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Abstract

It has been conjectured by Eisenbud—Green—Harris that lex-plus-powers ideals exhibit extremal conditions among all
homogeneous ideals containing a regular sequence of forms in fixed degrees. In the same spirit, we consider a family of
homogeneous ideals in k[x, y, z] which contain a regular sequence of forms F, G € k[x, y] and compare the growth of these
ideals with special monomial ideals sharing similar properties.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction

Let R be the polynomial ring k[x1, ..., x,] in n variables, where k is an algebraically closed field of characteristic
zero and deg(x;) = 1. A well-known theorem of Macaulay characterizes the sequences which occur as the Hilbert
function of any k-algebra R/I, where I is a homogeneous ideal [14]. Much effort has gone into generalizing
Macaulay’s Theorem. In particular, Clements—Lindstrém [3] and Greene—Kleitman [13] give results which can
be used to obtain a lower bound for dimy(A{J;) where J is a monomial ideal in A = R/(xf‘,xgz, co XM,
Cooper—Roberts [4,5] extend these results to include non-monomial ideals in A.

One might wonder if there is a “Macaulay-type” characterization for the Hilbert functions of k-algebras R/I
where [ is any homogeneous ideal containing a regular sequence in fixed degrees. This question brings us to the
Lex-Plus-Powers Conjecture which, if true, implies that the growth bounds of Clements—Lindstrom also characterize
such Hilbert functions. More precisely, let 1 < a; < --- < g, be integers. A lex-plus-powers ideal is a monomial
ideal L € R which is minimally generated by {xi”, o Xpt, my, ..., m,}, where, for j = 1, ..., r, all monomials
of degree deg(m;) which are larger than m; in the degree-lexicographic ordering are in L. Motivated by the
Cayley—Bacharach Property, Eisenbud—Green—Harris conjectured that if / € R is an ideal containing a regular
sequence in degrees aj, ..., a, and L is a lex-plus-powers ideal such that dimy(/;) = dimg(Ly4) for some d, then
dimg (R11y) > dimy (R Lg) [8,9]. This conjecture is called the Lex-Plus-Powers Conjecture for Hilbert Functions,
denoted LPPH or EGH [11,15].
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The LPPH is only known to be true in some exceptional cases. The conjecture has been proven in the cases where L
is an almost complete intersection [10], and where I is a monomial ideal containing xf', oo, X [3]. In [4,5] there is
a proof of the conjecture for arbitrary ideals / containing xi” s ..., xon In addition, the conjecture is known to be true
when n = 2 [15]. The EGH Conjecture was originally stated in the case when each a; = 2: in this case, Richert [15]
has verified the LPPH for n < 5. Recently, Caviglia-Maclagan have announced some other known cases [2]. On the
geometric side, Cooper [4] has proven the LPPH for Artinian reductions of ideals of distinct points in P2, as well as
in P3 under some assumptions on the degrees ay, az, as.

In this paper we fix R := k[x, y, z] and S = k[x, y], where X >j_jox ¥ >4-1ex 7 (here “d-lex” denotes the degree-
lexicographic ordering). We also fix [ := (F, G, Hi, Hy, ..., H;) C R to be a homogeneous ideal such that:

(1) I is minimally generated by F, G, Hy, Ha, ..., Hy;
(2) deg(F) = deg(G) = deg(H1) = deg(H) = --- = deg(H;) = d;
(3) F, G € S is aregular sequence of forms.

Fix J C R to be the ideal generated by x?, y? and the 7 largest monomials, with respect to the degree-lexicographic
ordering, in Ry \ {x¢, y?}.

Main Theorem. dimy (R 1;) > dimg(R1Jy).

This paper is organized as follows. Section 2 gives the background: we discuss consequences of maximal growth
of Hilbert functions and special deformations of R. In Section 3 we study the growth of the ideal J and verify the
inequality dimy (R 1;) > dimg(R1Jy) in special cases. We then prove the bound in general, and in Section 4 state a
generalization. The results of this paper have been extracted from parts of my Ph.D. dissertation [4].

2. Preliminary definitions and results
We fix k to be an algebraically closed field of characteristic zero.
2.1. Hilbert functions and maximal growth

Fix R = k[xo, ..., x,] with the standard grading. Let A := R/I, where I is a homogeneous ideal. The Hilbert
Sfunction of A is the sequence H(A) = {H(A, t)};>0, where H(A,t) = dimg(A;) = dimg(R,;/I;). The growth of
H (A) is well-known. To describe this explicitly, recall that if #, i > 0 are integers, then we can uniquely write

=)+ () ()

where m; > m;_1 > --->m; > j > 1. We define

RO m; + 1 I mi_1+1 I mj+1
Coi+1 i ji+1 )"
We will often use the fact that if i > & then A = h.

Theorem 2.1 ([14,16] Macaulay’s Theorem). Let H = {c;}i>0 be a sequence of non-negative integers. The following
are equivalent:

(1) co=1andcit1 < cf”for alli > 1 (i.e. 'H is an O-sequence);

(2) Using the degree reverse-lexicographic ordering, for each i > 0, let M; be the largest c; monomials of R;. Then
M = U;>o M; is an order ideal;

(3) H = H(R/I) for some quotient R/I where I is a homogeneous ideal.

Let I = @50 I; € R be ahomogeneous ideal. Macaulay’s Theorem implies that we can estimate dimy (R114) with
a lex-segment ideal. That is, if L is the ideal generated by the dimy (/;) largest monomials of R; with respect to the
degree-lexicographic ordering, then dimy (R 1) > dimy (R Ly).

Bigatti-Geramita—Migliore [1] study Hilbert functions having maximal growth.
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Definition 2.2. Let / € R be a homogeneous ideal. If b; = H(R/I,i) for i > 0, then we say that H(R/I) has
maximal growth in degree d if by = bg”.

The results of [1] which are of particular interest to us are those concerning greatest common divisors (GCD). For
r>1,5>1,andx > s, we define f,;(x) := (*7") — (*7"). Also, f,,0 := 0 for all r and all x.

Definition 2.3. Let / € R be a homogeneous ideal such that I; # 0. The potential GCD of 14, denoted PGCD, is
max{s | fn,s(d) < H(R/I,d)}.

Note that the PGCD is the largest degree possible for a common divisor of 7.

Proposition 2.4 ([1, Proposition 2.7]). Let I € R be a homogeneous ideal such that 1; # 0. Assume that I; has
PGCD = s > 0 and that H(R/I) has maximal growth in degree d. Then both 1; and 1541 have a GCD of degree s.

Corollary 2.5. Let I € S = k[xo, x1] be a homogeneous ideal. Suppose Iy # 0 and H(S/1,d) > 1. If H(S/I) has
maximal growth in degree d, then 1; and 151 have a greatest common divisor of positive degree.

Corollary 2.6. Let I € S = k[xo, x1, x2] be a homogeneous ideal such that 1; # 0 and H(S/1,d) > (d + 1). If
H(S/1I) has maximal growth in degree d, then 1; and 111 have a greatest common divisor of positive degree.

2.2. One-parameter torus deformations

Let R := k[x,y,z], S := k[x, y] and I € R be a homogeneous ideal. Fix integers aj, a, a3 and let # # 0 be in
k. The one-parameter torus deformation is the automorphism v; of R defined by sending x + %x, y > “2y and
z > 1%z, If we treat ¢ as a variable and define / C R[t, 1/t] to be the ideal generated by {;(f) | f € I}, then
RJt, l/t]/f is a flat family of algebras over k[t, 1/t]. Thus, as t — 0O there exists a unique limit ideal ¥ C R
with dimg (%) = dimg(f;) for all I > 0 [7, Chapter 15]. To find .#, let Fy,..., F; be a generating set for I,
J = (Y (F1), ¥ (F2), ..., ¥ (Fp)) and consider the union (J(_# : (")) (over all d). If we set t = 0, then the
resulting ideal equals .# which is the saturation of [ in R[1].

Example 2.7. We let f = x* + x%y, g = y* —xy>, h = x?y? —xyz?, i = y’z —x?2> + z*and I = (f, g, h, ). Fix
a; =0,ay =0,a3 = 1 so that

V() =Ff @ =g Yih)=x>y—t’xy?, Yu() =ty’z — 12x 2 + 1t

As t — 0, the “limits” of ¥, (f), ¥;(g) and ¥, (h) are fo = f, go = g, ho = x>y? € .7, respectively. In addition, we
see that if r £ O then

1 -
;%(i) =yz—x?+ 3t el

So, as t — 0, we see that the “limit” of ¥, (i) is io = y3z € ..

Let ¢ = (Y (f), ¥:(g), ¥ (h), ¥;(i)) and consider | J (7 : (t)¥). We set t = 0 and obtain .¥ = (xyz* — 1/3y%z%,
224 324 xy223, 322, 13922, v6, 27, ye0, 128, xy® — v x4 3y, 222, vz, 1322 + 2y, x2y 7).

In Example 2.7, both f, g and fo, go are regular sequences. This is not always true. For example, let f = x3—2x2y,
g=2+xz2—y3, a1 =2,ap = 1 and a3 = 3. Then ¥, (f) = %3 — 25x2y and ¥, (g) = 1°2° + 18x2% — 13y3.
Dividing ¥, (f) by #° and ¥, (g) by ¢> and letting t — 0, we see fo = —2x2y and go = —y°.

Suppose I € R is a homogeneous ideal that is generated all in degree d. Suppose further that among the generators
of I there is a regular sequence F, G € k[x, y]. This is the type of ideal which we will soon focus on. At this point we
isolate some observations. Perform a one-parameter torus deformation by sending x — x, y +— y and z — ¢z and, as
above, let .# be the unique limit ideal obtained as + — 0. We will say that a form M € R is evenly divisible by 7" if
every term of M is divisible by z and no higher power of z divides M.
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Important Observations 2.8. Let / be as above.

(1) We can choose a minimal generating set of I so that if [ is generated by F, G, Hy,..., Hr, then
Y = (F',G'H{,H},...,Hy,...), where F',G', H/ are the “limits” of F,G, Hj, respectively, and
F',G', Hj,..., H} form a k-basis for .%;. Of course, .# may have generators in degrees > d + 1.

(2) If a form has terms involving just x and y, then its “limit” is itself, and so F' = F and G’ = G. If a form has no
term involving just x and y, then its “limit” is a form which is evenly divisible by a positive power of z. Hence,
every degree d generator of .# is either in k[x, y] or is evenly divisible by a positive power of z. We “order” the
degree d generators of .# such that all forms involving only x and y are listed first, and if H,, H] 4 are evenly
divisible by 7" and 7', respectively, then r < 7. With these properties, finding a basis for ., is easier than for

Igy1.
3. Growth conditions for special ideals
We first recall how ideals generated by a regular sequence of forms can grow.

Proposition 3.1 ([12, Proposition 3.14]). Let Fy, ..., Fs € k[xo, ..., x,] be a regular sequence where deg(F;) =
d1<i<s.IfN:=(F,...,F), thendimg(Ngy) = s (l:">for0 <l<d

Let m and n be two monomials. We will write m > ;. n if m is larger than n with respect to the degree-
lexicographic ordering.

Standing Notation 3.2. We fix R = k[x,y,z],S = k[x,y], where deg(x) = deg(y) = deg(z) = 1,
X >d.lex Y >d-lex Z» and k is an algebraically closed field of characteristic 0. Also fix I := (F, G, Hy, ..., H;) C R to
be a homogeneous ideal such that:
(1) I is minimally generated by F, G, Hy, Ha, ..., H;;
(2) deg(F) = deg(G) = deg(H)) = deg(H) = --- = deg(H;) = d;
(3) F,G e S;
(4) F, G is aregular sequence of forms.

In addition, we fix J/ C R to be the monomial ideal generated by x¢, y? and the ¢ largest monomials, with respect
to the degree-lexicographic ordering, in Ry \ {xd, yd }. We will always order the generators of J as xd, yd S My, ..., My
where m; >g4.1ex mi+1, SO it makes sense to speak of the “last generator” of J. Clearly dimg (1) = dimg (Jy).

Theorem 3.3. If I and J are as above, then dimg (R 1) > dimg (R Jyg).

If I is a monomial ideal, then Theorem 3.3 follows from [3, Corollary 1]. Further, Theorem 3.3 is obviously true
if dimg(l7) = 2 orif d = 1. So we assume d > 2 and dimg (1) > 3. We will divide the proof of Theorem 3.3 into
several steps. First, we exhibit the case d = 2. We then introduce a grouping (Definition 3.6) which will control the
organization for the remaining cases.

Lemma 3.4. If d = 2 in Standing Notation 3.2, then Theorem 3.3 is true.

Proof. By Proposition 3.1, dimg (R 1) = dimg(/3) > 6.

Case 1: Fix dimg () = dimg(J2) = 3. We see that dimg (R J) = 7. If dimg (R ) = 6, then (by Corollary 2.6) I,
has a GCD of positive degree, a contradiction.

Case 2: Assume that 4 < dimg(/») =i < 5. Then dimg(R;J2) =i +4. Wehave | < H(R/1,2) =6 —i <2.By
Macaulay’s Theorem H(R/1,3) <6 —i,ie.dimg(RIp) > 10— (6 —i) =i + 4.

Case 3: Suppose finally that dimg(l3) = 6. Then the generators of J and I each form a k-basis for R,. So,
dimg (R J2) = 10 = dimg (R3) = dimg (R ). [

We now assume d > 3. It is crucial to understand the growth of the ideal J.

Notation 3.5. Let V := (x?, y¢, my, ..., m,) be the k-vector space spanned by x?, y¢ and the 7 largest monomials of
Ra\ {xd, yd}, with respect to the degree-lexicographic ordering. We assume m; > 4.j.x m;+1 and that dimg (V) > 3.
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Definition 3.6. We group the monomials of R; as follows:

d—iyi d—i xdiyi=22 =iy ol <i<d—1,

Group 0 := (x4, yd} and Group d := {yd_lz, yd_2z2, o720

Group i == {x yi_lz,

Thatis, for 1 <i <d — 1, Group i is the set of monomials of R; which are divisible by x4~ and no higher power
of x. It will turn out that dimy (R V) depends on the group to which the last basis element m; of V belongs.

Observation 3.7. Let V be as in Notation 3.5. Suppose m; is the jth element of Group i, where i > 1. Then we can
decompose dimg (V) as

i
dime(V) =2+ ) 1+ .
=2

In this sum the first 2 counts x?, y?, and each summand in Z;:Z [ counts the basis elements from Group (/ — 1), where
2 <1 < i, and the integer j counts the basis elements of V which are in Group i.

Proposition 3.8. Let V be as in Observation 3.7.

(A) If i <d —2, thendimp(R1V) =6+ Y, 4+ 1)+ (j + 1.
B) If i =d — 1, then dimg(R;V) = 6 + Y (U + 1) + ).

(C) If i =d, then dimg(R1V) =64+ Y9 U+ 1) +d + j.

Proof. Let V := (x9*t! y4+1 ny ... n, = m;z) be the k-vector space spanned by x4+1, y?*1 and the monomials
of Ryy1 \ {x4*1, y4*1} which are larger than or equal to zm;, with respect to the degree-lexicographic ordering. We
see that ) satisfies the properties of Notation 3.5 using degree d + 1, where the “last generator” (m;z) is the (j + 1)st
element of Group i + 1.

It is straightforward to verify that R;V = VU {xyd, ydz}. If m; isin Group i and 1 < i < d — 2, then this union is
disjoint. If m, is in Group (d — 1), then V contains the element xy? but not y¢z. If m, is in Group d, then V contains
xy? and y?z. We now apply Observation 3.7 to V to obtain the formulas. [

Note 3.9. Let J be as in Standing Notation 3.2. Using the formulas in Proposition 3.8, notice that when the last
element of J passes from the last element of Group i to the first element of Group (i + 1), where 0 <i < d — 3, then
dimy (R} Jy) increases by 2. However, when the last element of J passes from Group i to Group (i + 1), fori =d —2
or d — 1, then dimy (R J4) increases only by 1. Moreover, when the last element of J passes to the next element within
any Group i, for i > 1, then dimy (R J;) increases exactly by 1.

Example 3.10. Below is a table showing the growth of the ideal J for degree d = 4. The corresponding numbers in
the bottom row indicate the group of Definition 3.6 to which the last generator of J belongs.

dimg (R1Jy) : 3 6 8 9 11 12 13 14 15 16 17 18 19 20 21
dimy (Jy) : 1 2 3 4 6 8 9 10 11 12 13 14 15
Group: 0 0 1 1 2 2 2 3 3 3 3 4 4 4 4

We now verify Theorem 3.3 in the case when every generator of 7 isin § = k[x, y]. We begin by obtaining bounds
for dimy (R 1y).

Lemma 3.11. Suppose N C S = k[x, y] is a homogeneous ideal whose minimal generators all have degree d > 3.
Suppose further that N contains a regular sequence of length two. We have the following.

(1) If dimg(Ng) = d + 1, then dimg (R1Ny) = 2dimg(Ng) + 1 = 2d + 3.

2) If 1 <dimg(Ny) < d, then dimg(R1Ng) > 2dimg (Ny) + 2.

Proof. Let My, ..., M; be a minimal generating set for N. Fix ¢/ to be a basis of SNy and V = U U {zMi}ﬁzl.
Clearly the elements of V form a k-basis for Ry Ny. If dimg(Ng) = d + 1, then V has d + 2 + dimg (Ng) = 2d + 3
elements. If dimg(N;) < d then, by [6, Corollary 2.6], dimg(S1Ny) > 2 4 dimg(Ny), and so V has at least
2 4+ dimg (Ng) + dimg (Ng) = 2 + 2dimg (Ny) elements. [
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Lemma 3.12. If every generator of I is in S, then Theorem 3.3 is true.

Proof. If dimy(I;) = 3 then, by Lemma 3.11, dimg(R{1;) > dimg(R1Jg) = 8. So assume dimg(ly) > 4.
Since dimg(Jy) = dimg(ly) < d +1 < (d;2> — 2d, the last generator of J is not in Group (d — 1) or

Group d. Suppose that the last generator of J is the jth element of Group i and decompose dimg(Jy) as in

Observation 3.7. By Proposition 3.8, dimg(R1Jy) = dimg(Iy) + 4 + i. Since i + 3 < dimg(l;), we know that

dimy (Ig) +4+i < 2dimg(Iz)+ 1. By Lemma 3.11, dimg (R 1) > 2dimy (Iy)+ 1. Thus, dimg (R Iy) > dimg (R Jy).
O

We now give a series of lemmas which, when combined, prove Theorem 3.3.

Lemma 3.13. [f the last generator of J is in Group (d — 1), then Theorem 3.3 is true.

Proof. Suppose the last generator of J is the ith element of Group (d —1). Then J = (xd, yd, xd_ly, el xyd_izi_l)
and dimy (Jy) = (d;z) —2d +i,where 1 <i < d. By Proposition 3.8 and Note 3.9, dim (R Jy) = (dJ2r3) —2d+i.

Case 1: Leti = d. By Theorem 2.1, H(R/I,d + 1) = ("f’) — dimg (R Iy) <d.
Case 2: Assume i < d. By Macaulay’s Theorem, dimg (R;1;) > dimg(RjLg), where Ly equals Jy \ {yd} with the

additional element xy4~1~1'. We see that dimg(R1 L) = (37) = 2d + i — 1. 1 dimi (Ri L) = dimi (R L) then,
by Corollary 2.6, I; has a GCD of positive degree, a contradiction.

Lemma 3.14. If the last generator of J is in Group d, then Theorem 3.3 is true.

Proof. By assumption J = (x4, yd, xd_ly, o xz4l yd_lz, ...,yd_izi) and dimg(ly;) = dimg(Jy;) =

(d;2> —d + i, where 1 < i < d. By Proposition 3.8 and Note 3.9, dimy(R1Jy) = (d?) — d + i. The result

follows from the fact that H(R/I,d + 1) = (df) —dimg(RiI) < d—D'P =d—i. O

Lemma 3.15. If the last generator of J is the last element of Group i, where 1 < i < d — 2, then Theorem 3.3 is true.

Proof. The argument is the same as for Case 2 of Lemma 3.13. [

Theorem 3.16. If the last generator of J is the first element of Group i, where 1 < i < d — 2, then Theorem 3.3 is
true.

Proof. For convenience, we postpone the proof until the next section. I

Lemma 3.17. If the last generator of J is the second element of Group i, where 2 < i < d — 2, then Theorem 3.3 is
true.

Proof. By Proposition 3.8, dimg (R Jy) =7 +1i + (i"2’1>. Let T .= (”2“1) sothat I = (F, G, Hy, ..., Hr, Hr+1).
Perform a one-parameter torus deformation by sending x +— x,y + y and z > tz, where 0 # ¢ € k. Let .# be the
limit ideal of I as t — 0. We use the assumptions of Important Observations 2.8.

Define K = (F,G,H|,H,,...,H;) S .7.In the same way that / is associated to J, we associate to K
the monomial ideal J’. By Theorem 3.16 and Proposition 3.8, dimg (R Ky) > dimk(Rllc/l) = 6+1i+ T. Also,
by the assumption on the ordering of the generators of .#, zHy. 41 Is not in any k-basis for RjKg. Therefore,
dimg (R Fy) = dimg(R1Kg) +1>7+i+ T, and so

dimy (R Ig) = dimg(Ig41) = dimg(Fg41) > dimg(R1Ig) 2 7+i+T. O

Arguing by induction and repeating the proof of Lemma 3.17 we have:

Lemma 3.18. If the last generator of J is the jth element of Group i, where j = 1,2,i+ 1 and3 <i <d — 2, then
Theorem 3.3 is true.
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3.1. A crucial theorem

We now prove Theorem 3.16 with d > 3, starting with a special case.

Lemma 3.19. If dimi(I;) = dimg(Jy) = 3, then Theorem 3.16 is true.

Proof. We have I = (F, G, H) and dim(R1Jz) = 8. By Macaulay’s Theorem, dimy(R11;z) > dimg(R;Ly) = 6,
where L = (x4, xd_ly, x@=1z) € R.If dimg(R;1;) = 6, then we use the same argument as in Case 2 of the proof
of Lemma 3.13 to arrive at a contradiction. So we may as well assume dimg(R11;) = 7. Perform a one-parameter
torus deformation by sending x — x, y — y and z — fz. Let .# be the unique limit ideal obtained as t — 0. Recall
Important Observations 2.8.
Claim: % has no generator in degree d + 1.
Proof of claim: By assumption, the growth of H(R/.#) = H(R/I) from degree d to degree (d + 1) is exactly one off
of the maximal growth allowed by Macaulay’s Theorem, and so .# has at most one generator of degree (d + 1). If .#
has a generator of degree (d + 1), then dimg (R (F, G, H')) = 6. As we have seen above, this leads to a contradiction,
proving the claim.

Thus, 7 = dimg (R 1) = dimg (I41) = dimg(Fz41) = dimg(R1-¥y), and so in proving Theorem 3.3 in this case
for 1; we are reduced to proving it for .%.

By Lemma 3.12, we may as well suppose that H' is evenly divisible by some positive power of z. It is easy to
seethat xF, yF, zF, xG, yG, zG, zH' form a k-basis for R|.#;. Thus, H’ is evenly divisible by z! and xH7/, yHT, are

k-linear combinations of F and G. Now let M := (HT,, F,G) € § = k[x, y] and note that
HS/M,d—-1)=d—-1=H(S/M,d).
By Corollary 2.5, M4 has a GCD of positive degree, a contradiction. [

Assumption 3.20. We now assume that the last generator of J is the first element of Group i, where 2 <i <d — 2
and d > 4. Thus, by Proposition 3.8,

i+ 1 i+ 1
dimk(ld):dimk(Jd):2+<l—; > and dimk(RIJd):6+i+<l—; >

Lemma 3.21. dimg(R11y) > 5+i + (i;])

Proof. Macaulay’s Theorem implies that dimg(R11y) > 4 +i + (i er] ) The argument from Case 2 of the proof of

Lemma 3.13 rules out the case when dimy; (R11ly;) =4 +1i + (’é] ) U

Proof of Theorem 3.16. Arguing by contradiction, we assume that dimg(R;l;) = 5+ i + (’él). For ease, fix

T = (";‘). Then I = (F,G, Hy, ..., Hy),dimg(I;) = 2 + T, and dimg(R1I;) = T + 5 -+ i. Perform a one-
parameter torus deformation by sending x — x,y +— y and z + tz, where ¢ # 0 is in k. Treat ¢ as a variable and
let .# be the unique limit ideal obtained as t — 0. We use the assumptions of Important Observations 2.8. As with
Lemma 3.19, .# has no generator of degree (d + 1). So dimg (R1;) = dimg(R;.%;) = T + 5+ i, and we are reduced
to proving Theorem 3.16 for .%;. Define K := (F, G, H{,H,, ..., H;_|) € .J.

Lemma 3.22. dim;(R1Ky) =4+i+T.

Proof. Since R| Ky C R.#;, we see that dimg(R1Ky) <5+ i+ T.By Lemma 3.15, dimg (R Ky) > 4+i + T.By
the assumption on the ordering of F, G, H/, ..., H%, we see that zH% cannot be written as a k-linear span of elements
from any k-basis for Ry K. So, dimg (R;.%;) > dim (R Ky) +1. O

Notation-Remark 3.23. The set {xF, yG, xG, yG, zF, zG, zHl’, R zH}_l} forms part of a k-basis for R; K4. We
use the following method to make a k-basis for R K.
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(1) We fix s > 0 to be the number of generators of K which in addition to F and G are in Sy = k[x, ylg.If s > 1, we
fix ¢ to be the number of additional k-basis elements for Rj K4 obtained after multiplying H, ..., H] by linear
forms in k[x, y]. If s = 0 we define ¢ := 0. This gives us 5 4+ ¢ + T k-basis elements for Rj K;. We conclude that
t<i—1<T-1.

(2) Let m,, be the number of forms of {H’+], ..., Hy_,} which are divisible by 7w, for I, > 1. By
assumption, lw+1 > I, . We assume there are r > 0 distinct powers of z dividing the forms in

{H] TR ) Ifr > 1 then we continue constructing a basis for Ry K, by adding all the elements in
{xH/Jrl , yH (SRR va+m1 , va+m1 } which are not in the k-span of the basis elements of (1). Repeat the present
step with H' b7 Hv+m1+mz and the new partial basis just found. We continue this process for each m;,

obtaining c; k-basis elements of R K "1 at each step. If r > 1, then
ci+--+¢=i—1—t and my+---+m, =T —1—35.
Ifr =0,thent =i — 1.

Lemma3.24. If s > 1, thens +2 <d+ lands < t.

Proof. Since F, G, Hl’, R HS/ € k[x, y]y are linearly independent, we see that s +2 < d + 1. If s +2 = d + 1, then
(F,G,H]{,..., H))q = Sq. Using part (1) of Notation-Remark 3.23, this gives (d +2)+ (T +1) = d + T + 3 k-basis
elements for R1K;. Buti <d —2,andsod +T +3 >i+ T + 5, a contradiction.

We now move to the second part of the claim. Assume that s > ¢. Consider theideal A .= (F, G, H, ..., H)) C S.
We have

H(S/A,d)=d—-1—-s and H(S/A,d+1)=d—-2—1t.

By Macaulay’s Theorem,d —2 —t <d —1 —s,andsot < s <t + 1. Hence s = r 4+ 1. By Corollary 2.5, A; has a
GCD of positive degree, a contradiction. [

Remark 3.25. By Lemma 324, 0 <s <r<i—1<T —1.

We now consider two lemmas which give bounds for the number of basis elements of K; which are divisible by a
positive power of z.

Lemma 3.26. Let2 <v <r.Ifly >l,_1+ 1, thency >my + L. If I, =ly_1 + 1, thency > my —my_1 + 1.

H’ H/
. . SHmy4-tm,_1+1 g
Proof. Define theideal M C S = k[x, y] as follows: if [, > [,_1+1,then M := ( ! o e S Hm;; +m,,);
H) H/ ZH] zH!

. _ o Stmyteetmy_q+1 s+my+-+my stmyteetmy_o+1 Stmytetmy_g L
ifly,=10,_1+1andv > 2,then M = ( T e T , T e T ; if

H/ H/ H' ZH!

_ _ — s4+mq+mo+1 s+myp4+my  ZHg s+

ly=01+1,v=2then M = 0 e P P

Now use Notation-Remark 3.23 to find H(S/M). We see that H(S/M,d —1,)) =d —1l,+1—my. Ifl, > l,_1+1,
then H(S/M,d -1, +1)=d -1, +2—c,. Ifl, =l,_1 + 1, then H(S/M,d -1, + 1) =d — 1, + 2 —my_1 — cy.
Applying Macaulay’s Theorem completes the argument.  [J

Lemma3.27. ci+cy+---+cp=mp—s+(p—1Dforl <p<r.

z =

1 H/
Proof. First assume that /; = 1. We argue by induction. If s > 1,let M = (F, G.H{,...,H|, H’;l, R M) C
/ H’

S =k[x,yl;andif s =0,let M = (F G, % el %) C S = k[x, y]. Using Notation-Remark 3.23, we see that
H(S/M,d—1)=d—-myand H(S/M,d) =d +1— (s + 2+ c1). By Macaulay’s Theorem, ¢y > m| —s — 1.

Assume for a moment that c; = m| — s — 1. Then H(S/M) has maximal growth from degree (d — 1) to degree d.
Moreover, the PGCD (in S) of M;_ is easily calculated to be d — m > 0. Thus, by Proposition 2.4, M; has a GCD
of positive degree, a contradiction.

Now suppose that we have proved the claim for p —1 and consider p. By Lemma 3.26 and our inductive hypothesis,

1+ +cep-D)tep=mp 1 —s+(p—=—2)+mp—mp_1+1=mp—s+(p—1).
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. .. . H. H, .,
The case when [} > 2 is argued similarly but with M = [ =t , L), O

le PRRIT le

Remark 3.28. By Lemma 3.27, for 1 < p < r, we have
l<mp,=<(1+-+cp)+s—p+1=(i-1-H+s—p+1=<i—p.
In particular, | <m, <i —randsoi >1+4r.

We now complete the proof of Theorem 3.16. Recall Notation-Remark 3.23.

Case 1: Assume r > 1. Then
,
T—1<(-D4+G-D+G@=D+ +G—-r)=@C+Di-Y [—1.
=1
This implies i +i —2ri —2i +r> +r = ( —r)>+r —i < 0.Ifr = i — p where p > 2, then
(Gi—rY+r—i=p*—p=p(p—1) > 2, acontradiction. If r =i — I, then 1 < m, <i —r = 1 and so
m, = 1 implying that both x H. and y H;. must be constant multiples of zH}._,, a contradiction.
Case 2: Now assume r = 0. Then all the generators of K; arein S = k[x, y]. Thus, T +1 <d+1.T+1=d+1,
then we can take the degree d generators of K to be the (d + 1) k-linearly independent monomials of S;. Thus,

dimy(RiKg) =d+2)+ T+ 1) =d+T+3>2i+2+T+3=T+i+5,

a contradiction.

Now suppose that 7 + 1 < d + 1. Then H(S/(F,G,H{,...,H;_;),d) = d — T and
H(S/(F.G, H|,....H._),d+ 1) = d — i — 1. By Macaulay’s Theorem, we must have (’jl) T <i+l
If i > 3 this is a clear contradiction. If i = 2, then r = 1 and (by Remark 3.25) K; has only 3 elements. But, if i = 2,
then the last generator of J is the first element of Group 2, and so K; has 4 elements, a contradiction. I

4. Further growth bounds

We now briefly describe one generalization of Theorem 3.3.

Lemmad4.1. Let [ C S = k[xy, ..., x,] be a homogeneous ideal containing a regular sequence of forms Fi, ..., F,.
We can find general linear forms Ly, Lo, ..., L, € S such that F1L[111, Fngz, e, F,,Lz” € I is again a regular
sequence for any integers dy, . ..,d, > 0.

Proof. We prove the lemma in the case of three variables. The proof in general follows the same outline. Let
di, dy, d3 > 0 be integers.

We know that S/(Fy, F>) has a non-zero-divisor. Hence, there exists a general linear form L3 € § such that L3
is a non-zero-divisor on S/(Fy, F»). Thus, F3L’3‘!3 is a non-zero-divisor on S/(Fy, F»), i.e. Fy, F», F3L’3‘!3 is a regular
sequence of forms. The conclusion is now obtained by permuting the order of regular sequences and repeating this
argument. [

Let R, S and I be as in Standing Notation 3.2 but replace the degrees of the generators of I with deg(F) =1 > 4,
deg(G) = m > [ and deg(H;) = m + 1 for all i. We fix J C R to be the ideal generated by x”"*!, y”+! and the
dimy (I,,41) — 2 largest monomials, with respect to the degree-lexicographic ordering, in Rp,41 \ {x”F1, y"+1}.

Theorem 4.2. Ifthe last generator of J is among the last m —3 — j elements of Group (in—2—j), for0 < j <m—4,
then dimg (R Iyy+1) > dimg(RyJp41) + 1.

The proof of Theorem 4.2 is similar to that of Theorem 3.3. We use Lemma 4.1 to guarantee an appropriate regular
sequence in degree ¢t = m + 1 and then apply Theorem 3.3 to obtain a first rough bound for dimy (R ;,+1). Due to
length, the arguments are omitted but can be found in [4], along with other such generalizations.
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