ,8:n ewrel,9 :qui t)? 9
Good-bye!
$

5.2 Overview of the program

The spar program consistsof three componerts and v e source les:

word (source les word.h and word.cc): This componert providesthe de ni-

tions and proceduresfor for working with words. SeeSection5.2.1.

sc (source les sc.h andsc.cc): This isthe main componert of the program. It
providesthe de nitions and proceduredor building and working with the Sdet-
zenbkergercomplexof 1 in inversemonoidsof the form M = InvhX jw = 1i sud

that w is sparse.SeeSection5.2.2.

spar (source le spar.cc ): This is the front-end program which calls the above
componerts. The C++ source le spar.cc is listed in SectionA.3 of the ap-

pendix.
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5.2.1 The word program comp onent

The word componert of the program providesthe de nitions and functionsfor working
with wordsin (X[ X 1) ,whereX = fa;b;c;:::;y;zgandX 1= fA;B;C;:::;Y;Zg.
This includes, for example,the function substr (beginningat (A2) in SectionA.1),
which computesthe cyclic substring de ned in Section2.4.1: if w is a word, then
w.substr( i, 1) = w[i; I].

The most important function in the word program componert is the function
check_sparse_with_violato rs() (seethe code beginning at (A3)), which chedks
whether or not a word is sparseandif it is not sparse returns a pair of pointed pieces
which overlap. It makesuseof the pointedpiece data structure at (Al). In Section
3.2.1apointed piece,with respectto acyclically reducedword w, wasde ned asa pair
((igyu; ¢);(r;u; ) of segmets, the assaiated and home segmets, respectively.
The information stored in the computer is equivalert, but slightly di erent. Note

that if
((iq;U; q);(ir;U; r))

is a pointed piece,then

(ig+ aiuizu s qi(ie+ cuu®y 1)
is an equivalert (with respect to ) pointed piece, so we may assumeall pointed
piecesare of the form ((iy; u; 1); (ir; u; )). In addition, the word u is determined by
iq and its length m: u = wl[ig; m] = w[i,; m]. Thus we store the four integersi = iy,
j =iy, m, and , together with the word w for eat pointed piece,as shavn in the
de nition of pointedpiece at (Al).
Function check _sparse_with_violator s() seartesfor pointed piecesby look-

ing for placesin the interior of w at which the beginning or end of the word can be
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seen. When it nds sud a place (k), it courts forward (fl ) and badkward (bl) to
nd the maximal pointed piece. After it nds a pointed piece,it rst chedks to see
if the pointed piece overlaps itself. If not, it cheds the pointed piece against the
set of pointed piecesalready found to seeif it overlapsany of those pointed pieces.
If the new pointed piece does not overlap any of the previous pointed pieces,the
new pointed pieceis addedto the set of pointed piecesitself, and the loop cortinues
looking for additional pointed pieces.

When two pointed piecesare found to overlap, the function returns falseand re-
turns the two pointed pieces.This allows the calling program to know where sparse-
nesswasviolated. If the k loop completeswithout nding pointed piecesthat overlap,

there can be no overlaps, and the function returns true.

5.2.2 The sc program comp onent

The sc program componert provides the de nitions and functions for building and
working with the Schutzenbergercomplexof 1 for inversemonoidsof the form M =
InvhX jw = 1i wherew is sparse. The InvMonoid data structure (A6) senesas a
cortainer to hold the relator w and a pointer to the BASECOMPLEX, the vertex O of
SC(1). The main function of sc is the function attachface (A10), which recursiwely
callsitself (after initially being called from (A8)) to build the PDA which represets
SC(1), asdescriked in Section4.3.2.

Another usefulfunction of the sc program componert is the function advancedto
(Al12). This function advancesan instantaneousdescription (ID) for the PDA|that
is, givenan ID 1, it computesan ID |, sudthat I; ~ [,Jun til either (1) the ertire
word is read, (2) a speci ¢ terminal vertex is attained, or (3) a maximum number of
stepsis readed. The calling program may useone or more of thesestopping criteria

as needed. For example, spar calls advancedto at (A17) to accomplishthe step-
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by-step reading of a word in the PDA, as illustrated by the samplerun in Section
5.1.2.

Instantaneousdescriptionsare stored in the data structure InstDesc (A7). This
is basically the sameas an ID as de ned in Section2.1.6, exceptthat rather than
storing only the remaining portion of the word being read, the ertire word is stored
alongwith anindex (i) to the beginning of the unread portion of the word.

The function ConeTypeFSMA14) producesthe conetype automaton for SC(1).
This is essetially a straightforward implemertation of the FSA minimization algo-
rithm from [HU79, p. 70]. One important thing to keepin mind is that the mini-
mization algorithm of [HU79] assumeghat the transition function of the FSA is a
total function (de ned on all of its domain). Sincethat may not be the casewith
the PDA for SC(1), the ConeTypeFSAunction usesan imaginary fail state to which
all missingedgesmap. It accomplisheghis by numbering the verticesand using the
special number FAILSTATE= 1 for the fail state. The function dest (A13) then
returns, as needed,either the actual destination vertex of an edge,or FAILSTATE

When the minimization algorithm completes,it idernti es setsof equivalert ver-
tices, asindicated by the markedset, by changingthe vertex numbering soall vertex
numbers point to the smallest-rumberedequivalert vertex (A15). The routine (A16)

usesthis information to output the minimized FSA.
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App endix A

Computer source code

This appendix cortains a complete listing of the sourcecode of the program used
to produce the sampleoutput in Section5.1. The source les word.cc, sc.cc, and
spar.cc cortain the C++ algorithms for the correspnding componerts of the pro-
gram, as describked in Section5.2. The two header les, word.h and sc.h, provide
the de nitions for those componerts which are neededby a program (such as spar

or another program) which wishesto make use of the word and sc componers.

A.1 Pro cedures for words

The source les word.h andword.cc provide the de nitions and functions for working

with words.

A.1.1 Source le word.h

/I word.h - Definitions for words and wordsets

#ifndef WORD_H
#define WORD_H

#include <string>



#include <set>

#include <list>

#include <vector>

#include <map>

#include <algorithm>

#include <iostream>

#include <iomanip>

#include <fstream>

#include <cstdlib>

#include <cctype> // for toupper and tolower
#include <cstdio> /[ for sprintf

#include <limits.h>
static const int INFTY=INT_MAX;

/*
**  Miscellaneous
*/

char *itoa (int n);
string reducestr (string  X);
inline char cinv (const char x) {
return (islower(x))?toupper(x): tolo wer(x); }
inline int mod(const int a, const int n)
{ return (n==0)7a:((a<0)?(((a%n) +n)%n):( a%mn); }

/*
** \Words and Sets of Words
*/

class pointedpiece;

class Word {

public:
Word (const string& x="1"); // the constructor; default value 1
Word operator+ (const Word&y) const // free monoid product
{ return Word(w+y.w); }
Word operator* (const Word&y) const // free group product
{ return Word(reducestr(w+y.w)); }
bool operator< (const Word&y) const;
bool operator== (const Word&y) const {return w==y.w;}



Word reduced() const {return
const {return
const {return

string  str()
int len()
Word substr(int
Word right(int

pos,

Word inv()
bool iscycred() const;
bool issparse() const;

Word(reducestr(w));}
w:}
w.size();}

int len) const;
pos) const { return substr(pos,len()-pos);
const { return substr(0,-len()); }

bool check sparse_with_viola tor s

(pointedpiece& olx,
/[ check_sparse_with_violato

pointedpiece& oly) const;

rs( ) assumesw is cyclically

friend ostream& operator<< (ostream& s, const Wordé&x);

friend

private:
string  w;

h

extern const Word Word1; // empty word

class pointedpiece {
public:

/I The pointed piece has associated segment (i,w[i,m],+1)
/[ and homesegment (j,w[j,eta*m],eta)

Word w; // word for
int i; /I starting
int |; /I starting
int eta; // direction
int m; /l

pointedpiece(Word u=Word1, int
{ w=u; i=mod(ti,w.len());

bool operator< (const

which this
position
position

of homesegment

(+/-1) of homesegment

length of segments (>0)

ti=0, int
j=mod(tj,w.len());
pointedpiece& y) const {

if (w<y.w) return true; else if (w>y.w) return
if (i<y.) return true; else if (i>y.i) return
if (j<y.) return true; else if (>y.) return
if (m<y.m) return true; else if (m>y.m) return
if (eta<y.eta) return true; else return false;

}

bool operator==

bool overlaps (const

(const
return  w==y.w && i==y.i

pointedpiece& y) const {
&& j==y.|

is a pointed piece.
of associated segment

tj=0, int

teta=0,
eta=teta;

false;
false;
false;
false;
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reduced.

ostreamé& operator<< (ostream& s, const set<Word>& A);

(A1)

int tm=0)
m=tm; }

&& m==y.m&& eta==y.eta; }
pointedpiece& y) const;

friend ostream& operator<< (ostream& s, const pointedpiece& Xx);

h

#endif // WORD_H



A.1.2 Source le word.cc

/I word.cc - Words and sets of words

#include "word.h"

Word::Word (const string& x)
{

if (x=="1" || x=="$" || x=="wordl" ||

w="";
else
W=X;

const Word Word1=Word("); // empty word

bool Word::operator< (const Word&y) const

{
int i,n=w.length(),s=n-y.w.len gth ();
if  (s<0)
return true;
if  (s>0)
return false;
const char *a=w.c_str(),*b=y.w.c_str( );

const char *ap,*bp;

X::uepsu I |

for (ap=a, bp=b; *ap==*bp &&*ap; ++ap,++bp)

if (I*ap)
return false; // strings

are equal

if (toupper(*ap)==toupper( *bp))

return *ap>*bp; // | want lower<upper,

else

return toupper(*ap)<toupper(*bp );

Word Word::substr(int pos, int
{

int n=w.size();

string s="";

if (n>0 &&len!=0) {

len) const

ASCII is

x=="epsilon")

lower>upper.

101

(A2)
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if (len>0)
while (len--)
s+=w[mod(pos++,n)];
else
while (len++)
s+=cinv(w[mod(--pos,n)] );
}

return  Word(s);

bool Word::iscycred()  const

{
return len()==0 || (substr(0,-1)!=substr(0 ,+1) && w==reducestr(w));
}
bool inzone(int k, int i, int m, int n)
/I Returns whether k is in {i,i+1,...,i+m} if m>0;
i or {i,i-1,...,i-|/m[} if m<0,
/I where the values are modn.
{
if (m>0) {
int  d=mod(k-i,n);
if (0<=d && d<=m)return true;
else return false;
}
else { // m<=0
int  d=mod(i-k,n);
if (0<=d && d<=-m) return true;
else return false;
}
}
bool zonesintersect(int i, int mi, int j, int mj, int n)

/[ Returns whether or not z(imi) intersects z(j,mj) based
/I on a word length of n. The zones intersect if the beginning
/[ or end of either is in the zone of the other.

{
if (inzone(i J.mj,n)) return true;
if (inzone(i+mi,j,mj,n)) return true;
if (inzone(j ,i,mi,n)) return true;
if (inzone(j+mij,i,mi,n)) return true;

return false;



bool pointedpiece:.overlaps (const pointedpiece& y) const

{

{

I
I
I

I
if

I
if

I
if

This function determines whether the pointed pieces overlap.
Think of *this as pointed piece (q,r) in the definition of
overlap and y as pointed piece (s,t).

z(q) and z(t) intersect
(zonesintersect(i, m, v.,y.eta*y.m,w.len()))
return true;

z(s) and z(r) intersect
(zonesintersect(y.i,y.m, j,eta*m, w.len()))
return true;

z(q) and z(s) intersect and (q,r) and (s,t) aren't the same
(*this==y) return false;

(zonesintersect(i,m,y.i,y .m,w.le n()) )

return true;

return false;

103

bool Word::check_sparse_with _vio lat ors (A3)
(pointedpiece& olx, pointedpiece& oly) const
/[ This function assumesw is cyclically reduced and of length at
/l least 2. If wis not sparse, this function returns false and
/I olx and oly are pointed pieces that overlap. If wis sparse,
/I this function returns true and the values of olx and oly are
/I undefined.
set<pointedpiece> pp; // set of pointed pieces found so far
for (int k=1; k<w.size(); ++k) {
int eta;
if (substr(k,+1)==substr(0, +1)| |sub str (k,- 1)==substr( 0,-1))
eta=+1;
else if (substr(k,+1)==substr(0  ,-1) ||s ubstr(k, -1) ==substr (0, +1))
eta=-1;
else

continue; // no pointed piece here; continue with next k



}

int fl=0; // length of forward matching

while (substr(k+fl,+1)==substr( O+eta*f l,et a) && fllen())
++fl;

int bl=0; // length of backword matching

if (fl<len()) {
while (substr(k-bl,-1)==substr( O-eta*b I,-e ta))

++bl;
}
else {
/I Wordis a proper power. The forward matching shows
/[ this (by matching the full length of the word), so just
/[ let bl be 0. The pointed piece is going to be found to
I/l overlap itself in the next step.
}

olx=pointedpiece(*this,k -bl ,0-e ta*b l,e ta,b I+fl );
Il Weexplicitly check for olx overlapping itself rather than
/I just putting olx in pp and allowing the check to occur
/l inside the loop because if olx does overlap itself, we
/I prefer to report that as being the sparseness violation.
if (olx.overlaps(olx)) {
oly=olx;
return false;
}
for (set<pointedpiece>:con st i tera tor
p=pp.begin();  p!=pp.end(); ++p) {
if (olx.overlaps(*p)) {
oly="p;
return false;
}
}

pp.insert(olx);

return true;

bool Word::issparse()  const

{

if

if

(len()<2)
return false;

(liscycred())
return false;

pointedpiece olx,oly;
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return check_sparse_with_violat

}

/*

**  Miscellaneous

*/

char *itoa (int n)

{

static char buf[100];
sprintf(buf,"%d",n);
return buf;

}

string reducestr (string
{

string::size_type i=0;

while (i+1<x.length())
if  (X[i]==cinv(x[i+1]))

x.erase(i,2);
if (>0) --i;
}
else
++i;
}
return  x;
}
/*
**  Qutput routines
*/

x) Il

{

{

ors( olx, oly);

reduce word x (cancel

ostream& operator<< (ostream& s, const Word&x)

{

return s << (x.w==""?"epsilon":x.w);

}

ostream& operator<< (ostream& s, const set<Word>& A)

{

int n=0;

inverses)
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s << "{"

for (set<Word>::iterator i=A.begin(); i'=A.end();  ++i,++n) {
if (n>0) s <<}
s << %

}

s <"

return s;

ostream& operator<< (ostreamé& s, const pointedpiece& Xx)

{

return s << "(("
<< X< "M
<< X.w.substr(x.i,x.m) <<""
<< "1),("
<< X <<

<< X.w.substr(x.j,x.eta*x. m) << ""
<< x.eta <<"))"%

A.2 Pro cedures for Schetzenb erger complexes

The source les sc.h and sc.cc contain the de nitions and functions for storing and

using inversemonoidsand Stutzenberger complexes.

A.2.1 Source le sc.h

/I sc.h - Definitions  for Schutzenberger complexes

#ifndef SC_H
#define SC_H

#include "word.h"
const int fieldwidth=13;
class InvMonoid;

class SchComplex;

class FaceType;
class Face;
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class Vertex;

class TransDom;
class TransRan;
class InstDesc;

class TransDom{ // domain of transition  function
public:
Word x; /I letter labeling edge
Vertex *t; /[ top stack letter
/I (O indicates it can be anything---i.e., "t
TransDom(Wordy=Word1, Vertex *s=0) { x=y; t=s; }
bool operator< (const TransDom&y) const {
if (t<y.t) return true; else if (t>y.t) return false;
if (x<y.x) return true; else return false;
}
bool operator== (const TransDom&y) const {
return (t==y.t) && (x==y.x); }
friend ostreamé& operator<< (ostream& s, const TransDomé&td);

class TransRan { // range of transition function
public:

int dir; // direction (-l:toward, O:neither, +1l:away from origin)

Vertex *destp; // destination vertex of edge

enumTransStackOp { NONE,PUSH,POP} stkop;

Vertex *pushed; // vertex to push if stkop==PUSH

TransRan(int d=0, Vertex *dp=0, TransStackOp so=NONEVertex *vp=0) {
dir=d; destp=dp; stkop=so; pushed=vp; }

bool operator== (const TransRan&y) const {
return (dir==y.dir) && (destp==y.destp) && (stkop==y.stkop)

&& (pushed==y.pushed); }
friend ostream& operator<< (ostream& s, const TransRané&tr);

h

extern const TransRan NullTransRan;

class FaceType {
public:
InvMonoid* Mp; // Mp==0indicates empty (dummy) facetype
enum{ BASECOMPLERACE} mode;
Word baseword; // BASECOMPLEX=Wordl, word used to build complex
int b,f; /I FACE:last index folded whenreading fwd or back
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int sink2; // FACE:twice the index of geodesic sink

FaceType() { Mp=0;} // EmptyFaceType

FaceType (InvMonoid* Mptr, Word t);

FaceType (InvMonoid* Mptr, int j=0, int =0, int k=0);

int bvmod(int j) const; // 1..n

int fvmod(int i) const; // 0.n-1

int bv(void) const { return bvmod(b); }

int fv(void) const { return fvmod(f); }

bool operator< (const FaceType&y) const {
if (Mp<y.Mp) return true; else if (Mp>y.Mp) return false;
if (mode<y.mode) return true; else if (mode>y.mode) return false;
if (mode==BASECOMPLEXurn baseword<y.baseword;

if (f<y.f) return true; else if (f>y.f) return false;
if (b<y.b) return true; else if (b>y.b) return false;
if (sink2<y.sink2) return true; else return false;
}
bool operator== (const FaceType&y) const {
if (Mp!=y.Mp) return false;
if (mode!=y.mode) return false;
if (mode==BASECOMPLEurn baseword==y.baseword;
return (f==y.f) && (b==y.b) && (sink2==y.sink2);
}

friend ostream& operator<< (ostream& s, const FaceType&ct);

extern const FaceType EmptyFaceType;

class Vertex { (A4)

public:

Face *ownerp; // face to which vertex belongs
int index; // index of vertex inside its face (the vp[] array)
FaceType attachedfacetype; // type of face attached at this vertex
map<TransDom,TransRan®dge; // edges to other vertices
Vertex(Face *owner=0, int i=0) {
ownerp=owner; index=i; attachedfacetype=EmptyF aceType;, }
void fixgeodesics(void);
void maxfoldparams(int* bip, Vertex* *bpp, int* fip, Vertex* *fpp,
int*  ep);
void attachface(void);
TransRan findtrans  (TransDom td);
friend string vertexstr (const Vertex* vp);
friend ostream& operator<< (ostream& s, const Vertex* vp);
friend ostream& operator<< (ostream& s, const Vertex& V);
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class Face { (AS)

public:
FaceType facetype;
vector<Vertex *> vp; // ptrs to vertices of face
/I facetype.mode==FACE: indexed facetype.fv()+1..facetype .bv()-1.
/I facetype.mode==BASECOMPXEindex 0 only

/I for facetype.mode==BASECOMEX:
Vertex *initp;  // initial vertex of base complex
Vertex *termp; // terminal vertex of base complex

Face (FaceType ftyp);

void buildfacebottom (int f, int b, int sink2);

void BuildBaseComplex(void);

friend ostreamé& operator<< (ostream& s, const Face& C);

class SchComplex{
public:
InvMonoid *Mp; // inverse monoid to which this SchComplexbelongs
Face *bcp; // underlying base complex
SchComplex(InvMonoid* Mptr, Word t);
bool accepts(Word t);
InstDesc advance (InstDesc id, Vertex *term, int plus=0);
friend ostream& operator<< (ostream& s, const SchComplex&sc);

class InvMonoid { // =Inv<X|w=1> (A6)
public:

Word w; // relator for inverse monoid

int n; // word len

SchComplex*sclp; /I SchComplexof 1

map<FaceType,Face *> ftyptbl; // all known face types

InvMonoid() { n=0; sclp=0; } // dummyinvMonoid

InvMonoid (Word u);

Word trim_identity words (Word t);

bool sclaccepts (Word u) { return sclp->accepts(u); }

friend ostreamé& operator<< (ostream& s, const InvMonoid& M);



class InstDesc { // instantenous description
public:
SchComplex*scp;
Vertex *qp; // current state in PDA
Word u; /[ word being read
int i /[ index to current position in word
list<Vertex  *> stk; // stack
InstDesc() { scp=0; }
InstDesc(SchComplex *sp, Word t=Word1, int j=0);
InstDesc advancedto (Vertex *term=0,
int plus=0, int maxcount=-1) const;

bool futequal (const InstDesc& y) const;
friend ostream& operator<< (ostream& s, const InstDesc& id);

class ConeTypeFSA
public:

SchComplex*scp; // SchComplexon which this FSAis based
map<Vertex *,int> iofv;
vector<Vertex *> vofi,
vector<int> iofi;
int nstate;
set<Word> alphabet;
ConeTypeFSA(SchCompleksp);
int dest(int vi, Word X);
friend ostream& operator<< (ostream& s, const ConeTypeFSAdsa);

/l Constants

extern const FaceType EmptyFaceType;
extern const TransRan NullTransRan;
extern Vertex DummyVertex;

extern Vertex *const DummyStackLetter;

#endif // SC_H

A.2.2 Source le sc.cc

/[ sc.cc - Build Schutzenberger complex
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#include "sc.h"
#include <sstream>

InvMonoid::InvMonoid  (Word u)

{

W=u;

n=w.len();

sclp=new SchComplex(this,Word1);
}

SchComplex::SchComplex (InvMonoid *Mptr, Word t)
{

[* assumes t=Word1 */

Mp=Mptr,;

bcp=new Face(FaceType(Mp,t));
bcp->vp[0]->attachface() ; // build SC(1)
Mp->ftyptbl[bcp->facetyp  e]=bcp;

Face::Face (FaceType ftyp)

/[ This function creates the vertices of a face and creates all
No push/pop
/I transitions  between faces are created; they are created

/I transitions between vertices within the face.

/I SchComplex() or attachface().

{
facetype=ftyp;
if (ftyp.mode==FaceType::BAS ECO®IPLEK) {
vp.reserve(l);
initp=termp=new Vertex(this,0);
vp.push_back(initp); /Il set vp[O]=initp=termp
}
else { // FACE
vp.reserve(facetype.Mp->  w.l en() );
buildfacebottom(facetype .bv (),f acetype.fv( ),fa cetype. sink 2);
}
}

FaceType::FaceType (InvMonoid* Mptr, Wordt)

{
mode=BASECOMPLEX;

Mp=Mptr;
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baseword=Mp->trim_identi ty_words(t) ;

FaceType::FaceType (InvMonoid* Mptr, int j=0, int =0, int k=0)
{

mode=FACE;

Mp=Mptr,;

b=fvmod());

f=fvmod(i);

sink2=k;

int FaceType::bvmod(int j) const { return mod(j-1,Mp->n)+1; } // 1..n
int FaceType:fvmod(int i) const { return mod(i, Mp->n) ; } // 0.n-1

void Face::buildfacebottom  (int b, int f, int sink2) (A9)
/I This routine creates the "bottom half," or unfolded portion, of a
/I new face, added to the vp[] array of this face. These are the new
/l edges of the face, which do not fold onto its predecessor or the
/I pre-existing edges of a base complex.
1
/I f, b, sink2 = vertices with face indices f+1 .. b-1 are created,
/[ and the geodesic directions (on edges) are set so that the sink is
/[ at index sink2/2.
1
/I Note that this function does not create any transitions from the
/I vertices corresponding to face indices f and b. That is the
/I responsibility of the calling routine.
{

vp.resize(b);

/[ Vector vp[] now has entries vp[f+1],...,vp[b-1],

/I initialized to 0. This is where pointers to the new vertices

/I will  be stored:

for (int i=f+l; i<=b-1; ++i)

vp[i]=new Vertex(this,i);

/I Create edges going away from index f:
for (int i=f+1; 2*(i+1)<=sink2; ++i) {
Word x=facetype.Mp->w.substr(i, +1);
vpl[i] ->edge[TransDom(x,0)]
=TransRan(+1,vp[i+1],Tr ansRan:: NOR);
vp[i+1]->edge[TransDom(x .in v(), 0)]
=TransRan(-1,vpli] ,TransRan::NONE);
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/I Create edges going away from index b:
for (int j=b-1; 2*(j-1)>=sink2; - {
Word x=facetype.Mp->w.substr(j, -1);
vplj] ->edge[TransDom(x,0)]
=TransRan(+1,vp[j-1],Tr ansRan:: NOR);
vp[j-1]->edge[TransDom(x .in v(), 0)]
=TransRan(-1,vp[j] ,TransRan::NONE);

/I Create the last edge (with no geodesic direction), if the
/[ sink lands in the middle of an edge:
if  (sink2%2) {

/I if sink2 is odd, there's an edge with no direction

int i=sink2/2;
Word x=facetype.Mp->w.substr(i, +1);
vpli] ->edge[TransDom(x,0)]
=TransRan( 0,vp[i+1],TransRan::NON E);
vp[i+1]->edge[TransDom(x .in v(), 0)]
=TransRan( 0,vp[i] ,TransRan::NONE);

void Vertex::attachface(void ) (A10)

I
I
I
I
I
I
I

{

This function determines what kind of face should be attached

at the vertex, by looking forward and back to see how much folding
can occur. If a FACEof the required type exists, appropriate
PUSH/PORransitions  are added. If a FACEof the required type
does not exist, it is created and the PUSH/PORransitions are
added. If newvertices are created, attachface() is called
recursively to attach faces at the new vertices.

InvMonoid *Mp=ownerp->facetype.Mp;
/lint  n=Mp->n;

int b,fe;

Vertex *bp,*fp;
maxfoldparams(&b,&bp,&f, &fp, &e);

attachedfacetype=FaceTyp e(Mpb, f,b+ f-e) ;

/[ int r=j-i; /[ number of unfolded edges

/I e=d(O,fp)-d(O,bp)

Il kf=f+(r-e)/2, kb=b-(r+e)/2

I => k=(kb+kf)/2 => 2k=kb+kf=f+b-e = sink2
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I/l Get the desired face
Face *ncp;
if (Mp->ftyptbl.find(attache dfa cety pe)==Mp>ft yptbl.e nd()) {
/I FACEdoesn't exist; create it.
ncp=new Face(attachedfacetype);
Mp->ftyptbl[attachedface  typ e]=ncp;
for (int i=f+1; i<=b-1; ++i)
ncp->vpli]->attachface( );

}
else {
ncp=Mp->ftyptbl[attached fac etyp e];
}
/[ Create the between-face (pushing/popping) transitions
Word Xx;
Vertex *np;

x=Mp->w.substr(f,+1);

np=ncp->vp[f+1];

/I Stack "letter" (Vertex *)0 meansthat it doesn't matter what's

/[ on the top of the stack. This trick seemsnicer than creating

/I transitions  for all possible vertices.

fp->edge[TransDom(x,0)] =TransRan(+1,np,TransRan: :PU3H,t his) ;
np->edge[TransDom(x.inv( ),th is) ]=Tr ansRan(-1,f p,Tr ansRan::POB;
x=Mp->w.substr(b,-1);

np=ncp->vp[b-1];

bp->edge[TransDom(x,0)] =TransRan(+1,np,TransRan: :PU&H,t his) ;
np->edge[TransDom(x.inv( ),th is) ]=Tr ansRan(-1,b p,Tr ansRan::POB;

}

void Vertex::maxfoldparams(i nt* bip, Vertex* *bpp, int* fip, (Al11)
Vertex* *fpp, int* ep)

/[ This function looks to see what happens if a face is attached at

I
I
I
I
I
I
I

{

the current vertex and folded. It returns b (in 1.n) and f (in
0..n-1) as the vertex indices (within the face being sewn on) at
which the folding ends. bp and bf are the corresponding Vertex *'s
of the actual vertices (in the predecessor face). e is the net
count of geodesic directions traversed; in other words, e is
d(0,fp)-d(0,bp), or howmuchcloser b is to O (the origin of the
Sch complex) than f.

InvMonoid *Mp=ownerp->facetype.Mp;
int n=Mp->n;

int b=n; Vertex* bp=this;

int f=0; Vertex* fp=this;



/*

int e=0; // d(O,fp)-d(O,bp), how muchcloser to Ob is than f
/I e<0 => face folded back toward origin

/* Look forward/backward for end of part onto which the new face
folds. Sparseness guarantees these loops will terminate. */
map<TransDom,TransRan>.const_i tera tor dp;
while ((dp=fp->edge.find(TransD om(Nd->w.su bstr (f,+ 1), 0)))
I=fp->edge.end()) {
fp = dp->second.destp;
e += dp->second.dir;
++f;

}

while ((dp=bp->edge.find(TransD om(Nd->w.su bstr (b,- 1), 0)))
I=bp->edge.end()) {
bp = dp->second.destp;
e -= dp->second.dir;
__b;
}

/I store the answers
*bip=b;

*bpp=bp;

*fip=f;

*“fpp=fp;

*ep=e;

** Routines to read within a PDA

*/

InstDesc::InstDesc(SchCo mplex *sp, Wordt, int j)

{

SCP=sp;

gp=scp->bcp->initp;

u=t;

i=j;

stk.push_front(DummyStac kLetter ); // initial letter on stack

bool InstDesc::futequal (const InstDesc& y) const
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/I Returns whether the two IDs are equal, ignoring the portions
/[ of the words already read.

{
if (scpl=y.scp) return false;
if (gp!=y.qp) return false;
if  (u.right(i)!=y.u.right(y. i)) return false;
if (stkl=y.stk) return false;
return true;
}

TransRan Vertex::findtrans (TransDom td)

{
map<TransDom,TransRan>.const_i tera tor ep;
for (ep=edge.begin(); ep!=edge.end(); ++ep) {
if (ep->first.x==td.x) {
if (ep->first.t==0 || ep->first.t==td.t)
return ep->second,;
}
}
return NullTransRan;
}
InstDesc InstDesc::advancedto (Vertex *term=0, int plus=0, (A12)

int maxcount=-1) const

/* Readsid in the PDA*scp, untii the end of the word is reached,
until  Vertex *term is reached, or untii maxcount transitions have been
made, whichever comesfirst. If plus is set, then at least one edge
must be read before Vertex *term is attained. A maxcount of -1 means
no maximumcount. The function returns the final InstDesc.
Advancedto() may be called with all arguments 0 (the default) to force
as muchof the word as possible to be read. Note that term is assumed
to be in the underlying Munntree. Then, the only wayit can be
reached is whenthe stack is empty. */
{

InstDesc id=*this;

TransRan tr;

int  maxi;

if (maxcount==-1)

maxi=u.len(); // read to the end of the word
else

maxi=id.i+maxcount;
while (

(id.i<maxi)



&& ( id.gp'=term || (plus &&id.i==i) )
&& (tr=id.gp->findtrans(

TransDom(id.u.substr(id  .i,1 ),id .st k.fr ont()) ))!=NullTransRan
) |

++id.i;
id.qp=tr.destp;
if (tr.stkop==TransRan::PUS H)
id.stk.push_front(tr.pu shed);
else if (tr.stkop==TransRan::PO P)
id.stk.pop_front();
}

return id;

Word InvMonoid::trim_identit y_wads (Word t)

/[ This routine requires sclp be properly set for nonempty words. It
/I correctly returns the empty word if t is empty, regardless of

/I whether sclp has been defined or not.

{
if (t.len()==0)
return t;
int i=0;
while (i<t.len()) {
InstDesc newid=InstDesc(sclp,t,i).a dvancedto(s clp->bcp->t ernp,1) ;
if (i'=newid.i && newid.gp==sclp->bcp->ter mp) {
t=t.substr(0,i)+t.right (newid.i ); // cut out part equal to 1
/[ keep i at its current value to check next substr
}
else {
++i;
}
}
return t;
}

bool SchComplex::accepts(Wor d t)

{
InstDesc id=InstDesc(this,t,0).adva ncedto( );
return id.gp==bcp->termp && id.i==t.len();
/* This word is accepted if all of it wasread (id.i=t.len) AND

reading stopped at the terminal vertex. */
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/*

** Routines to produce the cone type automaton

*/

/[ The routines below implement the finite-state automaton

/[ minimization algorithm in Hopcroft and Ullman to produce the cone
/[ type automaton. Note that the minimization algorithm assumes there
/I is a transition for every letter of the alphabet. Since this may
/I not be case in the edge's, the implementation below makesuse of an
/[ imaginary fail state, FAILSTATE. All other states are accept

/[ states.

const int FAILSTATE=-1;// -1 indicates sink state (the only fail state)

class statepair {
public:
int xy;
statepair(int a, int b) {
if (a>b) { x=b; y=a; } else { x=a; y=b; }
}
bool operator< (const statepair& t) const {
if (x<tx) return true; else if (x>tx) return false;
if (y<ty) return true; else return false;

}
%
int ConeTypeFSA:dest(int vi, Word x) (A13)
{
if (vi==FAILSTATE)
return FAILSTATE;
map<TransDom,TransRan>:const_i tera tor
dp=vofi[vi]->edge.find(T ransDortx,0 ));
if (dp==vofi[vi]->edge.end() || dp->second.dir!=+1)
return FAILSTATE;
return iofv[dp->second.destp];
}

void FsaNumberChildren(Verte x* vp,
map<Vertex *,int>& iofv, vector<Vertex *>& vofi, set<Word>& alphabet)
{
if (iofv.find(vp)==iofv.end( ) |
/I haven't done this vertex yet, add to the list
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int  n=vofi.size();
iofv[vp]=n;
vofi.push_back(vp); /I add vofiin] entry
for (map<TransDom,TransRan>co nst_ite rato r i=vp->edge.begin();
i'=vp->edge.end(); i++) {
alphabet.insert(i->firs t.x) ;
if (i->second.dir==+1) {
FsaNumberChildren(i->se cond.de stp, iofv ,vofi,a Iphabet);

}

void markpair(statepair pq, set<statepair>& marked,
map<statepair,set<statepa ir> >& listof)

{
if (marked.find(pg)==marked. end()) {
marked.insert(pq);
for (set<statepair>::const_ iter ator sp=listof[pq].begin();
sp!=listof[pq].end(); ++sp) {
markpair(*sp,marked,lis  tof) ;
}
}
}
ConeTypeFSA::ConeTypeF$BchComifex *sp) (A14)
{
SCP=sp;

FsaNumberChildren(scp->b cp->ini tp,i ofv, vofi,al phabet) ;
nstate=vofi.size();

set<statepair> emptyset;

map<statepair,set<statep air> > listof;

set<statepair> marked,;

for (int p=0; p<nstate; ++p)
marked.insert(statepair( p,FAILSTATE);

for (int p=-1; p<nstate; ++p) {
for (int g=p+1; g<nstate; ++q) {
listof[statepair(p,q)]= emptyset ;
}

for (int p=0; p<nstate; ++p) {



/*

for

(int

if

(int
int
for

}

if

/I Set iofi
(int
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g=p+1; g<nstate; ++q) {

foundmarked=0;

(set<Word>::const_itera tor xp=alphabet.begin();
(ffoundmarked) && xp!=alphabet.end(); ++xp) {
statepair  destpair=statepair(dest( p,*x p), dest(q,* xp));

if (marked.find(destpair)!= martked. end()) {
foundmarked=1,
markpair(statepair(p,q) ;marked ,lis tof );
}

(foundmarked) {
for (set<Word>::.const_itera tor xp=alphabet.begin();
xp!=alphabet.end(); ++xp) {
statepair  destpair=statepair(dest( p,* xp), dest(q, *xp) );
if (destpair.x!=destpair.y ) {
listof[destpair].insert(st atepair (p,q));
}

array so iofifjj  gives the newindex of state j. (Al5)

i=0; i<nstate; ++i)
iofi.push_back(i);
i=0; i<nstate; ++i) {

for

(iofi[i]==i) { /I this index hasnt changed

(int j=i+1; j<nstate; ++)) {
statepair  ij=statepair(i,j);
if (marked.find(ij)==marked .end()) {
/Il i and j are the same
iofi[j]=i;

**  Qutput Routines

*/



121

ostreamé& operator<< (ostream& s, const ConeTypeFSAdsa) (Al16)
{
int  nconetype=0;
for (int k=0; k<fsa.nstate; ++k) {
Vertex *vp=fsa.vofi[k];
if (fsa.iofi[k]==Kk) {
++nconetype;
}
}

s << "Geodesic word acceptor for SC(1) ("
<< nconetype
<< " cone types):" << endl
for (int k=0; k<fsa.nstate; ++k) {
if (fsa.iofi[k]==k) {
Vertex *vp=fsa.vofi[k];
S << vp << ™"
for (map<TransDom,TransRanxco nst_ite rato r i=vp->edge.begin();
i'=vp->edge.end(); i++) {
if (i->second.dir==+1) {
int j=fsa.iofi[fsa.iofv.find(i ->se cond.de stp) ->second];
s << " " << j->first.x << "->" << fsalvofi[j];

}
}
s << endl;
}
}

return s;

ostream& operator<< (ostream& s, const FaceType&bt)
{
if (bt==EmptyFaceType)
return s << "(emptyfacetype)";
else if (bt.mode==FaceType::BASECORLEX
return s << "(" << (bt.baseword) <<™")";
else return s

<< "("
<< (bt.b) <<
<< (bt.f) <<

<< (bt.sink2/2)
<< ((thIﬂkZ%Z)’)"5unu)
<< ")



void VertexEdgeOut(ostream& s, Vertex& V)
{
const char *arrow;
s <<" Vertex " <<v <<": attachedfacetype="
<< v.attachedfacetype << ", "
<< v.edge.size() <<" edges:" << endl
for (map<TransDom,TransRan>co nst_iter ator
i=v.edge.begin(); i'=v.edge.end(); i++)
if (i->second.dir>0)
arrow="+1",
else if (i->second.dir<0)
arrow="-1";
else
arrow="0";
s << " (" <<i->first.x <" "
if (i->first.t==0)
s << setw(fieldwidth) << "t
else

s << setw(fieldwidth) << vertexstr(i->first.t).c_

{

str( );

/I 1 need the c_str() to makesetw(10) work properly.

s<<" ) > ("

<< setw(fieldwidth) << vertexstr(i->second.dest

<< " , ";
if (i->second.stkop==TransR an:: PUSH
s << setw(fieldwidth-2)
<< vertexstr(i->second.pushed ).c _str ()
<< "t
else if (i->second.stkop==Trans Ran::POP)
s << setw(fieldwidth) << "eps";
else
s << setw(fieldwidth) << "t
S << " )" << setw(4) << arrow << endl;

string vertexstr (const Vertex* vp)

{
if (vp==0)
return "-";
else {

ostringstream  s;
S << vp->ownerp->facetype << vp->index;
return s.str();

p).c _str ()
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ostream& operator<< (ostreamé& s, const Vertex* vp)

{
if (vp==0)
return s << "-";
else if (vp==DummyStackLetter)
return s << "(stackstart)";
else
return s << *vp;
}

ostream& operator<< (ostreamé& s, const Vertex& V)

{
}

return s << v.ownerp->facetype << v.index;

ostream& operator<< (ostream& s, const TransDom&id)

{

S << ll(ll << th << u,n << *tdt << u)n;
return s;

ostream& operator<< (ostreamé& s, const TransRan&tr)

{
s << "("
<< tr.dir <<""
<< tr.destp <<
<< tr.stkop <<""
<< tr.pushed
<< "this=" << &tr << ")
return s;
}

ostream& operator<< (ostream& s, const Face& C)
{
s << "FaceType" << C.facetype << ™" "
if (C.facetype.mode==FaceTyp e:: BASEOMEX {
s << "BASECOMPLHMXtial=" << C.initp
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<< ") terminal=" << C.termp
<<"; 1 vertex" << endl
VertexEdgeOut(s,*C.vp[0] );

}
else {
s << "FACE "
<< (C.facetype.bv()-C.facetyp efv ()- 1) << " vertices"
<< endl;
if (C.facetype.sink2==0) {
VertexEdgeOut(s,*C.vp[0 ]);
}
else {
for (int i=C.facetype.fv()+1; i<=C.facetype.bv()-1,; ++i) {
VertexEdgeOut(s,*C.vp[i ]);
}
}
}
return s;

ostream& operator<< (ostream& s, const SchComplex&sc)

{
s << "SchComplex for u=" << sc.bcp->facetype.baseword
<< " in M=lnv<X|w=" << sc.Mp->w << "=1>" << end];
s << "Base complex: " << *sc.bcp << endl;
return s;
}

ostream& operator<< (ostream& s, const InvMonoid& M)
{
S << "InvMonoid<X|w=" << M.w << "=1> "
<< M.ftyptbl.size() << " face types:" << endl
for (map<FaceType,Face*>:.const_iterator btap=M.ftyptbl.begin();
btap!=M.ftyptbl.end(); btap++) {
s << *(btap->second) << endl;

}

return s;

ostream& operator<< (ostream& s, const InstDesc& id)

{

S << lIID(lI
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<< id.scp->bcp->facetype.b  aseword << ""
<<idu <<""
<idi <<yt

<< *(id.qp) <<", "

<< id.u.right(id.i) <"
for (list<Vertex  *>:const_iterator
i=id.stk.begin(); i'=id.stk.end(); ++i)
S <<" "

s << ")

return s;
}
/*
**  Miscellaneous definitions
*/

const FaceType EmptyFaceType;
const TransRan NullTransRan;
Vertex DummyVertex;
/* don't make const--want to be able to pass DummysStackLetter to
places where ptrs to non-const Vertex are allowed. */
Vertex *const DummyStackLetter=&Dummykifex ;

A.3 Front-end program:. spar.cc

The following is the front-end program, which takesinput from the user and calls
the appropriate functions to answer questionsabout inversemonoidspresened by a
sparserelator. This program canalsobe run by giving it commandsand operandson
the commandline, rather than interactively answering questionsfrom the terminal.
The code which provides this functionality has beensuppressedere, in order to to
keepthe listing to a reasonablelength. The suppressedcode does not cortribute
to the understanding of the mathematics, and was not usedby the sampleruns of

Section5.1. This code can be viewed by consulting the spar.cc source le directly.
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/[l spar.cc - Analyze the SC(1) for M=Inv<X|w=1>for w sparse.

#include "word.h"
#include "sc.h"

/*
** Interactive mode
*/

string wordhelp=

“Input a word, such as abABcdCD. Use upper-/lowercase letters for the
inverses of their lower-/uppercase counterparts (a™-1=A, A"-1=a, etc.).
You may enter 1, eps, epsilon, or nothing to specify the empty word.";

string  stephelp=

"Enter an integer number of steps to perform (letters to read) before
| stop and ask you again. The process automatically stops when the
entire word has been read or can be read no further, so you may enter
a large number such as 999 to continue without stopping.  You may
also simply press ENTERo do just one more step."”;

string  menuhelp=

"Choose from amongthe following options:
1) List the PDA(face types and transitions) for your inverse monoid
2) Interactively test whether or not u=l1; i.e., whether SC(1) accepts u
3) Test whether u,v are R-related to 1, and if so, whether u=v
4) Computethe cone type automaton which recognizes geodesics in SC(1)
8) Enter a newrelator w (your current monoid is discarded)
9) Leave this program (quit and Ctrl-D also work)";

string ask(const string& prompt, const string& help)
{
string  input;
bool notdone=1;
while (notdone) {
cout << prompt;

if (Igetline(cin,input) || strcasecmp(input.c_str()," quit ==0) {
cout << "Good-bye!" << endl;
exit(0);

}

if (input=="?" || strcasecmp(input.c_str() ,"he Ip" )==0) {
cout << help << endl;

}

else

notdone=0;
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}

return input;

void interactive_u_equals_v( InvMonoid& M)

{
cout<< "\n"
<< "Enter words u and v. This will determine whether or not\n"
<< "u and v are R-related to 1, and if so, whether or not u=v:"
<< endl;
Word u=ask("u=",wordhelp);
Word v=ask("v=",wordhelp);
InstDesc idu=InstDesc(M.sclp,u).adv  ancedto ();
InstDesc idv=InstDesc(M.sclp,v).adv  ancedto ();
bool uR1=(idu.i==idu.u.len() );
bool vR1=(idv.i==idv.u.len() );
cout<< "Your word u " << (UR1?"IS™"is NOT")
<< " R-related to 1." << endl;
cout<< "Your word v " << (VR1?"IS™"is  NOT")
<< " R-related to 1." << endl;
if (UR1 && VR1) {
if (idu.gp==idv.gp && idu.stk==idv.stk)
cout<< "The words u and v are EQUALn M." << endl;
else
cout<< "The words u and v are EQUALn M." << endl;
}
cout<< endl;
}

void interactive_step_id_dis play (In stDesc id)

{
cout<< "Step " <<idi << ™"
<< " State=" << id.gp
<< " Remaining=" << id.u.right(id.i)
<< " Stack:";
for (list<Vertex  *>:const_iterator
i=id.stk.begin(); i'=id.stk.end(); ++i)
cout << " " << ¥
cout<< endl;
}

void interactive_accepts_u_s tep( Inv Monid& M)

{
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cout<< "\n"
<< "Enter the word u which you wish to try to read in SC(1).\n"
<< "You will see the attempt to read u in SC(1) step-by-step.”
<< endl;

Word u=ask("u=",wordhelp);

cout<< endl;

InstDesc id=InstDesc(M.sclp,u);
bool notdone=1;
interactive_step_id_disp lay( id) ;

while (notdone) {
string nstep=ask("Next (or numof steps): " stephelp);
int n;
if (nstep=="")
n=1,
else
n=atoi(nstep.c_str());
while (n-- &&notdone) {

InstDesc newid=id.advancedto(0,0,1 ); (A17)
notdone=(id.i<newid.i) && (newid.i<newid.u.len()) ;
id=newid,;
interactive_step_id_dis play (id) ;
}
}
cout<< endl;
if (id.i<id.u.len()) {
cout<< "The first " << id.i
<< " letters of u can be read in SC(1)\n"
<< "put not all of u. Therefore, uis not R-related to 1."
<< endl;
}

else if (id.gp'=id.scp->bcp->te rmp) {
cout<< "All of u can be read inside SC(1), but the final state\n"
<< "attained is not the accept state, "
<< id.scp->bcp->termp << "\n"
<< "Therefore, u is NOTequal to 1. However, this does mean\n"
<< "u is equivalent to 1 under Green's R-relation."

<< endl;
}
else {
cout << "SC(1) accepts u. Therefore, u = 1." << endl;
}

cout<< endl;



void interactive_list M(InvM onoi d& M)

{
}

cout << endl << "Your monoid is M=" << M;

void interactive_conetypefsa  (Inv Mowid& M)

{
cout<< "\n"
<< "The following is the cone type automaton. It recognizes\n"
<< "the language of geodesic words in the Schutzenberger\n®
<< "graph of 1:\n"
<< endl;
cout << ConeTypeFSA(M.sclp)<< endl;
}

void interactive_mode(void)
{
cout<<"
Welcometo 'spar'. This program computes the PDAassociated with the
Schutzenberger complex of 1 for inverse monoids of the form

M=Inv<X|w=1>, where wis a sparse word, and allows you to test whether

words are accepted by this PDA.

(Note: Whenthis program asks for input, you mayrespond with ? or
‘help’ to get more information on what kind of response is required.
Also, you mayrun this program by giving operands and commandson

the commandine and in files; type 'spar help' at the commandine
for more information.)

bool notdone=1;
while (notdone) {
Word w=ask("\nEnter your relator w: ",wordhelp);

if (wlen()<2) {
cout<< "Your relator, " <<w<<" has length "
<<w.len() <<"\n"
<< "Please enter a sparse relator of length
<< "at least 2.\n"
<< "If you wish to stop this program, enter quit
<< endl;
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continue;
}
if (Iw.iscycred()) {
cout<< "Your relator, " <<w
<< ", is not cyclically reduced.\n"
<< "Please enter a cyclically reduced and sparse "
<< "relator." << endl;
continue;

}

pointedpiece olx,oly;
if (lw.check sparse_with_vi olat ors( olx ,oly )) {

if (olx==oly) {
cout<< "Your relator, " <<w
<< ", is not sparse because the pointed piece\n”
<< olx << " overlaps itself." << endl;
}
else {
cout<< "Your relator, " <<w
<< ", is not sparse because the pointed pieces\n”
<< olx <<" and " << oly <<" overlap." << endl
}
cout<< "Please enter a sparse relator." << endl;
continue;

}

InvMonoid M=InvMonoid(w);
cout<< "\nl have computed the Schutzenberger complex of 1 for\n"
<< "M=lnv<X|w=1> w=" << w << "" << endl
cout<< endl << menuhelp << endl;
string menuprompt=
"What next (1:list,2:u=1,3:u=v,4.g eo0,8:newrel ,9:q uit) ? "
string  option;
while ((option=ask(menuprompt,m enuhelp ))!= "9" && option!="8") {
if (option=="1") interactive_list_ M(M);
else if (option=="2") interactive_accepts u_ s tep( M);
else if (option=="3") interactive_u_equals v( M);
else if (option=="4") interactive_conetypefsa (M);
else cout << endl << menuhelp << endl;

}

notdone=(option=="8");

cout << "Good-bye!" << endl;
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exit(0);

int main (int argc, char **argv)
{
if (argc==1)
interactive_mode();
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