Math 208
Surfaceintegrals and the differentialsfor flux integrals

Our text fails to explicitly state the formulas fét d 0 , instead preferring to give formulas for

nanddo separately. But the proof on page 889 ofdimaula do = |ru X rv|du dv on page

890 actually shows thatdo = +r xr,dudv —thatig,xr,dudv is avectdeogth do

and direction normal to the surface, and the oathssectors in 3D are that and its negative!
Regardingndo as the basic formula rather thamd do separately is simpler - when you

needdo , it can be obtained as simpiydo| , whiléself is just the unit vector in the
direction of ndo . Findingn anddo separately and multiplying them when doiffigra

integral leads to computin|gu><rv| twice, once in theateimator ofn and once indg , only
to cancel these evetyne! Why do that?

If the surface is given parametrically byu,v) , thedo =+r xr,dudv . 1) (

Our book also fails to state the formulas fod o whemnsurface is written as one variable is a
function of the other two. These are the most comeases used, and knowifgd o for those

cases saves several steps. Supposd (X,Y) fwitifferentiable. Usingy and x as our
parameters leads to=<X,Yy, f (X,y)> ,so
ryxry =<0,Lf, >x<1,0f, >=<f, f, + P, giving:

If the surface is part oz = f (X, y) ,themdo =% (f,i+ f j-K)dydx . (2

yj_

Formulas forndo always have a choice of sign whigbemels on the orientation of the surface

involved. E.g.in (2), + gives downward oriendati- gives upward (since up/down is
determined by thk coefficient). Also, be aware that the integrai,caf course, be done using

dydx as indicateddxdy , or evehdr d@

Example 1: Find the flux of F(X, y,z) =< 3X,3y ,— 2 > over that portion of the upward

oriented paraboloid(2 + y2 —z=0 which satisfies< 9

Solution: The surface equation gives @s= X° + y2 L BEX, y) = X2 + y2 . Since we
want upward orientedd dg” =~ (f,i + f,] —k)dy dx =< -2x,-2y,1> dy dX which
leads to:



j Fendo = <3X,3y,~2Z><-X;- 3 ,B>dydx
S Ry
= ([ (-6x? - 6y? = 22)dy dx
Rey
= (—8x° — 8y?)dy dx
ny

But R, is the region in they-plane wherez = X2 + y2 <9 , the inside of the circle of radius
3 centered at the origin, which means this inteigrakst done in polar coordinates. We get:

(-8x°—8y“)dydx = & “xdrdd = -8 drdé
2 2 2 02” 03 Y
Ry Rey

o4 )(g27) =
( or ‘Oj(9|o ) =-3247 .

The above example can also be done by parametgniziim terms ofr and 6. However, as
above, it is usually simpler to set up the integrakrms ofx andy, and then convert the

integral to polar coordinates, rather than findxr,

Note that one can “rotate” the roles of the vagabbhnd get corresponding formulas:
If the surface is part ok = f(y,2) ,themdo =+ (=i + fyj+ fk)dydz . (3)

and likewise
If the surface is part o/ = f(X,z) ,themdo =% (f,i—j+ f,k)dxdz . ()

Also note that the formulas f@lg"  in these settifwgsich are implicit in the formulas at the
bottom of p. 895 and top of p. 896) are again flustformulas for the lengths of these vector
differentials. In general, if you find yourself\nag trouble memorizing all of the differentials

for surface integrals, memorize just the oneslfor fi.e. then do formulas), and if you're

doing a surface integral which is not a flux intgfind dg by taking the length of the vector
partofndo :

Sincen is a unit vectorjn| =1 , spndo|=|n|do=do . Thus:

If the surface is given parametrically byu,v) , théar =|r,xr, [dudv . 1a)(

If the surface is part oz = f (X, y) ,thedo :\/ fx2 + fy2 +1dydx . (2a)



If the surface is part ok = f (Y, 2) , thedlo :\/1+ fy2 + fZ2 dydz . (3a)

If the surface is partoff = f (X,2) ,thedlo :\/ fx2 +1+ fZ2 dxdz . (4a)

Example2: IntegrateG(X,Y,z) =X 4/ y2 +4 over the surface cut from the paratmjiinder

y2 +4z=16 by the planex=0 x=1 ,and=0 . (Thisis problem 14 aye03 of the
text.)

2
Solution: The surface can be written as 4—yT =f(x,y) ,so

ndo==<f,,f,,~1>dydx=+< 0, ~ 1> dydx

2 2 2
Thus do =|ndo] =% +1 dydx = %dydx:—“y;"dydx and on the surface,

z=0=> y2:16:> y=%x4. So

flodo = [f [xJy?+a 25 ayac= [ 202D ay
S Ry
e )

The formulas given in the book for the level suefg(X, Y, Z) = C are generally harder to use

than the formulas above, and the surfaces we esgmost always either easy to parametrize or

easy to solve for one of the variables in termthefother two, so if you know the above

formulas and know how to parametrize standard sesfayou’re generally covered. In fact, the
+(g

formula usingm dA fomdo as at the bottom of page 9Q@réxisely formula (2) above if

e 2=

p =k and the partialsf, :% and :§—§ are calculated implicitni the level surface

y
equation. Likewise, it is precisely formula (3)pf= i or formula (4) ifp = j and the
derivatives are found implicitly.

The only case that is at all common where it is@tt advantageous to think in terms ofand
do separately is in the special case where flux eafobnd geometrically. If

Fen =(scalar component ¢ in the directionrof= ¢, is constant on the surfaBgnoteF

can always be written as a vector parallehtglus a vector perpendicular tg and this says the
length of the part parallel ta stays the same on the entire surface)thadurface area @ is



known, thenﬂ Fendo =c, [{Surface area &
S

Example 3: Find the flux of F(X,y,z) = < 4x,4y,4 > across the first octant portmnthe

spherex2 + y2 +2z2=9 , oriented away from the origin.

Solution: Note that|F| = 4|< X,Y,Z >| = 4\/x? + y?2+z2 . On this sphere, that means

IF|= 4+/9=12. But alsoF points directly away from the origin, which is ts@me direction as
the outward unit normail to the sphere at that point. Thus at each pairihe sphere,
Fen =|F|0n|cos(0 )=|F| = 12=¢; (sincen is a_unitnormal). Also, the surface area of a

sphere of radius is amr? (easy to remember since it’s the derivatif/the volume), or in this

case 3@, which means the surface area of the first ogtartion is 3% =277 . Thus the flux is

123 7= 541 . -

Flux integral problems

1. Find the flux ofF(X, y,Z) = < 22,0, 4y2 > over the upward oriented pantif

Z=2x+y? + 3 thatis defined by-1< X< 3 anli< y < 4
2. Find the flux ofF(X,y,z) = < 3,1,- 2> over the portion of the surface

2 = x? that has—2 < X < 2 —2<72<4 andis oriented toward decreaging

4

y+z

3. Find the flux of F(X,y,Z) = < 2X,Y,Z> over the finite piece & = yZZ
bounded byz=-2 )y =-Z ,any/ =2z |, if the orientation is awayrfrgou as
viewed from a point on the negatixexis.

4, Find the flux of each of the following througtetphortion of the cyIindery2 +272%2=25

with —=1< x< 2, if the surface is oriented toward thexis (i.e., the cylinder is oriented
inward):
a) F(x,y,2)=<0,2y,2> b) F(x,y,2)=<3xz,~4y 4>



Answers:

-240

72

-384

a) -300xr
b) 6007
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