Math 250:B1, Midterm #1

June 10, 2003

1. (16 pts.) Let A=
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(a) Find the reduced row echelon form of A.

Solution:
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1 2 0
2 —4 9
1 2 -3
0 5 5
1 1/3 7/9
3 -1 -2
5 5
1/3 7/9
0 1



(b)

What are the rank of A and the nullity of A?

Solution:

The rank of A is the number of nonzero rows in the reduced row echelon form of
A. Thus, rank A = 3. Since rank A + nullity A is the number of columns of A,
the nullity of A is 2.

3
Is the system Ax = b consistent, where b = 4 |7 If the system is
-7

consistent, does it have more than one solution?

Solution:

By Theorem 1.5, A,,x,x = b is consistent for every b € R™ if and only if

rank A = m. This is summarized in the table on the formula sheet. Since the
3

rank of the A given above is 3, A,,xnX = 4 | is consistent. Since the system
—7

is consistent, the nullity of A is the number of free variables. The nullity of A is

positive, so there are an infinite number of solutions.

2. (24 pts.) Determine if each statement is true or false. Justify your answer if you
claim the statement is true; if false, explain why the statement is false or provide an
example demonstrating that it is false.

(a)

If an n X n matrix A is invertible, then Ax = b is consistent for any b in R".

Solution:

True. Multiplying the equation Ax = b on the left on both sides by A~!, we
have that x = A~'b, which is clearly defined for any b in R™. Thus, Ax = b is
consistent for any b in R"™.

A subset of R™ containing fewer than n vectors must be linearly independent.

Solution:
1 2
False. The set 11,12 is a subset of R?® with only 2 vectors, but is
1 2
1 2
linearly dependent since2 | 1 | —1 | 2 | =0.
1 2



()

There exists a 5 x 8 matrix with rank 3 and nullity 2.

Solution:

False. The sum of the rank and the nullity is equal to the number of columns of
the matrix, which in this case is 8.

The columns of an invertible matrix are linearly independent.

Solution:

True. The reduced row echelon form of an invertible matrix A is the identity
matrix /. The columns of I are clearly linearly independent, and by the Linear
Correspondence Property, so are the columns of A.

If S; and S are finite subsets of R” having equal spans, then S; = Ss.

Solution:
1 2

False. S| = 1 and Sy = 2 are finite subsets of R?® with equal
1 2

spans, but S # Ss.

A linear system with fewer equations than variables always has solutions.

Solution:

False. Consider the system

T = 1
gl
T1+2Tog+2T3+2x4 = 5

I
DO

Though this system has 3 equations and 4 variables, it has no solution.



3. (10 pts.) Solve the following system of equations. Write the general solution in vector
form.

1 — To + T3 = —4
r1 — To + 21‘3 + 21’4 = -5
31’1—3$2+2$3—2$4 = —11

Solution:

We proceed by forming the augmented matrix [A b] for the system Ax = b given

above.
1 -1 1 0 —4

[Abl=]1 -1 2 2 -5
3 -3 2 —2 —11

We then put [A b] into reduced row echelon form.

1 -1 1 0 -4 1 -1 1 0 —4 1 -1 0 —2
1 =12 2 5|2, 00 0 1 2 —1|™2"]0 01 2
3 2392 —2 11| "™ o0 0 -1 -2 101" 10 00 o0

Writing the corresponding linear system of equations, we have

T1— X9 — 24 = —3
T9 free

T3 + 21‘4 = —1

Ty free

Here z; and x3 are the basic variables, and x5 and x4 are free variables. Writing the
general solution in vector form,

I1 -3+ To + 2564 -3 1 2
Ty Ty 0 1 0
es | | —1—2z, | T 1| T®|o | T™| o
T Ty 0 0 1



4. (15 pts.) Let S be the following set of vectors in R3:

1 2 —1
s={%l2|.13],| 4
4 7 2
3
(a) Isv= | 9 [ in the span of S?
15

Solution:

The vector v is in the span of S if and only if Ax = v is consistent. We test for
consistency by finding the reduced row echelon form of the augmented matrix

[A v].
1 2 -1 3 1 2 -1 3
A=123 4 9|2 0o -1 6 3
47 21507 0o -1 6 3
1 2 -1 3 10 11 9
2000 1 -6 3| 2o l0 1 —6 -3 | =mefAd
(0 -1 6 3]"™ 00 0 0

Since there is no row where the only nonzero entry is in the last column, the
system Ax = v is consistent. Thus, v is in the span of S.

(b) Is S linearly independent?

Solution:

S is linearly independent if and only if the matrix equation Ax = 0 has only the
zero solution (here the columns of A are the vectors in S). This occurs when the
rank of A is equal to the number of columns of A, which in this case is 3. The
reduced row echelon form of A can be obtained by ignoring the last column of
the reduced row echelon form of [A v].

1 0 11
rref A=[0 1 —6
00 0

The rank of A is 2, which is less than the number of rows. Therefore, the
columns of A are linearly dependent.
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5. (15 pts.) Let A= | 2
1
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(a) Compute A~

Solution:

We compute A~ by putting the n x 2n matrix [A I,x,] into the reduced row

echelon form [R B|. If R = I,,x,, then B = A~1.

132100 1 3 2] 100
[All=|2 55010220 -1 1|{-210
13100 1™ [0 0 -1|-101
13 2/1 0 0 130/-1 0 2
lo1 —1]2 -1 ol 2= lo01 0] 3 -1 -1
" loo 11 0 1| ™™ oo 1| 1 0 -1
100[/-10 3 5
Dl 1 0| 3 -1 =1 | =[1 A™Y
001 1 0 -1
Thus,
~10 3 5
A7t = 3 -1 —1
1 0 -1

(b) Use A™! to solve the matrix equation Ax = b, where b =

Solution:

Multiplying both sides on the left by A~!, we have that

-10 3 5
X = Ailb = 3 -1 -1
1 0 -1

—2

1

-2

3
1 -1
= 2
3 -2



6. (20 pts.) Prove the following statements.

(a)

Prove that if {vq, vy} is linearly independent, then so is {vi + va,v; — va}.

Solution:

We consider a linear combination of the vectors in the second set:
di(vi+va) +da(vi —vy) =0
Rearranging, we have
(dy + do)vy + (dy — d2)va =0

Since {vy,v,} is linearly independent, the only coefficients satisfying the above
linear combination are

d1+d2 == 0
dy — ds 0

Solving this system of linear equations, the only solution is d; = ds = 0. Hence
{v1+ vy, vy — va} is linearly independent.

Let U be an m x n matrix, and Q an n x n matrix. Let V' = U(Q. Prove that

span {vi,Vva,...,v,} is a subset of span {uj,us,...,u,}, where vi, vy, ... v,
are the columns of V' and uy,us,...,u, are the columns of U.

Solution:

From the definition of matrix multiplication, v; = Uq; for ¢ = 1,...,n. Thus,
each v; is a linear combination of the columns of U, and so each v; is in

span {uj, ug,...,u,}. Since {vy,vy,...,v,} is a finite subset of

span {uy, uy, ..., u,}, by Theorem 1.6, span {vy,vs,...,v,} is a subset of
span {uy,uy,...,u,}.



