Heisenberg’s Inequality

1. Physicists generally like to take the complex conjugate of the first argument in the inner
product. Hence, in this set of notes, the L?(R) inner product is

(f.g) = / ) () d.

We have the Schwarz inequality

ol < I 1gll, (1)
and the Plancherel identity, R
(f.9)={(f.9) (2)
Setting g = f in (2), we get
[1s@rdo= [ 1P an. 3)

2. Let ¢ be the wave function, A the position operator and B the momentum:
[ 1wz =1, ()

Af(z) =af(z) and Bf(z) = (2mi) ' f'(x). (5)

The expected (average) value of the position is
B(A) = (0. 40) = [ alu(e)? do (©
The average value of the momentum is
E(B) = (¢ Bu) = (0. B0 = [ K0 dk @
The variance of the position is
Var(4) = B[4 - B = [lo = BAP|o(a) do
The variance of the momentum is

Var(B) = EIB ~ E(B) = [ [k~ EBPIH(® d.



Heisenberg’s invariance principle (in mathematical form) asserts that

Var(A) x Var(B) > C > 0.

. Before proving (8) we’ll simplify the variances. Clearly,

Var(A) = / 22 v (2)|? da,

where
Yi(z) = Y(x + E(A4)).
And since ) X
B = [dn)|.
Var(B) = [k~ EB)PIb® db= [ K[ir(k+ BB)P db.
Now set R R
Y2(k) = 1 (k + E(B)).
Thus,
Var(B) = [ K¥[ia(0)
and
b1 ()| = [h2(2)].
Consequently,

Var(A) = /$2‘¢2($)|2d$.

So by (8), (12) and (11), Heisenberg’s principle asserts that

/ac2|1/)2(ac)|2dac X /k2|¢2(k)|2dk >C > 0.

4. We'll also need the inequality,

Re f(z) ' (z)

)f'(x) + f(2) ()]
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5. Weyl’s proof of Heisenberg’s Inequality: Let f be in the Schwarz class. Then

[ de x [ R1iw) ez 1 (14)
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Now set f = 15 so that

IF1% = el = Il l® = lldba|1? = 19117 = Ilw)® = 1,

and the result follows.



