J. Symbolic Computation (1999) 11, 1–000

Invariants, patterns and weights for ordering terms

Ursula Martin and Duncan Shand Division of Computer Science,

University of St Andrews, St Andrews, Fife KY16 9SS, UK.

E-mail: fum, ddshandg@dcs.st-and.ac.uk

(Received 27 May 1999) We prove that any simplification order over arbtrary terms is an extension of an order by weight, by considering a related monadic term algebra called the spine. We show that any simplification order on the spine lifts to an order on the full term algebra. Conversely a simplification ordering on the term algebra defines a weight function on the spine, which in turn can be lifted to a weight order on the original ground terms which contains the original order. We investigate the Knuth Bendix and polynomial orders in this light. We provide a general framework for ordering terms by counting embedded patterns, which gives rise to many new orderings. We examine the recursive path order in this context.

1. Introduction

Orders on terms and other structures have been much studied in the context of termination proofs of rewriting systems, algorithms, logic programs and the like, and since the pioneering work of, for example, (Dershowitz, 1982), (Lescanne, 1981) and others an extraordinary variety of orders has been found: see (Steinbach, 1995) for a recent survey. More recently attention has focussed on how we might classify the orders of interest, and as a first step compute numerical or logical invariants for them. This is valuable not only for understanding more clearly the apparent diversity of these complicated structures, but also because it may help us see more readily how to try and prove termination. Furthermore in some cases these invariants give us more information about the termination problems we are trying to solve.

We call a topological space C a classifying space for a set D if there is a mapping from D to C: thus if elements of D have different images under they must be distinct. An invariant for an element of D is some number or ordinal naturally associated with elements of C, and hence under the mapping with D, so that if elements of D have distinct invariants they are distinct. Thus, for example, square matrices in one of the usual normal forms form a classifying space for linear transformations of a vector space, and the rank or the determinant are numerical invariants.

Every well-founded total order is order-isomorphic to an ordinal called its order type, which may be regarded as measuring its proof theoretic strength. If a well-order ≻ proves that a rewrite system R is terminating, then the order-type of the order can be related to the derivation complexity of R (Cichon and Weiermann, 1997; Hofbauer, 1992), which in turn can be related to the proof theoretic and algorithmic complexities of the relation being computed by R (Cichon and Weiermann, 1997). For total monotonic orders over terms in unary function symbols the order-types have been classified (Touzet, 1997;

0747–7171/90/000000 + 00 $03.00/0 cfl 1999 Academic Press Limited

Hofbauer, 1992): for example, for terms over two unary function symbols, there are three possible order types (Martin and Scott, 1997).

Thus the order-type is a very weak invariant. Scott (Scott, 1994) went much further and showed that any total monotonic order on terms in unary function symbols can be linearised: that is, it is an extension of an order by weight, defined by first weighting each of the function symbols with a non-negative weight, and then weighting terms by adding up the weights of the function symbols they contain. Any pre-order by weight can be extended in continuum many ways to a total order of this kind, and different weightings give different orders provided one is not a scalar multiple of the other: in the case of two function symbols (Martin and Scott, 1997) and (Prohle and Perlo-Freeman, 1997) provide a finer classification.

It follows that any such order ≻ over Σ, a set of n unary function symbols, is associated with an equivalence class p(≻) = [(w_1, . . . , w_n)] = {(aw_1, . . ., aw_n) 0 < a ∈ IR} of sequences of non-negative real weights. The set of all such p(≻) bijects with P_n, the non-negative orthant of projective n-space, and this establishes P_n as a classifying space for these orders. This means that there is a surjective mapping from the set of orders to the classifying space, which is a topological space, and we may use this to regard the set of orders as a topological space also. Further consderation of the weights allows us to construct various invariants.

If R is a set of rewrite rules over Σ^∗ we may define a subset R_> of P_n, viz the subset (possibly empty) of all those p for which any ordering ≻ with p = p(≻) proves R terminating. Thus for example for R = {a^2 −→ b^3} we have R_> = {[(α, β)] 2α > 3β}, which is an open connected subset of P_n.

The classifying space and the associated invariants have been applied by (Martin, 1996) to classifying the rewriting systems they prove terminating: these are group and semigroup presentations. In a similar vein (Martin, 1989), (Mora and Robbiano, 1986) and others classified monotonic orders on multisets, and this classification has been used to investigate (Faugere et al., 1993) the so called Gröbner walk and Gröbner fan of an ideal in a polynomial ring. This enables us to understand all Gröbner bases for an ideal in a uniform framework, and to transform one into another without recomputing from scratch. For both groups and Gröbner bases this has important practical applications, in that a rewrite system which is fast to produce (for example because it has few rules) may not be fast to compute with (for example because it has long derivation sequences) (Linton and Shand, 1996).

The results above concern numerical invariants and classifying spaces for orders on strings and multisets. This paper is concerned with developing similar results for terms. The first main section considers how we may assign numerical invariants to orders on terms, and hence establish P_n as a classifying space for term orders over n non-constant function symbols. The second concerns a general framework for ordering terms by counting embedded patterns: we construct a large class of new term orders and show how our method subsumes earlier constructions. A final section looks at the recursive path order in the light of our results. We now explain our results in more detail.

1.1. Linearisible orders

The first section of this paper considers how we may associate numerical invariants to term orders. That is to say, we establish a uniform framework for classifying and comparing orders on terms, with the aim of finding some analogue of Scott’s results for strings. At first sight this might seem somewhat implausible: there are an enormous number of monotonic orders on terms, and it might seem unlikely we could come up with anything as elegant as Scott’s result. The key is to identify a distinguished subset of the term algebra on which the orders we are considering behave like orders on strings, then to apply Scott’s methods to this subset, and finally to relate the results to the original order.

As a running example throughout this section we consider the polynomial order on T = T ({f, g, x, y, d}), for f, g binary operators, d a constant and x, y variables. We define [x] = X, [y] = Y, [d] = D, [f(x, y)] = 2XY^2 and [g(x, y)] = X^2 + Y^2.

Our distinguished subset S, called the spine of T , will be defined as follows in this case, and analogously in general. Let F (x) = f(x, x), F^{i+1}(x) = f(F^i(x), F^i(x)) and G(x) = g(x, x), G^{i+1}(x) = g(G^i(x), G^i(x)). Then the spine of T is S = T ({F, G, x}), the set of terms on the unary operators F, G. Thus in our example the spine contains g(f(x, x), f(x, x)) = G(F (x)) and f(g(x, x), g(x, x)) = F (G(x)). If ≻ is any order on T which is a total stable simplification order on restriction to S then by (Scott, 1994) there exists τ with ∞ ≥ τ ≥ 0 such that for all i, j we have

F^i(x) ≻ G^j(x) if i > jτ and F^i(x) ≺ G^j(x) if i < jτ.

Further if we define μ : S → IR by μ(s) = kX_{p=1(ip + τ jp)} for s = F^{i1} G^{j1} F^{i2} G^{j2} . . . F^{ik} G^{jk} (x),

then s ≻ t if μ(s) > μ(t) and s ≺ t if μ(s) < μ(t). The sequence (1, τ ) is a numerical invariant of the order ≻ on T : in general over n symbols there is a sequence of n values called the weight sequence which behaves similarly. The equivalence class of the weight sequence under scalar multiplication is an element of P_n, establishing this as a classifying space for our class of orders.

For our running example we have [G(G(x))] = [g(g(x, x), g(x, x))] = 8X^4 [g(g(x, x), f(x, x))] = 4X^6 + 4X^4 [G(F (x))] = [g(f(x, x), f(x, x))] = 8X^6 [f(g(x, g(x, x)), x)] = 8X^6 + 2X^4 [F (G(x))] = [f(g(x, x), g(x, x))] = 16X^6 [F (F (x))] = [f(f(x, x), f(x, x))] = 16X^9.

Thus for i, j ≥ 1, F^i(x) ≻ G^j(x) if [F^i(x)] = aX^{3i} is greater than bX^{2j} = [G^j(x)] in the polynomial ordering, where a, b are certain powers of 2. Thus τ = log 2/log 3. The restriction of this polynomial order to S is total: it is just a certain lexicographic extension of the weight order defined by τ . The order ≻ corresponds to [(1, log 2/log 3)], the class of (1, log 2/log 3) in P_2.

Now consider the rewrite system R = {F (F (x)) −→ G(G(G(x)))}, and the subset R_> defined above. Our polynomial ordering lies in R_>, and in fact R_> = {[(1, α)] α < 2/3} a connected open subset of P_2.

In general the description we have of the restriction of ≻ to S also gives us an alternative way of looking at ≻ on T . For it turns out that every element u of T has a least upper bound ū in S, and if ū ≺ v̄ then u ⊁ v. Thus in our example u = g(g(x, x), f(x, x)) has least upper bound ū = G(F (x)) in S and v = f(g(x, g(x, x)), x) has least upper bound v̄ = F (G(x)): the table above confirms that u ≺ ū ≺ v ≺ v̄.

We can go further: if we have is a total simplification order on S we can lift it under certain conditions to a simplification preorder � on T . If the order on S is the restriction to S of some ordering ≻ on T, then ≻ ⊆ � . Thus in our running example we can lift the weight-lexicographic order on S induced by the polynomial order to a preorder on T which contains the polynomial order.

In Section 3 we develop this theory precisely. The subalgebra generated by {F, G} is an example of a so-called one parameter family in T , that is, a subalgebra that is isomorphic to a free algebra on unary function symbols. An order ≻ is said to be linearisible over a one parameter family S if there is a weight sequence (μ_i) satisfying the appropriate generalisation of the property of the example. For as ≻ is total on S = T (G), we may assume without loss of generality that G = {_1G, . . . ,_nG} where_nG(x) ≻_{n−1}G(x) ≻ . . . ≻_1G(x). Then ≻ |_S is linearisible over S if there is a sequence of real numbers, called a weight sequence, satisfying

1 = μ_n ≥ μ_{n−1} ≥ . . . ≥ μ_1 ≥ 0

such that ≻ |_S ⊇ >_μ, where the weight function μ : S → IR is defined by μ(s) = P_{iG∈G #(iG, s)μi and s >μ t if and only if μ(s) > μ(t).} In our running example F =_2G, G =_1G and 1 = μ_2 > μ_1 = log 2/log 3 so for example μ(F (G(x))) = 1 + log 2/log 3.

Our main theorems are

Theorem 3.4. Let T be a term algebra, S = T (G) a one parameter family in T and ≻ a σ-stable simplification order on T which is total on restriction to S. Let u(x), v(x) be elements of S. Then there exists a τ (∞ ≥ τ ≥ 0) such that

u^i(x) ≻ v^j (x) if i > jτ and u^i(x) ≺ v^j (x) if i < jτ Theorem 3.5. Let T be a term algebra, S = T (G) a one parameter family in T and ≻ a σ-stable simplification order on T which is total on S. Then ≻ |_S is linearisible over S with classifying space P_n.

Theorem 3.6. Let T be a term algebra, S = T (G) a one parameter family in T , where G = {_1G(x), . . .,_nG(x)}, and ≻ a σ-stable simplification order on T which is total on S. Then for each s in S there exist non-negative integers i_1, . . . , i_n and permutations π, ψ of {1, 2, . . ., n} such that π(1)G i_π(1) π(2)G i_π(2) . . . π(n)G i_π(_n) (x) ⪰ s ⪰ ψ(1)G i_ψ(1) ψ(2)G i_ψ(2) . . . ψ(n)G i_ψ(_n) (x).

The spine, which we described informally above, is a particular example of a one parameter family, having additional properties which allow us to lift orders on the spine back to T . We have two main results of this kind:

Theorem 3.7. Let T be a term algebra containing constants, and let ≻ be a total simplification order on the spine S of T . Then there is a simplification preorder � on T such that if s, t ∈ S and s ≻ t then sσ � tσ for any ground substitution σ.

Theorem 3.8. Let ≻ be an order on T which is a total simplification order on restriction to S, preserved under ground substitutions σ : {x} → T , with weight function μ on S. Suppose that there is a unique maximal constant. Then there is a function μ̄ : T → IR such that ≻⊆≥_{μ̄} so that if u ≻ v then μ̄(u) > μ̄(v).

In our example we have μ̄(g(g(x, x), f(x, x)) = 1 + log 2/log 3.

We give further examples of one parameter families in Section 4.1, and compute weight sequences for some of the standard orders in Sections 4.2 and 4.3.

The Knuth-Bendix order is a particular order by weight defined on terms: we show that any weight sequence arises as the weight sequence of the restriction of a Knuth-Bendix order to a suitable one parameter family.

Theorem 4.7. Let 0 < μ_1 ≤ . . . ≤ μ_n = 1 and T = T (F ∪ X ) where |F \ F_C | = n and |F_C| ≥ 1. Then there is a G ⊂ T with |G| = n, a one parameter family S = T (G∪{x}) and a simplification order > on T which is total on restriction to S and has weight sequence (μ_1, . . . , μ_n) over S.

We then investigate general Knuth-Bendix orders, computing the weight sequences and, in the case that |G| = 2, the further invariants of (Martin and Scott, 1997). The polynomial orders, first defined in (Lankford, 1975) and refined by, for example, (Ben Cherifa and Lescanne, 1987), give us a rich source of examples, and in Section 4.3 we use a technique of (Cropper, 1997) to compute the weight sequences for polynomial orders. In particular, if one of the generators of S has a non-linear interpretation then the weight sequence of S is determined solely by the degrees of the interpretations of the generators of S.

1.2. Orders by counting patterns.

The results above concern ordering terms inside one parameter families by counting occurrences of embedded subterms of the form F^k(x) for suitable patterns F . Orders by counting occurrences of various kinds of patterns, which may be subterms or some other combinatorial device, are a recurrent theme in the theory of orders, beginning with Knuth and Bendix’s original paper on rewriting (Knuth and Bendix, 1970) where they described how to order terms by extending a weight function on the function symbols, and continuing with various developments by (Steinbach, 1994b), (Martin, 1993) and others.

The principle of such constructions over a term algebra T is to count occurrences of some set of patterns P_1, to order the vectors thus obtained using a division order >_1 on vectors, to lift this order to obtain a preorder on T , and then to break ties by considering a new set of patterns P_2. Certain compatibility conditions on the P_i are needed to ensure a simplification order is obtained. In Section 5 we present a very general framework for such constructions, which allows us to define continuum many new monotonic orders, even over a fixed signature. Essentially we count embedded subterms which are members of a pattern class, a set of variable arity terms P which is closed under taking principal subterms. The compatibility conditions are expressed by requiring that P is the disjoint union of subsets P_i, where each P_i (for i ≥ 2) does not contain a term and any of its principal subterms, together with certain conditions on the >_i.

As an example consider the two terms s = g(a, g(a, g(a, a))) and t = g(g(a, a), g(a, a)). Both contain the same number of occurrences of the varyadic subterms g, a and g(a, a). However s contains more occurrences of the varyadic subterm g(g) than t: our methods show that this allows us to construct a monotonic order ≻ with s ≻ t, using the pattern class {a, g, g(g)}. Similarly t contains more occurrences of the varyadic subterm g(g, g) than s, and we may construct a monotonic order ≻^′ with t ≻^′ s, using the pattern class {a, g, g(g, g)}. Section 5.1 presents the main result: proving that our construction gives rise to a monotonic order. In Section 5.2 we show the power of the new orders by showing that uncountably many distinct orders may arise in this way, even for two unary function symbols. Specifically we show that for any positive real λ there is an order ≻_{(λ)} with f^N g^{2M} f^N ≻_{(λ)} g^M f^{2N} g^M for N/M > λ and g^M f^{2N} g^M ≻_{(λ)} f^N g^{2M} f^N for N/M < λ. So for example if λ = π then

f^{32}g^{20}f^{32} ≻_{(λ)} g^{10}f^{64}g^{10} ≻_{(λ)} f^{31}g^{20}f^{31}.

A suitable pattern class in this case is {f, g, fg, gf, fgf, gfg.} The order is induced by assigning the weight α + βλ to a term containing α occurrences of fgf and β occurrences of gfg and comparing the weights.

We then show that the weight part of the Knuth Bendix order (Knuth and Bendix, 1970), and Martin’s ‘zig-zag’ order (Martin, 1993) are special cases of our new construction.

References

Ben Cherifa, A., Lescanne, P. (1987). Termination of rewriting systems by polynomial interpretations and its implementation. Science of Computer Programming, 9(2):137–159.

Cichon, E. A., Weiermann, A. (1997). Term rewriting theory for the primitive recursive functions. Ann.

Pure Appl. Logic, 83(3):199–223.

Cropper, N. (1997). Effective termination techniques. PhD thesis, University of St Andrews. Cropper, N., Martin, U. (1998). The classification of polynomial orderings on monadic terms. Technical Report CS/98/5, University of St Andrews.

Dershowitz, N. (1982). Orderings for term-rewriting systems. Theoretical Computer Science, 17(3):279– 301.

Dick, J., Kalmus, J., Martin, U. (1990). Automating the Knuth-Bendix ordering. Acta Informatica, 28:95–119.

Faugere, J., Gianni, P., Lazard, D., Mora, T. (1993). Efficient computation of zero-degree Grobner bases by change of ordering. Journal of Symbolic Computation, 16:329–344.

Gallier, J. H. (1991). What’s so special about Kruskal’s theorem and the ordinal Γ0? A survey of some results in proof theory. Annals of Pure and Applied Logic, 53:199–260.

Hofbauer, D. (1992). Termination proofs by multiset path ordering imply primitive recursive derivation lengths. Theoretical Computer Science, 105(1):129–140.

Knuth, D., Bendix, P. (1970). Simple word problems in universal algebras. In Leech, J., editor, Computational problems in abstract algebra, pages 263–298. Pergamon Press.

Lankford, D. S. (1975). Canonical algebraic simplification in computational logic. Technical Report ATP-25, University of Austin, Texas.

Lescanne, P. (1981). Decomposition ordering as a tool to prove the termination of rewriting systems. In 7th IJCAI, pages 548–550.

Linton, S., Shand, D. (1996). Some group theoretic exampes for completion theorem provers. Journal of Automated Reasoning, 17:145–169.

Martin, U. (1989). A geometrical approach to multiset orderings. Theoretical Computer Science, 67:37– 54. Martin, U. (1990). A note on division orderings on strings. Information Processing Letters, 36:237–240.

Martin, U. (1993). Linear interpretations by counting patterns. In Kirchner, C., editor, RTA ’93, volume 690 of LNCS, pages 421–433. Springer-Verlag.

Martin, U. (1995). On the diversity of orderings on strings. Fundamentae Informaticae, 24:25–46. Martin, U. (1996). Theorem proving with group, presentations: examples and questions. In Mcrobbie, M., Slaney, J., editors, CADE-13, volume 1104 of LNCS, pages 358–372.

Martin, U., Scott, E. (1997). The order types of termination orderings on monadic terms, strings and multisets. J. Symbolic Logic, 62(2):624–635.

Middeldorp, A., Gramlich, B. (1995). Simple termination is difficult. Applicable Algebra in Engineering, Communication and Computing, 6(2):115–128.

Mora, T., Robbiano, L. (1986). The Groebner fan of an ideal. Journal of Symbolic Computation, 6:183–208.

Prohle, P., Perlo-Freeman, S. (1997). Scott’s conjecture is true, position sensitive weights. In Comon, H., editor, RTA-97, volume 1232 of LNCS, pages 217–228. Springer-Verlag.

Scott, E. (1994). Weights for total division orderings on strings. Theoretical Computer Science, 135:345– 359.

Steinbach, J. (1994a). Generating polynomial orderings. Information Processing Letters, 49:85–93. Steinbach, J. (1994b). Termination of rewiting - extensions, comparison and automatic generation of simplification orderings. PhD thesis, University of Kaiserslautern.

Steinbach, J. (1995). Simplification orderings: history of results. Fundamentae Informaticae, 24:47–87. Touzet, H. (1997). Propriétés combinatoires pour la terminaison de systèmes réécriture. PhD thesis, L’université Henri Poincaré - Nancy 1.

Zantema, H. (1994). Termination of term rewriting: interpretation and type elimination. Journal of Symbolic Computation, 17(1):23–50.