GRAPH-THEORETIC MODELS OF SPREAD
AND COMPETITION

BY STEPHEN G. HARTKE

A dissertation submitted to the
Graduate School—New Brunswick
Rutgers, The State University of New Jersey
in partial fulfillment of the requirements
for the degree of
Doctor of Philosophy

Graduate Program in Mathematics

Written under the direction of
Dr. Fred S. Roberts

and approved by

New Brunswick, New Jersey

October, 2004



© 2004
Stephen G. Hartke
ALL RIGHTS RESERVED



This work is licensed under the Creative Commons Attribution-NonCommercial-NoDerivs
License, which permits noncommercial copying and distribution as long as attribution is
given. The creation of derivative works is not permitted. To view a copy of this license,

visit http://creativecommons.org/licenses/by-nc-nd/2.0/ or send a letter to

Creative Commons, 559 Nathan Abbott Way, Stanford, California 94305, USA.



ABSTRACT OF THE DISSERTATION

Graph-theoretic Models of Spread

and Competition

by Stephen G. Hartke
Dissertation Director: Dr. Fred S. Roberts

We consider three graph-theoretical models of spread and competition motivated by
biological applications and also by spread of opinions in social networks and fires in geo-
graphical areas. We modify the voter model of Clifford, Sudbury, Holley, and Liggett by
introducing confidence levels. In the voter model, a group of voters has opinions “yes” or
“no,” interpreted as infected or non-infected in a disease application. As time progresses
each voter’s opinion is influenced by his or her neighbors, with the confidence level of a
voter determining how quickly the voter reconsiders his or her opinion (how quickly a per-
son might change disease state). We show that the voter model with confidence levels
always results in a uniform opinion, and we determine the probability of each uniform opin-
ion based on the initial opinions and—what is unusual in this subject—on the structure of
the underlying graph.

We also consider a perfectly contagious disease, where vertices adjacent to infected
vertices become infected at every discrete time step. The only intervention allowed is a
limited number of vaccinations per time step. This model of disease spread is equivalent to
a model of fire spread introduced by Hartnell where firefighters correspond to vaccinations.

We prove a conjecture of Wang and Moeller about the number of firefighters needed per
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time step to contain an outbreak starting at a single vertex in an infinite square grid with
dimension at least three. We then show that no constant number of firefighters per time
step is sufficient to contain every finite outbreak of fire. We also present a new proof of
MacGillivray and Wang’s result that finding an optimal firefighter strategy is NP-complete
for general graphs.

Finally, we study questions arising from competition between species and phylogenetic
tree reconstruction, considering elimination procedures for the competition number and the
phylogeny number of a graph. We provide a simpler proof of Kim and Roberts’ theorem
that their elimination procedure calculates the competition number for “kite-free” graphs.
We answer a question in the literature by showing that their procedure does not calculate
the competition number for all graphs. We introduce an elimination procedure for the
phylogeny number and show it computes the phylogeny number for “kite-free” graphs, but

that it does not calculate the phylogeny number for all graphs.
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Chapter 1

Introduction

1.1 Overview

Discrete mathematics has many applications to other fields. In this thesis, we are going
to consider several models that are motivated by biological applications, mainly modeling
the spread of diseases and interventions attempting to contain this spread, and modeling
competition between species. The models that we investigate also arise in other areas, such
as the spread of opinions in social networks and the spread of fire in geographic areas, and
the results that we present are applicable to an array of topics.

This thesis consists of three major chapters. In Chapter 2 we present a modification of
the voter model by introducing the concept of confidence levels. In the voter model, we
have a group of voters and each voter has an opinion about some issue, either 1 (“yes”)
or 0 (“no”). By considering the voters as vertices and the neighbor relation as edges,
we naturally have an underlying graph G. We define a stochastic process on G where as
time progresses each voter’s opinion is influenced by his or her neighbors. In a disease
interpretation, 1 signifies that an individual is infected with a disease and 0 indicates that
the individual is uninfected. The voter model was introduced independently by Clifford
and Sudbury [2] and by Holley and Liggett [9]. The basic conclusion is that the model
always results in a uniform opinion and that the probability of ending with a given opinion
is essentially independent of the graph structure. Motivated by ideas of Hoffman [8] and
Roberts [13], we introduce a notion of confidence into the voter model. The confidence
that a voter has in his or her current opinion determines how quickly the voter reconsiders
his or her opinion. Confidence levels can also be interpreted as resistance to infection by a

disease. We show that the voter model with confidence levels always results in a uniform



opinion, and we determine the probability of each outcome (uniform 1 or 0) based on the
initial opinions and-what is different than the classic voter model-on the structure of the
graph.

In Chapter 3 we focus on a deterministic process and how it behaves when various
interventions are occurring. This is particularly relevant in disease spread processes, where
vaccinations and quarantines are being used to contain a disease outbreak. We consider
a simple spread mechanism on a graph G: that of a perfectly contagious disease with no
cure, where vertices adjacent to infected vertices become infected at every discrete time
step and, once infected, remain infected from then on. The response allowed is only a
limited number of vaccinations of non-infected vertices per time step. The main question
we investigate is finding an optimal strategy for vaccinations in order to minimize the total
number of infected vertices. We are primarily interested in the situation when there is only
one initially infected root vertex, and there are exactly f vaccinations allowed per time step.
The model of disease spread that we consider in Chapter 3 is equivalent to a model of fire
spread introduced by Hartnell [7]. In this model, fire spreads from an outbreak to adjacent
vertices at each time step. In response, firefighters can be deployed to defend vertices
and prevent the fire from spreading to them. The motivating question is again to find an
optimal sequence of defended vertices that minimizes the total number of burnt vertices.
In light of the literature on the firefighter model, we will primarily use the terminology
of that model in presenting our results. In the case of infinite square grids, we prove a
conjecture of Wang and Moeller [17] about the number of firefighters needed per time step
to contain an outbreak starting at a single vertex. Motivated by work of Fogarty [4] on
two-dimensional square grids, we also show that no constant number of firefighters per time
step is sufficient to contain every finite outbreak of fire. MacGillivray and Wang [11] proved
that the problem of finding an optimal sequence of vertices defended by firefighters is NP-
complete for general graphs. We present a new proof of this result which holds under the
assumption of small average vertex degree, which is more realistic in the disease applications
than the larger average vertex degree of the MacGillivray-Wang proof. Finally, we discuss

an approximation technique for the problem on trees.



In Chapter 4 we study questions arising from competition between species and phyloge-
netic tree reconstruction by considering elimination procedures for the competition number
and the phylogeny number of a graph. Given an acyclic digraph D, the competition graph
C(D) is defined to be the undirected graph with V(D) as its vertex set and where vertices
x and y are adjacent if there exists another vertex z such that the arcs (z, z) and (y, z) are
both present in D. The competition number k(G) for an undirected graph G is the least
number r such that there exists an acyclic digraph F' on |V (G)| + r vertices where C(F) is
G along with r isolated vertices. Kim and Roberts [10] introduced an elimination procedure
for the competition number and asked whether the procedure calculated the competition
number for all graphs. We provide a simpler proof of Kim and Roberts’ theorem that
their elimination procedure calculates the competition number for the so-called “kite-free”
graphs. However, we answer their question for all graphs in the negative by demonstrating
a graph where the elimination procedure does not calculate the competition number.

We also study in Chapter 4 a variant of the competition number known as the phylogeny
number. Given an acyclic digraph D, the phylogeny graph P(D) is defined to be the
undirected graph with V(D) as its vertex set and with adjacencies as follows: two vertices z
and y are adjacent if one of the arcs (z,y) or (y, ) is present in D, or if there exists another
vertex z such that the arcs (z,z) and (y,z) are both present in D. Phylogeny graphs
were introduced by Roberts and Sheng [14] from an idealized model for reconstructing
phylogenetic trees in molecular biology and are closely related to competition graphs. The
phylogeny number p(G) for an undirected graph G is the least number r such that there
exists an acyclic digraph D on |V (G)| + r vertices where G is an induced subgraph of
P(D). We introduce an elimination procedure for the phylogeny number analogous to the
elimination procedure of Kim and Roberts [10] for the competition number and show that
our elimination procedure computes the phylogeny number for “kite-free” graphs. We also

show that the elimination procedure does not calculate the phylogeny number for all graphs.



1.2 Basic Definitions

We assume that basic concepts in graph theory, combinatorics, probability, discrete op-
timization, and complexity theory are understood by the reader. We will present basic
terminology and notation here, and introduce other terms and notation throughout the

thesis as necessary.

1.2.1 Graph Theory

Diestel [3] and West [18] provide good introductions to graph theory, and Van Lint and
Wilson [16] is a useful reference for general combinatorics. A graph G = (V, E) consists of
a set V of wvertices and a set E of unordered pairs of vertices called edges. We often write
V(G) and E(G) to denote the vertex and edge set, respectively, to emphasize the graph G.
If e = (v,w) is an edge of G, then we call v and w the endvertices or endpoints of e. We
also say that v is adjacent to w and often write v ~ w or that vw (and wv) is an edge in G.
All of the vertices that are adjacent to v are called neighbors of v and the set of neighbors
is denoted N(v) or Ng(v) to emphasize the graph G. If B is a subset of the vertices of
G, then N(B) = UyepN(v). Sometimes N(v) and N(B) are called the open neighborhood
of v and B, respectively. The closed neighborhood N[v] of v is N(v) U{v} and the closed
neighborhood N[B] of B is N(B) U B. The degree deg(v) (or degqn(v)) of a vertex v is
|N(v)|. If deg(v) = deg(w) for all vertices v,w € V(G), then G is regular. A vertex v with
deg(v) = 0 is called an isolated vertex, and a vertex w with deg(w) = 1 is called a pendant.
A multigraph is a graph with multiple edges between two vertices. A loop is an edge where
the two endvertices are the same. Most of the graphs that we consider are simple graphs
that do not have multiple edges or loops.

A graph H = (V' E') is a subgraph of G = (V,E) if V. C V' and E C E'. H is an
induced subgraph of G if for all vertices v,w € V', v is adjacent to w in H if and only if v
is adjacent to w in G. If H is an induced subgraph, then we say that H is the subgraph
of G induced by V'. H is a spanning subgraph of G if |V'| = |V|. For convenience, we will
sometimes describe a subgraph H of a graph G only as “consisting of” certain edges of G.

It is understood that H has no isolated vertices: the vertices of H are only the endpoints



of edges in H.

A sequence of vertices v1,vs,...,v; is a path from vy to vy if all of the v; are distinct
and if v; is adjacent to v;41 for 1 < i < k. The length of a path vi,va,... v is k — 1.
A cycle is a path with the additional property that v, is adjacent to v1. We call a graph
with no cycles acyclic. If there is a path from v to w for every pair v, w of vertices in G,
then we say that G is connected. A subgraph H of G is a connected component of G if H
is connected and is a maximal subgraph with this property. The distance d(v,w) from v
to w is the length of the shortest path from v to w if v and w are in the same connected
component, and oo otherwise.

A rooted graph (G, r) is a graph G where we have distinguished a specific vertex r called

the root. The vertex set V(G) can be partitioned as V(G) = Voo UV U VL U - -, where

Vo ={r},
Vi={veV:d(vr)=1i}, fori >0, and
Voo = {v € V : v is not in the same connected component as v}.

The vertices in V; for i > 0 are said to be on level i or at level i from the root.

A tree is an acyclic connected graph. We call the pendants in a tree leaves. Let (T, )
be a rooted tree, and for a nonroot vertex v, let v = v1,vo,...,vr = r be a shortest path
from v to the root . We say that vs is the parent of v, v is a child of vy, v; is an ancestor
of v for 2 <1 <k, and that v is a descendant of v; for 2 < i < k.

A complete graph is a graph where every vertex is adjacent to every other vertex. A
clique H of G is a subgraph of G that is also complete. An edge clique covering of G is
a collection {Hy, Ha, ..., H;} of cliques of G such that every edge of G appears in at least
one clique H;.

The disjoint union of two graphs G = (V, E) and H = (V', E’) where VNV’ = & and
ENE =g is the graph GUH = (V" E"), where V! =V UV’ and E” = EUE'. We let
I,. denote the graph with r isolated vertices. Thus, G U I,. is the graph formed by adding r
isolated vertices to G.

A directed graph, or digraph, D = (V, A) consists of a set V of vertices and a set A of

ordered pairs of vertices called arcs or directed edges. We often write V(D) and A(D) to



denote the vertex and arc set, respectively, to emphasize the digraph D. If e = (v, w) is an
arc of D, then we say that e is directed or oriented from v to w, and we write vw is an arc
in G. The out-neighborhood N§'"(v) of a vertex v is {w € V(D) : vw € A(D)}, and the in-
neighborhood N8 (v) is {w € V(D) : wv € A(D)}. These sets are sometimes called the open
out-neighborhood and the open in-neighborhood, respectively. The closed out-neighborhood
Nt [v] is N°U(v) U {v}, and the closed in-neighborhood N%[v] is N (v) U {v}. If B is a
subset of the vertices of D, then the corresponding definitions are N3 (B) = U,e g N3 (v),
NI(B) = UpepNB(v), NO*[B] = Upyep N9 (v) U B, and NB[B] = UyepNB(v) U B. If
the digraph D is clear, then we will often drop the subscripted “D” from the neighborhood

, and the out-degree deg®(v) is

notation. The in-degree deg'l(v) of a vertex v is [N (v)
|Ngut (v)‘ A sink is a vertex with out-degree zero, and a source is a vertex with in-degree
Z€ro.

A sequence of vertices v1,vs,..., v 18 a directed path from vy to vy if all of the v; are
distinct and if v;v;11 is an arc in D for 1 <14 < k. A directed cycle is a directed path with
the additional property that viv; is an arc in D. We call a digraph with no directed cycles
acyclic. If there is a directed path from v to w for every pair v, w of vertices in D, then we

say that D is strongly connected.

1.2.2 Markov and Semi-Markov Processes

Roberts [12] and Gallager [5] contain introductions to Markov chains and semi-Markov
processes. A Markov chain is a discrete-time stochastic process {Xn}nzo such that the
probability of X,, being in state j is dependent only on the state X, _; and independent of

n and Xg, X1,...X,_o; formally,
Pr{X,=j|Xo,X1,...,.Xpn1} =Pr{X,=j| Xpn1} =Pr{X1 =4 | Xo}.

The probabilities p;; = Pr{X, =j | X;,—1 = i} are called transition probabilities, and the
matrix P with entries p;; is called the transition matriz. If there are only a finite num-
ber of states that X, can take on, then we say that {X,}, -, is a finite-state Markov

chain. An ergodic set is a nonempty set £ of states such that Pr{X,, =j| X,,-1 =i} =0



for all states ¢ € £ and j ¢ &, and such that no proper subset of £ also has this prop-
erty. A Markov chain is ergodic if the entire set of states is an ergodic state. A regular
Markov chain is an ergodic finite-state Markov chain where there exists a positive inte-
ger N such that Pr{Xny, =7 | Xn, =i} > 0 for all states 4,j. If {Xp}, o is a regular
Markov chain, then lim, . Pr{X, = j} exists and is independent of the initial condi-
tion Xg. The distribution of X,, as n gets large tends to the stationary distribution of
{Xu}. An absorbing state is an ergodic set of size one. If {X,}, - is a finite-state Markov
chain where the only ergodic sets are absorbing states, then {Xn}n20 is absorbing and
lim,, . Pr{X,, is in an absorbing state} = 1.

A semi-Markov process {Zi},5( is a continuous-time stochastic process with an asso-
ciated discrete process {Ty,},~o. We use the convention that 7o = 0. The times {7}
indicate when Z; changes state. For n > 0 and T,,_1 <t < T, Z; is constant. At time T},

Z, transitions into a new state according to the probability
Pr{Zr, =j| Zr,_\, 210y, Zo} =Pr{Zp, | Z1,_, } .

The probabilities p;; = Pr {ZTn =j|Zp,_, = z} are called transition probabilities. The
length of the time interval T,, — T,,_1 is a random variable with distribution determined
by the state Z7, ,. If Zp, , = 4, then this random variable, which we shall call H;, is

known as the holding time in state i. The embedded Markov chain {Xn} is defined as

n>0

A

X, = Zr,. The embedded Markov chain {Xn} - has the same transition probabilities as
n>
the semi-Markov process {Z:},5,. If {Z:} has a finite number of states and the expected

holding time is finite for each state, then the limiting probability of Z; being in state j is

3 '(E[Hi] nan;OPr{Xn :j})
dim PriZ: = j} = Y E[H)]

states ¢

A special case of a semi-Markov process is when the holding times are independent iden-
tically distributed exponential random variables. In this case, the process is a continuous-

time Markov process.



1.2.3 Complexity Theory and NP-completeness

Garey and Johnson [6] is the standard text for the theory of NP-completeness. A decision
problem L is a “yes” or “no” question about a specific type of input. An instance I of a
decision problem is the question asked about a specific input of length n. A decision problem
L is said to be in the complexity class P or solvable in polynomial time if there exists a
deterministic algorithm A such that if the answer to the instance I is “yes,” then A produces
this answer in a deterministic running time bounded by a polynomial in n. If the answer
to the instance is “no,” then A either returns “no” or does not halt. A decision problem
L is said to be in the complexity class NP if there exists a nondeterministic algorithm
A such that if the answer to the instance I is “yes,” then A produces this answer in a
nondeterministic running time bounded by a polynomial in n. If the answer to the instance

“no,” then A either returns “no” or does not halt. A decision problem K is polynomial-

is
time reducible to a decision problem L if there exists a transformation f computable in
polynomial time that maps an instance of K to an instance of L with the same answer. A
decision problem L in NP is NP-complete if every decision problem K in NP is reducible
to L.

A boolean form ¢ in conjunctive normal form is written as a conjunction of disjunctive

clauses:
p =C1ACaoA. . . NCyp = (0171\/0172\/. . .\/CLkl)/\(Cz’l\/CQ’Q\/. . .\/C27k-2)/\. . ./\(C&l\/C&QV. . .\/Cng).

A truth assignment 7 of the boolean variables 1, %o, ..., Ty satisfies ¢ if ¢ evaluates to
true when substituting the truth values into ¢ for the variables. The boolean formula
satisifiability problem SAT is to determine whether a boolean formula ¢ in conjunctive
normal form has a satisfying truth assignment 7 for the variables z1,xs,..., 2. Cook’s

Theorem states that SAT is NP-complete.



1.2.4 Linear and Integer Programming

Chvétal [1] and Schrijver [15] discuss the theory and background of linear and integer

programming. A [linear program L is the optimization problem

minimizef(z1, z2,...,Tk) (1.1)
subject togi (1, x2,...,Tk) <1 €1 (1.2)
g2(w1, 22, ..., 1) X2 C2
9e(T1, T2, ..., T) Xp o
where 1,9, ...,z are real variables, f, g1, g2,...,ge are linear functions of z1, zs, ..., Tk,

and x;€ {=,<,>,<,>}. The function f is known as the objective function, and a linear
program also results by replacing “minimize” in (1.1) with “maximize.” The conditions
(1.2) are known as the constraints. If x1,x9,...,x) satisfy the constraints and minimize
the objective function, then x1, 2, ...,z is an optimal solution and f(z1,x9,...,x)) is an
optimal value. Solving a linear program can be done in polynomial time and in practice
can be done quickly.

An integer program I is a linear program with the added constraints that x; is an integer
for 1 < ¢ < k. The linear program relaxation L is the linear program formed from I by
removing the integrality constraints. If m is the optimal value of I and m™* is the optimal
value of L, then m < m* if I is a minimization problem, and m > m* if I is a maximization
problem. The difference |m* — m/| is known as the integrality gap. In general, solving an

integer program is NP-complete.
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