A GENERAL NOTION OF VISIBILITY GRAPHS

MIKE DEVELIN °, STEPHEN HARTKE, AND DAVID PETRIE MOULTON

Abstra ct. We de ne a natural classof graphs by generalizing prior notions of visibilit y, allowing
the represerting regions and sightlines to be arbitrary . We consider mainly the case of compact
connected represerting regions, proving two results giving necessaryproperties of visibilit y graphs,
and giving some examples of classesof graphs that can be so represerted. Finally, we give some
applications of the concept, and we provide potential avenuesfor future researd in the area.

1. Intr oduction

At the AMS/MAA Joint Meetingsin San Antonio in January of 1999, Alice Dean presenied a
paper on rectangle-visibility graphs. A graph is de ned to be a rectangle-visibility graph if there
exists a set of closedrectangleson R?, with sidesparallel to the coordinate axesand disjoint except
possibly for overlapping boundaries, such that ead vertex corresponds to a rectangle and two
vertices are joined by an edgeif and only if there exists an unobstructed horizontal or vertical
corridor of positive width connecting the two corresponding rectangles[4]. There are many other
conceptsof visibilit y graphs; two of the most commonly used are the line-segmen de nition ([8],
[3]) and the simple polygon de nition ([1], [9]).

In this paper, we consider visibilit y graphs corresponding to an extended notion of visibilit y.
Namely, we de ne a sightline to be a line segmen between points in two di®eren regionsinter-
sectingno other region. A graph G (all graphswe considerwill be nite and simple) is then de ned
to be a visibilit y graph if there exists a set of disjoint nonempty connectedregionsin R?, with
ead region corresponding to a vertex of G, such that two vertices are connectedby an edgein G if
and only if there exists a sightline betweenthe corresponding regions. Throughout this paper, we
will identify verticeswith the regionsrepresening them.

Note that the regions are required to be connected. If we do not make this requiremert, all
connected graphs turn out to be visibility graphs by means of a simple construction. Let G be
an arbitrary connectedgraph; order the verticesvy;:::;vy sothat for all 1- k - n, the induced
subgraph Gjy, .y, is connected. Start with a disk represering vi. For ead v; in ascendingorder
of i, cut a disk out of eat arealabeledv; for all j < i sud that v; and v; are adjacert in G.
Label the interior of this disk v;. It is then straightforward to ched that this yields a visibilit y
represertation of G, asillustrated in Figure 1.

By requiring the represeiting regionsto be connected,we eliminate trivial constructions of this
nature. In addition, we can require our represeriing regionsto have other properties such as
openness,compactness,and corvexity; ead of theseyields a di®eren theory of visibilit y graphs.
We canrestrict the theory further by choosingour regionsfrom a sewerely limited list of objects, sudc
as rectangles, disks or even points. Naturally, with ead restriction, the number of represenable
graphs decreases.

Wewill be concernedprimarily with compact visibilit y graphs , graphsthat canberepresened
as visibilit y graphs using compact connectedsubsetsof R?. (A subsetS % R? is compact if and
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only if it is closedand bounded; this is equivalent to requiring every in nite sequencexi;Xp;:::
of points in S to have a cornvergert subsequence.)This restriction allows us to give and prove a
necessaryproperty of graphsin this class,while at the sametime preserving enough °exibilit y to
facilitate visibilit y represetations for a wide range of graphs.

2. Convex Compact Visibility Graphs

We begin by consideringthe casein which our represening regions are not only compact, but
alsocorvex. We de ne a graph to be a convex compact visibilit y graph , or if it canberealized
asa visibilit y graph in R? with all represering regionsboth compact and corvex. One of our main
theoremsis the following, which givesa necessarycondition on suc graphs.

Theorem 1. If G is a convexcompact visibility graph, then every edgeof G must be either a bridge
or part of a K.

The following lemma will be usefulin the proof of the theorem.

Lemma 1. Supmse we have mutually visible regions A and B. If any other region intersects a
sgmentjoining a point of A and a point of B, then the edgeAB s part of a K 3 in the correspnding
visibility graph.

Proof. Take a;a°2 A and b;b°2 B sothat abis a sightline and a%® intersects someother region.
We have two cases: either alP is a sightline or it is not. It suxcesto consideronly the second
case;if alP is a sightline, then switching the labels of the regions A and B and replacing (a; b;b?
by (b%a;a% puts usin the situation of the secondcase.

Considerthe straight line path A:[0;1]! B from bto b® asB is corvex, the image of this path
lies entirely in B. Becauseall represening regionsare compact, for any given region C intersecting
somesightline aA(t) there exists someminimal valuetc with aA(tc) intersecting C beforeB. (Note
that if one sud line intersects C before B, all suc lines that intersect C must do so beforeB, as
B and C are corvex.) SinceaA(1) is occluded, at least one such interloping region exists. Pick the
region C with tc minimal, sothat aA(t) is unobstructed for t < tc; if more than one such region
exists, pick the one closestto a along the line aA(tc). Call the rst point of obstruction c. Then A
is adjacert to C via the sightline ac. Furthermore, ead point on cblies on aA(t) for somet < t¢
and thus must be unobstructed by the de nition of tc. Therefore, C is also adjacert to B via the
sightline ch and sothe edgeAB is part of the triangle AB C. o

We now proceedto the proof of Theorem 1.

Proof of Theorem 1. Let A and B be mutually visible regionsin a corvex compact visibilit y rep-
resernation of G. BecauseA and B are compact corvex regions, we can nd common external
tangert lines "1 and ", to A and B. Let a; (respectively, i) be a point in the intersection of A
(respectively, B) and I;, as shawvn in Figure 2. If any other region corntains a point in the closed
region boundedby A, B, and thesetwo tangert lines, then this point blocks somesightline between
A and B. Therefore, we can apply Lemma 1 to conclude that the edge corresponding to AB is
part of a triangle.

We may assume,therefore, that no suc region exists. If every other region is contained either
in the areabounded by A, "1, and *, (and on the opposite side of A from B) or that bounded by
B, 1, and ", it is clear that AB must be a bridge. Otherwise, we have one of two cases:

Casel. Someregion has nontrivial intersection with both some ; and the open half-plane on
the opposite side of that line from A and B.

Without lossof generality, we may assumethat this line is "1, and that the region intersects "1
on the opposite side of A from B.
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Let C bethe rst sud region encourtered by traveling along *; from A away from B. Because
C extendsat leastto "1, we can construct, asin Figure 3, a sequenceof points fcjg in C sothat
fcig corvergesto c2 C\ ", and eadh point ¢ is on the opposite side of *; asA and B.

Now, let D be any region besidesC that intersectsthe open half-plane on the other side of |4
from A and B. Then D will not intersect the segmenm ch, by our choice of C. SinceD and cb, are
compact sets, the distance #p betweenthem is positive; let £ be the smallestsudc 5. Then, if we
pick i large enoughsothat d(ci;c) < # the sightlines gar and ¢ b, must be unobstructed. Thus
AB C is a triangle.

Case 2. No such region exists; therefore, some region must lie entirely on the opposite side of
some’; from A and B.

We may supposewithout loss of generality that this line is *;. Consider the set of all regions
D; lying on the opposite side of *; from A and B. Since ead region is compact, and does not
intersect " itself, ead has someminimum distancet > 0to “;. Choosea region D with minimum
distance+, andlet d 2 D besud that d(d; ;) = +. Now, considerthe sightlines da; and db;. These
sightlines, which lie entirely on the opposite side of *; from A and B, must be unobstructed, for
any intervening region E would necessarilyhave d(E; 1) < +. Therefore DAB is a triangle.

Thus, in both casesthe edgeAB is part of a triangle. This completesthe proof of the theorem.
o}

The basic concept used in the proof of Theorem 1 is the division of R? into three areas: the
cornvex hull of A[ B, the areablocked from A by B or from B by A, and the remainder. Using
this division, we showed that if any region C intersectseither the rst areaor the third, then AB
is part of a triangle, and if no such region exists then AB is a bridge. This division and the proof
carry through in the casewherethe represerting regionsare not required to be corvex. The details
are similar to those of the proof of Theorem 1, though slightly more technical, and are left to the
reader.

Theorem 2. If G is a compact visibility graph, then every edgeof G is either a bridge or part of
aKs.

In light of this result, one might wonder whether or not the property of convexity is irrelevant
to the set of represeniable graphs;that is to say, whether all compact visibilit y graphs are compact
convex visibilit y graphs. However, Figure 4 shavs an exampleof a graph that is a compactvisibilit y
graph, but not a corvex compact visibilit y graph.

One might alsowonder whether the corverseof Theorem 2 is true, that is, whether or not every
graph satisfying the conclusionof Theorem 2 is a compact visibilit y graph. This is easily showvn to
be false, however. To construct a counterexample, we make use of the following lemma.

Lemma 2. Suppmsethat G is a visibility graph of any type, and v is a vertex all of whoseneightors
are pairwise adjacent in G. Then G fvg is a visibility graph of the sametype. (By type of a
visibility graph, we mean a type of restriction on the allowableregions in its representation.)

Proof. Construct a visibilit y represertation of G, and remove the region corresponding to v. Con-
sider any edgeAB in the resulting visibilit y graph, with corresponding sightline ab. If we consider
abin the original represenation, the only regionthat can possibly block it is the region correspond-
ing to v. Howeer, if this is the case,then A and B are ead connectedto v using subsegmets of
ab as sightlines, so, by the hypothesis, A and B are adjacert in the original graph. Furthermore, if
v doesnot block abthen A and B are certainly adjacert in the original graph. Thus the edgeAB
alsooccursin Gj fvg. Clearly G fvgis alsoa subgraph of the resulting visibilit y graph, sothe
two are identical, and the lemma is proven. o
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Now, consider the graph G shawn in Figure 5, which satis es the conclusion of Theorem 2.
Suppose G were a compact visibilit y graph; by Lemma 2, we could then remove the four outside
vertices to obtain a represenation of C4 using compact regions. However, no suc represenation
exists (as C4 doesnot satisfy the conclusionof Theorem 2), and soG cannot be a compact visibilit y
graph.

In the proof of Lemma 2, we made explicit use of the geometry of the visibilit y represenation
of G. Indeed, the geometry of this represenation yields a condition on the graph itself, as shavn
in the following theorem.

Theorem 3. Suppse that there exists a convex compact visibility representation of G such that
two sightlines ab and vw intersect, with a;b;v; w contained in distinct regions A; B;V; W. Then the
vertices A and B are part of a K4 inside G.

~

Proof. If the regions A and B are both cortained in the line %b, or if either region is a point,
the proof is fairly straightforward and is left to Hwe reader. Suppose not; then, without loss of
generality, there exists somepoint ag 2 A not on ab.

We dene a point a= (1 ®a+ ®ag, where®< 1 is suxciently small that vw still crossesa®
and ab is still a sightline. (If this latter condition were impossible,we could construct a sequence
of points in some other region corverging to ab, and thus ab would also not be a sightline.) We
furthermore require that B not be cortained in the line through a®and b,

Now, we have a% not tangert to.A, and thus for b’ sutciently closeto bwe haveé{)oonot tangent

to A. Pick by 2 B not on the line a%. Then, take b°= (1 j }{t}){; "y, where ™ is su+ciently small

that a% is a sightline and crossesvw, and so that the line a%’ is not tangert to A. Then a%Pis
tangent to neither A nor B, for it has points from both regionson either side of it.

~ Becauseof this construction, we can assumewithout lossof generality that our extendedsightline
ab is tangent to neither A nor B.

Let +> 0 bethe minimum distance betweenany pair of regions;thesedistancesare well-de ned,
asall regionsare compact. For any line segmen j k, let f (j k) be the length of the projection of j k
onto a line perpendicular to ab, and g(j k) be the length of the projection of j k onto a line parallel
to ab; then f and g are always non-negative. Let x = infff (j k)g, where the in"/m um is taken over
all sightlines jk (betweenregions besidesA and B) intersecting ab. It is a simple consequenceof

compactnessand the non-tangencyof ab to A and B and compactnessthat we have x > 0.

Now, sincethe regionsare compact and the line ab is tangernt to neither A nor B, we can pick
1 be suciently small sothat a line drawn from a (respectively b) at an angle at most p from ab
must intersect B (respectively A) before any other region. Pick " > 0 sothat " < #sinp. Let cd
be a sightline crossingabwith f(cd) < x + ", and let C and D be the regionscortaining ¢ and d
respectively. We claim that ABCD is a K4 in G. To verify this claim, we establish the existence
of edgesCA, CB, DA, and DB.

Let K be the triangle cad in the plane, and consider the visibility graph H de ned by the
regionsf X \ K g, where X rangesover all the regionsintersecting K from our original visibilit y
represemnation of G; seeFigure 6. As K is convex, and all of these new regions are cortained in
K, all relevant sightlines will also be contained in K ; furthermore, H is clearly a subgraph of G.
Now, H is a visibility graph, and CD is an edgeof H. By Theorem 1, we know that CD is either
a bridge or part of a triangle.

Since ¢ and d are on opposite sidesof the unobstructed sightline ab, no region besidesA can
intersect both ta and ad. Taking the sequenceof regionsencourtered along ca givesa path from C
to A in the graph H, and similarly taking the sequenceof regionsalong ad givesa path from A to
D. Composingtheseyields a path from C to D not including the edgeCD, sinceD cannot appear
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in the rst part (asit appearsin the second),and C cannot appear in the second. Consequetly,
removing the edgeCD cannot disconnectthe graph H, soCD cannot be a bridge in H.
Therefore, CD must be part of atriangle in H, sothere must exist someregion E with both CE
and DE edgesof H. Unlessg = A, E must lie either entirely above the unobstructed sightline
ab\ K or ertirely below it. However, if E lies above this line, the sightline d% corresponding to
the edgeD E crossesab. Furthermore, ase 2 K and the distancefrom eto cis at least +, it follows
from our choiceof " that f (d%) < x, a contradiction. Similarly, E cannot lie below ab\ K, asthen
f (c%) < x. Consequetly, E must be the region A, sothat both of the edgesCA and DA occur in
H and, therefore, in G. Interchanging A and B shows that the edgesCB and DB must also occur
in G, sothat ABCD forms a K4 asdesired. o}

Theorem 3 rules out an additional classof graphs, and placesconstraints on possiblerepresen-
tations of many more graphs. Noting that if a visibilit y represenation has no crossingsightlines,
the corresponding graph is planar, we obtain the following corollary.

Corollary 1. Every convex compact visibility graphseither is planar or contains a K 4.

An exampleof a graph that this corollary excludesfrom being a convex compact visibilit y graph
is shown in Figure 7.

3. Examples of Compact Visibility = Graphs

Theorem 2 shaws that many simple graphs are not compact visibilit y graphs; in particular,
Ch is not a compact visibility graph for n > 3. Furthermore, it is easyto chedk that every
nonempty compactvisibilit y graph must be connected. Nevertheless,we can construct large families
of compact visibilit y graphs.

Theorem 4. If G hasa plane drawing suchthat all of the internal faces are triangles, then G is
a compact visibility graph.

Proof. Assume rst that G hasno cut vertices, that is, verticesv suc that G fvgis disconnected.
We start with a plane drawing of G, which we may assumehas corvex boundary face,and construct
from this drawing a compact visibilit y represernation of G. Considerany edgevw. We break vw at
an arbitrary point in its interior, and interlace the two halvesof vw together at this point, asshown
in Figure 8. We then take asthe represeiting region for v the union of all the half-edgescontaining
v. It is clearthat every edgevw correspondsto a sightline; furthermore, every sightline lies ertirely
in the interior of someface of the drawing, and thus only connectsregions corresponding to the
vertices of this face. As theseverticesform a K 3 in the graph, there are no extraneousedgesadded,
and so this assignmen of regionsshows that G is in fact represenable as a visibilit y graph.

In the casewhere G hasa cut vertex v, we can split the vertex asin Figure 9 and then represert
the resulting graph as a visibilit y graph as before, exceptthat we do not do the above for the edge

viVo. This yields a represertation of G as a visibilit y graph.
o}

A simple corollary of Theorem 4, as every tree has a plane drawing with no internal faces,is the
following.

Corollary 2. All trees can be representel as compact visibility graphs.

In fact, all trees are convex compact visibilit y graphs, or even compact disk visibilit y graphs.

Since C,, is not a compact visibility graph for n > 3, one might suspect that a planar graph
G is a visibility graph if and only if it has a plane drawing sud that all of the internal facesare
triangles. This, howewer, turns out to be false. Consider the caseof K 1.1.5. This is easily seento
be a compact visibilit y graph (as in Figure 10), but it is a planar graph with no suc drawing for
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n, 3. The key point hereis that the induced subgraph on the four-sided faceis not C4; given this,
we conjecture that the following modi cation of the converseholds.

Conjecture 1. A planar graph G is a compact visibility graphif and only if it hasa plane drawing
suchthat for all internal facesF of G, the sulgraph Gg induced by the vertices of F is a compact
visibility graph.

4. The non-comp act case

Throughout the previous two sections of this paper, we have assumedthat our represerting
regions are compact. In this section, we give our rationale for this assumption, as well as some
commerts about the non-compacttheory.

Theorem 2 doesnot hold in the non-compact case. Indeed, the cyclesC,, are visibility graphs,
as shavn by the two represertations in Figure 11.

Furthermore, if we eliminate the hypothesis of compactness,we can eiyen realize disconnected
graphs as visibility graphs. Let A be the setf(x;y)j0 < x - 1y = Ysin%g, B be the set
f(x;x+y)j(x;y) 2 Ag, and C be the single point (0;0), as represerted in Figure 12. Then the
only unblocked sightlines are betweenA and B, and sofA; B; Cg is a visibilit y represenation of a
disconnectedgraph.

Combining the technique of interlacing preseried in Figure 12 with the secondmethod for real-
izing C, preseried in Figure 11, we can realize any connectedplanar graph as a visibilit y graph.
Given a face F, for eat vertex v we construct in the interior of F interlocking spirals sy.¢, eah
having in nitely many turns; one of these spirals is shawvn in Figure 13. The region corresponding
to v then consistsof the union over all facesF containing v of the spirals sy .

While it is not true that we can represen any graph as a visibilit y graph (consider the caseof
two isolated vertices), the fact that all connectedplanar graphs can be realized as visibilit y graphs
leadsto the following conjecture:

Conjecture 2. Any connected graph is representableas a visibility graph.

5. Settings Other Than R?

It is natural to extend the concept of visibilit y graphsto higher-dimensional Euclidean spaces.
Speci cally, onemight considerthe caseof R3. Analoguesto rectangle-visibility graphsexist in R3;
in particular, Fekete and Meijer [6] considerthe questionof which completegraphsare represenable
as box-visibilit y graphs. Alternativ ely, one can require that the sightlines be strictly vertical, and
that ead represerting setliesin a horizontal plane; the question of such represenations has been
consideredby Alt, Godau, and Whitesides [2].

In R3, Conjecture 2 is true (using our notion of visibility). Let T be a spanning tree for an
arbitrary connected graph G; using the construction showvn in Figure 1 with spheresinstead of
circles, we rst construct a visibility represenation of T. Then, to add an edge between two
verticesV and W, we pick any points v2 V andw 2 W, and remove all points on the interior of
the line segmen vw. It is clearthat this will only add the single sightline from V to W, asthe line
hasthickness0O and all represering regionshave positive thickness. Unlike in the two-dimensional
case,this construction doesnot disconnectany regions. After all remaining edgesof G have been
added in this fashion, oneis left with a visibilit y represenation of G.

In the compact case,we have results similar to thosein R2. With only slight modi cations, the
proof of Theorem 2 carries over into R", sothat Theorem 2 is true in general Euclidean spaces.
This suggeststhe following two questions.

Question 1. Is it true that all graphs representableas compact visibility graphsin R® are also
representableas compact visibility graphsin R??
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Question 2. Does there exist a positive integer n such that all graphs representableas compact
visibility graphsin any Euclidean space are representableas compact visibility graphsin R"?

Two other veruesto which visibilit y graphs generalizeeasily are the torus T2 and the sphereS?;
Mohar and Rosenstiehl[7] brie°y consideredthe former casewith restricted sightlines. In order to
make senseof the generalconcept, we must de ne the notion of a straight line in both settings. We
de ne straight lines on the torus by consideringit asthe quotient spaceR?=Z2; on the sphere,we
take the straight lines to be the ordinary gealesics. Which graphs are represetiable as visibilit y
graphsin thesenew settings?

6. Conclusion

The generalizedconcept of a visibilit y graph lends itself to various applications. Sincethe set
of represening regionscontains all of the information about the graqp ifself, it can be usedasan
encading of information about the n vertices of a graph G and the r21 connectednesgelations
into a set of n objects. If we require the represering regionsto be disks, we have this information
using 3n coordinates: onetriple (x;y;r) for ead disk.

Visibilit y graphsalso can be usednaturally to represern various kinds of networks. For instance,
considera network of army baseson a battle eld that communicate with ead other via torch signals
(or, if you will, lasers). The graph of this network will then be the visibilit y graph represerned by
the layout of the bases.Similarly, on a more global scale,one may wish to manipulate the situation
sothat one can communicate in this fashion with one'sallies and at the sametime intercept lines
of communication betweenone'senemies.In this latter caseof two rival alliances, it is appropriate
to partition the verticesinto two classes,and only consider sightlines betweentwo regions of the
sameclass;what pairs of networks can be realizedin this fashion? The conceptof visibilit y graphs
provides a natural represenation of graphsin R? that can be usedto examinethese questions.
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Figure 1. A construction of an arbitrary connected graph as a visibility graph
using disconnectedregions. Each vertex is represetied by the region consisting of
the union of the areasbearingits letter. (This construction canbetrivially modi ed

to usecompact regions.)
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Figure 2. RegionsA and B with external tangent lines|; and I5.
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Figure 3. A sequenceof points ¢, ! c.
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Figure 4. A graph G which is a compactvisibilit y graph, but not a convex compact
visibilit y graph, with a represenation asthe former. Any represeriation of G as
a corvex compact visibilit y graph must have the wheel essetially as shavn, which
leaves no possibleposition for the pendart vertex.

Figure 5. A counterexample to the converseof Theorem 2.
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Figure 6. Triangle K = cad. There may be other regionsalong the edgesca and
da, but we will show that C and A are mutually visible, asare D and A.

Figure 7. This graph neither is planar nor contains a K4, and thus cannot be a
convex compact visibilit y graph.

11



12 DEVELIN, HARTKE, AND MOUL TON

Figure 8. An example of the construction described in Theorem 4. The graph
represerted is shavn on the right, and its represeniation as a compact visibilit y
graph on the left.

Figure 9. Elimination of cut vertices.
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o

Figure 10. Represemation of K 1.1, as a corvex compact visibility graph. The
two large circles correspond to the 1-elemen partite sets;the other n vertices are
suzciently small and closeto the large circle that no two can seeead other.

L ONORON

Figure 11. Two represettations of C,, as a visibilit y graph using connected, non-
compactregions. In the rst represettation, we have n parallel segmets, all openon
both endsexceptthe rst and last, which are closedat oneend. In the secondrep-
reseriation, we have n half-open line segmets of equallength, no two diametrically
opposed,emanating from a single point.
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Figure 12. A disconnectedyvisibility graph. Vertex C can seeneither A nor B,
ead of which hasin nitely many undulations.
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Figure 13. Method of construction of all planar graphs as visibilit y graphs. The
spiral shavn hasin nitely many turns, and is the part of the region represening v
corresponding to the indicated face. The edgesof the face are drawn for clarity and

do not appear in the visibilit y represenation.



